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Abstract

This paper focuses on the problem of computing an e-optimal policy in a discounted
Markov Decision Process (MDP) provided that we can access the reward and
transition function through a generative model. We propose an algorithm that is
initially agnostic to the MDP but that can leverage the specific MDP structure,
expressed in terms of variances of the rewards and next-state value function, and
gaps in the optimal action-value function to reduce the sample complexity needed
to find a good policy, precisely highlighting the contribution of each state-action
pair to the final sample complexity. A key feature of our analysis is that it removes
all horizon dependencies in the sample complexity of suboptimal actions except
for the intrinsic scaling of the value function and a constant additive term.

1 Introduction

A key goal is to design reinforcement learning (RL) agents that can leverage problem structure to
efficiently learn a good policy, especially in problems with very long time horizons. Ideally the RL
algorithm should be able to adjust without apriori information about the problem structure. Formal
analyses that characterize the performance of such algorithms yielding instance-dependent bound
help to advance our core understanding of the characteristics that govern the hardness of learning to
make good decisions under uncertainty.

Though there is relatively limited work in reinforcement learning, strong problem-dependent guar-
antees are available for multi-armed bandits. In particular, well known bounds for online learning
scale as a function of the gap between the expected reward of a particular action and the optimal
action [ABFO2[] and also on the variance of the rewards [AMSO09]. In the pure exploration setting
in bandits, which is related to the setting we consider in this paper, there exist multiple algorithms
with problem-dependent bounds [EMMO6; MM94; MSAO0S8; Jam+14; BMS09; ABM10; GGL12;
KKS13] of this form. Ideally the complexity of learning to make good decisions in reinforcement
learning tasks would scale with previously identified quantities of gap and variance over the next
value function. As a step towards this, in this paper we introduce an algorithm for an RL agent
operating in a discrete state and action space that has access to a generative model and can leverage
problem-dependent structure to have strong instance-dependent PAC sample complexity bounds
that are a function of the variance of the rewards and next state value functions, as well as the gaps
between the optimal and suboptimal state-action values. While the sequential setting brings additional
difficulties due to possibly long horizon, our bounds also show that in the dominant terms, our

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.



approach avoids suffering any horizon dependence for suboptimal actions beyond the scaling of the
value function. This significantly improves in statistical efficiency over prior worst-case bounds for
the generative model case [GMK13;|Sid+18]] and matches existing worst-case bounds in worst-case
settings.

To do so we introduce a novel algorithm structure that acquires samples of state-action pairs in
iterative rounds. A slight variant of the well known simulation lemma (see e.g. [KMNO2]) suggests
that in order to improve our estimate of the optimal value function and policy, it is sufficient to ensure
that after each round of sampling, the confidence intervals shrink over the MDP parameter estimates
of both the state—action pairs visited by the optimal policy and the state—action pairs visited by the
empirically-optimal policy. While of course both are unknown, we show that we can implicitly
maintain a set of candidate policies that are e-accurate, and by ensuring that we shrink the confidence
sets of all state—action pairs likely to be visited by any such policy, we are also guaranteed (with
high probability) to shrink the confidence intervals of the optimal policy. Interestingly we can show
that by focusing on such state—action pairs, we can avoid the horizon dependence on suboptimal
actions. The key idea is to take into account the MDP learned dynamics to enforce a constraint on
the suboptimality of the candidate policies. The sampling strategy is derived by solving a minimax
problem that minimizes the number of samples to guarantee that every policy in the set of candidate
policies is accurately estimated. Importantly, this minimax problem can be reformulated as a convex
minimization problem that can be solved with any standard solver for convex optimization.

Our algorithmic approach is quite different from many prior approaches, both in the generative
model setting and the online setting. When a generative model is available, the available worst-case
optimal algorithms [AMK12;|Sid+18]| allocate samples uniformly to all state and action pairs. We
show our approach can be substantialy more effective for general case of MDPs with heterogeneous
structure, and even for the pathologically hard instances because of the reduced horizon dependence
on suboptimal actions. Note too that our approach is quite different from online RL algorithms that
often (implicitly) allocate exploration budget to state-action pairs encountered by the policy with
the most optimistic upper bound [JOA10; AOM17;/OVR13; DB15; DLB17;|SLLO9; [LH14], since
here we explicitly reason about the reduction in the confidence intervals across a large set of policies
whose value is near the empirical optimal value at this round.

2 Notation and Preliminaries

We consider discounted infinite horizon MDPs [SB18]], which are defined by a tuple M =
(S, A, p,r,v), where S and A are the state and action spaces with cardinality S and A, respec-
tively. We denote by p(s’ | s, a) the probability of transitioning to state s’ after taking action a in
state s while r(s,a) € [0,1] is the average instantaneous reward collected and R(s, a) € [0,1] the
corresponding random variable. The vector value function of policy 7 is denoted with V™. If p is the
initial starting distribution then V'(p) = " psV'(s). The value function of the optimal policy 7* is
denoted with V* = V™. We call Var R(s, a) and Var, s ) V* the variance of R(s, a) and of V*(s')
where s’ ~ p(s, a). The agent interacts with the MDP via a generative model that takes as input a
(s, a) pair and returns a random sample of the reward R(s, a) and a random next state s™ according
to the transition model s* ~ p(s, a). The reinforcement learning agent maintains an empirical MDP

M k= (S, A, pr, Tk, v) for every iteration/episode k, and the maximum likelihood transition py (s, a)
and rewards 7 (s, a) have received n%, samples. The V}* is the empirical estimate using MDP M,
of the empirical optimal policy 7;. Variables with a hat refer to the empirical MDP M, and the

subscript indicates what iteration/episode they refer to. We denote with w7,” = > 72 /7' Pr(s, a,t, p)
the discounted sum of visit probabilities Pr(s, a, t, p) to the (s, a) pair in timestep ¢ if the starting

L k _ ~
state is drawn uniformly from p and E:a s its analogous on M. We use the O(-) notation to
indicate a quantity that depends on (-) up to a polylog expression of a quantity at most polynomial
in S, A, ﬁ %, where ¢ is the “failure probability”. Before proceeding, we first recall the following

lemma from [GMK13]]:



Lemma 2 (Simulation Lemma for Optimal Value Function Estimate [GMK13|l). With probability at
least 1 — 0, outside the failure event for any starting distribution p it holds that:
. T ~7n*k, ~ ~ . ~7*k,
(V - Vk )(,0) § Wgq 8 ((r—rk)(s,a) +"}/(p7pk)(s,a)—rv ) S Z Wgq pCISd(nfa)
(s,a) (s,a)

~ ~F kK, N . . ~7p .k,
V=V = Y " ((r=Fa)(s,0) +v(p = i) (s,0) TVF) = = iy Cla(nky)
(s,a) (s,a)

The CI,(nk,) are Bernstein’s confidence intervals (defined in more details in appendix after n*,
samples over the rewards and transitions and are function of the unknown rewards and transition
variances. The proof (see appendix) is a slight variation of lemma 3 in [GMK13]].

3 Sampling Strategy Given an Empirical MDP

We first describe how our approach will allocate samples to state—action pairs given a current empirical
MDP, before presenting in the next section our full algorithm.

Lemma 1 suggests that to estimate the optimal value function it suffices to accurately estimate the
(s, a) pairs in the trajectories identified by two policies, namely the optimal policy 7* (optimal on M)
and the empirical optimal policy 7} (optimal on M %) Since 7 and 7, are unknown (in particular,
7y is a random variable prior to sampling), a common strategy is to allocate an identical number
of samples uniformly [GMK 13} Sid+18] so that the confidence intervals C'I,(n*,) are sufficiently
small for all state—action pairs leading to a small |(V* — I7k*) (p)|; from here it is possible to show
that the empirical optimal policy 7}, can be extracted and that |(V* — V7k)(p)| is also small (so 7}, is

near-optimal). Therefore, in the main text we mostly focus on showing that |(V* — ‘7,:)( p)| is small,
and defer additional details to the appendix. The proposed approach is to proceed in iterations or
episodes. In each episode our algorithm implicitly maintains a set of candidate policies, which are
near-optimal, and allocates more samples to the (s, a) pairs visited by these policies to refine their
estimated value. On the next episode those policies that are too suboptimal relative to their estimation
accuracy are implicitly discarded. In particular, the samples are placed in a way that is related to the
visit probabilities of the near-optimal empirical policies in addition to the variances of the reward and
transitions of state—action pairs encountered in potentially good policies.

3.1 Oracle Minimax Program

Suppose we have already allocated some samples and have computed the maximum likelihood
MDP M, with empirical optimal policy 7} and know that the optimal value function estimate is at

least ej-accurate, i.e., |[V* — ‘71@* lloo < €. How should we allocate further sampling resources to
improve the accuracy in the optimal value function estimate? The idea is given by the simulation
lemma (lemma[2): in order to see an improvement after sampling (i.e., in the next episode k + 1)

the maximum likelihood MDP M., ; must have smaller confidence intervals Cl,o(nkF1) in the

(s,a) pairs visited by 7* and the empirical optimal policy 7}, on My 1. Both are of course
unknown. However, we introduce the constraint (V* — V;7)(p) < Ce that restricts sampling to

P

Cej-optimal policies (and starting distributions) on M. Here, C' is a numerical constant that will
ensure that T and 7, , | satisfy this condition and are therefore allocated enough samples. Given C
and €y, the idea is that we should choose a sampling strategy {ns, } s, with high enough samples to

:ﬂ’kﬂ’pC’Isa(nk*l) < eg1 for all policies that satisfy (\A/k* - ‘A/k?r)(p) < Cey, so that

ensure o ) o

Lemmaensures [(V* — ?,:H)(p)\ < €+1 = €/2. This is equivalent to solving the followin
Definition 1 (Oracle Minimax Problem).

min max @:&kﬂ’pCIm(n’:jl), st (VE =V (p) < Cep, E Nsa < Nmaz- (1)
noomp
(s,a) (s,a)

'For space, we omit the constraint ps > 0 and ||p||1 = 1 on the starting distribution.



mk+1,p

Here the vector of the discounted sum of visit probabilities w is computable from the linear

5 k41, .
system (I —~(P[ +1)T)wﬂ - p and ny,q4 1S a guess on the number of samples needed to ensure

that the objective function is < € /2. We call this problem the oracle minimax problem because it

. .. .. Rt 27 & o . .. .
uses the next-episode empirical visit probabilities o ” which are not known. In addition, it uses
the true variance of the next state value function (embedded in the definition of confidence intervals
Clsu(n%,)). As these quantities are unknown in episode k, the program cannot be solved.

3.2 Algorithm Minimax Program

This section shows how to construct a minimax program that is ‘close’ enough to the Oracle minimax
problem (Equation (1)) but is function of only empirical quantities computable from M. The idea

m,k+1,p

is 1) to avoid using the next-episode empirical distribution w and instead use the currently-

.k, .. . . EN
TP and 2) use the empirical variance of the next state value function Vaurm(S o) Vi

mk+1,p

computable w

instead of the real, unknown variance Var, ,) V*. Estimating the visit distribution w

accurately leads to a high sample complexity; fortunately we are able to claim that the product
k+1, =k, . .
between the visit distribution shlft w "~ and the confidence interval vector CI*+1

on the rewards and transitions is already small if policy 7 has received enough samples along its
trajectories before the current episode. Let us rewrite the objective function of equation|[T]as a function

of the visit distribution on M % plus a term that takes into account the shift in the distribution from

./\//Yk- tO./T/l\kJrlZ
~ k+1, ~m,k, ,\ k+1 ~70,k,
Z W CLal) =30 0L CLa(ii) + 30 @ - 05 ") Cla(l)

(s,a) (s,0) Computable (5:9) shift of Empirical Distributions

Lemmal9|in appendix allows us to claim that the rightmost summation above is less than 2Cp(n .1, ) €
for both"|m = 7* and 7}, _1- Here C'p(Nmin) is defined in appendix @and can be made (see lemma

for example < 1/100 by allocating a small constant number of samples O(S/(1 — 7)?) to each

™, k,p
(s,a) pai |I independent of the desired accuracy €j.1. This way we can ensure that we can use w

instead of 7" plus a small correction term < €.

Now the only quantities that are not known by the algorithm are the variance of the transitions and
rewards that appear in the confidence intervals C'I,,(n*+1). Precisely, to estimate the variance of the
transitions Var,s ) V* in the (s, a) pair, we need to known both the transition probability p(s, a)
and the true value function V*, both of which are unknown. Fortunately it is possible to use the
empirical transitions P (s, a) and the empirical value function ‘A/k* plus a fast-shrinking (as a function
of the number of samples) correction term. Since this analysis was similarly performed in prior
papers for this setting [GMK13; [Sid+18]), we defer its discussion to Lemma [TT]in the appendix. With
these corrections (B, defined in appendix is the variance correction and 2¢ /625 accounts for
the distribution shift) we can write the following minimax problem:

Definition 2 (Algorithm Minimax Problem).
min max Z W k7p(015a( K1) 4 Bhaa) + 261,/625

n o mp
(s,a)

~ ~ ~7,k
ste (VE=VI)(p) < Cex; Z Nsa < Nmaz; T =P @ =p. ()

(s,a)

Here C1 S(i n¥+1) are the confidence intervals evaluated with the empirical variances defined in

Appendix [Al This program is fully expressed in terms of empirical quantities that depends on M k-
As long as a solution to the above minimax program is < ¢ /2 the oracle objective function will also

2Lemma@bounds this term as 2Cp(Nmin )€y for m = m*, ™ = Ty, 1, respectively; e is defined in appendix
and represents the “accuracy” of policy 7 in episode k. To ensure €}, < €, we need an inductive argument
which is sketched out in the main theorem (Theorem EI)

3 As we will shortly see, this will contribute only a constant term to the final sample complexity.



be < €/2 at the solution of the program (for more details see Lemma@in the Appendix). In other
words, by solving the minimax program (def[2) we put enough samples to satisfy the oracle program
[I] which ensures accuracy in the value function estimate through Lemma 2]

4 Algorithm

We now take the sampling approach
described in the previous section and
use it to construct an iterative al-
gorithm for quickly learning a near-
optimal or optimal policy given access
to a generative model. Specifically
we present BESt POlicy identification
with no Knowledge of the Environ-
ment (BESPOKE) in Algorithm[I} The
algorithm proceeds in episodes. Each
episode starts with an empirical MDP

—~ Set €41 = -5

M. whose optimal value function V;* if €rst < €rmput

is €, accurate ||[V* — vy lso < € un- Break and return the policy 7y,
der an inductive assumption. The sam-
ples are allocated at each episode & by solving an optimization program equivalent to that in definition

to halve the accuracy in the value function estimate, i.e., |V* — ‘71@-*+1 lloo < €x41 = €x/2. Inthe

Algorithm 1 BESPOKE

Input: Failure probability § > 0, accuracy €rnput > 0
Seter = ﬁ and allocate n.m;n samples to each (s, a) pair
fork=1,2,...
for nmae = 2°,24,22, ...
Solve the optimization program of definition [/| (appendix)
if the optimal value of the program of definition|7|is < <%

Break and return sampling strategy {n¥+ '},
Query the generative model up to 7%, V(s, a)

Compute, 7y, ; and V7,
€k

innermost loop of the algorithm the required number of samples for the next episode is guessed
Nmaz = 1,2,4,8, ..., until n,,,, is sufficient to ensure that the objective function of the minimax
problem of deﬁnitionwill be < €, /2; the purpose of the inner loop is to avoid putting more samples
than needed and allows us to obtain the sample complexity result of Theorem[2] In Appendix [G| we
reformulate the optimization program [2|(described more precisely in Definition [5]in the appendix)
obtaining a convex minimization program that avoids optimizing over the policy and instead works

~m.k, . . . .
directly with the distribution @ """ this can be efficiently solved with standard techniques from
convex optimization [BVO04].
Theorem 1 (BESPOKE Works as Intended). With probability at least 1 — 6, in every episode k

BESPOKE maintains an empirical MDP M, such that its optimal value function V;* and its optimal
policy Ty, satisfy:

IV* = Villoo < ery [IV* = V|| < 26,

Vk. In particular, when BESPOKE terminates in episode kpinq; it holds that

def
where €41 = %,
< €krinal < €Input-

€Elnput
2

The proof is reported in the appendix, and shows by induction that for every episode k, 7* and
Ty, are in the set of ‘candidate’ policies because they are near-optimal on My, satisfying (V" —

~

\A/k”*)(p) < Ce, and (‘A/k* — V:’““ )(p) < Cey for all p and are therefore allocated enough samples;
this guarantees accuracy in V;*, | by Lemma

S Sample Complexity Analysis

To analyze the sample complexity of BESPOKE we derive another optimization program function
.. . .. e e o Tk,
of only problem dependent quantities. We 1) shift from the empirical visit distribution @ " on

M, to the “real” visit distribution w™* on M; 2) move from empirical confidence intervals to those
evaluated with the true variances; and finally 3) relax the near-optimality constraint on the policies by
using Lemma(7]in the appendix (for an appropriate numerical constant C* > (') in order to be able
to use the value functions on M:

(Vi = Vi) (p) < Cer = (V= V™)(p) < C*er, Vp. 3)



In the end, we have enlarged the feasible set of the algorithm minimax problem while upper bounding
its objective function obtainingﬂ

Definition 3 (x-Minimax Program).

min max WP (ClLeq(nEFY) + 2Brsa) + €1/25 4)

n wrP

(s,a)

subject to the constraints (v € RS54 is the reward vector):

(V¥ =V (p) < C*e; E Nsa < Mz (I —y(P™) @™ = p. (5)
~—_———
V*(p)—(@™r)Tr (s,a)

This is made rigorous in Lemma [6] but essentially we have obtained a minimax program whose
solution can be studied in terms of problem dependent quantities; in particular, its solution in terms
of number of samples ns, upper bounds the sample complexity of the algorithm in every episode.

Problem Dependent Analysis Due to space constraints, here we sketch the sample complexity

analysis of suboptimal actions to make the gaps A, = V*(s) — Q*(s, a) appear while simultane-
ously eliminating the horizon dependence. We recall the following (e.g., Lemma 5.2.1 in [Kak+03];
see also our appendix):

Lemma 1 (Sum of Losses). It holds that:

(V*=VT)(p) = S wmf(Q (5. 7%(s) - Q*(s.0) = > WA, 20)

(s,) i (s,a)

Lemma [I]expresses the value of a suboptimal policy as a sum of per-step losses A, weighted by the
discounted sum of probabilities of being in that (s, a) pair. The key step that enables us to obtain
strong problem dependent bounds and to remove the horizon dependence for suboptimal actions is
synthesized in the following short lemma, where we ignore the term (3_, ) 205" Bysa + 3€5/625).

Lemma 1 (Gap-Confidence Interval Lemma). If (, p) satisfies (V*—V™)(p) < C*¢y, then a sample
complexity:

~ | Var R 1 2 Var %
-0 I 2(5,(1) v pés,a) + Y ’ V(S7a,) (6)
Asa ASG Asa (1 - W)ASO«
Reward Estimation Transition Estimation
suffices to ensure
max W Clga(n k“) < & 7
wTP 2

(s,a)

Proof. A direct computation shows that if n*}1 satisfies equation@with appropriate constantf] then:
A
Clya(nffh) < =22 8
(nla!) < 5en ®)
This justifies the first inequality below:

1 1
—TT, k+1 7\'7 — * _ YT _

E Wa L Clse(n < 20* E WalAgq = 20*(‘/ VM)(p) < 5 €k )

(s,a) (s,a)

The equality follows from lemma|[T]and the last inequality from the constraint on the optimality of
. O

“The relaxed optimization program is over the distribution induced by the policy. Here, P™ is the transition
matrix identified by the policy 7 on M.
>Note that, in particular, C* is a constant.



They key idea is that by having confidence intervals of the same size as the gaps is sufficient to
estimate the policy as accurately as its suboptimality gap (V* — V™) (p), regardless of the horizon.
By augmenting this argument with the law of total variance [|[GMKI13], splitting into further subcases,
and by taking into account the correction terms we obtain:

Theorem 2 (Sample Complexity of the Algorithm BESPOKE). With probability at least 1 — 0, the
total sample complexity of BESPOKE up to episode k is upper bounded by Z(s a) Tsa where ngg is

the total number of samples allocated to the (s, a) pair:

< 1 Var R(s,a) +~* Vary(s.q) V* 1
Nge = O ( min - , : + , 166
(min{ T a2 EEEIPNE TP 169

Var R(s,a) + 7% Vary(s,q) V* 1 VS
AT M Ter vl A vy RIS

Notice that the BESPOKE would suffer a worst-case sample complexity similar to [GMK13}S1d+18]]
only in the initial phases of learning, i.e., whenever ¢y, is much larger than the gaps.

6 Significance of the Bound
We motivate the importance of theorem [2] by specializing the result in two noteworthy cases.
Sample Complexity to Identify the Best Policy and the Worst-Case Lower Bound If the opti-

mal policy is unique, define the minimum gap A,,i, = Ming g g47x(a) Dsa- To identify the optimal
policy we must set €7,pur < Apin and the sample complexity of BESPOKE at termination becomes:

0 | Y min 1L VarR(s () £ Ve VO
. (1—~

)BAgnin’ (1 - 7)2A72nzn (1 - V)ZAmin

ESTIMATING 7*

Var R(s,a) +~* Varys.q) V* 1 ~vS2A

: 10

> ( Az, o) Taa ) W
(s,a)lam*(s) i ——

CONSTANT

RULING-OUT SUBOPTIMAL ACTIONS

One of our core contributions is that we suffer a dependence on the horizon 1/(1 — ) only in
estimating the optimal (s, a) pairs (first summation over the state space). The summation over
suboptimal (s, a) is independent of the horizon, although of the horizon implicitly affects the scaling
of the variance Var,(, o) V* and explicitly the maximum value function range (term 1/(1 — v)Ay,).

It is important to compare the above result with the established lower bound [GMK13]] which
is Q(ﬁ) to obtain an e-accurate policy, where N is the number of state-action pairs.

Since Asq = Apin, V(s,a),a # w*(s) in the lower bound construction and the vari-
ance is maximum Varps,) V* < 1/(1 — )%, we are able to identify the optimal policy
in O ( (1_7)§A2 + (1f§§‘2§2) + (ISE%Q) samples which improvesﬂ on the worst case bound

min min

o) <(177§54A2 — + (1372;‘)2) of [GMK13: [Sid+18] by a full horizon factor for suboptimal actions.

While our result can be surprising at first, it does not contradict the lower bound: the lower
bound makes no attempt to distinguish between optimal and suboptimal actions as it is only ex-
pressed in terms of fotal (s,a) pairs N, and the construction uses a number of (s, a) pairs that
is a constant multiple of the state space cardinality, i.e., one could only deduce Q(ﬁ)
as a lower bound. Our result, therefore, does not violate the lower bound, but rather it shows
that while we must suffer an unavoidable worst-case 1/(1 — «)3 factor on the state space corre-
sponding to the optimal (s, a) pairs, the dependence on the planning horizon is absent for sub-
optimal (s, a) except for the scaling of the value function implicit in the variance. Surprisingly,

. 2 . . .
excluding the constant term %, suboptimal (s, a) pairs get a combined number of samples

The paper [Sid+18]|| has the same bound as [[GMK13] but avoids the constant term (1572732.



sa

~ 2 *

o (Z(sya”a#,ﬁ(s) (Var R(S’GHZQ Valpea V2 (17;)Asa )) which is the sample complexity (ignor-
ing log and constant factors) that a variance-aware bandit algorithm for best arm identification would
need (see e.g., [GGL12], appendix B) to ‘reject’ these suboptimal arms provided that it can obtain
sample’] of the random variable R(s,a) + yV*(s'), s’ ~ p(s,a). In this case, however, the V*
vector would need to be known to the bandit algorithm. In other words, the sample complexity of
BESPOKE at termination consists of two main terms: a leading order term with a dependence on the
state space with an unavoidable (due to the lower bound) dependence on the horizon ﬁ and an
horizon-free bandit-like sample complexity to rule out suboptimal actions as if the optimal value
function V* was known.

BESPOKE applied to Bandits Finally, if v = 0 we are in the bandit setting, and the sample
complexity of BESPOKE at step k becomes exactly (since Var R(s,a) < 1):

~ Var R(s, a) 1 ~ 1
(0] . <0 _ 11
(Z) (max{eﬁ,Aga} * max{ek,Asa}> = (Z) max{eZ, AZ,} (an
This matches the best-known sample complexity bound for best arm identification for tabular bandit
with gaps and variances [ABM10; |GGL12]] except for constants and log terms. This is encouraging
as it suggests it may be possible to have algorithms with a smooth transition in sample complexity as
a function of the discount factor when moving from a bandit to an RL setting.

7 Related Literature and Conclusion

Related Literature In the more challenging setting of online exploration (i.e., without a generative
model) the PAC literature [DB15;|DLB17;|LH14;[SLLO9] directly provides algorithms to identify an
e-optimal policy with high probability in the worst-case. Gap-aware analyses exists, see for example
[BK97; TBO8; |OPT18] for asymptotic regret bounds on ergodic MDPs with matching upper and
lower bounds and with an emphasis on the minimum gap; since these analyses look at the asymptotic
regret they are not comparable to the proposal here. Very recently [SJ19]] presents a gap-based
non-asymptotic regret bound for episodic MDPs but not yet free of the horizon and dependencies on
Anin- Gaps in MDPS have also been used to justify the observed relation between the value function
accuracy and the resulting policy performance [FSM10]. In addition, [EMMO06; BrulQ] also propose
an algorithm and PAC bounds that depend the minimum gap, but the results do not leverage recent
advances in tighter sample complexity analysis. [JOA10] presents a regret bound based on the same
quantity. The maximum variance of the next-state optimal value function is discussed in [MMM 14;
ZB19].

The closest related work in the PAC setting similarly assumes access to a generative model, and
provides near-matching worst-case sample complexity upper and lower bounds [AMK12] for tabular
MDPs even in terms of computational complexity [Sid+18]]. However, this work focuses on near-
optimal worst-case performance: as these algorithms allocate samples uniformly they do not adapt to
the problem structure. Finally, [Aga+19] show how to improve on the constant sample complexity
term for model based approaches like the one we use here; it is possible that their techniques can be
applied to our setting.

Conclusion This work leverages domain structure, notably the action-value function gaps, to
eliminate the impact of the horizon when ruling out suboptimal actions to identify a near-optimal
policy for discounted-reward Markov decision processes using a generative model, except for a
constant term and the inherent value function scaling. This is achieved through a tractable algorithm.
In doing so, our finite time sample complexity analysis quantifies the sample complexity contribution
of each state-action pair as a function of the action-value function gaps and variances of the rewards
and next-state value function, and recovers the best-known bounds (excepts for logs and constants)
when deployed to bandit instances using these quantities.

Our work provides at least two important analytical tools: 1) the way we relate the suboptimality
of the policies with the gaps to reduce the dependence on the horizon is new, and could be used in

"Here, Var R(s,a) + 7* Vary(s,q) V* is the variance of the random variable R(s,a) + vV *(s') with

s’ ~ p(s,a). Note the scaling of this random variable, which has range ﬁ



other settings to make the gap appear while simultaneously reducing the horizon dependence 2) the
way we analyze the visit distribution shift induced by the policies, weighted by the local reward and
transition confidence intervals, and show it is small, is another analytical contribution of our work
which can be extended to the settings where one is interested in obtaining a good policy from a given
starting distribution p as opposed to all starting states.
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A Symbols

Table 1: Notation

6/

n

Clsa(nk)

sa

Clu(nk)

sa

cr*

Nmin

e

In(4/5,)

starting distribution

true MDP

empirical MDP at step k

optimal value function on M

optimal value function on M k

optimal policy on M

empirical optimal policy on M k

visit probability to (s, a) on M upon following 7 with starting distribu-
tion p

visit probability to (s, a) on M & upon following 7 with starting distribu-
tion p

> piV(si)

Q*(s,m(s)) — Q*(s,a)

2c, 02 be,
n + 3(n—1)

BI(V&I‘ R(Sa a)7 17 nlsca) + ’YBI(Varp(s,a) V*7 ﬁ7 n?a)
BI(Var R(s,a),1,nk,) + yBI(Varg, (s,q) vy, rlv) nk.)

? sa

(Bernstein Inequality)

Vector containing the C'Iy,(n¥,) values

2¢y, 2¢cn
T D) T VY ek

Vector containing the By, values

~m,k,p k
maxy, p>0,|pfl1=1 Z(s,a) Wyq Clsa(nsa)
20

24-C
1-Cp(nmin)
ol 2S¢y

(1_7) MNmin

vector that contains the number of samples to each (s, a), unless it’s a
generic scalar

(7| (VF = V) (p) < Ce, ¥p >0, ] =1}

{7 (V* = V™)(p) < C*ens ¥p =0, lpll = 1}
2x625°9°Sey,
(1-7)?
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B Standard Concentration Inequalities

Proposition 1 (Bernstein’s Inequality). Let X1, --- , X, be i.i.d. random variables with values in
[0,C] and let &' > 0. Then with probability at least 1 — §' in (X1, ..., X,,) we have:
1< 2Var X In(2/8") Cln(2/d
]EX—ZXig\/ ar X1n (2/5") | Cln(2/d7) (12)
n n 3n
Proof. See [MPQ9], Theorem 3. O]

Corollary 1 (Bernstein’s inequality applied to Transition Probabilities). Let p be a k-dimensional
transition probability vector (such that ||p||1 = 1) and let p be its maximum likelihood estimate. Let
0" > 0. Then with probability at least 1 — §' we have:

~

. / !/
5l < 2p; In (2k/5") N 21n(2k/0")
n 3n

13)

where p; is the i-th component of p.

Proof. Immediate from Bernstein’s inequality with the variance p;(1 — p;) of a Bernoulli random
variable and a union bound over k. O

Proposition 2 (Converge Rate of Empirical Variance). Let V* be a fixed vector with values in [0, C|
and let 6’ > 0:

2In(2/6'
‘ Var Ve - [Var v < 0y )22 2/9) (14)
Pr(s,a) p(s,a) n—1
Proof. See [MP(09], Theorem 10. L]

Proposition 3 (Weissman et al. Inequality). Let D be the maximum likelihood probability vector of
the distribution p obtained by drawing i.i.d. samples from the discrete distribution p with k point
masses, and let &' > 0. With probability at least 1 — &' it holds that:

2k 1og(2/6") def v/ 2kcy
n - Vn

Proof. See [Wei+03]]. O

1P —pll < 5)

Lemma 2 (Good Event). With probability at least 1 — § the following events holds true for all (s, a)
pairs for all episodes of the algorithm:

N 2¢,, (Var R(s,a)) Cn
— < 1
Fis.a) — r(s, )] < \/ R e 1o
2¢,, (Var V*) c
~ _ Ty* < n p(s,a) m 17
| (Pk(s,a) —p(s,a)) V| < Nea + 3(1 — ) (ng — 1) a7
1 2¢y,
* Lol R 18
o,V eV s TR "
R 25¢,,
(o) —pls. )l < Y0 (19

Proof. Using propositions [1[2li3]and corollary 1| with a union bound over the (s, a) pairs and over the
maximum number of samples 7. O
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C Preliminaries

In this section we recall some standard results in reinforcement learning. The results have been
adapted so that they could be expressed in terms of a starting distribution p instead of a fixed starting
state.

C.1 Sum of Losses

The lemma below expresses the difference in values between two policies as a sum of the per-step
losses:

Lemma 1 (Sum of Losses). It holds that:

(V*— Z wi P (Q* (s, 7 (s)) — Q*(s,a)) = Z WP Agq (20)

(s,a) défAsa (s,a)

Proof. Consider a fixed starting state s. We have that:

(V* = V™) (s) =r(s,7*(s)) — r(s,7(s)) +vp(s,7*(s)) TV* —yp(s,7(s)) V™ (21
=1(s,m*(s)) = r(s,7(s)) + y(p(s, 7*(s)) — p(s,7(s)))  V*+ (22)
+p(s,m(s) (V¥ = VT) (23)

Induction with a p-weighted average over the starting state and the definition of * values (and their
gaps Ag,) conclude the proof. O

C.2 Simulation Lemmas

The Simulation Lemma below allows to evaluate policy 7 on two different MDPs, with the induced
distribution evaluated on the empirical MDP and the value function for the backup on the real MDP.

Lemma 3 (Simulation Lemma). It holds that:

VE=vrp) => T (Fu(s,a) — 1(s,a) + v (Pl(s,a) — p(s,)) V™) (24)
(s.a)

Proof. From any starting state s:
(VI = V™)(s) = Pr(s,a) = r(s,a) +3(Pi(s,0) "V = p(s,a)TV7) (25)
k(s:a) = r(s,0) +1(Pi(s,a) = p(s,)) VT +Bi(s,0) (V7 = V™) (26)

Induction and a re-weighting by p concludes the proof.

I
3

O

The following lemma is a consequence of a lemma in [AMK12]], and explains that to properly estimate
the value function we need to estimate the rewards and transitions accurately only for the optimal
policy and the optimal policy on the empirical MDP. Importantly, the lemma uses the true optimal
value function V*.

Lemma 2 (Simulation Lemma for Optimal Value Function Estimate [GMK13|l). With probability at
least 1 — 0, outside the failure event for any starting distribution p it holds that:

~7* k ~7n*k,
(V= ViNp) < D5, ((r = 7)(s,0) +9(p — i) (s,0) ' VF) <Y, " ClLa(nf,)
(s,a) (s,a)
(V* - > ST (=) (s, a) + v (0 — i) (5,0) V) = = 3 s Ol (nh,)

(s,a) (s,a)
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~,k,s
Proof. Lemma 2 in [AMKI12] gives (here w,,, ' ® is the discounted sum of visit probabilities upon
starting from sg and following policy 7 on the empirical MDP M,):
Sx ~71* k50 [« ~ %
V*(s0) = Vir(s0) < Z w,, (Tk(S, a) —r(s,a) + v (Pr(s,a) — p(s, a))T 1% ) 27
(s,a)

=5 A%\;,k‘ So

V(s0) = Vi (s0) = Y w0 (Fals, @) = r(s,0) +7 (Bils, @) =pls,a)) VF) - @28)
(s,a)

(29)
Outside the failure event (lemma@) it holds that:
V*(s0) — Vi (s0) ZA” P 0L (nk) (30)
(s,a)
« " ~7r k,s
V*(s0) — Vk (so) = Weq ClLsa(ny) G

(s,a)
Finally, a weighted sum over the probabilities of starting at each starting state p yields the thesis. [

Next, we recall the following version of the simulation lemma that expresses the accuracy with which
a generic policy 7 can be evaluated on the empirical vs real MDP as a function of its distance to the
optimal value function.

Lemma 4 (Simulation Lemma for Policy Estimate). If 1,y is the minimum number of samples
allocated to any (s, a) pair then outside of the failure event it holds that:

IV = V™)l <>, T Cla(nf,) + Cp(min) | (VT = V) |- (32)
(s.a)

Proof. Using the simulation lemma (lemma 3))

~,k

(VF=V)p) = Y 0" (Fuls,a) = r(s.0) + 7 (uls,0) = pl(s,a) VT) - (33)
(s,a)

= Z ke (rk s,a) —r(s,a) + v (Dr(s,a) — p(s,a)) V*) (34)

~m,k
+7 Z W, p (Pr(s,a) — p(s,a))T (VT —=V™). (35)
(s,a)
Notice that we have the following upper bound outside of the failure event:
/\Tr,k?, ~myk,
S EL (s a) = r(s.0) + 3 (Bils, @) = pls, )T V) [ £ 30 T CLa(nky). G6)
(s,a) (s,a)
To bound the second line, if n > n,,,, we obtain the upper bound (by Holder’s inequality):

< g ma | (Bes.) = p(ss ) Il (V7 = V) o Gl (V7 = V) [ G

C.3 Variance Lemma

The lemma below allows to express how much the variance varies when we consider different value
functions.

Lemma 5. For any two random variables V1, V5 it holds that:

|VVar(Vh) = Var(Va)| < Vi = Valla,p < Vi = Valloo (38)

where || - ||2,p denotes the 2-norm of the random variables (i.e., the second moment) under p and
I l|oo is the almost sure upper bound to the random variable.
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Proof. Consider the mean-centered random variables V; = V; —EV; and Vi = V5 — E V5. Then:

VVar(V) = \Var(V1) = \JE(V1)? = [Vl = (V2 + Vi = Vallay (39)

< Vallzp + V1 = Vall2, = \/E(V2) + \/E(Vl — V)2 (40)
— Var(o) + VEW - 15)? - B(V; - 12))? 1)
= /Var(Va) + /Var(V; — V3). (42)

where the inequality is Minkowski’s inequality (i.e., the triangle inequality for norm of random
variables).

O
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D Optimization Programs

In this section we describe the optimization programs that we investigate in this work: (1) the
oracle optimization program, which is directly tied with the accuracy of estimating the optimal value
function on the empirical MDP, (2) the algorithm optimization program, which can be solved using
the empirical quantities and finally (3) the x-optimization program, function of problem dependent
quantities which can be used to analyze the sample complexity of our algorithm.

D.1 Definitions

Definition 4 (Oracle Minimax Program).

min fo(n)
n
s.L. Z Nsa < Nmaz (43)
where: .
f le; maxz ~, + 717 sa(nk+1)
(s,a)
- T\omk+1,p
st (I—~(Pfy) o =p
= “
Psa 2 0

(Vi =Vii)(p) < Ce
Definition 5 (Algorithm Minimax Program).

min f4(n)
S.1. Z Nga < Nmaz (43)
(s,a)
where: ., .
fa(m) < max 3" G0 (ClLoa (k) + Biea) + 2Cp(nin)ef
7T (sa)
~m,k,p
st. (I—(P)Tyw" =p
46
Psa = 0

(Vi = Vi)(p) < Ces
The program is solved with €], = ¢j,.
Definition 6 (x-Minimax Program).

min f,(n)
S.1. Z Nsa < Nimaz 47
where:
fi(n) “f max whP (C’Iw( R ZBkw) + 15Cp(nmin)ef + 8CP(Mmin )€k
s

(s,a)
st (I=~(PT))u™ =p

Zps -1 (48)

ps =0
(V¥ =V™)(p) < C7e
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Similarly as above, ¢;; = ¢, when computing the sample complexity because the program of
definition |is solved with €j; = ..

D.2 Relation Between the Optimization Programs

In this section we investigate the relation between the three optimization programs (oracle, algorithm
and x). In particular, we show that we can upper bound the objective function of the inner maximiza-
tion program and enlarge its feasibility set as we move from the oracle to the algorithm and finally to
the = program. This ensures that the outer minimization is minimizing a function that is increasingly
larger (when moving from the oracle to the algorithm and finally to the x program), giving an upper
bound on its value.

Lemma 6 (Relation Between the Optimization Programs). Consider the three optimization programs
of definition @|bl[e] We have that:

fo(n) < fa(n) (49)
Furthermore, outside of the failure event if
(V=T S e Vo= 0,llplh =1 (50)
holds then
fan) < fu(n) S
(52)
also holds.
Proof.

Oracle Minimax to Algorithm Minimax Consider the maximization program contained in the

,k,p

definition of fo, see definition4| First, we can add the variable w and the constraint

(I —~(P)@™"" = p (53)

to the oracle inner maximization program without chang its objective value or restricting its
53

feasibility set since @W’k"p is fully determined by equation Next, lemma@allows us to move from
using the distribution from episode k 4 1 (which is unknown) to episode %k (which can be computed

by using the empirical MDP M &) in the objective function:

@:—(;kJrl,pCIsa(nlsc;l) _ Z ﬁ:(;k ) by Z (@ k+1 p_=m k,P)CIsa( k1)
2 ooy (s,a)
(54)
< 1/1\)‘” kvPCIba( k+1) + QCp(nmm)Ek &)

(s,a)

At this point we can use the variance correction provided by lemma[TT]to obtain:

S T CLia () + 20p(min) e < 3 W (CTaa(n5) + Bisa) + 2Cp(nmin)ef
(s,a) (s,a)

(56)
.. .. . ~m,k+1, . .
that uses the empirical quantities only. We can now drop the variable W e and its constraint
-~ ~m,k+1,p
(I =y (Pfa) " w =p (57)

mk+1,
since the variable W

feasible set for (7, p).

? does not appears elsewhere. Notice that this again does not change the

17



Algorithm Minimax to x-Minimax First, we add the variable w™” and the constraint

(I —~»(P™) @™ =p (58)

to the minimax optimization program of definition [3} this does not change the objective function
or restrict the set of feasible p, w since equation [58|can always be satisfied: w™” is the distribution
induced by the policy upon starting from p on M. Next, we chain lemma 9 with lemma [TT]to express
the objective function as a function of the “real quantities”, obtaining:

, _
Z w. e PCI nkHL Z WL (CLsa(nE™) + Bisa) + Cp(nmin )€l (59)
(s,a) (s,a)
Now we examine the remaining term:

Z (w Wkp) 2Bjsa) = 2 Z ( W k’p) <(1 _7)2(07;:& =) + icnek) )

(s.a) (5,2) sa

(60)

We further split the above into two. For the first, using the definition of C'I,,(n¥,) and lemmawe
obtain:

X () () 2 ) |

(s,a) (s,a)
Cl,a(nk,)
(61)
<12} (wgép _amk P) Cl,a(nf,) < 12Cp(nmin)er. (62)
(s,0)
For the second term, use the definition of C'p(72,5,i5,) together with 3 ) ( WP+ W, k’p) =
to claim:
71' k,p 2Cn ~m,k,p
2 < 7p ) - min = min .
Z ( ) (7 -~ ek) <4 Z ( +w,, (1 = ) Cp(nmin)er = 8CP(Nmin )€k
(s,a) (s,a)
(63)
In summary we have obtained:
~m,k
Z W ’ (Clsa( k+1) + Bksa) + 2Cp(nmin) (64)
(s,a)
< Z whP C’Im nhFly 4 QBksa) + 15Cp(Nmin)ef + 8CP(Mmin )€k (65)
(s,a)
At this point we can drop the the variable ﬁﬂ’k’p and its constraint:
Si ~mk,p
(I =P o " =p (66)

since the variable ﬁﬂ’k’p does not show up elsewhere. Notice that this operation does not change the
constraints on the p, 7 optimization variables. Finally, lemma(7]allows us to replace the constraint
(‘A/k* - IA/k“)(p) < Ce, with the relaxed version on the real MDP (V* — V™)(p) < C*e¢. This
enlarges the feasibility set for the policies. Notice that an enlarged feasibility for the maximization
program set can only increase the objective function, so fo < f, holds pointwise. O
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E Helper Lemmas

In this section we state and prove some helper lemmas.

E.1 Enlarging The Feasibility Set
Lemma 7 (Enlarging The Feasibility Set). Outside of the failure event if:
(V* =V (o)l < e, Vp=0,[pli=1

T E Sk
er < €

then

m € Sk.

Proof. Since by assumption:
(V¢ = V(o) < Cex
for all p then must we have that (by choosing p to be any canonical vector in RIS!):
Vi = Vi lloo < Céx.
Next, for an arbitrary p consider:
(Vi =V p) = (V= V> V> = VT VT = V) (p)
>—e
and apply the simulation lemma, lemmaf4]to the last difference obtaining:
> —ex + (V" =VT)(p) — & = Cp(nmin)[[V" = V7l
Therefore:
~2¢, + (V* = V7)(p) = Cp(min) [V* = Voo < (Vi = V) (p) < Cea
from which we can derive:
(V¥ =V™)(p) < Cex + 2¢x + CP(min) IV = V7 ||oo-
By taking p to be each canonical vector in RS we can derive:
[V* = V7o < Ceg + 265 + CP(min) [VF = V7o
from which

Cep, + 2¢;
VE Voo € Lk T2k
| lloo < 7= Cplnmin)

(67)

(68)
(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

followsﬂ Since this is a max-norm bound on the vector V* — V'™, a linear combination weighted by

p must also satisfy:

C+2 def
* Y/ < - = ") *ep
(V V )(p) —1- Cp(n’min)Ek C ok

The thesis finally follows by definition of S.

8For this passage we need Cp(nmin) < 1, but our choice of 1, ensures that.
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E.2 Visit Probability Lemma

Although the visit distribution w™* can require many samples to be estimated accurately, in this
section we show that the uncertainty in the distribution nicely interacts with the confidence intervals
for the transitions and rewards. We need the following helper lemma:

Lemma 8 (Distribution Lemma). It holds that:

~T T ~ e N
(ﬁﬂ—’p - Jw?) _ (w‘n,p)T (Prr o P]zr) Z,yt+1 (P]zr)

t=0

t

(80)

Proof. The cumulative discounted sum of visit probabilities (for policy 7 upon starting from p)
satisfies (see for example [WBSO07]))

@™’ = p+A(PT) W (81)

~m,k, STk,
P —p~y(PYTw " (82)

on M and M, k- respectively. Subtraction yields:

o — " =y (P T — (P TE) (83)
~ ~ =~ ~,k,

= ((P)Tw™ — (BT + (BY) o™ — (B Tw™")  34)
= ((Pm = BpyT@me + ()" (wr - 7")). (85)

By induction, this yields:

e > ~ ¢ ~
wme — =3y (BT (P - By ). (86)
t=0

By transposing the above equality we obtain the statement. O

Now we are ready to analyze how the distribution shift interacts with the confidence intervals for
policies that are accurately estimated:

Lemma 9 (Interaction between distribution inaccuracy and confidence intervals). If for it holds
that

&P TOIF < e (87)

then we have that:
~7.k,p\ |
(ww T ”) CI* < Cp(nmin)er

~T,] AT T
(7 =@™) er* < 20p(nmin)et, > k. (88)

Proof. Thanks to lemma[§] we can write:

(@ - @’“’“”J)T Cr* =y @™*)" (P" ~ FY) iwt (Pr )t crt (89)
t=0
<ol @) (P B oA (Br) el 00)
t=0

Notice that the j-th row of
oo 5 ¢
> (Pr) 1)

t=0
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is precisely the discounted sum of visit probabilities upon starting from state j on M, and following
m. Let us call e; the canonical vector with a 1 in position j and 0’s elsewhere; the j-th row is
expressible as:

> ~ \t ~m,k,s;
ef > (Pz?) =@ )" (92)
t=0
This immediately yields:
TZV (P“) CIF = (@) Tork < e (93)
and therefore equation 89 adrmts the upper bound (by Holder’s inequality):
<7l @)’ (P” - 13:>||1ez (94)
=YW (s, 0) = P(s,a) " |ref (95)
(s,0)
<~ Z w?, — Dr(s,a)) " |ler (96)
(s,0)
S Op(nnzin)ez- (97)
To obtain the second equation of 88| proceed similarly:
~T,7, ~T T ~T,] T ~ i ~ A\t
(@7 =%") ot =y () (P - P Yoqt (Pr) crf (98)
t=0
730\ Bx  Br = ~ A\t X
<A (@) (PF = B Yo (Pr) O (99)

t=0

° N\t
<vzw 27 (1B3(s,0) = pls, )1 + llp(s,0) = Bi(s. )l11) | 327" (PF) CT" e

(s,a)
(100)
< QCp(nmin)e‘]:- (101)
O

E.3 Bernstein Correction

In this section we discuss how to correct the variance estimate computed with the empirical transitions
and value function estimate in a way that results in a variance overestimate (to obtain valid confidence
intervals).

Lemma 10 (Bernstein Correction). If

IV* = Vil < e (102)
holds then outside of the failure event we have that:
2¢cy,
|/ Var Ve | Var Vk (103)
(s,a) Ngqg — 1
Proof. Outside the failure event:
1 2¢y,
‘ Var Ve [Var V2 < o ¢ (104)
Pr(s,a) p(s,a) 1-— Y Nga — 1
holds and further lemma 5] yields:
’ Var V| Var Vk Voo (105)
Pr(s,a) Pk (s,a)
Chaining the two yields the statement. O
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Lemma 11 (Realation Between Real and Empirical Confidence Intervals). If

IV = Vil < € (106)
holds then outside of the failure event we have that:
Clua(nsa) < Clua(nsa) + Brsa < Clua(nsa) + 2Bsa (107)
where:
def 2¢c,, 2¢cy,

Bksa =

(]— - ’7)(”5(1 - ]-) * 7 Nsa k- (108)

Proof. Apply lemmal(I0|twice, first to obtain the “hat quantities” and then to go back to the “real
quantities”:

def 2 Var R(S, G)Cn 2 Varp(&a) V*Cn Cn VCn
CIsa sa) — - -
(msa) \/ e Tea 3l — 1) 31 =) (nea — 1)
(109)
|2 Var R(s, a)cy, 2 Varg, (s,a) ‘7]:0” Cn 2¢y, Cn
< : .
- Nsa + 7 Nsa * 3(1 - ’7)(nsa - 1) * (1 - ’y)(nsa - 1) * 7 sa ok
Bksa
(110)
“ Clia(nsa) + Brsa (111)
Cn

2VarR (s,a) 2Varp(5 o V* Cn 2¢y,
+ 2 +
3(1 —7)(nsa — 1) (1 —=9)(nsa — 1)

v

)

sa

2Bksa

(112)

d;f CIsa (nsa) + 23ksa~ (1 13)
O

E.4 Feasible Set Contains Good Policies

In this section we build the supporting lemmas to show that the feasibility set (Vk* —VI)(p) < Cey
in episode k is constructed in a way that ensures that the optimal policy 7* and the next-episode
empirical optimal policy 7, | are never eliminated at step k, i.e., they are C'e-optimal for all starting
distribution p. This ensures that enough samples are allocated at step k to use lemma 2] at the next
episode. This guarantees an accurate estimate of the value function.

First we focus on the optimal policy 7*.
Lemma 12 (7* is a Feasible Solution). Outside of the failure event, if

Ve =V < & (114)
62* < eg (115)

holds at step k then it holds that:
(Ve =V ) (p) < 26, < Ceg, Yp >0, ]lpllh =1 (116)

Proof. Using the simulation lemma (lemma 3) with 7 = 7* and using the fact that we are outside of
the failure event we obtain that:

(T =V V=T )] < (T = V)1V =T )0 (117)
<ot | B O @t <200 (19)

(s,a)
O
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Next we turn our attention to the next-step empirical optimal policy. To ensure accuracy, we need to
show that we always allocate enough samples to 7j , ; at step k, i.e., Ty is feasible at step k. We
achieve this through an inductive argument in theorem [T} which leverages the following lemma. The
lemma shows that if a policy is ruled out then it can never become optimal again. This lemma plays a
key role in constructing the constraint (17k* - 17,3)(,0) < Cey, because it defines its size through the
constant C.

Lemma 13 (Ruled-Out Policies Can Never Be Optimal Again). Let j be the first episode in which
policy p is not feasible for some p in the sense that |1 ¢ S; while p € S;_1, 0 € Sj_2,..., 0 €51
holds. Outside of the failure event if T* € S;,C > 20,¢; = €;_1/2 and:

(V= V) < e Vo2 0.l =1 (119
(V= VD)) < g1 Yo 20l =1 (120)
hold together with:
2 (4 + 2Cp(nmin )€y + COp(nmin)(1+ C)ej1) < dej_ (121)
2 (ef + 2Cp(nmin)es’ + Cp(nmin)(1+ C)ej) < de; (122)

then . cannot be an optimal policy on any empirical MDP M kfork > j.

Proof. Coupled with the hypothesis, Lemma|l4|ensures:

(V7 = V") (p)] < 4e; (123)
(V&= VE)(p)] < dej (124)
(VE =V ) (p)| < 4ej1 (125)

Since p & §j by assumption, we have that for at least a starting distribution p:
S I 1
(V; T — ‘/J'u)(/)) > CGj = §C€j_1. (126)

This implies that for that starting distribution p:

(Ve =V < (V= V7 )p) (127)

=V =Vl + VI - VE 4 TVE - 173% + I7f — V) (128)

< 8ej_1 +4e; — %C’ej_l =8¢j_1 + 21 — %Cﬁj_l <0 (129)

In other words p is not optimal on M k- O

The following helper lemma explains that the empirical value of a policy doesn’t change a lot between
different episodes provided that the policy is feasible for the smaller-numbered episode. In other
words, if a policy is accurately estimated, say of order e, its value on all empirical MDPs for later
episodes has a fluctuation of order e.

Lemma 14 (Empirical Value of Feasible Policies Does Not Change Much In Later Episodes). If
m e S;and

V=Vl < e Vo= 0,lpl =1 (130)
also holds, then outside of the failure event it holds that:
(V= 77) ()] < 2+ ACP(min)) €] + 2Cp(mmin) (1 + ey (131)

for all episodes k > j.
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Proof. The simulation lemmaaapplied to the two empirical MDPs M r and M j gives:

(Ve =97) (0) = S w0 (Fals, ) = 75(5,0)) +7 (Be(s,0) = By(s,0)) V) (132)
(s,a)

N ((Tk(s a) — 7(s,a)) + v (Br(s, @) — Pj(s,a)) V*) (139
(s,0)

1+ S (Buls.a) —py(s,a) T (U — V) (134)

(s,a)

We focus on the first term. Outside the failure event the first upper bound below holds

~,k, . ~7,k, .
< Z Wsq ’ (OISG(nI:u) + Clsa(nia)) <2 Z Wsq pCIsa(nia)- (135)
(s,a) (s,a)

The second upper bound above holds because n*, > nJ (i.e., number of samples can only increase)

and the confidence intervals are shrinking with i 1ncreasmg samples: CT,,(nk,) < Cly,(nd,). Lemma
E] allowsﬂ us to use the empirical distribution from step j instead of k ensurmg
23wl CLa(n,) <2 @ CLia(nly) + 4CD(Mmin )€} (136)
(570’)
< (2 + 4Cp(nmzn))€;r (137)

The second step is by definition of €7. Now we bound the remaining term; by the hypothesis of this
lemma:

(V7 = V(o) = (V] =V} + V7 = V*)(p)| < (C + D) (138)

J

for all p and so in particular we must have H‘A/f — V*||s < (1 + C)e; and hence outside of the
failure event by Holder (and by adding and subtracting p(s, a)) it holds that:

~m,k,p

vy " (Br(s,a) = Bi(s,a)) T (V= V*) < 20p(min) (1 + O)e; (139)
(s,a)
giving the thesis. O

E.5 Feasible Policies Will Have Improved Accuracy

In this section we show that feasible policies for the algorithm minimax program of definition [5 will
gain accuracy at the next episode provided that they are already accurately estimated in the current
episode (condition €}, < ¢, which is equivalent to a small distribution shift).

Lemma 15 (Feasible Policies Will Have Improved Accuracy). Outside of the failure event if:
mE §k; er < eg (140)

holds then at the next episode it holds that:

€
o S eni1 = 5 (141)

Proof. BESPOKE solves a program equivalent to the minimax program of definition [5]that ensures
that for feasible (7, p):

€ ~,k, — €k
%< (Z)w * (Clua(nk,) + Braa) +2Cp(numin)er < 5. (142)

by the choice of 1,4, (see inner loop over 7,4, in the algorithm E[) Since €, < €, we have that:

7T k,
4 S ’ (CIsa( sa) + Bksa) + 2Cp(nmzn)€;cr S %C (143)
(57(1)

Note that j and k are flipped in the two lemmas.
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must hold. By lemma@ we have that the value of the oracle objective of deﬁnitionis less than € /2,
ie.

. de ~m,k+1, €k de
€k+1 =/ Way | Cli(nkf?) < 5 Lf €k+1 (144)
(s,a)
must hold for those (7, p). O

Lemma 16 (Minimum Number of Samples). Outside of the failure event if C = 20 and
def 2 % 625%292S¢,

Nsa > Nmin = 77 5 (145)

(I—7)?

then it holds that:

1

Op(nmm) > @ (146)
1

2Cp(Nmin) (24 C) < 3 (147)
Proof. Immediate, by definition of Cp(nr) and 1pin, see appendix@ O

Finally, the following technical lemma ensures that if the optimal policy and empirical optimal policy
of step k are feasible in all episodes up to k then the accuracy in value function estimate can be
guaranteed.

Lemma 17 (Guaranteed Accuracy). Outside of the failure event if:

1. ™ € §j in all episodes j < k

2. T € §j in all episodes j < k
then
(V= Vi) p)l < ers ¥p=0,]pli =1 (148)
holds.

Proof. Chaining lemma|[I5|for 7* and all episodes up to k — 1 gives:

~m* .k, e *
max 3w, CLa(nk) Y < e (149)

sa

Likewise, chaining lemmafor 7 and all episodes up to k — 1 gives:

/\%*,k, e Tr
max Y @, Ol (nf,) < G < e (150)

sa
(S>a’)

Finally, lemma 2] gives the thesis. O
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F Main Results

In this section we show that the algorithm works as intended, namely it terminates in finite time after
logarithmically many iterations and returns with high probability an €7,,;,¢-correct value function
estimate and an almost €;,,,,;-suboptimal policy. Finally, we analyze its sample complexity.

F.1 BESPOKE Works as Intended

Theorem 1 (BESPOKE Works as Intended). With probability at least 1 — 0, in every episode k

BESPOKE maintains an empirical MDP M, such that its optimal value function V;* and its optimal
policy T, satisfy:

IV* = Wlloo S €y [VF = Vh o < 26

d . . . . .
where €j,41 lef %, Vk. In particular, when BESPOKE terminates in episode krinq; it holds that

€Elnput
2 S €krinal S €Input-

Proof. We reason by induction outside of the failure event, which has measure 1 — § by lemma[2} The
inductive hypothesis is over the episodes k£ = 1,2, ... and consists of the following two conditions:

1. 7 € §j in all episodes j < k

2. € §j in all episodes j < k

In other words, we assume that the optimal policy 7* is feasible up to episode k£ — 1, and that the

optimal policy on M & 1s also feasible up to episode k — 1. Before showing the inductive step, notice
that the inductive hypothesis together with lemma ensure

V¥~ V¥l < €0 ¥p <k (151)
Notice that the above equation is equivalent to:
(V= V)P < e V20,00l =1, Vp<k. (152)

by simply choosing p to be the point mass in any starting state.

Optimal Policy We have that 7* € §j for all episodes 7 < k — 1 by the inductive hypothesis. By
repeatedly chaining lemma [I5]for all episodes j = 1,2, ...,k we can ensure the condition

7 <e¢j, Vi<h (153)

Lemmathen ensures 7% € Sy,

Empirical Optimal Policies We need to show that 77 | € §j for all j < k. Suppose it isn’t, and
let us show that this situation cannot arise. Consider the first episode j < k such that 7, | € S;.
Since 7}, was in S, Vp < j, chaining lemmayields:

<e€-1. (154)

< (155)

"the lemma ensures |(V* — \7p*)(p)| < ¢, for all p, so choose p to be the point mass on a starting state
"'Notice that this part refers to policy 7} and not 7 , ;. This condition is ensured by the inductive hypothesis
which holds in all episodes up to k.
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also holds. Finally, lemma|[I6|ensures the following two inequalities:

2Cp(nmm) "“ +2Cp(Nyin) (1 + C)ej—1
\,_/ 2
<€j-1
20D(Mmin) e?; +2Cp(Mmin) (1 + C)e; < . (156)
v 2

IN

Together, equation! ! [156]satisfy the assumptlon of lemma (Wlth = 7y 1) This
glves a contradicti ecause the lemma claims that 7, ; cannot be an optimal policy while being

& Sj for some j < k.

The proof by induction is complete and now lemma [[7] ensures

(V= V) <ex, Yp>0,llplh =1, Vk (157)

When the termination condition for the algorithm BESPOKE are satisfied in episode kr;pnqi,

|V = Vi) O] < €l Y9 2 0, lpll =1 (158)
must hold with
€ npu
% < €krinal < €Input- (159)
Finally, the triangle inequality gives:
V5 — Vel < IVF = Vi alloo + IV = VT oo (160)
S EkFina.l + ||Vk7*pinal - VTrFi"Ldl ||C>O (161)

In addition, lemma@ ensures that for mp;,4; at that episode:

|| kFinal Vhinal Hoo < €Input + ’YCp(nmzn)HV* — Y Final Hoo (162)
Combining the two gives:
) 26[n ut
V* — YTFina|| < <903 S 163
| oo < 77 VCP (M) — et (169
by the choice of 1y, (see appendix [A]and lemma [T6). O

F.2 Computational Complexity of BESPOKE

Proposition 4 (Computational Complexity of BESPOKE). Outside of the failure event BESPOKE
terminates in at most

logQ((;) +1 (164)

1- ’Y)elnput

episodes. Let nf; "% be the total number of samples allocated by the algorithm at termination given
by theorem 2] Then BESPOKE at termination has solved at most:

)+ 1) x logy (D nlimah) (165)

(logs (
i (s,)

1- ’Y)elnput
convex minimization programs as defined in definition[7]

Proof. By the halving rule on €;, BESPOKE must terminate after at most log, (
Fvnal

A 1
(1 V)EInput) +

episodes; in addition, if n is the final number sample allocated by the the algorithm to (s, a)
then BESPOKE solves at most log, (> (s,a) nEinal) convex programs as described in deﬁnitionat
each episode. O
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F.3 Sample Complexity of BESPOKE

Theorem 2 (Sample Complexity of the Algorithm BESPOKE). With probability at least 1 — 0, the
total sample complexity of BESPOKE up to episode k is upper bounded by Z(S’a) Nsq Where Ngq is

the total number of samples allocated to the (s, a) pair:

~ . 1 Var R(s,a) +~2 Var(s,.qa) V* 1
Ngg = O [ min , ’ + , (166)
( { (1 —7)3(ex)? (1 —=7)%(ex)? (1 —=7)*(ex)
Var R(s,a) + 7% Vary(s,q) V* 1 ~.9
Ag,a * (1 - ’Y)As,a } +(1 - 7)2 ) (167)
Proof. We show that a sample complexity
- . 1 Var R(s,a) + 7% Vary(s,q) V* 1
a = s ’ s 168
e =0 (min (T2 1 7d i U
A Bsa
Var R(s,a) + v Var,(s,q) V* 1 vS
Aga - (1 - 'Y)Asa ) (1 - ) ) (169)
Csa

suffices to ensure that the value of the star minimax program of deﬁnition@m < £ By lemma|6|this
is an upper bound on the sample complexity of the algorithm minimax program of definition[5|to
guarantee that its objective is < .

Three cases are possible for the min of equation [I68} either the min of equation [[68]is attained
by A or By, or Cy,, and we partition the state-action space accordingly into the sets Ay, B, Cx
corresponding to whether a certain (s, a) pair attains the minimum of equationwith the expression
A, By, Csq, respectively. In other words, we have the partition: Ag U B, UC = S X A where:

Ak {(s,0) | A = argmax(A, Byg, Cia)} (170)
B def (s,a) | Bsq = argmax(A, Bsa, Csa)} (171)
Ck def {(s,a) | Csq = argmax(A, Bsq, Csq)} (172)
(173)
with ties broken arbitrarily.
Therefore it suffices to bound the terms below:
fen) = Y WL (CLa(mE") +2Brea) + > W5 (Cla(nff!) +2Brsa)  (174)
(s,a)EAL (s,a)E€B
+ > WL(CLa () + 2Brsa) + 23Cp(nmin e (175)
(s,a)ECy
separately for all policies 7 and starting distributions p that satisfy:
(V* = V™)(p) < C*ey.. (176)
Pairsin .4; First notice that a sample complexity
~ 1 1
(0] + > 77
<(1 -7 (1—-7)?
suffices to ensure
2B 17
> W (2Bra) < 5 (178)
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By definition of C'I,,(n%}') we can write:

2 Var V*c c
E: PO L (niHY) = 2: WPy | L p(sa) T T E: TCn
C sa( ) wsa 7 Nsa wsa 3 1 _ )(nsa _ 1)
(s,a)EA (s,a)EA (s,a)EA
|2 Var R(s,a)c
§ e, [ 2 T T E Cn 179
+ wsa n wsa 3 ) ( )
(s,a)EAy (s,a)€ Ay

Since 7 is C* ¢, optimal for every starting distribution it must be C* ¢, optimal in the max-norm as
well and hence we have the upper bound below thanks to lemma 5}

2 Var V7e V2c c
< Ty ploe) - "o » 180
< 2 N e T [ ) .
(s,a)eAy
2 Var R(s,a)c c
—.p p(s,a) ) n n 181
D s
(s,a)€A
We focus on the first term of equation[I80] Cauchy-Schwartz gives:
2 wrPVar,s o) VTen
< E(S,a)EAk sa p(s,a) (182)
VI—v n

where n = ming qyc4, Msqe- Thanks to the law of total variance [AMKI12] we have that
Z(S)a) eA, Wil Varp(s ) V™ is at most the variance of the returns upon following policy 7 on

the true MDP, and it is thus bounded by 1/(1 — ). This gives the upper bound:

< (11)% 2% (183)
At this point a sample complexity:
mazé(l) (184)
(1—-)3¢
%“0(0;2P> (185)

respectwely, sufﬁces to ensure that each term in equation [T80| (i.e., the transition terms) is less than
Since ¢, < —,Y we have that:

~ 1 1
=0 (o + 27 e

suffices. Now we focus on the remaining terms (the reward terms), equation[I81] We have the upper
bound below:

200

2c c
wrP L 188
Z sa ( Nsa * 3(Nsa — 1)) (188)

(s,a)€ Ak
O(—l) (189)
(1 —7)2%€

This implies that expression[T81]is < £&

Again, a sample complexity of order:

suffices to ensure that each term in|179|is < 200
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Pairs in 3, Notice that we have

QVarp(s a) V*Cn €k
ZTplsa) T o AR
Tew < (=Y

YCn €k
<(1—~)-E

30— =D = V00

2Var R(s, a)cy, €k
SYE NI (] = A
Tsa < (1=7)700

Cp, €L
<(1-~)k
S =1 =~V 100

€
2Bjsq < (1 - 'Y)Wko

for

~? Var,(s.q) V*)

respectively. Summing over the (s, a) pairs with their maximum of type B yields:

Z W5 (ClLoa(nf ') + 2Bisa) < Z TTP(L— )k = &

(s,a)EBy, (s,a)EBy, 20 20

Pairs in C;, In this case notice that we have

2 Varys.q) V*en < Agq
Nsq — 100C*

VCn Agq

3(1 —v)(nse — 1) — 100C*

2Var R(s,a)cy, < Agq
Nsq — 100C*
Cn Asa
<
3(nea — 1) — 100~

AS(I
< >
2Bkse < 1500

30

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)



for

~ Varp(s’a) V*
Ngg = O A2 (206)
O ( ! ) (207)
Nsa =
(1 - V)Asa
~ (Var R(s,a
Ngg = O ( A; )> (208)
—of(-t (209)
nsa - Asa
0] ( L ) (210)
Nga = N
(]— - ’Y)Asa
(211)
respectively. This ensurespz]
2 Var V*e c
La(nfH") + 2Bea < ploe) * T Ton 212
¢ (nsa ) * haa =7 Nsa 3(1 - 7)(”511 - 1) @12
2 Var R(s,a)cy, Cn Asq
213
Tgq + 3(nsq — 1) + 100C* (213)
AS(I
<
< S0+ (214)

Summing over the (s, a) pairs with their maximum of type C:

1 1 1
§ =T, P k+1 < E TP _ * _ YT < e
wsa (Clsa(nsa )+ 2Bk$a) — 200* wsa Asa 200* (V V )(p) = 206k
(s,a)€CK (s,a)ECk

(215)

The equality arises from lemma [I] and the last inequality on the constraint on the policy for the

*-optimization program.

— 25

~ S
Nsa = (0] <(1_’y)2> (216)

Term 23Cp(npmin )€ This can be made < £ with lemmaby using

samples.

Concluding remarks Summing all the upper bounds just derived for each term ensures that
equation is upper bounded by < with a total sample complexity as written in the theorem
statement. By lemma []this is an upper bound on the sample complexity of the algorithm at step ,
and since BESPOKE reaches step k after logarithmically-many episodes (see proposition[d)), this is

also the total sample complexity up to episode & up to log factors.
O

G Efficient Implementation

In this section we rewrite the minimax optimization program of definition E] (with €}, = ¢) into
a convex minimization program that can be efficiently solved. First we directly optimize over the
distributiorE] w instead of over the policy 7 and introduce an appropriate scalar slack variable ¢. This

"”Note that C"* is just a constant.
3We drop all subscripts on w in this section for simplicity.
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allows us to put the inner maximization in the following matrix form (we neglect the constant term
+2Cp(Nmin )€):

max CTCU
st. Az =b 17)
T >
with
ar By, w E—~P] -1 0 0
c= 0 ;ox=|p|; A= 0 1" 0|; b= 1
0 t m -V -1 —Cer

Here I is the identity and = is a marginalization matrix as described in [WBSO07|]. Written explicitly,
we have:

[C/’j'k'+1 + Bilsa = <\/26n Var (R\(s,a)) 4+, /2¢cn 5\@12) ‘A/k* +’y\/2cnek> ( i > (218)
7cn, 1
#(any) (i) @)

Notice that the above expression is a convex function of the ng, for ny, > 2.

We compute the dual of the linear program above (with ng, fixed):

min b’y
v (220)
s.t. ATy >c

Therefore, the minimax program of definition [5] can be reformulated into an equivalent convex
minimization program (now we add back +2Cp(n,,.,, )€ and the outer minimization program):

Definition 7 (Convex Minimization Program).

min b’y + 2Cp(Nmin)e
n,y

s.t. ¢— ATy <0
Ngq >0, V(s,a) (221)

E Nsa < Nmaz-

(s.a)
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