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In this supplementary material, we include the detailed proofs for the Propositions 4.1, 5.1 and the
Theorems 4.1, 5.1. We also provide further details of the search space optimization. Finally, we show
extra experimental results on the test functions Levy10 and Ackley10.

1 Proof of All the Propositions and Theorems

1.1 Background

Gaussian Process A Gaussian Process (GP) is a distribution over functions, which is completely
specified by its mean function and covariance function [4]. Assume the function f follows a GP
with mean function mg(z) and covariance function k(x,2’). Given the observed data D;_; =
{(zi,y:) Yy, yi = f(x3) + &, where & ~ N(0,02) is the noise, the posterior distribution of f is a
GP with the following posterior mean and variance,

/“Lt—l(x) = mo(ﬂf) + k\Dt—1|(x)T(K\Dt71\ + 021|Dt—1|)71y\Dt,1\’ (1)
of_y(@) = k(z,2) = Kip, (@) (Kip, | +*Xip, )" Kp, (%),

Dy
where y|'Dt,l\ = [yl? v ay\thldT’ k\thﬂ (l‘) = U{,‘(Z‘, xi)]l;:l ll’ K|'Dt—1| = [k(xﬂ xj)]i:j’ I|Dt—1|

is the |D;_1| x |D;—1] identity matrix and |D;_1| denotes the cardinality of D;_;. To aid readability,
in the sequel we remove the notation that shows the dependence of k, K, I,y on |D;_1|.

GP-UCB Acquisition Function The GP-UCB acquisition function is defined as [1-3, 5],

apcp(®;Di—1) = pi—1(x) + / Bror—1(z), 2

where ;1 (), 01—1(x) are the posterior mean and standard deviation of the GP given observed data
D,_1 and 5; > 0 is an appropriate parameter that balances the exploration and exploitation. Given a
search domain, {/3;} can be chosen following the suggestion in [5] to ensure global convergence in
this domain.

Maximum Information Gain For any search space S, define the maximum mutual information
1,5 [5]:

1
= Z log det (I 2K 3
1,8 ACQ%ZT 5 logde (Ir +o T), 3)

where K1 = [k(x,2')]s 27c 4 and I is the identity matrix with size T' x T'.
Defining gy, () for kernel k(.) With the types of kernels satisfied Assumption 4.2 in the paper, for
all small positive -, there always exists gx () > 0 such that,

Vo, 2’ ||z —2'||2 > gr(v), k(z,2") < 7. 4)

The value of gi(y) can be computed from 7 and the kernel covariance function k(x,z’) i.e. for
Squared Exponential kernel ksg (7, 2') = 6%exp(—||x — 2'||3/(2(?)), gx () will be \/2(21l0og(62 /7).
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1.2 Proof of Proposition 4.1

Substituting Eq. (1) into Eq. (2) and combining with Assumption 4.1 in the paper, we have,

avep(r;Di1) = k(z)T (K4 1) "'y + \F\/lﬁ: (x,x) )T(K 4+ o21)~1k(z). ®)
Since k(x, x') is a kernel covariance function that satisfies the Assumptions 4.2 in the paper, then,
k(z) =220, k(z,z) =62 (6)
Combining Eq. (5) and Eq. (6), the proposition is proved, i.e.,

avep(;Di—1) —=2% \/Bi6. n

1.3 Proof of Theorem 4.1

Firstly, we prove that with the choice of S = R? \ A, where 1) A contains all the points x that are far
from all the current observations, and, 2) A := {z € R? : |aycp(z;Di—1) — V/Bib| < €/2}, there
exists a point in S whose GP-UCB acquisition function value is within € from the maximum of the
acquisition function, i.e. 3z, € S : |aycp(zy; Di—1) — max,cpa aycp(x; Di—1)| < e. With the
choice of € < |\/B — mingcga(apcp(x; Di—1))|, let us consider three cases:

e Case 1: The argmax of the GP-UCB acquisition function is at infinity. This means that
the GP-UCB acquisition function maximum is equal to v/53;0. As the GP-UCB acquisition
function is continuous and € < |\/3;0 — min,cra (ycp(w; Di—1))|, hence, there exists a
point x,, such that aycp(x,) = v/B:0 — €/2. By the definition of S, it is straightforward
that z,, belongs to S, thus proving that there exists a point in S whose GP-UCB acquisition
function value is within € from the maximum of the acquisition function.

o Case 2: The argmax of the GP-UCB acquisition function z/,,, is at a finite location
and its acquisition function value is larger or equal /50 + €/2. It is straightforward
to see that the argmax x7, .. belongs to the region S and this is the point that satisfies
|aUCB( maath 1) maxgcpd aUCB(x;thlﬂ <e

e Case 3: The GP-UCB acquisition function argmax is at a finite location and the acquisition
function maximum is smaller than /30 + ¢/2. As the GP-UCB acquisition function is
continuous and € < |v/3;0 — mingcga(aycp(w;Di—1))], there exists a point x,, € S :
aycep(u; Di—1) = VB — €/2. As maxycpa ayop(w;Di—1) < /Bi0 + €/2, it follows
directly that |aycp(24; Di—1) — max,cra aucp(z;Di—1)| < e

Secondly, we will give analytical expression for one way to define the region A. We will prove that
A can be chosen as {x : Va; € Dy_1 : ||z — 24||2 > gx ()}, where,

N = min(\/(o.5\/Eee - 0.062562)/(\Dt,1|Amw)9,0.25e/max( DTS zj)),

ZjSO Zj ZO

gx(.) defined as in Eq. (4), Az € RT is the largest singular value of (K + ¢2I) 1, z; is the j!"
element of vector (K + o)y and € < |/B;0 — min,cga(apycp(z; Di—1))|. With this choice of
A, then the region S can be computed as S = UlD' 1l Si, Si ={z: lx—zi|2 < gr(V)}, 2 € Di-q.

Consider the GP-UCB acquisition function,

avep(®;Di—1) = pu—1(x) + / Bror—1(x)

=k(z)T(K + o%I)~ y—i-\/E\/k‘xx T (K + o2~ 1k(x)
= k(2)" (K + 0°D) 'y + /B /02 — k(2)T (K + 021)~Kk(x).

The error between aycp(x; D;—1) and 4/5:0 can be computed as,

VBik(z)T (K + o21) " 'k(z)

W 2D y) = —k(z)T o211 .
VB0 — avep (@ Dimy) = —k(2)" (K + o21) Y5 P K@) (K £ oo1) K(2) + 0

)




First, we consider the first term in Eq. (7). It is easy to see that,

> zik(z, ) <k(@)T(K+0"D) 7y < Y zik(x,z),

2:<0 2;>0

where z; is the 7* element of vector (K + ¢2I)~'y. Therefore,

Z zik(z, x;)|, )
2; <0

< max( Z —zik(z, z;), Z zzk(az,xl)>

2;<0 2;>0

k()" (K + o)~y < max(

Z zik(z, x;)

®)

For all small positive ~, for all x such that |z — z;||2 > gk (), Vz; € D;_1 with g () defined in
Eq. (4), we have k(z, z;) < 7,Vx; € D;_1. Combining this with Eq. (8), the first term in Eq. (7) is

bounded as,
k()" (K + %) ty| < max( Z —Zi, Z zi)’y. )
2;<0 2,20

Second, consider the second term in Eq. (7). Since K is a covariance matrix, it is a positive
semidefinite matrix, hence, (K + 02I) and (K + ¢2I)~! are also positive semidefinite symmetric
matrices. Using the singular value decomposition (SVD), we have, (K + 2] )_1 = UDUT, where
D is a diagonal matrix and U is a unitary matrix. Denote Anaz (Amaz € RT) to be the maximum
entry on the diagonal of matrix D (A4, is also called the largest singular value of the matrix
(K + 0%1)~1), we then have,

k(z)T(K+o’D)™ = \eeDk(z) = k(z)T(UDUT — UM IUT k()
= (UTk(2))T (D = AnacDU k().
Since (D — Apazl) is a negative semidefinite matrix, (UTk(z))T (D — Anae))UTk(z) < 0. There-

fore,
|Dy—1]

k(l‘)T(K+U2I)71k(1‘) S)\maxk( )Tk < Amaz Z k I 17 (10)

For all small positive -, for all  such that |z — z;||2 > gk (), Va; € D;—; with gi(7y) defined in
Eq. (4), we have k(z,x;) < v,Vz; € D;_1. Combining this with Eq. (10), we now have,

0 < k(z)T(K + o*1) 'k(z) < nAmaey?, (1)
where n denotes
V Btz 2
)= ——, 0<2z2<0°.
f(z) (R

It is easy to see f(z) is a monotone increasing function in the range [0, 6?]. Hence, with k(z)7 (K +
o?I)~'Kk(z) being in the range [0, nAmaqzy?], then,
g g v
o< LB ( )T(K L)K@ B
- \/02 T(K+ o)~ 'k(z)+0 \/92—n)\ma$72+9’

where v < /0/(nAmaz). From Egs. (7), (9) and (12), we have that: Vv > 0, then Vz such that
|z — 2;|l2 > d,i = 1, n, the following inequality is satisfied,

/8 nAmafE 2
VB9 — aven(x; Di—1))| gmax(z _Ziazzi)’)’“" \/92\/_7% 5 (13)
2:<0 2:>0 NAmazY* +

0.25 0.5 9 — 0.0625¢2
With the choice of v = min( ¢ \/»\/ \/E € € )

max(zzéo 72,’1‘,2%20 Zl ax
41/B46. Then from Eq. (13), we have that Vz : ||z — z;|2 > d.,i = 1,n, the following inequality

12)

,0<e<



satisfies,

0.25¢
| ﬂto — OLUCB(SC;'Dt_l)‘ < max( Z,)
\/0 5\F96 — 0.0625¢2 )
mam 'VYLQ"I,'
+ (14)
0.5 fe — 0.0625
92—n)\ma1 \/ ‘FG 6) +0
max
< 0.25¢ 4+ 0.25¢
< €/2. [
Remark 1.1 Note that if |\/Bif — mingcre avop(z;Di—1)] = 0, then Ve < |/Bi0 —

max,ecrd aycB(2; Di—1)| or < [\/Bi0 — maxep, , avcp(x; Di—1),
remains valid. As in this case, the GP-UCB argmax is at a finite location and its acquisition function
value > /B0, thus our arguments in Case 2 hold. However, it is worth noting that the scenario
[v/ B0 — mingcre aycp(x;Di_1)| = 0 is very rare in practice. With Assumption 4.1, most of the
time, ming,cra aycp(z; Di—1) < 0, hence |\/B0 — mingcra aycp(z; Di—1)| > 0. Only when the
noise is large, there is a very small chance |\/B;0 — mingcre aycp(x; Di—1)| = 0 can happen.

1.4 Proof of Proposition 5.1

Following Lemma 5.7 in [5], for any d-dimensional domain Sy with side length 7y, suppose the
kernel k(x, 2’) satisfies the following condition on the derivatives of GP sample paths f: Jay, by >

0, Pr{sup,cs, [0f/0x;] > L} < ay exp~(L/%)” j = T d. Pick 6 € (0,1), and define 3, =
2log(t?272/(30)) + 2d log(t*dbyrk+/log(4day /5)), then Ve > 0, with probability larger than 1 — 4,
we have maxyes, avcp(t;Di—1) < pe—1(xe) + 53/2@,1(@}) + 1/t2,¥t > 1, where 2; is the
suggestion from the GP-UCB algorithm at iteration ¢. Therefore,
maxges, f(z) — maxgzep, f(x)
< pu-a (@) + B, *or 1 (w) + 1/ — maxeen, f(z)
< pur(me) + B or 1 (@) + 1/ — maxgep, arep(@:Di1)  (15)
< pue1(xe) + B oror (@) + 1/t% — apop (@ Deoy)
<280y () + 1/t2.
Following Lemma 5.4 in [5], we have that,

T

> 4pioi i (x) < CiBrr, (16)

t=1
with C; = 8/log(1 + 0~2), yr is the maximum information gain in the search space Sy, (can be
computed using (3)).
Assume 25,51 / 20,5_1(1,5) does not converge to 0 when ¢ — oo. It means there exists Tj, such that
Vit > T, Qﬁtl/Qat,l(xt) > m with m being a constant. Then, VI > Ty,

T
> Aoty (x4) = m*(T — Ty). (17)
t=To
Which means, V1" > T,
To
Crfryr = ) 4Boi_1(x:) = m*(T = Tp). (18)

t=1



For the kernel classes: finite dimensional linear, Squared Exponential and Matérn, and assume the
kernel satisfies k(x,2") < 1 (condition 2 of Assumption 4.2 in the paper), we have that v is upper

bounded by O(T4(d+1)/(v+d(d+1)) (oo T')) with v > 1. However, the RHS of Eq. (18) is O(T),
thus it is not correct. Therefore, 2 6,51 / 201 (x+) converges to 0 when ¢ — co. Which means there
HTk - Vi Z Tk,

7b,5,(t) = maxzes, ayop(r; Di—1) — maxeep, arcp(w;Di—1) < e—1/t2, (19)

Finally, following Eq. (15), with probability larger than 1 — ¢, we have, V¢, max,es, avcp(x; Di—1)
—maxzep, f(x) < pe—1 () —|—Bt1/2crt_1 (w4)+1/t? —max,ep, arcp(z; Di—1). Thus V¢ satisfies
Eq (19)’ maXges,, f(l’) — INaXzep, f(l‘) <e u

1.5 Proof of Theorem 5.1

First, we prove that with our search space expansion strategy, the search space will continue to expand,

i.e. size(Sk) B2 50, AS Apag is the largest singular value of the matrix (K + 02I)~1, hence, it
is also the maximum entry on the diagonal of matrix D where D satisfies: (K + ¢2I)~t = UDUT
with U being a unitary matrix. Note that Apnae = 1/(Apin, (K +021)) Where Ain (k4o021) is the
smallest singular value of matrix (K + o2I). We have,

NAmin,(K+021) < Tr(K + o?I) = n(0? + %), (20)

where Tr(.) is the Trace operator and n = |Dy_1|. Thus Ain (k+o2r) < (62 + 02), which results
Amaz > 1/(0% + 02). Therefore,

\/(0.5\/Eee —0.0625€2) /(1D 1| Amaz)0 =25 0, 1)

as By ~ O(log(t)) and |Dy—1| >t — 1.

This means d, 100, 00, hence size(Sy) F2 . Thus Jko such that S, C Sg,, where S, is
the region that contains the objective function global maximum. Following Proposition 5.1 in the
paper, with the choice of {3;} to be as suggested in the Theorem, the proposed algorithm achieves
the local e-accuracy any search space. Thus it eventually achieves the local e-accuracy in search
space Sk, , hence Iz, : (f(xk,) — maxges, f(z)) < e. Note that max,cs, f(x) = maxes, f(z)
as Si. C Sy, . Therefore, (maxges, f(z) — f(zk,)) <e. M

2 Further Details of Search Space Optimization

The theoretical search space developed in Theorem 4.1 is the union of |D;_1| balls. To suit optimizer
input, this region is converted to an encompassing hypercube using,

ming,ep,_, (xf) —d. <zF< maXy,eD,_, (xf) +d., k=1,d. (22)

This encompassing hypercube is larger than our theoretical search space. In the case when the
GP-UCB acquisition function argmax is at finite location, then acquisition function maximum within
our theoretical search space and within this encompassing hypercube is the same. In the case
when the GP-UCB acquisition function argmax is at infinity, optimizing the acquisition function
within the encompassing hypercube results in the suggested point to be much further than it should
be. Therefore, in our algorithm, after optimizing the GP-UCB acquisition function within the
encompassing hypercube, we check,

e If the GP-UCB acquisition function maximum is larger than /30 or smaller than /3,6 — €,
then suggest that point as the interesting point to be evaluated.

e If the GP-UCB acquisition function maximum is between +/53;0 — € and /3,6, then construct
|D;—1| encompassing hypercubes for the |D;_1| balls. To save computation time, optimize
the acquisition function within the hypercube that encompass the ball whose center has
the highest ay¢op value first. Then check if the acquisition function maximum is smaller
than /5,6 — e, if yes, stop and pick that point to be the interesting point to be evaluated.
Otherwise, continue until find one.



3 Extra Experimental Results

In this section, we show extra experimental results on the test functions Levy10 and Ackley10 that
we provide NeurIPS reviewers during rebuttal. The setups are same as in the paper. For Ackley10,
the number of experiments is 30 whilst for Levy10, the number of experiments is 10 as GPUCB-FBO
computation time for Levy10 is so expensive that we can only get 10 experiments during the whole
rebuttal time. For Ackley10, our proposed method outperforms other 6 methods by a high margin
and is better than GPUCB-FBO and, note that GPUCB-FBO computation time is at least 5-6 times
slower than our method. For Levy10, our proposed method is slightly better than EIH, EI-vol2 while
outperforming other baselines significantly.

Ackley10 Levyl0
o 1007 -10 e —— GPUCB-UBO
s EIH
S-125 ———| — EQ
ke —20 —— El-Vanilla
o
8 —~15.0 —— El-vol2 .
[ q —— GPUCB-Vanilla
% —30 GPUCB-vol2
2-175 —— GPUCB-FBO

-20.0 =40,
0 100 200 300 0 100 200 300
Iterations Iterations

Figure 1: Best found values of two high-dimensional synthetic benchmark test functions using
different algorithms. Function Ackley10 is plotted over 30 repetitions whilst Levy10 is plotted over
10 repetitions due to prohibitive computation time of the method GPUCB-FBO. (Best seen in color)

References

[1] P. Auer. Using confidence bounds for exploitation-exploration trade-offs. Journal of Machine
Learning Research, 3:397-422, 2003.

[2] P. Auer, N. Cesa-Bianchi, and P. Fischer. Finite-time analysis of the multiarmed bandit problem.
Machine Learning, 47(2-3):235-256, 2002.

[3] V. Dani, T.P. Hayes, and S.M. Kakade. Stochastic linear optimization under bandit feedback. In
COLT, 2008.

[4] C.E. Rasmussen and C.K.I. Williams. Gaussian Processes for Machine Learning. The MIT
Press, 2006.

[5] N. Srinivas, A. Krause, S.M. Kakade, and M. Seeger. Gaussian process optimization in the bandit
setting: No regret and experimental design. In Proceedings of the 27th International Conference
on International Conference on Machine Learning (ICML), pages 1015-1022, 2010.



