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1 Preliminaries

1.1 Convergence and lower semi-continuity

Definition 1 (Weak convergence). Let (ux)ren be a sequence of probability measures on Y. We say

that p, converges weakly to a probability measure pon Y, and write (jig ) ken — b (or pg — ), if
for any continous and bounded function f : Y — R, we have

kggloo/fdukz/fdu.

Definition 2 (Epi-convergence). Let © be a metric space and f : © — R. Consider a sequence
(fr)ken of functions from © to R. We say that the sequence (fi)ren epi-converges to a function

f:0 =R, and write (fi)ren — f, if for each 6 € ©,

liminf f(0;) > f(0) for every sequence (0x)necn such that lim 6 =0 |
k—oo k—+o0

and limsup fi(0r) < f(0) for a sequence (Ok)nen suchthat lim 6, =6 .
k—o0 k—+o00

An equivalent and useful characterization of epi-convergence is given in [[1, Proposition 7.29], which
we paraphrase in Proposition [S4]after recalling the definition of lower semi-continuous functions.

Definition 3 (Lower semi-continuity). Let © be a metric space and f : © — R. We say that f is
lower semi-continuous (L.s.c.) on © if for any 0y € ©,

lim inf £(0) > £(0o)

9—)90

Proposition S4 (Characterization of epi-convergence via minimization, Proposition 7.29 of [1]]). Let
© be a metric space and f : © — R be a Ls.c. function. The sequence (f)ren, with fr : © — R for
any n € N, epi-converges to f if and only if

(a) iminfy_, o infoek fr(0) > infock f(0) for every compact set K C © ;
(b) limsup;,_, . infgeo fr(0) < infpeco f(0) for every open set O C ©.

[I} Theorem 7.31], paraphrased below, gives asymptotic properties for the infimum and argmin of
epiconvergent functions and will be useful to prove the existence and consistency of our estimators.

Theorem S5 (Inf and argmin in epiconvergence, Theorem 7.31 of [1]). Let © be a metric space,
f:© = Rbeals.c. function and (fi)ren be a sequence with fr, : © — R for any n € N. Suppose

(fre)ren = f with —oo < infeco f(0) < .
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(a) It holds limy,_, o infoco f(0) = infoco f(0) if and only if for every n > 0 there exists a
compact set K C © and N € N such for any k > N,

. < .
inf fu(0) < inf fu(6) +7
(b) In addition, lim sup,,_, . argmingcg fx(0) C argming.g f(6).

2 Preliminary results

In this section, we gather technical results regarding lower semi-continuity of (expected) Sliced-
Wasserstein distances and measurability of MSWE which will be needed in our proofs.

2.1 Lower semi-continuity of Sliced-Wasserstein distances

Lemma S6 (Lower semi-continuity of SW ). Let p € [1,00). The Sliced-Wasserstein distance of
order p is lower semi-continuous on P, (Y) x P, (Y) endowed with the topology of weak convergence,
i.e. for any sequences (u)ren and (vi)ken of Pp(Y) which converge weakly to n € Pp(Y) and
v € P,(Y) respectively, we have:

w < liminf SW ).
SW(p,v) < liminf SW, (yuy, 1)

Proof. First, by the continuous mapping theorem, if a sequence (ux)ien of elements of P,(Y)
converges weakly to i, then for any continuous function f : Y — R, (fyur)ren converges weakly
to fyu. In particular, for any u € S¢1, U pi Rt ujp since u* is a bounded linear form thus
continuous.

Let p € [1,00). We introduce the two sequences (uy)ken and (vx)gen of elements of P,(Y) such
that y1, — g and v, — v. We show that for any u € S,
Wi (ufp, ujv) < liminf W (ufpg, ufvy) (Sh

Indeed, if @ holds, then the proof is completed using the definition of the Sliced-Wasserstein
distance (7) and Fatou’s Lemma. Let v € S%~!. For any k € N, let 7 € P(R x R) be an optimal
transference plan between uli . and uﬁ v, for the Wasserstein distance of order p which exists by [2,
Theorem 4.1] i.e.

Wg(uguk,uguk) = /RXR |a — b dyg(a,b) .

Note that by [2l Lemma 4.4] and Prokhorov’s Theorem, (v )ren is sequentially compact in P(R x R)
for the topology associated with the weak convergence. Now, consider a subsequence (v, (1)) keN
where ¢1 : N — N is increasing such that

klim la — b|” dvg, (k) (a,b) = lim Wg(u§u¢l(k), U§V¢1(k))
—+00 JrRxR
=1 f WP 2
klgl-il-n D(uf b, ujve) (S2)

Since (Vk)ren is sequentially compact, (74, ())ren is sequentially compact as well, and therefore
there exists an increasing function ¢2 : N — N and a probability distribution v € P(R x R) such
that (e, (¢, (k)))keN converges weakly to . Then, we obtain by (S2),

[ byt = tim [l b v o0 (a6) = B inf W)

If we show that v € F(ug W, ugz/), it will conclude the proof of (ST)) by definition of the Wasserstein
distance (B). But for any continuous and bounded function f : R — R, since for any k£ € N,
Vi € Tk, i), and (k) ken, (Vk)ken converge weakly to p and v respectively, we have:

f(a)dv(a,b) = lim f(a)dVg, (4, (k) (@, b) lim /f dugﬂ@(@(k))( a)

RxR k—+oco RxR k—)Jroo
=Aﬂwwww



and similarly

F(b)dy(a,b) = /R F(b)dutv(a) .

RxR

This shows that v € F(ugu, UB‘V) and therefore, (S1) is true. We conclude by applying Fatou’s
Lemma.

O

By a direct application of Lemma|[S6] we have the following result.

Corollary 7. Assume A[l} Then, (j1,0) — SW (11, 1) is lower semi-continuous in Pp(Y) x ©.
Lemma S8 (Lower semi-continuity of ESW,,). Let p € [1,00) and m € N*. Denote for any
€ Pp(Y), fim = (1/m) Y%, 8z, where Zy.,, are i.i.d. samples from . Then, the map (v, p) —
E [SW, (v, fim)] is lower semi-continuous on P, (Y) x Pp(Y) endowed with the topology of weak
convergence.

Proof. We consider two sequences (py)rxen and (Vg )gen of probability measures in Y, such that
(g ) wen — pand (vg)ken — v, and we fix m € N*.

By Skorokhod’s representation theorem, there exists a probability space (Q, F, ]f”), a sequence
of random variables (X}, ..., X/")ren and a random variable (X, ..., X™) defined on Q such
that for any k¥ € N and ¢ € {1,...,m}, X i has distribution sy, X has distribution z and
(X}, ..., X" )ken- converges to (X',..., X™), P-almost surely. We then show that the se-
quence of (random) empirical distributions (fix,m)ken defined by ik, = (1/m)Y -, %o
weakly converges to i, = (1/m)> 1% 85, P-almost surely. Note that it is sufficient to
show that for any deterministic sequence (z},..., 2" )ren- Which converges to (z!,...,2™),
i.e. imy_s 4 oo max;e (1, my p(xh, 2*) = 0, then the sequence of empirical distributions (2, m ) ken
defined by ., = (1/m) > 1", 5,1, weakly converges to I, = (1/m) >, 84i. Note that since
the Lévy-Prokhorov metric dp metrizes the weak convergence by [3l Theorem 6.8], we only need to
show that limy_, { oo dp (D m, Pm) = 0. More precisely, since for any probability measure ¢; and

G2,
dp(¢1,¢2) =inf{e >0 : forany A € Y, (1(A) < (2(A°) + eand (2(A) < (1(A°) +¢€}

where ) is the Borel o-field of (Y, p) andforany A € Y, A ={z € Y : p(x,y) < e forany y € A},
we get o

dp (Vg m, Vm) <2 max p(z},z"),

i€{l,...,m}

and therefore limy,_, 1 oo dp (Pk,m, Pm) = 0, so that, (D ) ken Weakly converges to y,.
Finally, we have that fixm = (1/m) 32/, 8%, . weakly converges to fu, = (1/m) 321" S5 P-
almost surely and we obtain the final result using the lower semi-continuity of the Sliced-Wasserstein
distance derived in Lemma [S6|and Fatou’s lemma which give

E[SW (v, fir)] < E [lim inf SW, (v, jin,:)| < Tim inf E [{SW (v, fim.s)]

17— 00 1—00

where E is the expectation corresponding to P. O

The following corollary is a direct consequence of Lemma[S§]

Corollary 9. Assume Then, (v,0) — E[SW (v, fig.,m)|Y1.n] is lower semi-continuous on
P(Y) x ©.

2.2 Measurability of the MSWE and MESWE

The measurability of the MSWE and MESWE follows from the application of [4, Corollary 1], also
used in [5] and [[6], and which we recall in Theorem |[S10



Theorem S10 (Corollary 1 in [4]]). Let U,V be Polish spaces and f be a real-valued Borel measurable
function defined on a Borel subset D of U x V. We denote by proj(D) the set defined as

proj(D) = {u : there existsv € V, (u,v) € D} .

Suppose that for each u € proj(D), the section D,, = {v € V, (u,v) € D} is o-compact and f(u,-)
is lower semi-continuous with respect to the relative topology on D,,. Then,

1. The sets proj(D) and | = {u € proj(D), for some v € D,,, f(u,v) = inf f,} are Borel

2. For each € > 0, there is a Borel measurable function ¢. satisfying, for u € proj(D),

f(uagbe(u)):l[?ffua if uel,
< €—|—i51f fus if wél, and iélffu # —00
< —e if uél, and iélffu = —00.

Theorem S11 (Measurability of the MSWE). Assume Foranyn > 1 and € > 0, there exists a
Borel measurable function 8, . : Q0 — © that satisfies: for any w € ),

b (w) € argmingcg  SW,(fin(w), te), if this set is non-empty,
ne(w) {0 €0 : SW,(jiin(w), o) < €x+ €},  otherwise.

where €, = infgee SW (1, ).

Proof. The proof consists in showing that the conditions of Theorem [ST0]are satisfied.

The empirical measure fi,(w) depends on w € Q only through y = (y1,...,¥n) € Y™, so we
can consider it as a function on Y” rather than on 2. We introduce D = Y™ x ©. Since Y is
Polish, Y" (n € N*) endowed with the product topology is Polish. For any y € Y™, the set
D, ={0 €0, (y,0) € D} = O is assumed to be o-compact.

The map y — fi,(y) is continuous for the weak topology (see the proof of Lemma|S8)), as well as
the map 6 — gy according to We deduce by Corollary [7] that the map (1,60) — SW (1, 19)
is L.s.c. for the weak topology. Since the composition of a lower semi-continuous function with a
continuous function is Ls.c. , the map (y,0) — SW ({1, (y), o) is L.s.c. for the weak topology,
thus measurable and for any y € Y™, § — SW,,(ji,,(y), o) is Ls.c. on ©. A direct application of
Theorem [ST0| finalizes the proof.

O

Theorem S12 (Measurability of the MESWE). Assume All} For any n > 1, m > 1 and ¢ > 0, there
exists a Borel measurable function 0,, , . : Q0 — © that satisfies: for any w € (),

p () € argmingcg  E[SWy,(fin(w), f16,m)|Y1:0] 5 if this set is non-empty,
mm,e\W {9 €0 : E[SW,(fin(w), ftg.m)|Y1:m] < €+ e}}, otherwise.

where €, = infgee E[SW,(fin (W), fto,m )| Y1:n]-

Proof. The proof can be done similarly to the proof of Theorem [STI} we verify that we can apply
Theorem [ST0|using Corollary 9] instead of Corollary O

3 Postponed proofs

3.1 Proof of Theorem[]

Lemma S13. Let (1) ren be a sequence of probability measures on R and ;1 a measure in R? such
that,

lim SWy (g, ) =0.

k—o0

Then, there exists an increasing function ¢ : N — N such that the subsequence (f14()) ken converges
weakly to 1.



Proof. By definition, we have that

lim W (ufpr, up)do(u) =0 .

k—oo Jgd—1
Therefore by [7, Theorem 2.2.5], for o-almost every (o-a.e.) u € S, there exists a subsequence
(ug,uqs(k))keN with ¢ : N — N increasing, such that limj,_, Wl(ug/%(k),u;;u) =0. By[2
Theorem 6.9], it implies that for o-a.e. u € S, (Ugﬂda(k))keN = ug,u. Lévy’s characterization |8}
Theorem 4.3] gives that, for o-a.e. u € S@=1 and any s € R,
hm D, (s) = Puzp(s) ,

Uy Ko (k)

where, for any distribution v € P(R?), ®,, denotes the characteristic function of v and is defined for
any v € R? as

b, (v) :/R ) du(w) .

Then, we can conclude that for Lebesgue-almost every z € R9,
kl'l)n;o Dy (2) = Pulz) (S3)

We can now show that (ttg(x))ken 2 u, i.e. by [3, Problem 1.11, Chapter 1] for any f : R — R
continuous with compact support,

fim [ f(2)dpn(z / F(=)du( (S4)

n—oo Rd

Let f : R? — R be a continuous function with compact support and & > 0. Consider the function f,
defined for any 2 € R¢ as

folz) = (2m0®) /2 /Rd flaz = 2)exp (=]|2]?/20°) dLeb(2) = f * go(2) ,

where g, is the density of the d-dimensional Gaussian with covariance matrix 0?I; and * denotes the
convolution product.

We first show that (S4) holds with f, in place of f. Since for any z € R?, E [el{G*)] =

ei(m2)+(1/(20*)IzI” if G is a d-dimensional Gaussian random variable with zero mean and covariance
matrix (1/02) Iz, by Fubini’s theorem we get for any k € N

/fo z)dpg ) (2 / ]Rdf )90 (2 — w)dwdpig k) (2)
= [ [ fwemety i [ g, epdedudpgg (<)
R R

d JRd
/ / (2m0?) "2 f(w)e z<wwgl/g(w)@#¢(k)(a:)dxdw
R4 JRA

(2mo%)~4/2 / Flf(@)g91/0(2) 0, (x)da (S5)
where F[f fRd ¢'(»?) dw denotes the Fourier transform of jl In an analogous manner,
we prove that

/ fo(2)du(z) = (2m0?) d/Q/ Flfl(x)g1/0(x) P, (2)d . (S6)
R4

Now, using that F[f] is bounded by [, | f(w)|dw < 400 since f has compact support, we obtain
that, forany £ € Nand z € R4,

Py 2)] < 0170() [ 1)l

'which exists since f is assumed to have a compact support



By (S3), (S3). (S6) and Lebesgue’s Dominated Convergence Theorem, we obtain

Jim (%w%%”fm@muA@@WM@Mx:/(%w%””fmmmUAM@A@¢r
o° JRd R

i [ 1o @doo(c) = [ f@ulo). (s7)

k—o0

We can now complete the proof of (S4). For any o > 0, we have

< 2sup [f(2) = fo(2)]

z€RA

T ’/Rd fo(2)dpg (2) — /Rd fo(2)du(z)

‘Jﬁdf(z)d“¢“”(z>"j@dfwz>du<z>

Therefore by (S7), for any o > 0, we get

imsup| [ f)nonn () - [ eIt

n—-+o0o

<2sup |f(z) = fo(2)| -
z€R4

Finally [9, Theorem 8.14-b] implies that lim,_,q sup,cga | f5(2) — f(2)| = 0 which concludes the
proof. O

Proof of Theorem([I] Now, assume that
lim SW,, (g, ) =0 (S8)
k—o0

and that (uy)ren does not converge weakly to p. Therefore, limy oo dp (pg, 1) # 0, where dp
denotes the Lévy-Prokhorov metric, and there exists ¢ > 0 and a subsequence (fiy(x))ren With
1 : N — N increasing, such that for any k € N,

dp (fp(k)s 1) > € (59)

In addition, by Holder’s inequality, we know that W (g, 1) < Wy (g, 1), thus SW (g, ) <
SW,,(1x, 1), and by (S8)), limy oo SW (1y(x), #) = 0. Then, according to Lemma [S13| there
exists a subsequence (fig(y(k)))ken With ¢ : N — N increasing, such that

He(p(k)) = M
which is equivalent to limg o0 dp (fe(y(k)), ) = 0, thus contradicts (S9). We conclude that (S8)
implies (1) ken — . O

3.2 Minimum Sliced-Wasserstein estimators: Proof of Theorem 2]

Proof of Theorem[2] This result is proved analogously to the proof of Theorem 2.1 in [6]. The key
step is to show that the function 6 — SW ,({i,,, 11¢) epi-converges to § — SW (1., tg) P-almost
surely, and then apply Theorem 7.31 of [1]] (recalled in Theorem S3).

First, by and Corollary the map 6 — SW (1, g) is Ls.c. on © for any p € Pp(Y). Therefore
by there exists 0, € © such that SW (1., 19, ) = €, and the set ©F is non-empty as it contains
6., closed by lower semi-continuity of § — SW (1, 1), and bounded. O is thus compact, and
we conclude again by lower semi-continuity that the set argmingeoSW (144, o) is non-empty [10,
Theorem 2.43].

Consider the event given by E € F such that P(E) = 1 and for any w € E,
lim,, 00 SW,(fin(w), ts) = 0. Then, we prove that § — SW,(fin, 119) epi-converges to
6 — SW, (1, ttg) P-almost surely using the characterization in [1, Proposition 7.29], i.e. we
verify that, for any w € E, the two conditions below hold: for every compact set K C © and every
openset O C O,

liminf inf SW (i, (w), o) > 61161£ SW (L, tho)

n—oo HecK (SlO)
hm sup ln(f) Swp(ﬂn(w)a ;U'G) S elng SWP(:“’*?FW) :
S

n—oo 0€



We fix win E. Let K C O be a compact set. By lower semi-continuity of § +— SW (ﬂn (w), ug), there

exists 6, = 6,,(w) € K such that for any n € N, infgex SW ({1, (w), o) = SWp(fin (w), 1e,,)-

We consider the subsequence (fig(n))nen Where ¢ : N~ — N is increasing
such  that  SW,(fig(n)(w), to ¢<n>) converges to liminf, oo SW,(fin(w), 1e,) =
liminf,, o infgek SWp(/ln(w),;fg). Since K is compact, there also exists an increasing

function ¢ : N — N such that, for 6 € K, lim,, o0 pe(0y(g(n)), ) = 0. Therefore, we have
timinf inf SW, (jon (), 10) = Tim SW (g ()11,

n—oo
= Jim SWy (g 6(m) (@), 0y (4ny)
= 1221;1)1" SWp (fip(o(n)) (@) 16 (40)))

> SW o (ptx, 1) (S11)
S
- ég£ SWP(/U’MHJQ) )

where (STI)) is obtained by lower semi-continuity since fiy(s(n))(w) — fx by Aland Theoreml
and g, .., — 15 by AI We conclude that the first condition in (ST0) holds.
Now, we fix O C O open. By definition of the infimum, there exists a sequence (6, )nen

in O such that {SWy (i, tg, ) }nen converges to infgpco SWp(pus, o). For any n € N,
infgeo SWy(fin (w), pto) < SWy(fin (w), e, ). Therefore,

lim sup mf SW,, (ftn(w), pto) < limsup SW(fin(w), pe,,)
n—oo

n—oo

< limsup (SW,(fin (w), 1) + SW(fix, 119, )) by the triangle inequality
n—oo

< lim sup SW,, (44, g, ) by A2

n— oo

= gn(f) SW,(itx, pto) by definition of (6,,)nen -
€
This shows that the second condition in (S10) holds, and hence, the sequence of functions 6
SW,,(fin(w), o) epi-converges to § — SW, (ftx, tg).

Now, we apply Theorem 7.31 of [[1]]. First, by [, Theorem 7.31(b)], (9) immediately follows from
the epi-convergence of 8 — SW ({1, (w), tg) to 8 — SW, (1, ).

Next, we show that [, Theorem 7.31(a)] can be applied showing that for any 1 > 0 there exists a
compact set B C © and NV € N such that, for all n > N,

inf SW(fin(w), pe) < inf SWy(fin(w), o) +1 - (S12)

In fact, we simply show that there exists a compact set B C © and IV € N such that, foralln > N,
infgeg SW,(fin(w), o) = infgee SWp(fin(w), te).

On one hand, the second condition in (ST0) gives us
lim sup mf SWy(fin(w), pe) < ein(g SW (1, 1) = €4 -
€

n—00
We deduce that there exists /4 (w) such that, for n > n. /4 (w), infoce SW,(fin(w), po) < €x+€/4,
where € is givenby Asn > ng 4(w), the set @F/Q ={0 €0 :SW(jin(w), g) < €. + §}is
non-empty as it contains 8* defined as SW, (fi,, (w), po+) = infgce SW,(fin (w), to)-
On the other hand, by there exists n /2 (w) such that, for n > n./s(w),
SW (jin (@), 1) < 5 (S13)

-2
Letn > n,(w) = max{n./4(w), n./2(w)} and 0 € ée/g. By the triangle inequality,

SW, (110, 10) < SW(fin (), 1) + SW (fin (), o)
<e.+e sincef e C:)E/Q and by (ST3)



This means that, when n > n.(w), (:)E/Q C ©F, and since infgee SW,(fin(w), 1) is attained in

(:)6/2, we have
elenef; SWo(fin(w), ne) = inf SW(fin(w), o) - (S14)

As shown in the first part of the proof ©} is compact and then by [1, Theorem 7.31(a)], ) is
a direct consequence of (S12)-(ST4) and the epi-convergence of 6 — SW,,(ji,,(w), ug) to 6 —
SW (tixs p10)-

Finally, by the same reasoning that was done earlier in this proof for argmingcgSWp, (14, ft¢), the
set argmingc o SWy, (fin (W), pto) is non-empty for n > n, (w).

O

3.3 Existence and consistency of the MESWE: Proof of Theorem

Proof of Theoreml This result is proved analogously to the proof of [6, Theorem 2.4]. The
key step is to show that the function 6 > E[SW ,(jin, fl6,m(n))|Y1:n] epi-converges to 0 +
E[SW (14, t6)|Y1:n], and then apply [1, Theorem 7.31], which we recall in Theorem.

First, since we assume A[T]and A[3] we can apply the same reasoning as in the proof of Theorem 2]to
show that the set argming.gSW,(1ix, ftg) is non-empty.

Consider the event given by E € F such that P(E) = 1 and for any w € E,
limy, 500 SW,(fin(w), pts) = 0. Then, we prove that 6 — E[SW,(fin, fig,mn))|Y1:n] epi-
converges to 0 — SW,(u., pt9) P-almost surely using the characterization of [1, Proposition
7.29], i.e. we verify that, for any w € E, the two conditions below hold: for every compact set K C ©
and for every open set O C ©,

liminf inf E 7 Yim] > inf .
ﬁgl_,l_goérelK [SW( ( )a:ue,m(n))| 1.n] _ellelKSWp(/j, /.tg)

lim sup inf E [SW ( ( )7 ﬂ@,m,(n)) ’YI:n] < 9123 SWP(NH :U/O)

n—+oo 0€0

(S15)

We fix w in E. Let K C © be a compact set. By A[l] and Corollary [0 the mapping 6 —
E[SW,(fin(w), f1g,m(n))|Y1:n] is Ls.c., so there exists #,, = 0, (w) € K such that for any n € N,

infpex E [Swp(ﬂn(w)a ﬂé),m(n))|y1:n] =E [SWp(ﬂn (w), ﬂemm(n))|ylzn}-

We consider the subsequence (fly(n))nen Where ¢ : N — N is in-
creasing such that E[SW (£ (n) (W), 10,0y m(p(n))) | Y1:n] converges to
liminf,,—, oo E[SW,, (fin (w), ﬂGn/,m/m,))‘Yl:n] = liminf, o infgek E[SW,(fin (w), ﬂe,m(n)2|ylzn]~
Since K is compact, there also exists an increasing function ¢ : N — N such that, for § € K,
limy, 00 o (0y(4(n))» 0) = 0. Therefore, we have:

lim inf mf E [SW,(fin(w), fig,m(n)) |Y1:n]

n—roo

= lim E [Swp(ﬂ¢(n)(w)vﬂ9¢(n),m(¢(n)))‘Y1!7L:|

n—oo

n—oo

= lim E [SW (i (¢(n))(w),ﬂew(w)),m(ww(n))))‘len}

= Bt E [SW ity o) @): . oy ms(6n1) ’YM]

n—0o0

2 linn_1>i£f {Swp(ﬂw(wn))(w)? b)) — E [SWF(MGwW(n)) ) /A‘9w<¢<n)>,m(w(¢(”))))‘Yl:"} }
(S16)
z li,{g{gf SWp (i ((n)) (@) 146, 4y — hffl_}SD%pE [SWP(Wwwm»’ﬂ9w(¢<n>>’m(¢(¢(”)))))Yl:"}

> SW(1ix, 115) (S17)
=~
> inf SWp (1, 10)

. and on the

where (ST6) follows from the trlangle inequality, and (S17) is obtained on one hand by lower semi-
continuity since fiy(¢(n))(w ) % ji, by A and Theorem I and fig,, ., ., 25 115 by A



other hand by AE|which gives imsup,, oo E[SW (10,5 6, (5 )y m((6(n)))) [ Y1:n] = 0. We
conclude that the first condition in (ST3)) holds.

Now, we fix O C © open. By definition of the infimum, there exists a sequence
(0n)nen in O such that SWp(/L*7[IJ9n) converges to infgco SWp(ﬂ*,ﬂg). For any n € N,

infGEOE [SW (ﬂn(W),ﬂg ,m(n) ‘Yl'n] <E [SW (/:L'rl(w) ﬂ@,“m (n) |Y1n] Therefore,
thllp lnfE [SW ( ( ) IU/H ,m(n) ’YI n] < hmsupE [SW (/’Ln( ) :U/G ,,m(n) !Yl n]

n— oo

< 11H1_>SIlp {Swp ,un(w>7 M*) + SWP(M*? /’I’Gn [SW 1o, IU/H ,m n) ‘Yl n]}

by the triangle inequality
= limsup SW,, (i, po,) by AZ]and AH]

n—oo

= inf SW,,(tix, ptg) by definition of (6,,)nen.
This shows that the second condition in (SI3) holds, and hence, the sequence of functions 6 —
E [SW,(fin (w), fig,m(n))|Y1:n] epi-converges to 6 — SW, (pi., f1g).

Now, we apply Theorem 7.31 of []]. First, by [, Theorem 7.31(b)], (IT) immediately follows from
the epi-convergence of § — E [SW, ({1, (w), f1g,m(n))|Y1:n] t0 0 = SW (11, o).

Next, we show that [I, Theorem 7.31(a)] holds by finding, for any n > 0, a compact set B C © and
N € N such that, foralln > N,

érelg E [Swp(ﬂn (OJ), ﬂG,m(n)) |Y15n:| < Glg(g E [Swp(ﬂn (OJ), ﬂG,m(n)) |Y1:n} +n

In fact, we simply show that there exists a compact set B C © and IV € N such that, foralln > N,
infGEB E [Swp(ﬂn (LU), ﬂG,m(n)) ‘}/171] = inf@e@ E [SWP(:&/TL (w)7 ﬂ@,m(n))’ylzn] .

On one hand, the second condition in (ST3) gives us
li fE [1 Y1i.n| < inf * =€y .
imsup i E [SW, (). 0 100) [Vio] < 0 SWi (e, si) = ¢

n— oo
We deduce that there exists n.¢(w) such that, for n > n/(w),

i i 7 €
Gllelg)E [SW[)(/}’H(W)7u9,7rz(n))|n;n] <e+ 6’

with the € of When n > n/6(w), the set @6/3 = {0 € 0 : E[SW,(fin(w), fig,mm))|Y1:n] <
€+ + 5} is non-empty as it contains 6* defined as E [SWp(ﬂn(w),ﬂe*’m(n))’Ylm] =
infgpeo E [Swp(ﬂn(w)7 £40,m(n)) |Y1n]

On the other hand, by there exists n/3(w) such that, for n > n/3(w),

SW, (fin (). 1) < 5 - (s18)

e

Finally, by there exists n/ /3(w) such that, for n > n/ /3(w),

w

Letn > n,(w) = max{n. s(w), ne/3(w), n’e/g(w)} and 0 € @6/3. By the triangle inequality,
SWp(M*; ,UG) < SWp(ﬂn(W)y ,u*) +E [Swp(ﬂn(w)> ﬂﬁ,m(n))‘ylzn] +E [SWp(M(% ﬂé‘,m(n))‘ylzn]
<eée +e sincef € @5/3 and by (ST8) and (S19)

This means that, when n > n.(w), (:)6/3 C ©r with ©f as defined in and since
infgco E [SW,(fn (W), fig,m(n))|Y1:n] is attained in @6/3, we have

eien(g: E [Swp(ﬂn (W)a ﬂ&,m(n)) |}/1n] = ngg) E [Swp(ﬂn (W), ﬂ(),m(n)) ’YI:n] . (520)



By [} Theorem 7.31(a)], (T0) is a direct consequence of (S20) and the epi-convergence of 6 —
E [SWP([LTL(W)) ﬂ@,m(n))p/lnjl to 0 — Swp(u*; ,UQ)

Finally, by the same reasoning that was done earlier in this proof for argming. o SW (1., ), the
set argmingc o E [SW, (fin (w), f16,m(n)) |Y1:n] is non-empty for n > n, (w).

O

3.4 Convergence of the MESWE to the MSWE: Proof of Theorem

Proof of Theoremd] Here again, the result follows from applying [[I, Theorem 7.31], paraphrased in
Theorem

First, by and Corollary [7} the map 8 — SW (fi,,, 1g) is L.s.c. on ©. Therefore, there exists
0, € O such that SW (i, ptg,, ) = €5 The set O ,, with the € from is non-empty as it contains
6y, closed by lower semi-continuity of  — SW,,(fi,,, tt9), and bounded. O, ,, is thus compact, and
we conclude again by lower semi-continuity that the set argmingc g SW,(fin, ttg) is non-empty [10}
Theorem 2.43].

Then, we prove that 6 — E [SW ({1, fio,m)|Y1:n] epi-converges to 8 — SW,(fi,,, 11g) as m — oo
using the characterization in [I, Proposition 7.29], i.e. we verify that: for every compact set K C ©
and every open set O C O,

lim inf inf E (SWy (i, fig,m)[Y1:n] = inf SWy(fin, o) 1)
lim sup ingE [Swp(ﬂna f1o,m)|Y1:n] < em(f) Swp(ﬂna 1) -
S S

m—r o0

Let K C O be a compact set. By and Corollary 0] for any m € N, the map §
E[SW ,(fin, fio,m)|Y1:n] is L.s.c., so there exists 6,,, € K such that infgex E[SW ,(fin, fto,m)|Y1:0] =
E[Swp (ﬂna ﬂ@m ,M) |Y1:n]'

We consider the subsequence {/ig ¢(,,,L>,¢(m)}m€N where ¢ : N — N is increasing such
that E[SW,,(fin; flo,,,,.¢(m))|Y1:n] converges to liminf,, oo E[SWy(jiin, flo,,,m)|Y1n] =
liminf,, o0 infgek E[SW (fin, fto,m)|Y1:5]. Since K is compact, there also exists an increasing

function ¥ : N — N such that, for any 6 € K, lim,, p@(9¢(¢(m)), #) = 0. Therefore, we have

lim inf inf E [SW,(fn, fto,m)|Y1.n]

m—oo feK

= lim E [Swp(ﬂmﬂ9¢<m>v¢(m))‘ylm]

m—r oo

= lim E [SWp(ﬂn,ﬂgw(d)(m))ww(m)))‘m:n]

= liminfE [SWp(ﬂn, 16,5 (o myy ¥ ((m))) ‘Yl:n:|

m—r o0

> lim inf[swp(ﬂnvﬂ%(¢(m))) —-E [SWP(N%(MM)’ﬂ9¢(¢(m))ﬂ/1(¢(m)))‘ern}] (S22)

m— 00
> T inf SWo (jin, 16,4,y ) — limsup E [SWP(”wa(m)) 10,5 oy o (5(m)) ‘YL"}
m—>o0 m— oo

> SWy,(fin, pg) (S23)
- .
> inf SWy(jin, o)

where (S22) results from the triangle inequality and (S23) is obtained by Al]on one hand and by

lower semi-continuity on the other hand since po,, ., 2y g by We conclude that the first
condition in (SZI)) holds.

Now, we fix O C © open. By definition of the infimum, there exists a sequence (6,,)men
in O such that SW,(jin, fi9,, m) converges to infopco SW,(fin, flg.m). For any m € N,

10



infGEO E [SWp(ﬂnu ﬂe,m)‘ylzn] <E [Swp(ﬂ'ru ﬂem,m)‘ylzn]- Therefore,
lim sup gng [SWP(:[L’I’H ﬂ@,m)‘yln]
S

m—r o0

S lim sup E [SWP (,&na ﬂem,m) |Y1:n]

m—r o0

< lim sup[SW,(fin, pto,,) + E[SWp, (1, , fte,, ,m)|Y1:n]] by the triangle inequality

m— o0

< lim sup Swp(,&nv ,uem) by A@

m—ro0

= einéf) SW,,(fin, pto) by definition of (6, )men
€

This shows that the second condition in (S2I)) holds, and hence, the sequence of functions 6
E [SW,,(fin, f1o.m)|Y1.n] epi-converges to § — SWy,(fir, fa)-

Now, we apply [, Theorem 7.31]. By [Il Theorem 7.31(b)], (I13) immediately follows from the
epi-convergence of 6 — E [SW,(fin, f10,m)|Y1:n] to 0 — SW ,(fin, 1e)-

Next, we show that [[1, Theorem 7.31(a)] holds by finding for any n > 0 a compact set B C © and
N € N such that, forall n > N,

1 l l < (l n .
nfE [SW,(fin, f10,m)|Y1in] < inf E [SWy,(fins f16,m)|Y1in] + 1 -

In fact, we simply show that there exists a compact set B C © and N € N such that, for all
n > N, infoeg E[SW,(fin, fio,m)|Y1:n] = infgco E[SW,(fin, f19,m)|Y1:n]. On one hand, the
second condition in (S21I) gives us

. . L R . e

limsup inf E [SWy(fin, fio,m)[Yim] < inf SWy(fin, pe) = €n

m— oo

We deduce that there exists m. /4 such that, for m > m, 4,
€
inf E A'ruAmY'nSn s 24
Inf E[SW(fin, fio.m)|Y1in] < €0 + 7 (S24)
with the e of When m > m, 4, the set O, /o = {0 € © : E[SW,(fin, flg,m)|Y1:n] < €n + §}1is
non-empty as it contains 6* defined as E[SW ,(fin, flo+ m)|Y1:n] = infgco E[SWy(fin, ftg,m)|Y1:n]-
On the other hand, by AEI, there exists m, o such that, for m > m o,
; €
E [Swp(ueaue,mﬂyl:n] S 5 . (SZS)
Let 6 belong to O/, and m > m, = max{m, 4, m./2}. By the triangle inequality,

Swp(ﬂm po) < E [Swp(ﬂm ﬂO,m)|YI:n] +E [SWP(N’Gv ﬂﬁ,m”YI:n]
< €y, +e€ since € O/, and by (S25)

This means that, when m > m., ©./3 C O, and since infgce E[SW,(jin, flo,m)|Y1:n] is attained
in @E/Q’

Gelgf,n E [SWP(NM fio.m)|Y1:n] = éQéE [SW;D(Nn» fio.m)|[Y1:n] - (526)
By [1l Theorem 7.31(a)], (I2) is a direct consequence of (S26) and the epiconvergence of 6 —
E[SWy,(fin(w), f1o,m)[Y1:n] t0 6 = SWp,(fin, pg).

Finally, by the same reasoning that was done earlier in this proof for argming.gSW,(fir,, 11¢), the
set argmingc o E [SW, ({1, f16,m)|Y1:n] is non-empty for m > m.,.

O

3.5 Proof of Rate of convergence and asymptotic distribution: Proof of Theorem 5 and
Theorem

Proof of Theorem S and Theorem|[6] The proof of Theorem [5]and Theorem [6] consists in showing
that the conditions of Theorem 4.2 and Theorem 7.2 in [[L1]] respectively are satisfied: conditions (i),

(ii) and (iii) follow from Al6] A[7]and ARB] O

11



4 Computational Aspects

The MSWE and MESWE are in general computationnally intractable, partly because the Sliced-
Wasserstein distance requires an integration over infinitely many projections. In this section, we
review the numerical methods used to approximate these two estimators.

Approximation of SW,,: We recall the definition of the SW distance below.
SWE(uw) = [ Wi igudo(). (s27)

where o is the uniform distribution on S?~! and for any measurable function f : Y — R and
¢ € P(Y), fy¢ is the push-forward measure of ¢ by f. We approximate the integral in by
selecting a finite set of projections U C S?~! and computing the empirical average:

SW2(u,v) ~ WZW gk p, uiv) (S28)

The quality of this approximation depends on the sampling of S?~!. In our work, we use random
samples picked uniformly on S~1, as proposed in [12] and explained hereafter (see paragraph
“Sampling schemes”).

The Wasserstein distance between two one-dimensional probability densities v and v as defined in (6)
is also estimated by replacing the integrals with a Monte Carlo estimate, and we can use two distinct
methods to approximate this quantity.

The first approximation we consider is given by,

p

W (1, v) KZ‘]; () — F )| (S29)

where {t;,}# | are uniform and independent samples from [0, 1] and for ¢ € {1, v}, F, 51 is a linear

interpolation of F{l which denotes either the exact quantile function of & if £ is discrete, or an
approximation by a Monte Carlo procedure. This last option is justified by the Glivenko-Cantelli
Theorem.

The second approximation is given by,

K
. P
Whw) ~ 2o 3 [k~ B (Bl ($30)
k:
where {s;,}/ | are uniform and independent samples from y and for & € {yu, v}, Fg (resp. F{l) isa

linear interpolation of F (resp. Fg 1) which denotes either the exact cumulative distribution function
(resp. quantile function) of £ if £ is discrete or an approximation by a Monte Carlo procedure.

Sampling schemes: We explain the methods that we used to generate i.i.d. samples from the uniform
distribution on the d-dimensional sphere S?~! and from multivariate elliptically contoured stable
distributions.

¢ Uniform sampling on the sphere. To sample from S?~!, we form the d-dimensional vector
s by drawing each of its d components from the standard normal distribution A/(0, 1) and
we normalize it: 8’ = s/||s]|2, so that s’ lies on the sphere.

e Sampling from multivariate elliptically contoured stable distributions. We recall that
if Y € R is a-stable and elliptically contoured, i.e. Y ~ £aS.(X, m), then its joint
characteristic function is defined as, for any t € R4,

Efexp(itTY)] = exp (—(tht)a/2 + itTm) : (S31)
where X is a positive definite matrix (akin to a correlation matrix), m € R4 is a location

vector (equal to the mean if it exists) and « € (0, 2) controls the thickness of the tail. Ellipti-
cally contoured stable distributions are scale mixtures of multivariate Gaussian distributions

12



[13} Proposition 2.5.2], whose densities are intractable, but can easily be simulated [14]]: let
A~ 8,/2(B,7,0) be a one-dimensional positive (/2)-stable random variable with 3 = 1,
v = 2cos(Z)¥* and § = 0, and G ~ N(0,X). Then, Y = vAG + m has (S31) as
characteristic function.

Optimization methods: Computing the MSWE and MESWE implies minimizing the (expected)
Sliced-Wasserstein distance over the set of parameters. In our experiments, we used different
optimization methods as we detail below.

e Multivariate Gaussian distributions. We derive the explicit gradient expressions of the
approximate SW% distance with respect to the mean and scale parameters m and o2, and we
use the ADAM stochastic optimization method with the default parameter settings suggested
in [[15]. For the MSWE, we use @) to approximate the one-dimensional Wasserstein
distance, and we evaluate directly the Gaussian density of the generated samples, utilizing
the fact that the projection of a Gaussian of parameters (m, c?I) along u € S?!is a
1D normal distribution of parameters ({(u, m),o?{u,u)). In this case, the gradient of the
approximate SW% between p = N'(m, o%I) and the empirical distribution associated to n
samples drawn by N (m,, o2I), denoted by 7, is given by,

20 oy 1 pl(f . SN 2,112
VmSWQ(M7 V) - C&I‘d(U)C&I‘d(S) ue§es (’S Fugﬂ(FunM(S))‘ N(Sv (u,m>,a H’U,H )
tem )

o2 [[ul|*
2 A\ 1 - 2 . 2 2
Vo2 SWi(u, 0) = card(U) card(S) uegges < )S Fu;ﬁ(FugH(s))‘ N (s; (u,m), 0% [Jul|”)

1 (= (um))*
9202 < o2 ||UH2 1) >7

where U C S?~! is a finite set of random projections picked uniformly on S?~!, S is a finite
subset in IR, and for any s € S, N(s; (u, m), 02 ||u||”) denotes the density function of the
Gaussian of parameters ((u, m), o2 ||u||*) evaluated at s.

For the MESWE, we use (S29) and evaluate the empirical distribution of generated samples
instead of their normal density. Therefore, the gradient of the approximate SW% between
the empirical distributions corresponding to one generated dataset of m samples drawn
from N (u, 02I) and n samples drawn from N (ju,, 02T), respectively denoted by /i and 7,
is obtained with,

Vi SW3 (1, 0) =

(tk)
Card uEU k=1 ’

uy ,u

Vo2 SWi (i1, 0) = o (k)

’ (u,m) — F.7 (1)

card o

uEU k=1

e Multivariate elliptically contoured stable distributions. When comparing MESWE to
MEWE, we approximate these estimators using the derivative-free optimization method
Nelder-Mead (implemented in Scipy), following the approach in [6].
When illustrating the theoretical properties of MESWE, we proceed in the same way as
for the multivariate Gaussian experiment: we compute the explicit gradient expression of
the approximate SW% distance with respect to the location parameter m, and we use the
ADAM stochastic optimization method with the default settings. Equation (S32) gives the
formula of the gradient of the approximate SW% between the empirical distributions of
one generated dataset of m samples drawn from £aS.. (I, m) and n samples drawn from
EaS. (I, m,), respectively denoted by it and D, with respect to m.

VanSW (0. 7) = card Z Z

uEUk: 1

Fobtolu. (32
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o High-dimensional real data using GANs. We use the ADAM optimizer provided by
TensorFlow GPU.

Computing infrastructure: The experiment comparing the computational time of MESWE and
MEWE was conducted on a daily-use laptop (CPU intel core i7, 1.90GHz x 8 and 16GB of RAM).
The neural network experiment was run on a cluster with 4 relatively modern GPUs.
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