This is the supplementary material for the paper: “Towards closing the gap between the theory and
practice of SVRG” authored by O. Sebbouh, N. Gazagnadou, S. Jelassi, F. Bach and R. M. Gower
(NeurIPS 2019).

In Section [A] we present general properties that are used in our proofs. In Section[B] we present the
proofs for the convergence and the complexities of our algorithms. In Section[D] we define several
samplings. In Section [E] we present the expected smoothness constant for the samplings we consider.
In Section[F] we present the expected residual constant for the same samplings.

A General properties

Lemma A.1. Forall a,b € R%, |la+b||2 < 2||a||3 + 2/|b]|3.
Lemma A.2. For any random vector X € R?,
ElX —EX][3] = E[IXI3] - IE[X]IE < E[IIX]3]
Lemma A.3. For any convex function f, we have
fly) = f@) +Vf(@) (y—=), VYr,yeR™
Lemma A.4 (Logarithm inequality). For all x > 0,
log(z) <z —1. (25)

Lemma A.5 (Complexity bounds). Consider the sequence (cy,), € Ry of positive scalars that
converges to 0 according to
ay, < pPag,

where p € [0,1). For a given € € (0,1), we have that

1 1
k> log () — ay < eqp. (26)
1-p €

Lemma A.6. Consider convex and L;—smooth functions f;, where L; > 0 for all i € [n], and define

Liax = max;e(n] L;. Let
1 n
== filx)
=1

for any x € R%. Suppose that f is L—smooth, where L > 0. Then,
nL > Lyax. (27

Proof. Letx,y € R?. Since f is L-smooth, we have

£@) < F0) + VW) @ =)+ 5 e — ol

Hence, multiplying by n on both sides,

S i) <> fily +ZVf1 )+—\|x yll5 -
=1 =1 i=1

Rearranging this inequality,

S V) @ y) < 2l -yl (28)

i=1

Since the functions f; are convex, we have for all i € [n],

fix) = fi(y) = Vfily) T (x —y) > 0.

Then, as a consequence of (28)), we have that for all ¢ € [n],

Fil@) = fily) = Vi) (@~ 9) < o eyl
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Rearranging this inequality,

fi@) < Fi) + VI @ =)+ 5 e .

But since for all ¢ € [n], L; is the smallest positive constant that verifies

Fi@) < fi(9) + Vi) (@ — ) + 2 e =yl

we have for all ¢ € [n], L; < nL. Hence Lyax < nL. O

B Proofs of the results of the main paper

In this section, we will use the abbreviations E; [X] e [X|z?,..., % for any random variable

X € R and iterates (z);>0.

B.1 Proof of Lemma[4.4]

Proof.

En [lote, )] = Ep [IVAle) = Vula®) + Viula®) = Viulw) + Vi (w)3]
%5 [V o) = V fula™) ]
$2Ep [V, (w) ~ V£(a") — VF(w)]2]

< AL(f(x) = f(27) + 4p(f(w) — f(27)).

O
B.2 Proof of Theorem 4.1
Proof. To clarify the notations, we recall that g’ &t g(xt,ws_1). Then, we get
Eo [[l5* —2*3] = Ei[llzf —2* — agl|3]
* T *
= lal —2*)3 — 20 [g5] (% —2%) + @®E; [[l9]3]
®-+(3)
< 2t =23 - 20V f(ah) T (ah — 2¥)
+202 [2L(f(zh) — f(2*) + 2p(f (ws—1) — f(z7))]
® . "
< (I—ap) |zl —2*)3 — 2001 — 2aL) (f(2h) — f(z¥))
+4a®p(f (ws—1) — f(a¥)). (29)
Note that since o < m and p > 0, we have that

LemmalEJ] 1
<

! o
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and consequently (1 — au) > 0. Thus by iterating Z9) over ¢ = 0,...,m — 1 and taking the

expectation, since ¥ = 2™ ;, we obtain
Eflzy —2"l3] < (1—aw)™E [, —2"|3]
-1

~2a(1-20L) Y (1—ap)™ E /(&) ~ f(a")]

3

t=0
m—1
+4a?pE [f(wemr) — f(27)] D (1 —ap)™
t=0
m—1
© 1 —ap)™E[ll2, — a7 (3] - 20(1 —20£)S, 3 pE [f(al) — f(a™)]
t=0
+4a2p5’mE [fws—1) — f(z")]
T 1—ap™E a7, — 2|3 - 20(1 = 20£)S,, 3 pE [f(') — f(2")]
t=0
+3E ], (30)

Weights p, are defined in (T0). We note that (1— ) > 0 implies thatp, > O forallt = 0,...,m—1,
and by construction we get Z?:)l pt = 1. Since f is convex, we have by Jensen’s inequality that

flwy) = fa*) = f(}im@>f@ﬂ
t=0

< S ntreh - 1), a1
Consequently, -
Efd P2 50208, S pE [ — £)]. 32)
=
As a result,
Elo) =  E[lel —o"I3] +E[W]
BB o e [l - a3 + B
—2a(1 = 2a(L + 2p))Sp, mX_:lptE [(F(@2) = f(="))] -
Since a < m the above implies -

E [¢s]

IN

m m * 1
(1= ap)™ E [y —2"[13] + 3E [$o1]
S 5E [¢871]7
where 8 = max{(1 — ap)™, 1}.

Moreover, if we set wy = a:tg with probability p;, fort =0,...,m — 1, the result would still hold.
Indeed (31) would hold with equality and the rest of the proof would follow verbatim. O

B.3  Proof of Corollary[4.1]

Proof. Noting § = max { (1 — m) ,%}, we need to chose s so that 3° < ¢, that is

s> llggg((ll //;3)) . Since in each inner iteration we evaluate 2b gradients of the f; functions, and in each
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outer iteration we evaluate all n gradients, this means that the total complexity will be given by

c (n+2bm)710g(1/ ¢)

log(1/8)

1 1 1
(n + 2bm) max { — , log ()
mlog(l — m) lOgZ €

D (o o [ LHEO 200 5] (1),

1
O
B.4 Proof of Corollary 4.3
Proof. Recall that from (18)), using the fact that £(1) = p(1) = Lax, we have
Lmax 1
Cm(].):2(ﬁ+2) max{3 ,m}log <) .
m 1 €
When n > Lrl“f", then, m € {L‘Z"X , n] . We can rewrite C,,, (1) as
1 3Lmax 1
Cm(l):2(n+2m)max{ = ,1}log ()
mo €
We have %?’L'% < 3and n + 2m < 3n. Hence,
1 Lmax 1
Cn(1) < 18nlog () =0 ((n + ) log ()) .
€ 1 €
When n < %, then, m € {m %} We have % <landm < ?’L% Hence,
1 Lmax 1 Lmax 1
Cn(1) < 87log (> =0 (<n+ > log <)> .
i € I €
L]

B.5 Proof of Theorem[5.1]

Before analysing Algorithm we present a lemma that allows to compute the expectations E [ay]
and E [} ], that will be used in the analysis.

Lemma B.1. Consider the step sizes defined by Algorithm[2] We have

3k+2

E[ak] — (l—p)T(l— V1§_p)+pa. (33)
1-(1-p)2
o \2k+1
E [of] H(;?oﬂ (34)

Proof. Taking expectation with respect to the filtration induced by the sequence of step sizes
{a Tyeoes Oék}

Ep [ak+1] = (1 —p)y/1 —p oy + pa. (35)
Then taking total expectation
E[aky1] = (1 —p)y/1 — pE [ag] + pa. (36)

Hence the sequence (E [cv])x>1 is uniquely defined by

Elag] = Q. (37)



Indeed, applying (36) recursively gives

k-1
Elax] =(1-p)Ta+pa) (1-p)7.
=0

Adding up the geometric series gives

3k

3k 1-(1-p)2
Elow] = a(l-p)% +pa——— 2
o) = all-p)¥ +po = =P
_ A-pFa-0-pH)-(-p)%ptp
1-(1-p)?
Which leads to (37) by factorizing. The same arguments are used to compute E [ai] . O

We now present a proof of Theorem 5.1

Proof. We recall that g% & V f(2*). First, we get

Ey [l — 2*(13] = Ex [[l2" — 2" — ang"[3]

* T *
B 2% — 2|13 — 2axEx [¢"] (2" — 2*) + aFEy [|l9"]13]
@)+@)+<Rem.@

2% = 2*[|3 — 200V f(a*) T (2" — 2%)

+2a3 [2L(f(2") = f(2")) + 2L(f(w") = f(2"))]

E (1 — o) 2 — 2| — 2001 — 200.L) (F(*) — f(a™))
FAaZL(F () — Fla*)
© (1) [l — a2 2001 — 200L) (F&F) — £(a))

+p (; —p> Pr.

Hence we have, taking total expectation and noticing that the variables «, and z* are independent,

E“|xk+1—x* ﬂ < (1_E[ak}u>E[Hx’€—x* j} — 2E [ (1 — 204,L)] E [f(2*) — f(2")]

(5 -0) . G8)
‘We have also have
n 8(1 —p)a2L . 8a2L N
Ee 0" = (1 _p)p(TZp]; (f(w*) = f(z")) +pm (f(&") = f(=%))
o2
P S () - 1)

Hence, taking total expectation gives

8a’L
3—2p

E[6"+1] = (1 - p)°E [¥"] + oo E[f(a*) - /(a")] 39)
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Consequently,

E [¢k+1] @Jr@Jr@)

(1~ E fon) ) E [[Ja* — 2°]3]
o’L
3—2p

-2 (E [ar(l = 20;L)] — 4
H(-pep
= (1—E[ak]u)E[szf:z:*||;]

P <E (o] — 2 (E (02] + 3_22pa2> c) E [f(+") — £(z")]

)Evm%—fmw

p k
1-2)E[]. 40
+ ( 5) E[¥"] (40)
3k+2
From Lemma we have E [o;] = 4=2) 12 (l(lf)v;fp)ﬂ” «a, and we can show that for all k
—(1—p)2
2
E [ag] > 3% 41)

Letting ¢ = 1 — p we have that

3k+2

(1-p) > (1-v1-p)+p ¢ (A-v+l-g
1-(1-p)2 1—g¢?

l—¢
= 1
> S, Vqel0,1]
Consequently,
E [¢k+1] @Jr%”r@ <1 _ ;04“) E [ka _ 33*”;]

To declutter the notations, Let us define
3k+2

et (1—-p)
1= (1-p)
1 1— 2k+1
by def M (44)
2-p
so that E [a;] = apovand E [a} ] = bya®. Then (@2) becomes

e(6) < (1-3on)E[l*~ ]
2 (ak -2« (bk + 3 22p) [,) E[f(«*) — f(z")]

+(1-2)ewh. (45)

(1— 1§—p)+p 43)

Qg

Next we would like to drop the second term in (43)). For this we need to guarantee that

2
ar —2aL (b +——1] >0 (46)
3—2p
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def
Let ¢ = 1 — p so that the above becomes
3k+42

> (1 — +1-— 1 4 g2k+1 9
gz ( \/6?3) q_2a£( g )20.
147q§ 14*q 1‘F2q

1+q2k+1 2
Ttq T Tt2g

In other words, after dividing through by ( ) and re-arranging, we require that

3k+2
g 2 (1-y@+l-g
3
1—q2
14q2k+1 2
1+gq 1+2q
3k+42
¢ 2 (1-g)+1l—g¢
lfq%
(1+4¢2k+1)(1+2¢)+2(1+q)
(1+q)(1+2q)
3k+2

_ e (1-va+1-q (1+q)(1+2) 47
q*F (1 +29) + 3 +4q 1—¢2 '

20l

IN

We are now going to show that
3k+42

¢ (A-yo+tl-qg_ 1-g
(1 +2q) +3+49 ~ 3+4q
Indeed, multiplying out the denominators of the above gives

Flg) < (3+49) (q%#(l -Va) +1 fq> —(1—q) (¢* (1 +2¢) + 3 + 4q)

¢ 2 (- a)(3+4q) — ¢* (1 +29)(1 - q)
= -V (3+40- a1 4200+ VD).

<1, we have

F(q)

(48)

3k+2
= 2

. k
And since ¢ 2
3k+2

¢ (1-vq)B+4¢—(1+29)(1+/q))

242 (1 - /a)(1 — 4v/a)
0.

1A

Y

As aresult (@8) holds. And thus if
1-g (1+9¢)(1+29)
T 3+4q 1 —-q%
holds, then (7) is verified for all k. This is why we impose the upper bound on the step size given
in (20), which ensures that (#6) is satisfied. Finally, this condition being verified, we get that

o] B (1 Sl -]+ (- D) el

< BE[¢M], (49)
Whereﬁzmax{lf%au, - £} O

2L

B.6 Proof of Corollary 5.1]
Proof. We have that
E [¢*] < 8%¢°,
where 5 = max {1 — %ﬁ, 1-—- g} Hence using Lemma we have that the iteration com-
plexity for an € > 0 approximate solution that verifies E [(bk] < eV is

b) 1 1
2max{3<p£(), } log (> .
2 u 'p €
For the total complexity, one can notice that in expectation, we compute 2b + pn stochastic gradients

at each iteration. O
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B.7 Proof of Proposition 6.1
Proof. Dropping the log(1/¢) for brevity, we distinguish two cases, m > and

< 2LB)+2p(0))
< A0

2(£(b)+2p(b))
12

1. m> w: Then C,,, (b) = 2(n + 2bm), and hence we should use the smallest m

2(L(B)+2p(6))

possible, that is, m = m

2 m < 2LO+200)). Then O (b) = 2(n42bm) 2(L£(b)+2p(b)) _ Q(Q +2b) 2(L(b)+2p(b))
= K m m K m H :

Hence C,,(b) is decreasing in m and we should then use the highest possible value for m,

that is m = 20 E200)),
o
The result now follows by substituting m = w into (T8). O

B.8 Proof of Proposition [6.2]

Proof. Recall that have from Lemma}.3]

1n—0» nb—1
‘c(b) - gmLmax + EmLy (50)
1n—2»
= o Lnax 1

For brevity, we temporarily drop the term log (1) in C,, (b) defined in Equation (T8). Hence, we

want to find, for different values of m:

b* = argmin Cy, (b) := 2 (ﬁ + 2b) max{x(b), m}, (52)
be(n] m

def £(b)+2p(b)

where (D) m

When m = n. In this case we have
Co () @ 2(26 + 1) max{x(b), n}, (53)

Writing (b) explicitly:
1

0= -

Since 3Lyax > L, k(D) is a decreasing function of b. In the light of this observation, we will
determine the optimal mini-batch size. The upcoming analysis is summarized in Table[I]

((SLmX - L)% L — 3Lmax) :

We distinguish three cases:

o If n <
[n], (D)

then k(n) =
n. Consequentl

T~

> n. Since k(b) is decreasing, this means that for all b €
, Cr(b) = 2(2b + 1)k(b). Differentiating twice:
" 4 (3Lmax — L)n
C,(b) =
Hence C,,(b) is a convex function. Now examining its first derivative:

Con 2 ~ (8Lmax — L)n
0= (-5

L.
S
>

<

> 0.

+2(nL — 3Lmax)> ,

we can see that:

-Ifn< ?’LT‘“, Cy(b) is a decreasing function, hence

b* =n.
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- Ifn> ?’L‘%, C',(b) admits a minimizer, which we can find by setting its first derivative

to zero. The solution is
i [T T =
 V 2nL — 3Ly
b = [3]

o Ifn > ?’L%, then (1) = 3% Since (b) is decreasing, this means that for all

b € [n],k(b) < n. Hence, Cy,(b) = 2(2b + 1)n. C,(b) is an increasing function of b.
Therefore,

Hence,

b* = 1.

o If% <n< 3’&%, we have (1) > n and k(n) < n. Hence there exists b € [1, n] such
that x(b) = n, and it is given by

def (3Lmax — L)n

?) ' 54
n(n =1 =L+ 3Lmax (54)
Define G(b) :& (2b + 1)#(b). Then,
areminG(b) =<, = L 7 55
beg[l,n] ( ) {b ifn > 31/1%

As a result, we have that

- if n < 3Lmax G(b) is decreasing on [1, 7], hence C,, (b) is decreasing on [, b] and

b = M

- if n > 3Lmex G(b) is decreasing on [1, b] and increasing on [b, n]. Hence C,, (b) is

increasing on [b, n]. Then,

decreasing on [1, min{b, b}] and increasing on [min{b, b}, 1]. Then,
b* = {min{i), Z)}J .
To summarize, we have for m = n,

1 if n > Sl

min(l;, Z;)J if Inax{%7 73%““"} <n< 73%;““‘

bt o= b ifgL‘%ax<n<% (56)
7 e L 3Lmax
n otherwise, if n < min{ L, 3Lmax}
’ — ”w ) L

When m = n/b. In this case we have

Con(0) @ 6 max{br(b), n},

with
1

p(n—1)

and thus k(1) = ?’LT‘“‘ and nk(n) = % > n. We distinguish two cases:

bre(b) = ((3Lumax — L)1 + (L — 3Lamax)b) ,

e if n < 2Lmax_ then br(b) is decreasing in b. Since nr(n) > n, Cp,(b) = 6br(b), thus
C, (b) is decreasing in b, hence
b*=mn
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e if n > 2kmax py(b) is increasing in b. Thus,

- ifn < ‘SLI% = k(1), then C,,, (b) = 6bk(b). Hence b* = 1.

- ifn > ?’LT“, using the definition of b in Equation (54), we have that
] 6n for b € [1, 0]
Cm(b) = { 6br(b) forbe [bn]
where

n(n —1)p — (3Lmax — L)n.
nL — 3Lmax
is the batch size b € [n] which verifies bx(b) = n. Hence b* can be any point in

{1,..., UJJ }. In light of shared memory parallelism, b* = Lbj would be the most
practical choice.

B:

O

C Optimal mini-batch size for Algorithm 2]

By using a similar proof as in Section[B.8] we derive the following result.

Proposition C.1. Note b* =4 arg min C,(b), where C,(b) is defined in 22)). For the widely used

be[n]
choice p = % we have that
; 3¢1/n Liax
1 . UCZCZ 2 T u "
A min(b, b)J if =gt d <n o< b (57)
EJ otherwise, if n < ?’C%l%

where (, is defined in (20) for p € (0, 1] and:
b= /N Lmax — L h— %H(Lmax*L)
2nL — Lmax’ [LTL(TL — 1) — %(nL - Lmax) .
b

Because ¢, depends on p, optimizing the total complexity with respect to b for the case p = > is
extremely cumbersome. Thus, we restrain our study for the optimal mini-batch sizes for Algorithm 2]
to the case where p = +

I

Proof. For brevity, we temporarily drop the term log (£) in Cjy(b) defined in Equation (22)). Hence,
we want to find, for different values of m:

b* = argmin C /,, (b) := 2 (20 + 1) max{n(b), m}, (58)
be(n]

where 7(b) &ef % % We have

3¢, 1 1 (Lynax — L)
) = Qﬂ(nl)( b

Since Linax > L, w(b) is a decreasing function on [1, n]. We distinguish three cases:

L Lmax> . (59)

o ifn>n(l) = %%, then for all b € [1,n],n > m(b). Hence,
Cn(b) =2(20+ 1)n.
C1/n(b) is an increasing function of b. Hence

b* = 1.

21



3 L

o ifn <m(n) =34,

then for all b € [1,n],n < w(b). Hence,
Ci/n(b) = 2(2b + 1)m(b).

Now, consider the function
def

Go) (264 1)r(b)
_ 3G 1 nl — N(Lmax — L)
- 2 u(n_ 1) (2( L Lmax)b+ 7[) ) +Qa

where () replaces constants which don’t depend on b. The first derivative of G(b) is

3¢ 1 N(Lmax — L)
G'(b) =22 - 2(nL — Lyax
©) 2u(n—1)< b2 e )>’
and its second derivative is

_ 3L — L) _
p(n—1)6%  —

G(b) is a convex function, and we can find its minimizer by setting its first derivative to zero.

This minimizer is
l; d;f ﬁ Lmax —L
V2nL — Liax

Indeed, recall that from Lemma[A.6] we have nL > Lyax.

G//(b)

Thus, in this case, C /,, (D) is a convex function and its minimizer os

b= ]
o if %% =n(n)<n<w(l)= %% Then there exists b € [1, n] such that 7(b) = n
and its expression is given by
30 n(Linax — L)

b= 3 :
/LTL(TL — 1) — T(nL - Lmax)

Consequently, the function C,,(b) is decreasing on [1, min {Z;, l;}] and increasing on
[min {l;, B} ,n]. Hence,
b* = Lmin {E,E}J )

D Samplings

In Definition [3.3] we defined b—nice sampling. For completeness, we present here some other
interesting possible samplings.

Definition D.1 (single-element sampling). Given a set of probabilities (p;)ic|n), S is a single-element
sampling if P(|S| =1) = 1 and
P(S={i})=p; Vie]ln].
Definition D.2 (partition sampling). Given a partition B of [n], S is a partition sampling if
psEP(S=B)>0 VBeB, and Y pp=1.
BeB
Definition D.3 (independent sampling). S is an independent sampling if it includes every i indepen-
dently with probability p; > 0.

In Section[E] we will determine for each of these samplings their corresponding expected smoothness
constant.
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E Expected Smoothness

First, we present two general properties about the expected smoothness constant presented in Lemma
M1k we establish its existence, and we prove that it is always greater than the strong convexity
constant. Then, we determine the expected smoothness constant for particular samplings.

E.1 General properties of the expected smoothness constant

The following lemma is an adaptation of Theorem 3.6 in [[8]. It establishes the existence of the
expected smoothness constant as a result of the smoothness and convexity of the functions f;, € [n].

Lemma E.1 (Theorem 3.6 in [8]). Let v be a sampling vector as defined in Definition[3.1|with v; > 0

with probability one . Suppose that f,(w) = L 3" | f;(w)v; is L,~smooth and convex. It follows

n

that the expected smoothness constant (1) is given by

L =maxE[L,v;].
i€[n]

Proof. Since the f;’s are convex, each realization of f, is convex, and it follows from equation 2.1.7
in [[19] that

IV fo(x) 7va(y)||g < 2L, (fo(x) = fuly) = (VS uly),z —9)). (60)
Taking expectation over the sampling gives

€0

E[IV/o(@) = Vfula)]3] 2E[Ly (folz) = fo(@®) = (Vfo(a®),z — z7))]

<
%E ZLvUi (fi(x) = fi(z™) = (Vfi(a"),x — 27))

n

= 2Y ElLw (i) - fily) — (Vila), 2 — o)
i=1
2 2 max ElLow] (f@) - Sa7) — (V)2 - )
= 2 max E[Lovi](f(2) - f(z7)).
By comparing the above with (IT)) we have that £ = ax E[L,v;]. O

Lemma E.2 (PL inequality). If f is u—strongly convex, then for all x,y € R?

i V@2 > f(z) - f(z*), VxR 61)

Proof. Since f is pu—strongly convex, we have from, rearranging (6)), that for all z, y € R¢
I
F) = f(@) + (Vf(@)y —2) + 5 |z = yll5.
Minimizing both sides of this inequality in y proves (61I). O

The following lemma shows that the expected smoothness constant is always greater than the strong
convexity constant.

Lemma E.3. [f the expected smoothness inequality (1)) holds with constant L and f is u—strongly
convex, then L > .

Proof. We have, since E [V f,(x) — V f,(z*)] = V f(x)
E|IVf,(@) = Vi(a) = V@3] 2 E[|VE@) - V@] - IVA@I;
P o) - s (62
Hence 2(£ — p)(f(z) — f(x*)) > 0, which means £ > p. O
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Remark E.1. Consider the expected residual constant p defined in[d.2] This constant verifies for all
x € RY,

EllIV/o(z) = V(") = V(@] < 20(f(z) — f(z")).

From Equation (62)), we can see that we can use p = L as the expected residual constant.

E.2 Expected smoothness constant for particular samplings

The results on the expected smoothness constants related to the samplings we present here are all
derived in [8]] and thus are given without proof. The expected smoothness constant for b-nice sampling
is given in Lemma4.3] Here, we present this constant for single-element sampling, partition sampling
and independent sampling.

Lemma E.4 (L for single-element sampling. Proposition 3.7 in [8]]). Consider S a single-element
sampling from Definition|D.1} If for all i € [n), f; is Li—smooth, then

L = 1 maxﬁ
n i€ln] p;
where p; = P(S = {i}).

Remark E.2. Consider S a single-element sampling from Definition Then, the probabilities
that maximize L are

Consequently,
+ def 1 n

In contrast, for uniform single-element sampling, i.e., when p; = %L for all 7, we have £ = L ax,

which can be significantly larger than L. Since the step sizes of all our algorithms are a decreasing
function of £, importance sampling can lead to much faster algorithms.

def 1

Lemma E.5 (£ for partition sampling. Proposition 3.7 in [8]]). Given a partition B of [n], consider
@For all B € B, suppose that fg(x) = § ;e [i(v) is

S a partition sampling from Definition
L g—smooth. Then, with pp = P(S = B)

1 L
L = —max-Z2
n BeB pp

Lemma E.6 (£ for independent sampling. Proposition 3.8 in [8]]). Consider S a single-element
sampling from Deﬁnition Note p; = P(i € S). If forall i € [n|, f; is Li—smooth and f is
L—smooth, then

1-piL;

L = L+ max
i€n] p;i N

where p; = P(S = {i}).

F Expected residual

In this section, we compute bounds on the expected residual p from Lemmaf.2]

LemmaF.1. Letv = [vy,...,v,] € R™ be an unbiased sampling vector with v; > 0 with probability
one. It follows that the expected residual constant exists with

Amax (Var [v
P = (#[])Lmaxv (63)

where Var [v] = E [(v —D(v— 1)T] )
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Before the proof, let us introduce the following lemma (inspired from https://www.cs.ubc.ca/
~nickhar/W12/NotesMatrices.pdf).

Lemma F.2 (Trace inequality). Let A and B be symmetric n X n such that A 3= 0. Then,
Tr (AB) < Amax(B)Tr (A)

Proof. Let A = Y N (A)U;U,", where A\;(A) > ... > X\, (A) > 0 denote the ordered

i=1
eigenvalues of matrix A. Setting V; o VAi(A)U; for all i € [n], we can write A = 31" V;V;".
Then,

Tr(AB) = Tr (Z Viva> =Y T (ViV,"B) =Y Tr(V,"BV;) = > V"BV
i=1 i=1 i=1 i=1
S >\max(B) Z ‘/ZT‘/@ = Anlax(B)Tr (A) 5
i=1
where we use in the inequality that B < Apax(B)In. O
We now turn to the proof of the theorem.

Proof. Letv = [v1,...,v,] € R™ be an unbiased sampling vector with v; > 0 with probability one.
We will show that there exists p € R, such that:

E [IIva(w) — V(@) = (Vf(w) = Vi@@)3| <20 (f(w) = f@")). (64)

Let us expand the squared norm first. Define D F'(w) as the Jacobian of F'(w) = [f1(w), ..., fun(w)]
We denote R & (DF(w) — DF(x*))

OV, (w) = Vf,(a%) = (VF(w) = V)3
(DF(w) — DF(z*)) (v —1)|3

.y
1
(B —1), R(v — 1))

= %Tr (v—1)"TR"R(v—1))

= %Tr (R"TR(v—1)(v—1)").

Taking expectation,

E[C] = %Tr (RTRVar [v])
1

< ﬁTr (RTR) Amax (Var [v]). (65)

Moreover, since the f;’s are convex and L;-smooth, it follows from equation 2.1.7 in [[19] that

T (RTR) = Y IVfilw) - Vi)

< ZZLi(fi(w) — fi(z™) = (Vfi(z"),w — z7))
< 2nLpax(f(w) — f(x¥)). (66)
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Therefore,
@;@ 5 Amax (Var [v])
n

E[C] Linax (f(w) = f(z7)). (67)

Which means

p= MLHI&X (68)

n
O
Hence depending on the sampling .S, we need to study the eigenvalues of the matrix Var [v], whose
general term is given by

(Var [v])ij = Lii 1 otherwise, ©
PiPj
with
def . def . . 54
pi = P(i€ S)and P;; = P(i € 5,j € S)fori,j € [n] (70)

To specialize our results to particular samplings, we introduce some notations:

e BB designates all the possible sets for the sampling .S,
e b=|B

, where B € B, when the sizes of all the elements of B are equal.

F.1 Expected residual for uniform b-nice sampling

Lemma E.3 (p for b-nice sampling). Consider b-nice sampling from Definition If each f; is
L ax-smooth, then

n—=>o
p:
(

mLmax . (7 1)

Proof. For uniform b-nice sampling, we have using notations from (70)

. C1
Vien],pi = ®7
. C2
V’L,‘] S [’n’LP?j = @7
withe; = (}71), c2 = (}72) and |B| = (7). Hence,
- B B B B .
Blor By 0 Beog B2y
Ble q By 0 By By
@I) 1 1 1
Var [v] = : ] :
|Blez 1 18] _ 1 [Blez 1
22 e C%
Ble 1 . L B By
— 2 i

As noted in Appendix C of [9]], Var [v] is then a circulant matrix with associated vector

(B—l, [Bles —1,...,|B|02—1>,

1 c? c?

and, as such, it has two eigenvalues

A\ def |B|(1—1—(71—1)62>—n=07

C1 C1
@ Bl (| e _nn-b)
Ay = o (1 Cl) = b(n — 1). (72)
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Hence, the expected residual can be computed explicitly as

@ n—-b 73)

— Lmax-

 (n—1)b

O

We can see that the residual constant is a decreasing function of b and in particular: p(1) = Lyax
and p(n) = 0.

F.2 Expected residual for uniform partition sampling

Lemma F.4 (p for uniform partition sampling). Suppose that b divises n and consider partition
sampling from Definition Given a partition B of [n] of size %, if each f; is Lyax-smooth, then,

p= <1 - b) Lmax- (74)
n

Proof. Recall that for partition sampling, we choose a priori a partition B = By U - -- LI Bz of [n].
Then, for k € [7],

b . .
. o DB, = 5, if 1 € By,
Vi € [n], p; { 0 otherwise, 7
b . . .
o o pB, =+ ifi,j€ By
Vi,j € [n], Py = { 0 otherwise. (76)
Letk € [#]. 1fi,j € By, then 2 — 1= 2 —1 =2 —1,
K g

As aresult, up to a reordering of the observations, Var [v] is a block diagonal matrix, whose diagonal
matrices, which are all equal, are given by, for k € [7],

AR TR e i
1@:(E—1nﬂ5: : . : € RV,

n_q1 ... ...or_q on_g

A OO S T A

b b b

Since all the matrices on the diagonal are equal, the eigenvalues of Var [v] are simply those of one of
these matrices. Any matrix V; = (% — 1)1,1;] we consider has two eigenvalues: 0 and n — b. Then,

)@ <1 - z> Lunase (77)

O

If b = n, SVRG with uniform partition sampling boils down to gradient descent as we recover p = 0.
Forb=1,wehave p= (1 — 1) L.

F.3 Expected residual for independent sampling

Lemma F.5 (p for independent sampling). Consider independent sampling from Definition|D.2} Let
p; = P(i € S). If each f; is Liynax-smooth, then

1 Linax
p= — —1 = (78)
minp; n
i€[n]
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Proof. Using the notations from (70), we have

Vi€ [n],p; = pi,
Vi,j€[n],P; = pip; wheni# j.
Thus, according to (69):

1 1 1
Var[v]zDiag(p—l,—l,...,—1).
1

whose largest eigenvalue is

Amax (V. = ——1=— —1.
wVer ) = e 5, minp;
i€[n]
Consequently,
1 Lmax
p @ 1| B (79)
minp; n
i€[n]
O
Ifp;, = % for all ¢ € [n], which corresponds in expectation to uniform single-element sampling

SVRG since E [|S|] = 1, we have p = 2L L. While if p; = 1 for all i € [n], this leads to
gradient descent and we recover p = 0.
The following remark gives a condition to construct an independent sampling with F|S| = b.

Remark F.1. One can add the following condition on the probabilities: Y, p; = b, such that
E[|S|] = b. Such a sampling is called b-independent sampling. This condition is obviously met if

pi =L foralli€ n].

Lemma F.6. Let S be a independent sampling from [n] and let p; = P[i € S| forall i € [n]. If
S pi = b, then E[|S|] = b.

Proof. Let us model our sampling by a tossing of n independent rigged coins. Let X, ..., X, be
n Bernoulli random variables representing these tossed coin, i.e., X; ~ B(p;), with p; € [0, 1] for
i € [n]. If X; = 1, then the point i is selected in the sampling S. Thus the number of selected points
in the mini-batch | S| can be denoted as the following random variable >~ , X;, and its expectation

equals
el =€ [3ox - S-S n s
i=1 i=1 i=1

Remark F.2. Note that one does not need the independence of the (X;)i=1,... n-

F.4 Expected residual for single-element sampling
From Remark [E.T] we can take £ as the expected residual constant. Thus, we simply use the expected
smoothness constant from Lemma [E4]

Lemma F.7 (p for single-element sampling). Consider single-element sampling from Definition[D.1]
Iffor all i € [n], f; is L;-smooth, then

1 L;
= —max —.
n i€[n] p;

G Additional experiments

G.1 Comparison of theoretical variants of SVRG

In this series of experiments, we compare the performance of the SVRG algorithm with the settings
of [[13]] against Free-SVRG and L-SVRG-D with the settings given by our theory.
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G.1.1 Experiment 1.a: comparison without mini-batching (b = 1)

A widely used choice for the size of the inner loop is m = n. Since our algorithms allow for a free
choice of the size of the inner loop, we set m = n for Free-SVRG and p = 1/n for L-SVRG-D, and
use a mini-batch size b = 1. For vanilla SVRG, we set m to its theoretical value 20 L.y /g as in .
See Figures[d] [5] [6]and [7] We can see that Free-SVRG and L-SVRG-D often outperform the SVRG
algorithm [[I3]]. It is worth noting that, in Figure fa] [6a] and 7 the classic version of SVRG can lead to
increase of the suboptimality when entering the outer loop. This is due to the fact that the reference
point is set to a weighted average of the iterates of the inner loop, instead of the last iterate.

(—.— SVRG (b=1,m=20Lmax/M) =m= Free-SVRG (b=1,m=n) === L-SVRG-D (b=1,p= 1/nﬂ

residual
residual
s

o 1x10* 2x10* 3x10* 4x10*
time

residual
5

W”‘#.

o 1x10* 2x10* 3x10* 4x10* 5x10*
time

oAX=10"3

Figure 4: Comparison of theoretical variants of SVRG without mini-batching (b = 1) on the
YearPredictionMSD data set.
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=o= SVRG (b=1,m=20Lmax/u) =w= Free-SVRG (b=1,m=n) === L-SVRG-D(b=1,p= 1/n)]

10°
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100
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Figure 5: Comparison of theoretical variants of SVRG without mini-batching (b = 1) on the slice
data set.

[—-— SVRG (b=1,m=20Lmax/M) =m= Free-SVRG (b=1,m=n) === L-SVRG-D(b=1,p= 1/n)]
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Figure 6: Comparison of theoretical variants of SVRG without mini-batching (b = 1) on the ijcnnl
data set.
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l—o— SVRG (b=1,m=20Lmax/M) =m= Free-SVRG (b=1,m=n) === L-SVRG-D (b=1,p= 1/n)‘

10°

AL AP, o e
— — o* i‘.t“.'-.
© © ) .
3 3 .
B o
3 5" ! :
o e 1 .
.
1 .
.
106 1 .
.
1 *
a
o 2 4 6 o 100 200 300
epochs time

(@Ax=10""

- \
5 107 ‘
3 o
2 10 - Doooboonooo g‘
X 1
10-° :." 1
* \
1]
° ’ epocAhs ti:'nooe * *
bAr=10"°
Figure 7: Comparison of theoretical variants of SVRG without mini-batching (b = 1) on the real-sim
data set.
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G.1.2 Experiment 1.b: optimal mini-batching

Here we use the optimal mini-batch sizes we derived for Free-SVRG in Table[T|and L-SVRG-D in (37).
Since the original SVRG theory has no analysis for mini-batching, and the current existing theory
shows that its total complexity increases with b, we use b = 1 for SVRG. Like in Section[G.1.1} the
inner loop length is set to m = n. We confirm in these experiments that setting the mini-batch size to
our predicted optimal value b* doesn’t hurt our algorithms’ performance. See Figures 8] [0} [[0]and [T1]
Note that in Section [G.2.2] we further confirm that b* outperforms multiple other choices of the
mini-batch size. In most cases, Free-SVRG and L-SVRG-D outperform the vanilla SVRG algorithm
both on the epoch and time plots, except for the regularized logistic regression on the real-sim data
set (see Figure [TT), which is a very easy problem since it is well conditioned. Comparing Figures

and[9]clearly underlines the speed improvement due to optimal mini-batching, both in epoch and time
plots.
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Figure 8: Comparison of theoretical variants of SVRG with optimal mini-batch size b* when
theoretically available on the YearPredictionMSD data set.

32



residual

residual

10°

2

2

107

107!

2

|m@= SVRG (M = 20Lmax/k = 1099550709,b=1,a" =1.82e - 06)
=@ Free-SVRG (m=n=53500,b"(n)=40,a"(b" .20e - 04)
‘ =t L-SVRG-D (p=1/n=1.87e~-050b"(n)=22,a"(b")=1.12e - 04)

residual

o
[m@m SVRG (M = 20Lmax/i = 10995527, b=1,a" = 1.82e - 06) o =@ SVRG (M = 20Lmay/pt = 10995527, b=1,a" = 1.82e - 06)
=@ Free-SVRG (m=n=53500,b"(n)=31,a"(b")=9.31e-05) =8 Free-SVRG (m=n=53500,b"(n)=31,a"(b") =9.31e-05)
%% | LSVRGD (p=1/n=1.87e-05b"(n)=22,a"(b") =1.12¢ - 04) =t L-SVRGD (p=1/n=1.87e-05b"(n)=22,a"(b") =1.12e - 04)
% 107
— 102
T 10
=1
°
n
0 10
1074
10
0 1x10° 2x10° 3x10¢

time

@ SVRG (M = 20Lmax/k = 1099550709, b=1,a" = 1.82e - 06)
=@ Free-SVRG (m=n=53500,b"(n)=40,a"(b")=1.20e - 04)
=tn L-SVRG-D (p=1/n=1.87e~050b"(n)=22,a"(b")=1.12e - 04)

1.0x10¢ 1.5x10°

time

0 5.0x10° 2.0x10¢

®AX=10"3

Figure 9: Comparison of theoretical variants of SVRG with optimal mini-batch size b* when
theoretically available on the slice data set.
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Figure 10: Comparison of theoretical variants of SVRG with optimal mini-batch size b* when
theoretically available on the ijcnnl data set.

33



residual

residual

10°

o

A== SVRG (m=20Lpyui=70,b=1,a" =2.86e - 01) 10
% =B Free-SVRG (m=n=72309,b"(n)=1,a’(b") = 4.76e - 01)

‘ =#m L-SVRG-D(p=1/n=1.38e—-05,b"(n)=1,a"(b")=8.16e —01)

[m@= SVRG (M =20Lma/u=70,b=1,a" =2.86e - 01)
=@ Free-SVRG (m=n=72309,b"(n)=1,a"(b")=4.76e - 01)
=# LSVRG-D (p=1/n=138e-05b"(n)=1a"(b")=8.16e-01)

epochs

=@= SVRG (m = 20Lmax/k =5020,b=1,a" =3.98e - 01)
=@ Free-SVRG (m=n=72309,b"(n)=1,a"(b") = 6.64e — 01)
=t L-SVRG-D (p=1/n=1.38e-05,b"(n)=1,a"(b") = 1.14e + 00)

R O 0 O

.
10  \
.
© * \
3 107 -
3 L
¢
-~ 51 T a-l B=eg u-.l-I---llﬁ
10°° -
1 : 1
[w@= SVRG (1 = 20L /i = 5020,b=1,a" = 3.98¢ - 01) 1 oo \
=@ Free-SVRG (m=n=72309,b"(n)=1,a"(b")=6.64e—01) M .1 10°° . ‘
=t L-SVRG-D (p=1/n=1.38e-05,b"(n)=1,a"(b") =1.14e + 00) .0' ‘* B
0 2 4 6 0 100 200 300
epochs time
by X=10"3

Figure 11: Comparison of theoretical variants of SVRG with optimal mini-batch size b* when
theoretically available on the real-sim data set.

G.1.3 Experiment 1.c: theoretical inner loop size or update probability without
mini-batching

Here, using b = 1, we set the inner loop size for Free-SVRG to its optimal value m™ = 3 Lyax/p that
we derived in Proposition We set p = 1/m* for L-SVRG-D. The inner loop length is set like in
Section[G.1.1] See Figures[I2] [I3][14]and[I3] By setting the size of the inner loop to its optimal value
m*, the results are similar to the one in experiments 1.a and 1.b. Yet, when comparing Figure 5| and

Figure[T3] we observe that it leads to a clear speed up of Free-SVRG and L-SVRG-D.
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Figure 12: Comparison of theoretical variants of SVRG with optimal inner loop size m* when
theoretically available (b = 1) on the YearPredictionMSD data set.
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Figure 13: Comparison of theoretical variants of SVRG with optimal inner loop size m* when
theoretically available (b = 1) on the slice data set.
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Figure 14: Comparison of theoretical variants of SVRG with optimal inner loop size m* when
theoretically available (b = 1) on the ijcnnl data set.
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Figure 15: Comparison of theoretical variants of SVRG with optimal inner loop size m* when
theoretically available (b = 1) on the real-sim data set.
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G.2 Optimality of our theoretical parameters

In this series of experiments, we only consider Free-SVRG for which we evaluate the efficiency of

our theoretical optimal parameters, namely the mini-batch size b* and the inner loop length m*.

G.2.1 Experiment 2.a: comparing different choices for the mini-batch size

Here we consider Free-SVRG and compare its performance for different batch sizes: the optimal

one b*, 1, 100, \/n and n. In Figure 17, and we show that the optimal mini-batch size we
predict using Table[T]always leads to the fastest convergence in epoch plot (or at least near the fastest

in Figure [T6D).
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Figure 16: Optimality of our mini-batch size b* given in Tablefor Free-SVRG on the
YearPredictionMSD data set.
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Figure 18: Optimality of our mini-batch size b* given in Tablefor Free-SVRG on the ijcnnl data

set.
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Figure 19: Optimality of our mini-batch size b* given in Tablefor Free-SVRG on the real-sim data
set.

G.2.2 Experiment 2.b: comparing different choices for the inner loop size

We set b = 1 and compare different values for the inner loop size: the optimal one m*, Lyax/ 14,
3Lyax/ 1 and 2n in order to validate our theory in Proposition|6. 1} that is, that the overall performance
of Free-SVRG is not sensitive to the range of values of m, so long as m is close t0 1, Liax /it OF
anything in between. And indeed, this is what we confirmed in Figures[20] 21} 22) and 23] The choice
m = 2n is the one suggested by [13] in their practical SVRG (Option II). We notice that our optimal

inner loop size m* underperforms compared to n or 2n only in Figure[23a] which is a very rare kind
of problem since it is very well conditioned (Lax /1t == 4).
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Figure 21: Optimality of our inner loop size m* = 3L,ax/ 1 for Free-SVRG on the slice data set.
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Figure 22: Optimality of our inner loop size m* = 3 Lyax /1 for Free-SVRG on the ijennl data set.
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Figure 23: Optimality of our inner loop size m* = 3Lax/p for Free-SVRG on the real-sim data set.
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