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Appendices

The appendices that follow provide the proofs of the results in the body of the paper. Throughout
the proofs in the appendix we use the following notation to denote the hitting and movement costs
of the online learner: H; := fi(x;) and M; := ¢(xy,x4—1), where x; is the point chosen by the
online algorithm at time ¢. Similarly, we denote the hitting and movement costs of the offline optimal
(adversary) as H; := fi(x}) and M; := c(x},x;_,), where z is the point chosen by the offline
optimal at time ¢.

Before moving to the proofs, we summarize a few standard definitions that are used throughout the
paper.

Definition 1. A function f : X — R is a-strongly convex with respect to a norm ||-|| if for all z,y in
the relative interior of the domain of f and X € (0, 1), we have

fOz+ (1= XNy) <Af(x) + (1 =Nf(y) - %/\(1 =) llz = yll*.

Definition 2. A function f : X — R is B-strongly smooth with respect to a norm |-|| if f is
everywhere differentiable and if for all x,y we have

B
Fy) = f@) +{Vf(z)y —a) + 5 lly - x|
Definition 3. A function f : R¢ — R is quasiconvex if its domain X and all its sublevel sets
Sa ={z e X | f(z) <o},

for a € R, is convex.

Definition 4. For a norm ||-|| in X, its dual norm (on X) ||-||, is defined to be
[yl = sup{(z,y) | [[=]| <1}
Definition 5. For a convex function f : X — R, its Fenchel Conjugate f* is defined to be

[ (y) =sup{(z,y) — f(z) |z € X}

Next, we introduce a few technical lemmas that are important throughout our analysis.

The first technical lemma is a characterization of strongly convex functions.

Lemma 1. Suppose f is a—strongly convex for some o > 0 with respect to some norm ||-|| and
both f and f* are differentiable, then the first condition implies the second condition and the third
condition:

1. Va,y, f(y) < fx) + (Vf(x),y—a)+ &z —y
2. Y.y, f(y) = f@) + (V(@),y — ) + &5 V(@) - V()
3. Va,y, |V f(z) = Vi), <8l —yll

To prove Lemma 1, we use Lemma 2, Lemma 3, and Lemma 4 below.

2 .

s

2.
©

The following lemma is Theorem 6 in [25].

Lemma 2. If f is convex and closed, the following two conditions are equivalent:
2. Va,y, f*(y) < (@) + (VI @),y — ) + 55 |2 =yl

i.e. fis B—strongly convex w.r.t some norm ||-|| if and only if f* is %-strongly smooth w.r.t the dual
norm ||-||,.

The next lemma is a special case of Lemma 17 in [34].
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Lemma 3. Let f be a closed, convex, and differentiable function. Then we have
FF(Vf@) + f(z) = (Vf(2),z).

Now we prove a technical result that describes a property of the gradient of the Fenchel Conjugate.

Lemma 4. Suppose fis a—strongly convex for some « > 0 with respect to some norm ||-|| and both
f and [* are differentiable. Then we have

=V (Vf(z)),Vz

Proof. For convenience, we define y = V f(x) and 2’ = V f*(y). It suffices to prove that 2’ = .

By Lemma 3, we obtain
[ W)+ f(z) = (y, ) = (z,9). ¢))

Again by Lemma 3, we have

fF@)+ () = @)+ £ y) = (@), 2

where we use the fact that f** = f.
Combining inequalities (1) and (2), we obtain
«@ 2
0= f(z) = f(@) = (z = 2",y) = f(2) + (&' =2, V(@) = f(@) < =5 [l = 2",
where in the last inequality we use the definition of a—strongly convex. Therefore we have proved
that x = 2. O

Using the three lemmas above, we now prove Lemma 1.

Proof of Lemma 1. By the first condition and Lemma 2, we know f* is %—strongly convex with
respect to ||-||,. Therefore we see

FrVEW) = (V@) + (VY (), V() = V() + % IVf(@) = Vi)

Using Lemma 3 and Lemma 4, we obtain

W, VIy) = fly) =2 (2, V() = f(2) + (2, VIy) = V() + % IVf(z) = VW)L

Rearranging the terms, we get

f(@) = fy) +(z -y, V() + % IVf(x) = VT,
which is the second condition.

The third condition follows from subtracting the second condition from the first condition. O

Finally, before moving the the proofs of our main results, we prove two properties of the Bregman
Divergence that play an important role in the analysis.

Lemma 5. Va, b, c € R? and potential h, we have
(Vh(b) = Vh(c),c — a) = Dn(al|b) — Dr(allc) — Dp(c|[b).

Proof. By the definition of Bregman Divergence, we obtain

Di(alb)—Di(alle) — Di(el|b)

— (h(a) - h(8) — (Vh(b),a — b)) — (h(a) — h(c) — (Vh(c),a - c))

— (h(c) = h(b) = (VA(B),c — b))
—(Vh(b),a —b) + (Vh(c),a — ¢) + (Vh(b),c — b)
—(Vh(b),a —b) + (Vh(b),c — b)) + (Vh(c),a — c)
Vh(b),c—a) + (Vh(c),a —c)
= (Vh(b) — Vh(c),c — a).

I
/\/\
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Lemma 6. Forall a,b,c € R%, we have

Di(clla) — Di(cl[b) = Dn(0l|a) — Dx(0]|b) 4 (VA(b) — Vh(a), c).

Proof. Using the definition of Bregman divergence, we obtain
Dy (clla)—Dn(c|[b)

= h(c) — h(a) — (Vh(a),c —a) - ( ) h

= (h(b) = (Vh(b).b)) — (h(a) — (Vh(a)

= Dy(0]|a) — Du(0[[b) + (VA (b ) (a>,c>

b) < (b) c—b)

A Proof of Theorem 1

We consider a sequence of hitting cost functions on the real line such that the algorithm stays at the
starting point through time steps ¢ = 1,2, --- ,n and is forced to incur a huge movement cost at time
step ¢ = n + 1, whereas the offline adversary can pay relatively little cost by dividing the long trek
between xy and v, 41 into multiple small steps through time steps ¢t = 1,2,--- ,n + 1.

Specifically, suppose the starting point of the algorithm and the offline adversary is o = z§; = 0,
and the hitting cost functions are

ﬁ(@:{’;x? te (L2 )

%(;10—1)2 t=n+1

for some large parameter m’ that we choose later.

Suppose the algorithm first moves at time step ¢o. If g < n + 1, we stop the game at time step ¢y and
compare the algorithm with an offline adversary which always stays at x = 0. The total cost of offline
adversary is 0, but the total cost of the algorithm is non-zero. So, the competitive ratio is unbounded.

Next we consider the case where tg > n + 1. This implies that 21, ...z, = 0 and x,,4; is some
non-zero point, say x. We see that the cost incurred by the online algorithm is

Tl 2

1 !
cost(ALG) > min(My4+1 + Hp41) = min (2582 + ﬁ(x - 1)2) .
Notice that the right hand side tends to % as m’ tends to infinity; specifically, we have

1 m/ 1
> 3 — 2 _ —_ 2 = .
cost(ALG) > min <2x + B (z—1) ) 2(1+ ) )

Now let us consider the offline optimal. Notice that, in the limit as m’ tends to infinity, the offline
optimal must satisfy x5 = 0 and z},, ; = 1; otherwise it would incur unbounded cost. Our lower
bound is derived by considering the case when m’ — co and so we constrain the adversary to satisfy
the above, knowing that the adversary is not optimal for finite m/, i.e., cost(ADV) > cost(OPT)
with cost(ADV) — cost(OPT) as m' — oc.

Let the sequence of points the adversary chooses as z* = (z§, 27, - , x5 ,1) € R""2. We compute
the cost incurred by the adversary as follows where, to simplify presentation, we define K(n, y) to be
the set {z € R"*? | z; < 241,20 = 0,201 = y}.

n+1
an, =2 min H + M;
z* e (n,1) ;( . )
n n+1
=2 min 24 — 2 .
L (D S h i)

In words, a, is twice the minimal offline cost subject to the constraints x5 = 0, x;, , ; = 1. We derive
the limiting behavior of the offline costs as n — oo in the following lemma.

13



521 Lemma 7. For m > 0, define
n n+1
= 2 2 .
n x* EI?CI(n 1) (; + Z )
522 Then we have lim,, . a,, =

—m+vVm2+4m
-5

523 Given the lemma, the total cost of the offline adversary will be %*. Finally, applying (3), we know
524 Vn and Vm' > 0,

1
cost(ALQ) S 20450 _ 1
cost(ADV) = & (14 L)a,

m/’

525 By taking the limit n — oo and m’ — oo and using Lemma 7, we obtain

- 2 2

-1
cost(ALG) I cost(ALG) o [mmt mZ 1 4m 14+,/1+2
————-= lim _ TV T
cost(OPT)  n,m'—co cost(ADV) —

s26  All that remains is to prove Lemma 7, which describes the cost of the offline adversary in the limit as

527 n tends to infinity.

528 Proof of Lemma 7. Using the fact that the costs are all homogeneous of degree 2, we see that for all
529y € [0, 1], we have

n n+1
. 2
m E 24 E —
w*GICl(I'rlL,y)< I $1 . )

n nl 4)
2 . 2
= min —|— .
y z* e (n,1) <zzl Z )
530 The sequence {a, },n > 0 has a recursive relationship as follows:
n+1 n+2
n =2 i - 2
ani1 =2 _min (Z 2+ Z )
n rL+1
_ ; : _ 2
o QOIgnzHgll (wer?cl(%,x) (i - o Z )
1
+gﬁ+2u—@ﬁ
jasg] &)

B . = ’ITL * * 2

S CRETIO RIS SEERY
1

+2x2+2<1‘”5>2)

n 1
=2 min (ax2 LIS —(1- x)2>

0<z<1 \ 2 2 2
_ apt+m
T ant+m41°
531 Solving the equation x = zj_;’il , we find the two fixed points of the recursive relationship a,+1 =
an+m
532 Pam—— are

—m 4+ vVm?2 +4m

Tr1 = 9
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and

—m —vm?2+4m
To = .
? 2
Notice that for 7 = 1, 2, we have
m—(m+ Dz; = —(1 —x;)z;.

Using this property, we obtain

an +m (I-z)an+m—(m+z; (1 —2z1)(an — 1)

Upy1 — X1 = ——————— —T1 = = , (6)
a, +m-+1 ap +m+1 ap+m+1

and

ot — iy — an +m T (I =z2)an +m — (m+ 1) _ (1 —x2)(ay —Iz). )
an, +m-+1 anp +m-+1 an, +m-+1

Notice that a,,+; — 2 > 0. By dividing equations (6) and (7), we obtain
n - 1- n -
<a 11 x1>_ :ﬂ1.<a ml),Vnzo.
Ap41 — T2 1— 2o a, — T2
Remember that ag = 1. Therefore we have
ap—z1\ _ (l1—m " (ag — 11 _ 1—xq ntl
an —x2 ) \1—1x9 ag—xo ) \1—19 ’
Rearranging this equation, we get
-1
( (1_m1>n+1> ( (1_$1>n+1>
a, =|1-— T — X - .
1-— ZTo 1-— ZTo

Since 0 < <1_I1) < 1, we have

171’2

. —m+vVm?2+4m
lim a, =21 = .

n—00 2

(®)

B Proof of Theorem 2

Our proof of Theorem 2 relies on a set of technical lemmas, which follow. Lemma 8 and Lemma
10 work together to establish a lower bound on the competitive ratio as m tends to zero when the
balance parameter + is set to be o(1/m) , while Lemma 11 lower bound on the competitive ratio as
m tends to zero when the balance parameter 7 is set to be (1/m).

Lemma 8. Ify = o(1/m), the competitive ratio of OBD is Q(1/(ym)) when m — 0.

Proof. Our approach is to construct a scenario where OBD is forced to move along the circumference
of a large circle, but the offline adversary moves along the circumference of a much smaller circle (see
Figure 1). The adversary is hence able to pay much smaller movements costs, forcing the competitive
ratio to be large.

We propose a series of costs which force OBD to move in a circle. The idea is to construct a cost
function so that, at the end of every round, the relative positions of the OBD algorithm, the offline
adversary, and the minimizer are fixed. Since OBD is memoryless, we can simply input this function
arbitrarily many times and the positions of OBD and the offline adversary will trace out a pair of
concentric circles (see Figure 1).

Suppose that, at the start of a round, OBD is at the point A. Let ¢ be the distance between OBD and
the adversary. Consider a right triangle ABC such that |AB| = h = ,/ym/, the offline adversary is
at some point D on the hypotenuse AC and |AD| = |BC| = ¢ (see Figure 2). Let us introduce a
coordinate system such that the origin lies at C, the z-axis contains BC' and the y-axis is parallel
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Figure 2: In the right triangle NABC, ZABC = 90°,|BC| = {,|AB| = h = \/ym{. Point D is
= (. OBD starts at point A and selects point E. The offline
adversary starts at point D and selects point F. G is the projection point of E on line segment AB.

to AB, such that the positive part of the axis lies on the same side of BC' as the segment AC'. Our
goal is to construct a cost function which forces OBD towards B. This will preserve the relative
positions of OBD and the adversary, since we assumed that they were a distance ¢ away at the start
of the round. Consider the costs g(u) = F ||u — CI?, h(u) = a - d(u, BC) where d(u, BC) is the
distance from the point w to the line passing through B and C' and o > 0 is a parameter we will pick
later. Define f;(u) = h(u) + g(u). Notice that f; is m-strongly convex because it is the sum of an
m-strongly convex function and a convex function. Intuitively, when « is large, the function f; is
infinity outside of the line BC but is equal to g(u) = Z|lu — C||* when restricted to points u on the
line. After observing the cost f;, OBD will pick some new point E.

The following lemma highlights that E can be driven arbitrarily close to B by taking «a to be
sufficiently large.

hmé . Then the point I picked by OBD

satisfies |EB| <e

We instruct the adversary to pick the point F on the line BC' (the z-axis) such that EF' = ¢ (see
Figure 2). Notice that |CF| = |BF| — |BC| < |BE|+ |EF| — |BC| = |EB| + { — { < ¢, where
we used the triangle inequality. Let z = |DC|. We see that the total cost incurred by the offline
adversary is

2
(z+€)2+E

M; + H; = LDFPE 1 TCF < L(DO|+0F)? + TioPP < <

N =

where we applied the triangle 1nequa11ty.

Notice that h = |AB| = /|AC|? — | BC|? by the Pythagorean theorem (recall that ABC is a right
triangle). Since |AC| = ¢ + z and | BC| = ¢, we see that h = v/2z¢ + z2. Hence the movement cost

incurred by the OBD is
1
M, > ~(h—¢)? = 5 (V22 + 22 — £)?.

DN | =

Hence the ratio of the costs is

My +H, M, (V2204 22 — ¢)?
Mt*""Ht*_Mt*—FH:_ %(24_5)2_’_%52 .

Since the limit of this expression as ¢ — 0 is QZ”Z , for sufficiently small ¢ this will be at least

1 22”2 > e .Sincez=+vVh2+ 2 —¢and h = 1/ m/, the ratio of costs is at least
Y4 1 VY 1+ 1 2

VBB AmFI-1 am S om’

Now, we describe the whole process. When ¢ = 1, the hitting cost function is fi(z) = F ||:1c||§
While OBD stays at = 0, the adversary moves to the point (¢,0); it incurs a one-time cost of
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Figure 3: Balance condition at time step t in Lemma 10. Starting from xy_1, OBD picks x; after
m

observing the hitting cost function fi(z) = 2 (x — t)2.

M? 4+ Hy = %62 + %62. On all subsequent steps ¢t = 2...T, we repeatedly apply the construction,
which forces OBD to move in a circle. The one-time cost incurred by the adversary to setup the game
. . . . . . . . . 1 .« .

is negligible in the limit as 7" is large, and the per-round ratio of costs is Q(%), so the competitive

ratio is also Q( —) as claimed. O

The key technical lemma used in the proof is Lemma 9, and we now provide a proof of that result.

hmf . We first show that OBD selects the point F strictly contained
by the ”2162 level set, which is the one B lies on. First observe that the point B satisfies the balance
condition: 3|AB|?> = v%|BC|?, because we constructed ABC' so that [AB| = h = ,/ym{ and
|BC| = ¢. However, the p01nt B is not necessarily a projection of A onto any level set of f;. If OBD
projected onto the level set which B lies on, it would incur less cost than if it moved to B; however
then the balance condition would be violated. To restore the balance condition, we must increase the
movement cost while decreasing the hitting cost — which means we must move to a strictly smaller
level set, say the %l%-level set, where [; < [.

Let E, denote the y-coordinate of E, using the coordinate system we define in the proof of Lemma
8. Notice that F, = @, since g(FE) was defined to be the vertical distance to the x-axis times a.

Since g(E) < fi(E), we see that E,, < ftgtE) 1 < 7”l , where we used the fact that E lies on

the 7382 level set and ¢; < /. By the balance condltlon, \AE|2 B < TRI2 = 1h2 Let G be

the point with coordinates (B, E,). Applying the Pythagorean theorem successively to the right
triangle BEG and the right triangle AE'G, we see that

|EB|* = |E, — By|* + E} < (|AE|* — (|AB| - E,)?) + E2

2 )
< (|AB]” = (|AB| — E,)>) + E < 2h- E, <hﬂ

hm@

where we used the fact that |AB| > |AE| and |AB| =
|EB| < e.

Now we move on to the next technical lemma in the proof of Theorem 2.

Lemma 10. When v = o), the competitive ratio of OBD is (/).

Proof. We consider a sequence of cost functions on the real line such that the OBD algorithm moves
far away from the starting point, incurring significant movement costs, whereas the offline adversary

could pay relatively little cost by staying at the starting point. More specifically, we consider the
m

sequence of hitting cost functions f,(z) = % (x —¢)?,t = 1,2,--- ,n. The value of n will be picked
later. We assume the starting point is at zero.

Notice that by the balance condition we always have M, = vHy, s0 ||z — 21 || = v 2|2 — t[|.
We can rearrange this expression to obtain M = ,/ym. Define

N = Tt — g1 _ VM
t— a1 1+ ym’

We obtain the recursive equation x; = x4—1 + (t — ;1)\ with initial condition xg = 0. Solving
this equation, we obtain z; = ¢ — 352 (1 — (1 — A)?h).

17



617
618

619

620
621

622

623
624

625

626

627

628
629
630
631
632

633
634

635

636
637

638

639

640

641
642

643

Suppose we picked n to be = [1]. By assumption, v = o(--); hence in the limit as m tends to zero, A
also tends to zero. Notice that z,, = n — u(1 ( - A" > 15— (1—1) > L for sufficiently
small \. Here we used the fact that (1 — \)* — e~

Suppose the next cost function is f,, 1 1(z) = m/x2. Notice that if the offline adversary simply stays
at zero throughout the game, the total cost it incurs would be

3 1
ADY) = 024224 < B0 () —o ().
y°m

In the last step, we used the fact that A tends to \/ym when v = 0( ) and m tends to zero.

If we pick m/ large enough that OBD is forced to incur movement cost at least 1 5 (5 n)2, the total cost

incurred by OBD is
1 rz,\2 1 1
> —_ —_ = —_ = _— .
cost(OBD) > 5 ( 5 ) () ()\2) ) (’Ym)

Putting these facts together, we see that the competitive ratio is at least ©(/%). O

The last technical lemma used to proof Theorem 2 is the following.
Lemma 11. When v = Q(%) the competitive ratio of OBD is () (%)

Proof. Since v = (L), we can assume there exists C > 0 such that v > C/m. We again
consider a situation such that the OBD algorithm moves far away from the starting point, incurring
significant movement cost, whereas the offline adversary could pay relatively little cost by staying at
the starting point. More specifically, suppose the starting point is zero and the first cost function is
fi1(z) = 2(1 — x)?. Suppose the adversary stays at zero. The cost incurred by the adversary will be

cost(ADV) = —

Notice that by the balance condition (M; = vyH;), the point x; picked by OBD satisfies %ﬁ =
Y2L(1 — x1)%. So the cost incurred by OBD is lower bounded by

cost(OBD) > M; = 1( Vo )2>1< ve >2

1+,ym) ~2\1+/C

Since C'is a positive constant, the competitive ratio of OBD is lower bounded by $22 =0 (1). O

Now we return to the proof of Theorem 2. This proof is a straightforward combination of the above
lemmas. When v = 0( ), by combining Lemma 8 and Lemma 10, we know the competitive

ratio is at least max (,%L, Cay/ E) for some positive constants C7, C5. Notice that function % is

monotonically decreasing in y and C5 /- is monotonically increasing in y. Solving the equation

2
= Cay/ %, we gety = (%) * 3. Therefore we see that

C vy 1L 2 _2 _2
max{ﬁ,Cgﬁlg}chscfm 5 =0(m™3).

On the other hand, when v = Q(%), by Lemma 11, we know the competitive ratio of OBD is lower
bounded by © (%)

Together, the above implies that the competitive ratio of OBD is at least @(m*%) when m — 0.
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C Proof of Theorem 3

To begin, note that it is sufficient to prove result for all positive m < 69—4. Similarly, it also suffices
to show Theorem 3 when the minimum of every hitting cost function is zero, since otherwise the
competitive ratio can only improve if this is not the case.

Our argument makes use of the following potential function: ¢(z;, z}) = 7 ||z; — 7 ||*. We define
Ap = ¢z, 2}) — d(xi—1,2f_1) and AP’ = ¢(x}, x}) — d(x4—1,x;_;). It suffices to show that
H; + My + A¢ < C(H; + M}), for some positive constant C. From this inequality, we can sum
over all timesteps ¢ to yield that the competitive ratio is upper bounded by C"

T T T
D OHo+ M <Y Ho+ M +A<CY (Hf +M;).
t=0 t=0 t=0

Throughout the proof, we fix 7 = 4 and use ||-|| to denote ¢5 norm. When we refer to generalized
mean inequality, we mean

(a+b)? < 24 4 2b*,Va,b € R.

We define H] := fy(x}) and M := c(a}, x,-1) = 3 ||} — 241 Hg, where z is the point chosen by
the first OBD phase (line 3) of Algorithm 2.

Before we move to the main casework in the proof, we begin with a technical lemma that we use to
bound the change in the potential function.

2

5

Lemma 12. Suppose the potential function ¢ : R% x R — R is defined as ¢(a,b) = n|ja — b
where 1 > 0. Then ¥ X > 0, the change in potential satisfies

8(a,0) — 6(ab) < (14 X)6(b,) + 156(a,b),

forall a,b,c € R%.

Proof. Using the triangle inequality, we obtain
lla = ¢ll* < (la—bll + 116 = ¢l)* = lla = blI* + [Ib = ¢|* + 2 [la = bl| b — €] -
Rearranging the terms, we obtain
lla = l|* = lla = blJ* < [lb = cl|* + 2la — ]| [[b - ¢]
= [lb—cll* + 2(% lla = bIA[Ib—cll)
< (L4 el + 35 la — b1,

where in the last line we use the AM-GM inequality. [

We are now ready to precede with the proof, which is divided up into two cases based on the
relationship between the hitting cost of the algorithm and that of the adversary.

Case 1: H] < Hy

Since the hitting cost function satisfies f;(x) > % ||z — vt||2, by the triangle inequality, we have

. i 2H! 2H;
%%HSM%MH@MS<thH/J>- (10

19




ese Thus the change in potential satisfies

1
A0 =l - [ Py
— (I} — 2}l — [|eer — ;1 DIz} — 27| + ||Jze—1 — 271 ]])
< (|, s =2 ) (Nl foa| 20— 7)) (la)
= (|, )2+ 2(|, xp — x4 ||) ) — )

2||$t_xt 1|| +2H33t Ty 1|| +2( th_xt 1||+|xt_xt 1“ ||33t 37:” (11b)

< AM] +4M; + 2(\/2M] + \/2M <\/2H \/2H*> (11c)

< 4M] +4AM; + \/%((\/21\4; + /2M;)? 2H] + \/2H;)?) (11d)

[1
< 4M] +4AM] + %((4M,§+4M;‘) + (4H{ + 4H;)) (11e)

<4+4\/1>M{+<4+4\/ >M*+4\/ —H]+ 44— Ht*,
m

669 where we use the triangle inequality in line (11a); the generalized mean inequality in lines (11b),
670 (11d) and (11e) and inequality (10) in line (11c).

671 Using the OBD’s balance condition M, = vH| and the assumption H, < H; based on inequality
672 (11), we have

33|
>
S
A
PN
=~
_|_
W
-
N——
2
Wm\
+
PN
=~
_l’_
o
-

1 1
)MJ+4,/H{+4,/H;
m m
* 1 *
)Mt +8y/ —H;.
m

3=

>7Ht*+ <4+4

IN
/N
N
+
N
3=

673 Notice that by the triangle inequality and the generalized mean inequality, we have that

2 2
@y = zeall” + 2 [l — 24])-

DN | =

(g = weall + e — 23])* <

DN | =

1
M; = 5 H-'L't - xt—1||2 =
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694

Remember that since y = 1, we have ||z — #}||* = m ||#, — v;||°. Using this fact, we derive the
following bound on H; + M; + A¢:

1
Hy+ My + A¢ < H] + 5 (22} =z |* + 2 o — 2}
* * (12
e — w1~ laf - ) + A0
< Hj + (2M] +m |z, — v|*)
1 2 2
+ (0 (14 ) o= atl? vl - 1) + A0 (120
<H{+ (2M] +m |z} —v|?)
1 *
# (o (1 = ) el w0 (2t =l + 21t — wl?))
+ A¢’ (12b)

<H;+ (2M]+2H;)+ (n |1+ L 2H] + nvm AH; + il + A¢
o vm m m
(12¢)

6 H;
=(B+2n+ —%)H; +2M] +4n—% +A¢

6 H;
= (3+2n+—%+27)Ht’+4n =+ Ay

6 H
§(3+2n+\/—%+2v)HZ‘+4n\/%+A¢’ (12d)

10n

Bl ) )H A,

where we use Lemma 12 in line (12a); the triangle inequality in line (12b); m-strongly convexity of
f+in line (12¢); and the assumption H{ < H; in line (12d).

= (3+29+

Combining inequalities (11) and (12), we obtain

1
Hy+ M+ A¢ < (34 20+ 2y + 4y + (18 +47))Hf +n(4 + 4,/E)M;. (13)

e
vm
Case2: H] > H}

In this case, we prove that for any z}, r;_; € R%, we have

C o .
Hy+ M+ Ag < ﬁ(Ht + M), (14)
for some positive constant C'.
In the proof, we use Dy, Do, - - - , Dy to represent the d axes in the coordinate system.

As shown in Figure 4, without loss of generality, let v; = (0,0, --- ,0),z; = (hy, ha,0,---,0) and
Dy = hy be the projection hyper plane, where hy > 0, hy > 0. And letl = ||x;—1 — z}|| > 0. Note
that our analysis still holds in one-dimension because we can restrict ourselves to the Dy axis.
Then we know z;—1 = (hy,he +1,0,---,0),2; = (h1(1 — /m), ha(1 — /m),0,--- ,0). Since
we know x} must lie below the projection hyper plane, we can let 7 = (z, ho — y, a3, a4, - ,aq),
where y > 0.

Now we show that it suffices to prove the statement when x;_; is on the line segment x;x;_i.
Suppose x;_; is not on the line segment x;z;_q. If ||ac’t"_1 - xt,lH > ||z — z—1||, by moving
x;_q to x}, A¢ increases and M;* decreases. Otherwise, we can choose a point K on line segment
xjxy_y such that | K — 2y_1|| = ||7_, — 2;_1||. By moving }_, to K, A¢ remains unchanged
and M;" decreases. Therefore if inequality (14) holds for x;_; on the segment z; z;,, then it must
also hold for any other z}_; € RY.
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696

697

698

699

700

701

702

703

704

A
(h1,h2+1,0,---,0)
Tt —
(h1,h2,0,---,0)
(z,ha —y, a3, -, aq) " (h1(1 —+/m), h2(1 — v/m),0,---,0)
A
Ut =D1

Figure 4: Starting at x;—1, G-OBD first does projection on to the H] level set (red dashed line) in
the first phase. The projection point is . Then G-OBD moves toward the minimizer to obtain point
x4 in the second phase. Let the minimizer vy be the origin. Notice that the three points x;_1,x}, vt
defines a plane S. Without loss of generality, we can let axis Dy be parallel to line x}xy_1; and let
axis D1 be parallel to the projection hyperplane.

Now we suppose x;_; is on the line segment #7x;_1, and ||z} — 27_,|| = A ||z} — 1.
Recall that we set v = 1, so M{ = vH| = Hj. It follows that
My <Pz — 2> = 2+ m(h2 +h2) <12+ 2H, = 12 4+ 2M] < 22,
and
12
Hy < Hj = M] = .
We can separate A¢ into two parts:

Ag 2 2 2 2
=2 = (ot = 2l = Nl = wall®) + (N2 = wall® = 21y = 2o |]*) -
For convenience, we define

An = (Jla =@l = llog = 2iall)
and

* 2 * 2
Apg = (||a:t —zq||” — th_l — xt_lH ) .

We further notice that from the triangle inequality,

d
Agy < (1= (1=N)?) laf — @1 ]* = M2 = N) ((x —h1)? + (y+1)° + Z%z) NN

Now we express M} and H in terms of the variables we define, which are

d
M7 = S —mal)t =5 (u — ) () + Z) , (16
and -
w s ML 2_ M 9 2 ‘ 2
H; ZEH%*WH 2<x + (h2 —y) JFZ%)’ a7
We also expand A¢;: ~
Agy = |7 — @] = ||z} — 2a

d
= (@ —hi+ hvm)® + (y —havm)* + ) af — (@ =h)* = (y +1)> = ) _ai
1=3 1=3 (18)
= ((w —hy + hl\/TTL)2 G h1)2) + ((y - hz\/%)2 - (y+ 1)2)

= 2zhiv/m — 2h3/m + h3m — 2y(hov/m + 1) — 12 + h2m.
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705 Using the condition that m < g7 < 1, we derive the following bound:
A¢y < 2zhiv/m — 203/ m 4+ h2m — 2y(hov/m + 1) — 12 + hav/m
= 2zhiv/m — 2h3/m + h3m 4 Vm(hy — y)? — Vmy?® — 2yl — 12

706 Substituting equations (16) and (17) into inequality (14), we know that it suffices to show that for
707 some constant C,

19)

2
My+Hi+nA 1 +nApy < f< (#2+(h2-) +Z 2)+ AQ(( +(y+) +Z ))
(20)
708 Subcase 2.1: A < ‘/2—%

709 We can bound equation (15) as follows:

d
Agy = A2 - N) ((w —h)?+ (y+1)*+ ZaZ?)
=3

d
< Vm(x —m)? +Vmy+1)° +vVm Y al Q1)
=3
d
= Vma? — 2y/mxhy + vVmh? + vVmy® + 2v/myl + vml* + \/TTlZCt?.
=3

710 Summing inequalities (19) and (21), we get

Adr + Ao < ma® + (=hivm + him) + V/m(hs —y)*
d
+ (2vmyl = 2yl) + (Vml® = 1?) + \/%Zaf
i=3

d
)
< vma® + 0+ vm(hy —y)? +0 — §l2+\/m2a? (22a)
i=3

d
< Vina? 4 vy~ y)? - 2P 4 Y al,
=3

711 where we use the condition that m < = in line (22a). We further obtain

—64

12 5 <
M; + Hy +1n(Ad1 + Apy) < 20 + 5t (mﬁ +vm(hy —y)? — §z2 + mzcﬁ)
=3

512 5 d
=5 +4 (x/ﬁxQ +vm(hy —y)? — §l2 + \/TTLZCL?)
=3

d
=4 <\/ﬁx2 +vm(hy —y)? + \/%Zaf> :
i=3
712 Therefore, for C' > 8, we have

c d 32 d
My+Hy+1Ad +7A6, < m(’;(x%(ha—y)%;a?) 5 (@=h*+ (y+l>2+;a?)>,

713 which establishes inequality (20).
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721
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723

724

725
726
727
728

729
730

731

732
733

734

Subcase 2.2: )\ > ‘éj

Notice that when C > 32, we have

C 16 +/m
—)\2>—)\2>— Y _A=8A>4A2-)) =nA(2-)\).
sz N = (2= N =m2-)

Substituting this inequality into equation (15), we know that for C' > 32,

d
nAgpy < \/Cﬁ/\; ((x—h1)2+(y+1)2+;a3> . (23)
We can further bound inequality (19):
Ady < 2zhiv/m — 2h3V/m + Bim + Vm(hy — y)? — Vmy? — 2yl = I?
< Vma? + vmh3 = 2h3m + h2m 4+ vm(hy —y)? — 12
< Vma® + Vm(hy —y)® =12,
where we apply the AM-GM inequality in step 2 and use the condition m < 1 in step 3.

Therefore we have
512
Hy + My +nA¢y < = +4(Vma® + Vm(hs = y)* = 1%)
< 4(vma® + Vm(hy — y)?).
Summing inequalities (24) and (23), we yield that for C' > 32,

m A2 d
Mt He+nAdi+nAds < \ﬁ< (#2+(ha-) +Z 2)+5 ((x_h1)2+(y+1)2+za$)>,
=3

which establishes inequality (20).

(24)

Combining all cases above, we conclude that G-OBD is an O(—= )-competitive algorithm.

m

D Proof of Theorem 4

To prove Theorem 4 we make use of Lemma 1 and 5.

Our approach is to make use of strong convexity and properties of Bregman Divergences to derive an
inequality in the form of H; + M; + A¢ < C(H} + M;") for some positive constant C, where A¢
is the change in potential, which we will define later. The constant C' is then an upper bound for the
competitive ratio.

To begin, recall that h is assumed to be a—strongly convex and S—strongly smooth with respect to
norm ||-]|. Thus we can give a trivial bound on Bregman Divergence namely

Ve, Y, 5 o=yl < Dalally) < 5 ||~’0 —yl*. (25)

Recall that the update rule in Algorithm 3 can be stated as:
xy = argmin fi(x) + A\ Dp(x||zi—1) + Ao Dp(z||vy).

Since the function fi(x) + A1 Dp(z||zt—1) + A2 Dy (x||v¢) is strongly convex, the minimizer z; exists
and is unique. Furthermore, it must satisfy the first-order condition

Vft(l‘t) + Al (Vh(l‘t) — Vh(.’lft_l)) + )\Q(Vh(.’llt) — Vh(’l}t)) =0.
Further, since f;(x) is m-strongly convex, we have

Jia}) 2 fiwd) + (Vo) af =) + 5 [l — ]
= ft(xt) — Al <Vh($t_1) — Vh(mt), Ty — .I‘r> (26)
— X (Vh(vr) = Vh(ae) a — ) + 5 o} — 1]
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735

736

737

738

739
740
741

742

743

744

Using Lemma 5, we obtain

(Vh(we—1) = Vh(a:),a; — ) = Do} ||vi—1) — Da(wfllae) — Dilaellae—s),
and

(Vh(ve) = V@), 3¢ — af) = Dp(x||ve) — Dp(ag]|2e) — Dalavr).

Substituting the two above identities into inequality (26), we get

fe(@e) + M Dn(@el[wi-1) + Ao D (e|lve) + (A1 + A2) D (a7 ||2e) + % oy — e

< fe(@f) + M Dn(@]|ze-1) + Ao Dp (a7 |[vr).
It follows that
futwe) + MDaallan1) + O + o) Da(afllz) + o o — ]
< fi(@f) + MDn (g |[ze—1) + A2 Dn (o).

27)

We define the potential function as ¢(x¢, x7) = (A1 + A2)Dp(xf||ze) + 5 [|of — 24 %, and let
AP = p(as, xf) — p(ar—1, 7). Applying this notation to inequality (27) and rearranging terms,
we obtain

Hy + MM+ A¢
* * * * m * 2
< (H{ + X Dp(xf[|ve)) + MDp(xf]|zi-1) — (A1 + A2) Dp (i |[2-1) — - [E ey

(28)
Using Lemma 1, we get
1 " 2 *
55 I Vh@e=1) = VA |, < Da(rillees). (29)
and
HVh(xt_l) - Vh(xffl)H* <p th_l - x;fle . (30)
Using Lemma 5 and the two above inequalities, we get

MDa(@l[21-1) = O+ Xo) Da (s llaer) = 5 [y — e
=\ (Dn(}][21-1) — Da(ai_y|lwe1)) — AaDp(ai_y|Jwe_1) — % oy — 2 a|® Gla)
= M Dp(zil|zi_1) + M(Vh(zi-1) = Vh(z{_1), 27y — 7)

— XDy llae—1) = 5 [|wiy — wooa|” (31b)
< M Dp(zfllry_q) + M1 ||Vh(xt_1) — Vh(;z:f_l)H* sz_l — :cj;||

— X Dp (i |[we-1) — % (|21 — J3t—1||2 (31)
< M Dy (fl|z}_y) + ”j% |Vh(zi—1) = Vh(z;_ )|} + Q(Ajﬁim) iy — 27|

— XDy llae—1) = 5 ||y — wooa|”
— M Da(at ||zt + wjgﬂjm) |27y — a7

A
+ (2; Hv}l(xt—l) - Vh(@—ﬁ”i - /\2Dh($I_1|xt_1)>

m m
+ (g 9 Crems) = Vi) = 2 iy =) o1
B 2
- B2 . |2
S )\1Dh($t th—l) + m | Ty — Ty
A B°

<M |14+ —————— ) Dyp(z}||x} 31
= 1( +a(>\2[3+m)) h(xtth—l)a (3le)
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where we use Lemma 5 in line (31a); Cauchy-Schwartz inequality in line (31b); the AM-GM
inequality in the line (31c); inequalities (29) and (30) in line (31d); and inequality (25) in line (31e).

Substituting inequality (31) into inequality (28), we obtain

A 2
Hy + MM+ A¢ < (Hf + XoDp(a7]|vy)) + M\ (1 + alﬁ> M.

(A2 +m)
Using inequality (25) and the fact that f; is m-strongly convex, we obtain
. B B
Yo Di(allv) < 22 fai —u)? < 22 gy

Therefore we have

H + MM+ Agp < (1+)\L5)H*+)\1 1+)\1752 M*.
B m a(X2ff+m) ¢

Since 0 < A\; < 1, we have

1 H, M, + A 2
Ht+Mt+/\A¢§ ¢+ A My + ¢§m+)\2ﬁHf+<1+ﬂ A1 ) .
1

A\ mA a MB+m)t

Theorem 4 follows from summing the above inequality over all timesteps ¢.

E R-OBD with Squared /; Norm

When h(z) = 3 ||:vH§, the Bregman Divergence Dy, (z||y) is equal to the squared ¢ norm 1 ||z — y||§

Hence, setting h(z) = ||xH§ in Algorithm 3 gives us R-OBD in the squared /5 setting. In this
section, we present a separate proof of Regularized OBD with squared /5 norm, in order to remove
the assumption that the hitting costs { f;} are differentiable.

Theorem 7. Consider hitting cost functions that are m-strongly convex with respect to {5 norm and

movement costs given by % los — 21 Hg There exists a choice A1, Ay such that the competitive ratio
of Regularized OBD matches the lower bound proved in Theorem 1, i.e. the competitive ratio is at

most% (1+1/1+%).
This result follows from the more general bound in Theorem 8 below, which describes the competitive
ratio of Algorithm 3 as a function of A1, As.

Theorem 8. Consider hitting cost functions that are m-strongly convex with respect to {9 norm and
movement costs given by % ||z, — x¢_1 Hg Regularized-OBD (Algorithm 3 with h(z) = 3 Hx||§) with
parameters 1 > A1 > 0, Ao > 0 has competitive ratio at most

m+X 1 A1
-—,1 .
maX( )\1 m’ +)\2+m)

Notice that Theorem 7 follows immediately by setting mj\”1>‘2 =7 (1 +4/1+ %) in Theorem 8.

Before proving Theorem 8, we first prove a teechnical lemma which gives a lower bound of the value
of hitting cost as a function of the distance to the minimizer.

Lemma 13. If f : X — R is a m-strongly convex function with respect to some norm ||-||, and v is
the minimizer of f (i.e. v = argmin,c y f(z)), then we have Vx € X,
@) 2 f@) + 5 e = o]
Proof. By the definition of m-strongly convex, we obtain that Vo € (0, 1),
Jlow+ (1= a)v) < af(@) + (1 - a)f(v) = Fa(l - a) |z — ol (32)
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Notice that f(v) < f(az+(1—a)v). Combining this with inequality (32), we obtain that Va € (0, 1),

f(0) < af(@) + (1 — ) f(v) — Za(l—a) o — |

2
Rearranging the terms, we observe that Vo € (0, 1),
m
fl@) 2 f) + 51 -a)llz — .

Therefore

f@) = tim (F0)+ T =a) fz—ol) = f) + 5 =l

a—0t

Now we return to the proof of Theorem 8.

Proof of Theorem 8. In the proof, we use the property of strongly convex to derive an inequality in
the form of Hy + M; + A¢ < C(H} + M), where A¢ is the change in potential and C' is an upper
bound for the competitive ratio.

Throughout the proof, we use ||-|| to denote ¢5 norm.

Notice that when h(z) = 1 |||*, the update rule in Algorithm 3 is:

) A A
x¢ = argmin fi(z) + —21 |lx — xt,1||2 + —22 ||z — th2.
xr

For convenience, we define
A A
Fy(x) = fule) + G llo =zl + 5l — vl

Since f; () is m-strongly convex,t ||z — a;_1||* is A;-strongly convex, and 2|z — v is Ag-
strongly convex, Fi(x) is (m + A; + Ag)—strongly convex. Since x; = arg min, F}(z), by Lemma
13, we obtain

Fi(e) 2 Rle) + " g g2,
which implies
Hy+ MM+ W 2 — |
< Hyt WM+ 2 o o+ AR g2 (33)
< H o+ 2 o = el + 22—l
We define the potential function as ¢(z,z}) = ZAHALEA2 ||z% — 2)|* and A¢ = P(xy, x}) —

¢(xr—1,27_1). We then can rewrite inequality (33) as

m+ A+ A 2
MNP

(34)

A2 AL
Hi+MM;+A¢ < (Ht + ?2 |z — Utz) +?1 |z — xt—IHQ_
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Additionally

)\1 * 2 m+)\1 +)\2 « 2

? th - xtle - f ||1’t71 - xt,1H
= 31 (a7 = il + llay = zeall) - % [ (35a)
= 5 ot =l o h o =i oty — el = =572 oty — e

A * * 2 )\2 . N 2 m+>\ . 9
< 31 [2F =iy ||” + m |y —@i_y ||+ 5 [

A

N % [Eos ﬂ%—l”2 (35b)

MM+ A +m) ’ P H2
2(A2 +m) =1 el

M
=X (1 M
1( +)\2+m> t

where we apply the triangle inequality in line (35a) and AM-GM in line (35b).
Combining inequalities (34) and (35), we obtain

v A2 A1 .
Hy+ MM, + A < (Ht + 2 oy — vt”z) Y (1 v m) M. (36)

And since f;(x) is m-strongly convex, we have
A2 2 _ Ao
22 g —wll® < 2287,

Substituting the above identity into inequality (36) yields

A
Hy+ MM, + Ap < 22
m

A1
Hf +X (1 M. 37
et 1( +m+)\2> t 37

Using inequality (37), we obtain

Ht+>\1Mt+A¢ < m+)\2
A - Am

1 A1
Hi+ M+ —A¢p < H} 1 M.
t+ t+)\1 ¢_ t+< +m+)\2> t

Theorem 8 follows from summing the above inequality over all timesteps ¢. O

F Proof of Theorem 5

In this proof, we construct counterexamples for two separate cases, based on whether ), is larger or
smaller than m. Recall that Ao = 0 throughout the proof.

Casel: \{ >m

In this case, we show the competitive ratio can be unbounded by proposing a series of identical
hitting cost functions on the real number line. We construct a hitting cost function f with minimizer
v so that there exists a fixed point K # v (i.e. when z;_1; = K and f; = f, the algorithm selects

x; = x¢—1). Since R-OBD is independent of timestep ¢, we can propose f; = f fort =1,2,--- T
and let zo = K. In this scenario, the total cost of R-OBD grows linearly in 7. However, by choosing
T1 = xy = --- = Tp = v, the total cost incurred by the offline adversary is a constant. Therefore the

competitive ratio of R-OBD will be unbounded.

Specifically, consider the hitting cost function

f(x):{;;;(;(erl)Q) 1<z <0

5T otherwise
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Suppose z;—1; = —1, then R-OBD will choose z; such that

A
xy = argmin f(x) + ?1(30 + 1),
Notice that \ )

A1 9 DA (rp+1) —1<2x<0

i 1) = 2 2 — —

@)+ 2 (z+1) {’gacQ +2L(z+1)?  otherwise

Since A\; > m, we see that the quantity above is > 7 for all real =, where equality only holds when
x = —1. It follows that x; = 21 = —1 # 0 = v. Thus K = —1 is a fixed point satisfying the
requirements described as above.

Case2: \{ <m

We consider a situation such that the R-OBD algorithm moves far away from the starting point,
incurring significant movement cost, whereas the offline adversary could pay relatively little cost by
staying at the starting point. More specifically, suppose the starting point 2o = 0 and the first hitting
cost function is fi(x) = Z(1 — z)?. Consider an adversary which chooses zg = z1 = -+ = zr.
The cost incurred by the adversary is

cost(ADV) = %

Using the update rule, the R-OBD algorithm chooses

m A m 1
zp = argmin — (1 — z)? + =22 = > —.
1= argmin o (1 —-2)"+ 3 mt A2
The movement cost incurred by R-OBD is at least
1 1
cost(ALG) > My = 53@% > 3

Thus the competitive ratio is at least
cost(ALG) S 1
cost(ADV) = 4m’

Theorem 5 follows from combining these two cases.

G Proof of Theorem 6

Let {zF} be the sequence of points achieving the L-constrained offline optimal . We first prove an
upper bound on the difference of hitting costs f;(z;) — f;(xL), and then use this bound to prove a

0 (G\/ TL) upper bound on the regret 37, (fi(w) — fe(af) + clay, wo1)) = S, @k, zk ).

Since the function f;(z) + A\ Dp(x||x:—1) + A2 Dp(x||ve) is strongly convex, it has a unique mini-
mizer, at which point the gradient vanishes. This is the point 2; which Algorithm 3 picks in round ¢.
We can rearrange the vanishing gradient condition to obtain

Vft(ft) = )\1 (Vh(xt,l) - Vh(xt)) + )\2 (Vh('l}t) - Vh(l't)) .

Therefore by Lemma 5, we have
(Vfi(xy), x — xf} =M (Vh(zs—1) — Vh(zy), 2 — JctL> + X2(Vh(vy) — Vh(xs), ¢ — xf)
= A1 (Da(ey[[wi—1) = Du(ayllee) = Da(a|zi-1))
+ X2 (Dn(f||ve) = Du(af |lze) — Dalwelve)) -

(38)
Recall that h is c—strongly convex and S—strongly smooth with respect to the norm |||, hence
o B
Ve, e =9l < Daally) < 5 e — ol (9)
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832 Therefore

2 D?
Duat o) = Di(atllee) = Do) < Dt o) < 5 ok = ue]* < 2
833 In light of equation (38), we obtain
L BD?
(Vfi(xe),ze — o) < At (Du(af |[ze—1) — Dp(xf||2) — Du(al|lze-1)) + 5 ‘A2 (40)
834 Let g > 0 be a parameter which we will pick later. For all ¢ > 0, it holds that
filae) = fulay)
L m L|2
< (Vft(xt),xt—xt>—§th—xt H (41a)
m 2 D
<M (Dh(l'tLHfL‘tfl — Dy (21 ||z) — Dip(a¢||zi-1)) — 5 Hﬂ?t - ﬂUtLH + L A2 (41b)

= (M +q) (Dn(zf||wi—1) — Da(ay||ze) ) A1 Dy (2e]|2—1)
— (aDn(@ lwe—1) = aDi(aflz) + 5 |z = oF|[")
BD?
2

835 where we apply strong convexity in line (41a), and equation (40) in line (41b). Using Lemma 5, we
83 obtain

aDi (e} ||re—1) = aDi(e} loe) + 5 [0 —f||

+

- Ag.

m 2
= qDp(xe||xe—1) + ¢(Vh(xs—1) — Vh(zs), 26 — mf) + — Ha?t — xtLH

> Dn(@l|ei-1) = ¢ [ VA1) = Vh(zy)|, [l — H + 5 llee =t (422)
2
> qDp(wt||we-1) — (2qm IVh(w1-1) = Vh(z,)|2 + - th || ) + % [ H (42b)
2
= qDi(xllae—r) = 5 [Vh(remr) = Vh(a:)]

2
> gDu(ere1) 2L Dy ) (42
= <q — ﬂq) Dy (zt||ze-1),

837 where we apply the Cauchy-Schwartz inequality in line (42a), the AM-GM inequality in line (42b),
s3s and Lemma 1 in line (42c¢).

839 In order to maximize the coefficient (q — %) we set ¢ = By substituting inequality (42) into

2ﬁ
840 1inequality (41), we obtain

fe(ze) = felal)
BD? (43)

< (n+ 55) (PuteHllen) - Dutetlen) = (i + 55 ) Datarlie-n) + 2=

841 Using the condition A; + J m > 1, we observe that

2

fil@) = fi(al) + Dilalaer) (A1+> (PutaFllae) = Daellen) + 5~ . @)

23 2

s42 Notice that

- d T L L
DNt =t < T(Zfo—xtLHHQ)g T<Zw>§ 2L
t=1 t=1

t=1
(45)
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where we use the generalized mean inequality in the first step and a-strong convexity of A in the

second step (cf. equation (39)). By Lemma 6, we can give the following upper bound:

T

> Du(efller) — Dulaf|lz)

~~
Il
—

[
] =

(Dn(Ollze-1) = Du(Ol|ze) + (Vh(zt) = Vh(wi-1), 21))

&~
Il
-

T-1

Dy (0llzo) = Dp(Oller) + Y (Vh(zi),of = afy) = (Vh(zo), i) + (VA(er), aF)

t=1
T
< D (Vh(an),aof — ) (46a)
t=1
T
< > [IVA(z)| ah || (46b)
t=1
T
<G Z ||:rt T
t=1
2TL
<SG\ —, (46¢)
«@
where we use the facts zp = z§ = 2%, = 0,VA(0) = 0 in line (46a), the Cauchy-Schwartz
inequality in line (46b), and inequality (45) in hne (46¢).
Therefore we obtain
cost(OBD) — cost(OPT (L))
T
= Y (ful@) + Dulillee)) = (filef) + Dulay[zf ) (472)
t=1
T
< <Z felwe) = fulzf) + Dh<xt||:ct_1)> ~L
t=1
2TL D?
< <A1+2n;)0 e 8 *32 X — L, (47b)

where we use the definition of OPT' (L) in line (47a); inequalities (44) and (46) in line (47b).

Since by assumption we have G < 0o, Ao = (T, L, D, G) < 5% -, /L for some constant K, by

inequality (47), we obtain
cost(OBD) — cost(OPT (L)) = O(GVTL),

which completes the proof.
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