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Supplementary Material

A Robust Sparse Mean Estimation

In this section, we prove correctness of Algorithm 1 establishing Theorem 1.2. For completeness,
we restate a formal version of this theorem:

Theorem A.1. Let D ~ N (u,I) be an identity covariance Gaussian distribution on R? with un-
known k-sparse mean vector i, and e, 7 > 0. Let S be an e-corrupted set of samples from D of size
N = Q(k%log(d/7)/<2). There exists an efficient algorithm that, on input S, k, €, and T, returns a
mean vector [i such that with probability at least 1 — 7 it holds ||ji — pi]|2 = O(e4/log(1/¢)).

A.1 Preliminaries

We will use the following notation and definitions.

Basic Notation For n € Z,, let [n] e {1,2,...,n}. Throughout this paper, for v =

(v1,...,v4) € R we will use ||v]2 to denote its Euclidean norm. If M e R we will use
[|M |2 to denote its spectral norm, | M||F to denote its Frobenius norm, and tr[M] to denote its
trace. We will also let < and > denote the PSD ordering on matrices. For a finite multiset .S, we
will write X €, S to denote that X is drawn from the empirical distribution defined by S. Given
finite multisets S and S’ we let A(S, S”) be the size of the symmetric difference of S and S’ divided
by the cardinality of S.

For v € R and S C [d], let vg be the vector with (vs); = v;, i € S, and (vg); = 0 otherwise.
We denote by hy(v) the thresholding operator that keeps the & entries of v with largest magnitude
(breaking ties arbitrarily) and sets the rest to 0. For M € R%*9 and U C [d], let My denote the
matrix M restricted to the U x U sub-matrix. For W C [d] x [d], then we will use My to denote
the matrix M restricted to the elements whose entries are in W.

Let 6;; denote the Kronecker delta function. We will denote erfc(z) = (2//7) [° e~ dt. The
notation 6() and ﬁ() hides logarithmic factors in the argument.

A.2 Proof of Theorem A.1

In this section, we describe and analyze our algorithm establishing Theorem A.1. We start by for-
malizing the set of deterministic conditions on the good data under which our algorithm succeeds:
Definition A.2. Fix0 < ¢,7 < 1 and k € Z. A multiset G of points in R? is (e, k, T)-good with
respect to N (u, I) if, for X €, G andY ~ N (i, I), the following conditions hold:

(i) Foralli € [d],
e/k.

(ii) Forallx € G and i € [d], we have |z; — ;| < O({/log(d|G|/T)).

(iii) For all 2k>-sparse unit vectors v € R?, we have that:

(@) [Efv- (X —p)]| < O(e),
(b) [El(v- (X - 1))?] — 1] < O(), and
(c) ForallT > 6, Pr(jv-(X —p)| > T] < 3-erfe(T/v2)+e%/ (T?In (kIn(d|G|/7))) .

E[Xi] =il < e/k, andforalli, j € |d],

E [(Xi — 1) (Xj — pj)] =045 <

(iv) For all homogeneous* degree-2 polynomials p with Var[p(Y)] = 1 and at most k? terms,
we have that:

(a) [E[p(X)] — E[p(Y)]| < O(ey/Var[p(Y)]) = O(¢), and,
(b) Forall T > 5, Pr[|p(X) — E[p(Y)]| > T] < 3exp(—T/4) + /(T In*T).

*Recall that a degree-d polynomial is called homogeneous if its non-zero terms are all of degree exactly d.
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Our first lemma says that a sufficiently large set of samples from N (u, I) is good with high proba-
bility:

Lemma A.3. A set of N = Q (k?log(d/T)/e?) samples from N (u,I) is (e, k,T)-good (with re-
spect to N (u, I)) with probability at least 1 — .

Proof. Let G be a set of N = Q (k®log(d/7)/?) i.id. samples drawn from N (u, I). We will
show that each of Conditions (i)-(iv) hold with probability at least 1 — 7/5. The lemma then follows
by a union bound.

Proof of (i): To establish (i), let 4 := Exc,c[X] and note that the random variable Nu© is
distributed as N'(N - 1, N - I). Hence, ;¢ has independent coordinates with N ~ N (N - p;, N).
By standard Gaussian tail bounds, we have that Pr [‘N(u? — )| = T\/N} < 2-exp(—T7?/2).

Setting T'/vV'N = ¢/k gives that Pr [|u{ — j1;| > £/k] < 2-exp(—Ne?/(2k?)) < 7/(10d). By a
union bound over all ¢ € [d], it follows that

Pr[3i € [d] : |uf — pil > e/k] <7/10.
This completes the proof of the first part of (i).

For the second part of (i), we will show that with probability at least 1 — 7/10 we have that for all
i, € [d], |E[(X; — i) (X — py)] — i5] < e/k. We will need the following simple technical fact:

Fact A4 (see, e.g., [LMO0]). Let Y; be iid standard univariate Gaussians and a; > 0, i € [m]. If
Z =%",a;(Y? — 1), then for any x > 0 the following hold:

Pr [Z > 2]allsV + 2l|aflz] < exp(~2) | (1)
and

Pr [Z < —2||af2vz] < exp(—z) . )

We start with the case that 7 = j. Note that the random variable N - Exc ¢ [(Xz — ui)Q] follows

a x2-distribution with N degrees of freedom, i.e., it is the sum of N independent squared standard
Gaussians. An application of Equation (1) implies that for all z > 0 we have:

Pr “N ‘Exe,c [(Xi —w)?] = N| > 2V Nz + 23:} < exp(—x).
Setting z := Ne&?/(9k?), we get that
Pr[|Exc,c [(Xi — m)?] — 1| = 2¢/(3k) + 2¢°/(9%?)] < exp (—Ne?/(9%?)) < 7/(10d%).

We now analyze the case that i # j. Let Y ~ N'(u, I). Note that for i # j, 4, j € [d], we have that

iy =g = (g0 Do) (Gp) 05

Since m;“i) + (Yj;”") and (Y’;"’“) — (Y";‘”) are independent and distributed as N/(0, 1/2), for
i # j, the random variable N - Exc, q [(X; — ps)(X; — p )] is distributed as the difference of a
sum of N independent squared zero-mean Gaussians with variance 1/2, and another such sum. This
random variable has expectation 0 and once again, by Equation (1) applied with a; = 1/2, it follows
that

Pr||N-Exc,c[(Xi — m)(X; — 1))l > 2V Nz + 2| < exp(—z) .
Setting z := Ne&?/(9k?) as above gives that
Pr(|Exe,c [(Xi — 1) (X; — p)ll > e/k] < 7/(10d%).
A union bound over all 7, j € [d] implies that
Pr(3i,j € [d] : [Exe,c [(Xi — pi) (X5 — p5)] — 0i5] = €/k] < 7/10.

This gives the second part of (i). By a union bound, Condition (i) holds with probability at least
1—17/5.
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Proof of (ii): For Y ~ A(u,I), the standard Gaussian tail bound gives Pr[|Y; — u;| > T <

2exp (—7?/2). Setting T = +/21In (10Nd/7) implies that Pr [|Y; — p;| > T] < 7/(10Nd). By
a union bound, the desired upper bound holds for all ¢ € [d] and all N samples with probability at
least 1 — 7/10.

Proof of (iii): To establish (iii), we first prove that Conditions (iii)(a)-(c) hold for any fixed unit
vector v and threshold 7" with sufficiently high probability, and then take a union bound over a net
of 2k2-sparse unit vectors and thresholds.

To avoid clutter in the notation, we will denote § def W, so that the second term in the
RHS of Condition (iii)(c) is equal to § /T2,
We start by proving the following claim:

Claim A.S. For any unit vector v in R? and threshold T > Q(1) with probability at least 1 —
exp (=0 (s ) ). we have that (@) [Exe,clo - (X = w)]| < O(), (b) [Bxe,allv- (X -
1)?) =1 < 0(e), and (¢) Prxe,cllv - (X — )| = T] < (5/2) - exte(T/V2) + 6/(2T?).

Proof. To prove (a), note that for each fixed unit vector v € R, NE Xe cv- (X —p)] is distributed
as N'(0, N). By standard Gaussian tail bounds, we have that

Pr([Exe,clv- (X — p)]| > €] < 2-exp(~Ne?/2) < exp (—Q (N§/log(1/9))) ,

where the last inequality follows from the fact that § < 2.

To prove (b), note that for each fixed unit vector v € R the random variable N - Ex ¢, [(v- (X —
1))?] follows a y2-distribution with parameter V. By Equation (1), we get

Pr[|N - Exc,al(v: (X = 1))*] = N| = 2N + 22| < exp(-a),

for 2 > 0. Applying the above inequality for z := Ne&2/9, we get

Pr[|Exc,c[(v- (X —p))?] — 1] = 2¢/3 + (2/9)e?] < exp (—Ne?/9).

To prove (c), we start by noting that, for any fixed unit vector v and Y ~ N (g, I), v - (Y — p) isa
standard univariate Gaussian, and therefore Pr[|v - (Y — u)| > T] = 2erfc(T/+/2). Let
Q(T) ¥ (5/2)erfe(T/V/2) + 6/(2T7) .

Observe that N -Prxe ¢[|v- (X —p)| > T]is a sum of N independent Bernoulli random variables
each with mean 2erfc(7/+/2). An application of the Chernoff bound and the fact that Q(T") >
(5/4) [2erfc(T/V/2)] gives that Prxe,cllv- (X — p)| > T] > Q(T) holds with probability at
most ex (—m)

p 60 )

We choose T” to satisty erfc(T”) = §2/(4T"*), which implies that 77 = ©(/In(1/5)). We break
the analysis into two cases: T < T or T > T".

If T < T, then Q(T) > Q(T") > 6/(2T"?) = Q(—2-=) and the above upper bound of

108(1/3)
_NQ(D)
60

exp ( ) on the desired probability gives (c).

If T > T', we have that erfc(T/+/2) < §2/(4T*). In this case, we require a more precise version
of the Chernoff bound, which bounds from above the probability of the event Prxc g[|v - (X —

p)| > T] > Q(T) by exp (—N - D 1,(Q(T)||2erfc(T/\/2))), where Dg,(pl|q) denotes the KL-
divergence between the Bernoulli random variables with probabilities p and q.
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Let p = 6/(2T?), ¢ = 2erfc(T/+/2), and note that ¢ < p? or p/q > ¢~ /2. We can now bound
from below the KL-divergence by §/10, as follows:
Drr(Q(T)lla) = Drr(pllg) = pIn(p/q) + (1 —p) In (1 - p)/(1 - q))

> pln(p/q) —In(1 —p) = p(In(p/q) — 1 - O(p))

> 6/(21?) - (n(1/g"%) ~1 - 0(p))

>6/(21%) - (T%/8 — O(1)) > /10,
where we used the assumption that 7" is at least a sufficiently large universal constant. Thus, we
have that Prxc g[lv- (X — p)| > T] > Q(T) with probability at most exp(—(NN§)) in this case.
This completes the proof of (c).

By a union bound, all events hold with probability at least 1 — exp (—Q (%)), completing
the proof of Claim A.5.

We now define a cover over all 2k2-sparse vectors as well as the possible values of 7', and take a
union bound over the product. To this end, let

Rdéf@(k.m)

. R
be such that by (ii) we have ||z — pf|oc < .
For each set U C [d] of coordinates of size 2k2, let Cy be an g/ R2-cover, in ¢5-norm, of the set
of unit vectors supported on U (i.e., with all non-zero coordinates in U). Such a cover exists with

2
ICu| < O (R2/€)2k . Let C be the union of Cy; over all sets U of coordinates of size 2k2. Then we
have that

forz € G.

C| < <2Z2> LO(R2/2)** <O (dR2/6)2k2 .

Let 7 := {Vie | i € Z,,0 < i < R?/c?} be a net over thresholds 7. Note that [C| - |T] <

O(dR2/5)2k2+2, By a union bound, Claim A.5 holds for all v € C and T' € T except with proba-
bility at most

O ((dk? /€) log(Nd/7))™ 2 - exp((~ N6/ log(1/5))

= exp (O(k*log (dklog(d/T)/e)) — Q (Naz/logg(k:/s log(d/7)))) < 7/10,
where we used the fact that N' = € (k*log(d/T)/e?). 1t remains to prove (iii) assuming this event
holds.
By definition, for any k2-sparse unit vector v € R, there exists a v’ € C such that [|[v' — vz < &/R?
and such that v’ — v is also kQ-sparse. Thus, for any x € G, we have
- (@ —p) =" (= @] < [V = vlliflz — pllo
< V2Kk|[v" — v||2R/V2k < /R .

Therefore, for the mean we have that [Exe,¢[v - X]| < [Exc,g[v" - X]| + & < O(e). This gives
Condition (iii)(a).
To establish Condition (iii)(b), we note that for any z € GG, we have
(v (= p)? = (" (2= p)?| SO(v-(z—p) =" (z = )| (lv- (z = @) + " (x = w)]))
< O(e/R)-O(k- R/k)
<0(e),
where the second line uses the fact that [v-(x—p)| < ||Jv|[1]|z— pt|loo < k||x—pt||oc < R. Therefore,

we have that [Exc, ¢[(v- (X — u))?] — 1| < |[Exe,cl[(v" - (X — p))?] — 1| + O(e) = O(e). This
gives Condition (iii)(b).
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We now prove Condition (iii)(c). Consider the event {z € G : |v- (v — u)] > T} for T

v/2In(1/e) + 2. First note that this event is contained in the event {x € G : |[v/ - (z — )|
T — ¢/ R}. Moreover, note that the event is empty, unless 7’ < ||v||1||z — p|/oo < R, in which case
(T —e/R)? > T? — 2¢. Therefore, by the definition of 7, there isa 7" € T with T? — 2e < T"2 <
(T — ¢/R)?. Then we have

Prxc,gllv- (X —p)| >T] <Prxe,gl|v - (X —u)| >T —¢/R)
< Prxe,cllv - (X —p)| =T
< Serfe(T')/2 + 6/(2T"?)
< Serfc (\/ﬂ) /24 6/(2(T* — 2¢))

_ (5/(2v27) / L em(—a/2d+ 3T

= (5/(2v2m)) /Too exp(—(y* — 2¢)/2)(y/V'y? — 2)dy + 6 /T*

>
2

~6/2vem) | " exp(e) exp(—y?/2)(1 + O(E)dy + 8/T?
< (5/(2v27) | T (14 0()) exp(—y?/2)dy + 5T

< Berfe(T/V2) +§/T?

where the third line follows from Claim A.5(c) applied for (v',7”). This completes the proof of
Condition (iii)(c).

Proof of (iv): At a high-level, the proof is similar to that of Condition (iii) above. We start by
proving that Conditions (iv)(a)-(b) hold for any fixed degree-2 polynomial and threshold 7" with
sufficiently high probability, and then take a union bound over a net of k2-sparse p(z) and 7.

Note that a homogeneous degree-2 polynomial can be written as p(z) = (z — u)? A(z — ), for a
symmetric matrix A, in which case we have Ey s, 1) [p(Y)] = Tr(A) and Vary ., n[p(Y)] =
IAl%

We start by establishing the following claim:

Claim A.6. Let Y ~ N (p, I). Given a homogeneous degree-2 polynomial p(z) with Var[p(Y)] =

land Twith4 <T < R O(k - \/log(Nd/T)), we have that: (a) |Exc, c[p(X)] — E[p(Y)]] <

O(¢), and (b) Prxc,c(|p(X) — E[p(Y)]| > T] < 2exp(=T/4) + €2/(2TIn*T), except with
probability at most exp(—Q(Ne?/In*(R/e)).

Proof. By diagonalizing A, we can write p(Y) = ¢+ Z?:l a;Z?, where the Z; are independent
and distributed as A(0,1) and c, a; are real coefficients with }_,a? = ||A[|% = 2. Note that
NE[p(X)] is a sum of Nd independent squared Gaussians, each of which has variance at most

| A% = 1 and the ¢3-norm of all their variances is VN ||A||[r = v/N. Equation (1) gives that
Pr[|NE[p(X)] — NE[p(Y)]| > 2v/Nz + 2z] < exp(—=z), for > 0. Taking z := Ne?, we obtain
that

Pr [[E[p(X)] — E[p(Y)]| > 2 + 2¢?] < exp(—Ne?).
This shows (a).

We proceed to prove (b). By Equation (1) applied for a single sample, we have that Pr[|p(Y) —
Ep(Y)]| > 2vz + 2z] < exp(—z) for x > 0. Taking « := T for T > 4, we have 2T < T, and
S0

Pr(|p(Y) — E[p(Y)]| = T] < exp(=T/4).
Note that NPr[|p(X) —E[p(Y)]| > T] is a sum of N independent Bernoulli random variables each
with expectation at most exp(—7/4). Let

Q(T) Y 2exp(—T/4) +€2/(2T > T) .
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Since Q(T) > 2Pr[|p(Y) — E[p(Y)]| > T}, by the multiplicative Chernoff bound we have that
Prip(X) — E[p(Y)]| > T] < Q(T), except with probability at most exp(—NQ(T)/6).

Let 7" be such that exp(—7"/6) = &2/(27"In*(T")). Note that 7" = ©O(log(1/e)).
For T < T, we have that Q(T) > ¢&2/(T"In*T"), and so exp(—NQ(T)/6) >
exp(Q(—Ne/log(1/¢)(loglog(1/¢))?)).

For T > T", note that £2 /(2T In*(T')) > exp(—1'/6). Again we need to use a more explicit version

of the Chernoff bound, which gives that Prxc ¢[|v - (X — p)| > T] > Q(T) with probability at
most exp(—NDg 1, (Q(T)|| exp(—=T/4))).

When T’ < T < R,p=¢e2/(2T'n*T), and ¢ = 2 exp(—T'/4), we obtain

Drr(Q(T)llg) > Dk r(pllg) = pln(p/q) + (1 —p) In((1 —p)/(1 — q))
> pln(p/q) —In(1 —p)
> p(In(p/q) —1—0O(p))
= (/2T In* T))(In(p/ exp(~T/4)) — 1 — O(p))
> (¢2/(2T n* T')) (In(exp(T'/6)) — 1 — O(p))
> (2/(2T > T)) - (T/7)
>e%/(141n*T) > £%/(141n* R) |

where we used the fact that Q(1) < T < R. Thus, it follows that Prxc gllv- (X — p)| > T] >
Q(T) with probability at most exp(—Q(Ne2/In? R)) in this case. In either case, by a union bound,

the claim holds except with probability exp(—Q(Ne2/In?(R/¢))). This completes the proof of (b)
and of Claim A.6. O

It remains to construct a cover of k2-sparse homogeneous degree-2 polynomials which have at most
k? terms and Var[p(Y)] = 1. Let U be the set of k* monomials z;;x;, for 1 < i, j < d. We construct
a cover Cy of polynomials with terms only in the monomials in U as follows: We take a cover of

unit vectors in R¥” to within {3-norm £/ R? and use the coordinates of each vector as the coefficients
of the corresponding monomial. Thus, we can take |Cy| = 20(**) Then we let C be the union of
Cy for all sets of k? monomials U. We therefore have that |C| < (kdz) - O(R%/)¥ < O(dR%/£)*".

Let T = {ic:i € Z,,0 < i < R%/e2}. Thus, |C| - |T| < O(dR%/¢)¥*+1. By a union bound,
Claim A.6 holds for all p € C and T" € T, except with probability at most
O(dk?log(Nd/7)/e)F 1 - exp(—Q(Ne2/In%(R /<))
= exp (O(k?log(dklog(N/7)/e)) — Q(Ne?/In*(klog(Nd/7)/<))) < 7/10,
where we used the fact that N = () (k*log(d/T)/e?). It remains to prove (iv) assuming this event
holds.

Consider any homogeneous degree-2 polynomial p(x) with at most k2 terms and Var[p(Y)] =
1. By construction of the cover, there is a polynomial p’(x) € C such that the total number of
monomials appearing in either p(x) or p’ () is at most k2, and if we write p(z) = (z—p)T A(x — )
and p/(x) = (z — p)T A'(x — p) for symmetric matrices A, A’, then ||[A — A'||r < e/R%. Let U’ be
the set of coordinates appearing in either p(z) and p’(z) and note that |U’| < 2k2. For z € G, we
have

p(z) — /()| = |(z — )" (A — A")(z — p)|
=z — i (A—A)(z—pul
<@ = o llZllA — Al
< R? ~€/R2 <e.

Therefore, we have that |E[p(X)]—E[p(Y)]| < |E[p'(X)]—E[p'(Y)]|4+2¢ < O(e), since Claim A.6
holds for p’(x). We have thus established Condition (iv)(a).
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To show Condition (iv)(b), consider the event {z € G : |p(z)| > T} for T > 5. Let T" € T be such
that T — 2e < T’ < T — e. Then, |p(z)| > T implies that |p’(x)| > T”, and therefore

Prxe,ollp(X)| = T] < Prye,allp'(X)] = T7)
< 2exp(—=T'/3) +€2/(2T" In(T")?)
< 2exp(—(T — 2¢)/3) + 2 /(2(T — 2¢) In*(T — 2¢))
< 3exp(=T/4) +&2/(TInT) ,
whe%e) the second line follows from Claim A.6(b) for (p’, T"). This completes the proof of Condition
@iv)(b).

The proof of Lemma A.3 is now complete. O

Our algorithm iteratively applies the procedure ROBUST-SPARSE-MEAN (Algorithm 1). The crux
of the proof is the following performance guarantee of ROBUST-SPARSE-MEAN:

Proposition A.7. Algorithm 1 has the following performance guarantee: On input a multiset S of
N points in R? such that A(G,S) < 2e, where G is an (e, k, 7)-good set with respect to N (1, ),
procedure ROBUST-SPARSE-MEAN returns one of the following:

1. A mean vector i such that ||fi — pl|2 = O(e+/log(1/¢)), or
2. A multiset S' C S satisfying A(G,S") < A(G,S) —¢/N.

We note that our overall algorithm terminates after at most 2.V iterations of Algorithm 1, in which
case it returns a candidate mean vector satisfying the first condition of Proposition A.7. Note that
the initial e-corrupted set S satisfies A(G,S) < 2¢. If S©) C S is the multiset returned after the
i-th iteration, then we have that 0 < A(S(i), G) <2 —i(e/N).

In the rest of this section, we prove Proposition A.7.

We start by showing the first part of Proposition A.7. Note that Algorithm 1 outputs a candidate
mean vector only if ||(X — I) || < O(elog(1/c)). We start with the following lemma:

Lemma A.8. If ||(Z — Dw)llr < O(elog(1/g)), then for any T C [d] with |T| < k, we have

a7 = prll2 < O(ey/log(1/¢)).

Proof. Fix T C [d] with |T| < k. By definition, ||(X — I)7||F is the Frobenius norm of the
corresponding sub-matrix on 7" x T'. Note that this is the /5-norm of a set of k diagonal entries and

k? — k off-diagonal entries of -1 By construction, U is the set that maximizes this norm, and
therefore

IS = Drlle < I(E = Drllr < I(E = Dyllr < O(clog(1/e)) .

Given this bound, we leverage a proof technique from [DKK™16] showing that a bound on the
spectral norm of the covariance implies a /-error bound on the mean. This implication is not
explicitly stated in [DKK ™ 16], but follows directly from the arguments in Section 5.1.2 of that work.
In particular, the analysis of the “small spectral norm” case in that section shows that || iz — pr||2 <

0 (ﬁ”(i - I)T||§/2 + E\/log(l/s)), from which the desired claim follows. This completes the
proof of Lemma A.8. ]

Given Lemma A8, the correctness of the sparse mean approximation output in Step 4 of Algorithm 1
follows from the following corollary:

Corollary A9. Let i = hi(f). If |5 — Dyllr < O(clog(1/e)), then |[fi — plls <

O(e4/log(1/¢)).

Proof. For vectors x,y, let N, denote the set of coordinates on which x is non-zero and N,
denote the set of coordinates on which x is non-zero and y is zero. Setting T' = N, and T' = Np,

in Lemma A.8, we get that ||in, — pll2 < O(ey/log(1/¢)) and [|fin,,, [|2 < O(e4/log(1/€)).
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so2 If i has k or fewer non-zero coordinates, then zi = i and || — pll2 = [[An,un,, — pll2 <
03 O(ey/log(1/e)) and we are done. Otherwise, /i has exactly k& non-zero coordinates and so |V, 5| <
604 |Np|,|. Since the nonzero coordinates of /i are the & largest magnitude coordinates of i, for any
s0s i € Ny andj € Ny, we have that [1;| < [z;|. Since [|in,, [l < O(ey/log(1/¢)), at least one
606 coordinate j € Ny, must have fi7 < O(e*log(1/e))/|Nzj,.|. Therefore, for any i € N, we have
e07 that i7 < O(e2log(1/¢))/|Nayl-

608 Thus, we have
N, iz| - O(e? log(1/e
i, 3= S 72 < utnl O8O 210010

T [Nl

1€NL|a

s09 where the second inequality used that [N, 5| < [Ngj,l.

sto Since [|fin, — pll2 < O(ey/log(1/¢c)), by the triangle inequality we have that |y, .
611 O(e4/log(1/¢)). Finally, we have that

”/1' - ﬁHg = HﬂNuﬂNg - ﬁN“ﬁNgllg + ||NNW||§ + ||IENQ

2 <

5 <O( log(1/e)) |

612 concluding the proof. O

|

613 Lemma A.8 and Corollary A.9 give the first part of Proposition A.7.

s14 We now analyze the complementary case that [|(X — I))||r = Q(elog(1/e)). In this case, we
615 apply two different filters, a linear filter (Steps 5-8), and a quadratic filter (Steps 9-11). To prove
616 the second part of Proposition A.7, we will show that at least one of these two filters: (i) removes at
617 least one point, and (ii) it removes more corrupted than uncorrupted points.

618 The analysis in the case of the linear filter follows by a reduction to the linear filter in [DKK*16]
619 for the non-sparse setting (see Proposition 5.5 in Section 5.1 of that work). More specifically, the
620 linear filter in SteBs 5-8 is essentially identical to the linear filter of [DKK™16] restricted to the

621 2k? x 2k? matrix Xr,. We note that Definition A.2 implies that every restriction to 2k? coordinates
622 satisfies the properties of the good set in the sense of [DKK™ 16] (Definition 5.2(i)-(ii) of that work).
623 This implies that the analysis of the linear filter from [DKK™ 16] holds in our case, establishing the
624 desired properties. Since the linear filter removes more corrupted points than uncorrupted points, it
625 will remove at most a 2¢ fraction of the points over all the iterations.

626 If the condition of the linear filter does not apply, i.e., if [|(X — I)p/|la < O(elog(1/e)), the

627 aforementioned analysis in [DKK*16] implies ||z — por|l2 < O(ey/log(1/€)). In this case, we
628 show that the second filter behaves appropriately.

629 Let p(x) be the polynomial considered in the quadratic filter. We start with the following technical
630 lemma analyzing the expectation and variance of p(z) under various distributions:

631 Lemma A.10. The following hold true:

632 (i) ForY ~ N (i, I), we have that E[p(Y')] = 0 and Var[p(Y)] = 1.

633 (i) For X €, S, we have that E[p(X)] = ||(£ — D)l

634 (iii) For Z ~ N(u,I), we have that |E[p(Z)]| < O(e*log(1/¢)) and Var[p(Z)] = 1 +
635 O(?log(1/¢)).

_ _(-Dn e (g — T _
636 Proof. Let A = TEST and p(z) := (x — )" Ay (x — ) — Tr[A)]. We have

E[(Y = )" Aoy (Y = )] = T A E[(Y = ) (Y — )7 = Te[Aw)1] = Te[Aw)] -
637 Therefore, E[p(Y')] = Tr[A()] — Tr[A,] = 0. Similarly,

E[(X — )" A (X — )] = BIT[Aw) (X — ) (X — )] = Te[A@ E[(X — i)(X - B)7]] = TH{Aq) ],
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638 and so

E[p(X)] = Tr[Aw) (2 = D)] = Te[Ae) Al (E = Dw)llr = [[Avllp|(E = Danllr = 1(E = D llr -
639 We have thus shown (ii) and the first part of (i).
640 We now proceed to show the first part of (iii). Note that

E((Z - i)(Z - )] = E[(Z - u)(Z — p)") + E[(i - 0)(Z — )] + B(Z — ) (i — )"
=I+(@E—wE-—m'+o.
641 Thus, we can write
Elp(2)] = Tr[Aw)(BI(Z - i)(Z — )] - D] = (i — )" A (i — 1) ,
642 and so
B2 < i — w31 Aw)ll2 < i — w3 < O(log(1/¢)) -

643 This proves all the statements about expectations.

644 We now analyze the variance of p(x) for Y and Z. Since Ay is symmetric, we can write Ay =

45 OTAO for an orthogonal matrix O and a diagonal matrix A. Note that Y’ = O(Y — 1) is distributed
es6  as N(0,]). Under these substitutions, p(Y') = . A;;Y/?, and so

Var|p ZM Var[Y7?] = [[A|% = [|[ A% = 2.

s47  Similarly, if we take 2’ = OT (Z—[1), then Z' ~ N'(OT (fi—p), I). We have E[Z!] = (O™ (fi—p));
e4s and, letting Z"" = Z' — E[Z’], we get that

E(Z?] = E[(Z] + E[Z]))’] = B[Z]"] + 2E[Z]]E[Z]] + E[Z]]" = 1+ 0 + E[Z]]*
649 Next we can write
E(Z!*] = E[(Z! + E[Z]))Y] = E[Z/"] + 0 + 6E[Z/*|E[Z])* + E[Z]]* = 2 + 6E[Z]]* + E[Z]]*
es0 Thus, Var[Z ] =2+6E[Z]*+ E[Z]]* — (1+ E[Zf]Q)2 = 1+ 4E[Z]]?. We therefore have
Var[p ZA2 Var[Z/?] = ZAQ (1+4E[Z ZM +4AZ (0T (i — )i

IIAHF+(M u)TOAQOT(u p) =1+ (- )" Al (i — p)
<1+ |fwr = porlls - A% 13 < 1+ O(e?log(1/e)) - 1
651 This completes the proof of Lemma A.10. O

652 Suppose that we find a threshold 7" > 0 such that Step 10 of the algorithm holds, i.e., the quadratic
653 filter applies. Then we can show that Step 11 removes more bad points than good points. This
654 follows from standard arguments, by combining Definition A.2(iv)(b) with our upper bound for
655 Bz nun[p(Z)] from Lemma A.10. Let S = G U E'\ L. By Definition A.2(iv)(b), for the

es6  good set G, we have that for X €, G, Pr [|p(X) — Ezun(.n[p(2)]| > T] < 3exp(—T/4) +

657 €2/(TIn>T). Lemma A.10(iii) implies that [E[p(Z)]| < O(£?log(1/¢)). Therefore, we obtain the
658 following corollary:

659 Corollary A.11. We have that:
660 (i) |Exc,cp(X)]] < O(¢) and,
s (i) ForT > 6, Pryce,cllp(X)] = T] < (3+ 0(2)) exp(~T/4) + (14 0(e)) (2/(T 1 T)).

es2 Condition (ii) implies that the fraction of points in G that violate the quadratic filter condition is less
663 than 1/2 the fraction of points in S that violate the same condition. Therefore, the quadratic filter
664 removes more bad points than good points.

665 It remains to show that if Algorithm 1 does not terminate in Step 4 and the linear filter does not
666  apply, then the quadratic filter necessarily applies. To establish this, we need a couple more technical
e67 lemmas. We first show that the expectation of p(x) over the set of good samples that are removed is
668 small:
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eeo  Lemma A.12. We have that |L| - |Exc, r[p(X)]| < |S]- O(clog(1/e)).

670 Proof. Since L C G and |G| = O(|S]), for T' > 6 we have
L] - Prxe,c[Ip(X)| = T] < |G| - Prxe,clp(X)] = T) < O (|8|(exp(~T/4) + /(T T)))
671 where we used Corollary A.11. Thus, we obtain that

ILI - [Exe,r[p(X)]] < L] - Exe,[p(X)]]

= [ 10 Prxeslp(0] > Tiar
0

31In(1/e) 00
g/ |L|dT+/ O(|S|(exp(=T/4) + €2 /(T In* T)))dT
0 31n(1/e)

< O(ISlelog(1/e)) + O(ISe) + O(|S|e?/ loglog(1/e))
= O(|S[elog(1/e))

672 where we used the fact that |[L| = O(e|S|) and that the derivative of 1/Inz is 1/2In® 2. This
673 completes the proof of Lemma A.12. [

674 By a similar argument, we can show that if the quadratic filter does not apply, then the remaining
675 points in E contribute a small amount to the expectation of p(x).

676 Lemma A.13. Suppose that for all T > 6, we have Prxc s[|p(X)| > T] < 9exp(—T/4) +
677 3¢2/(TIn>T). Then, we have that |E| - |Exe, g[p(X)]] < O(|S|elog(1/¢)).

678 By combining the above, we obtain the following corollary, completing the analysis of our algo-
679 rithm:

es0 Corollary A.14. If we reach Step 10 of Algorithm 1, then there exists a T > 6 such that
81 Pryc, s[|p(X)| > T] > 9exp(—T/4) + 3¢%/(T InT).

682 Proof. Suppose for a contradiction that no such 7" exists. Using Corollary A.11, Lemmas A.12
683 and A.13, we obtain that

1S 1€ = Dol = 151 - Bxe,sp(X)] = G| Bxe,a[p(X)] + |E| - Exe, slp(X)] - | Ll - Bxe, 2 [p(X)]
— 0(|S|elog(1/2)) -

684 This is a contradiction, as if this was the case, Algorithm 1 would have retuned in Step 4. O

ess B Robust Sparse PCA

686 In this section, we prove correctness of Algorithm 2 establishing Theorem 1.3, which we restate for
687 completeness:

683 Theorem B.1. Let D ~ N(0,1 + pvv™) be a centered Gaussian distribution on RY with spiked
e89  covariance ¥ = I + pvv® for an unknown k-sparse unit vector v, and 0 < p < O(1) a real number
690 For some € > 0, let S be an s-corrupted set of samples from D of size N = Q(k*log*(d/e)/e?).
691 There exists an algorithm that, on input S, k, and ¢, runs in polynomial time and returns w € R

e92  such that with probability at least 2/3 we have that |l ww” — voT ||p = O (EIL[EI/E))

693 We will require some additional notation. For any M € R4, define vec(M) € R% 10 be a
s04 canonical flattening of this vector, y(z) € RY 10 be vec(zx™ — I).

695 As is standard with such robust statistics arguments, we will need to assume that the uncorrupted
696 set of good samples G has some desired properties. In particular, we will make use of the following
697 notion of a good set:

e98 Definition B.2. Define a set G C R™ to be (g, k)-good for N (0,1 + pvvT) and p > 0 if the
e99 following hold for every Q C [d] x [d]
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700 1. For some sufficiently large constant C' and for every i € [d] and v € G, |x;| <
701 C+/log(d|G)).

702 2. ||(Bglza™] -1 - pva)QHF <e

703 3. Forallw € RkZ,

VarG(FY(I)Q : ’LU) = (1 + E)VarN(O,I+pva)(7(z)Q : w)

704 4. For C a sufficiently large constant, and for all w € R¥ satisfying ||wll2 = 1, and all
705 T > log(1/e)
€
Pr x)g - w — pvecg(vo’) - w| > CT] < ——5—

706 We note that given a sufficiently large set of independent samples from X that the above conditions
707 hold with high probability.

708 Lemma B.3. If G is a set of N = Ck*log®(d/e)/e* samples drawn from N'(0, I + pvvT), for C a
700 sufficiently large constant. Then G is (g, k)-good with probability at least 2/3.

710 Proof. Condition 1 follows from standard gaussian concentration bounds. To see that Condition 2
711 holds, we prove entrywise closeness of the matrices involved. We will use the following standard
712 concentration inequality

713 Lemma B.4. Any degree d polynomial f(A1,...,A,) of independent centered Gaussian random
714 variables A1, . .., A, satisfies
1/d

Pr(|f(4) - E[f(A)]| > 7) < e (mwirean)

715 where R is some universal constant.

716 Entries of 2T — (I + pvvT) are degree 2 polynomials of Gaussians, and thus so is their mean over
717 G. Hence, Lemma B.4 implies that for any (7, ) € [d] x [d] that

Pr (|Eg[ziz;] — (0;; + pviv;)| > e/k) < exp (—(NeQ/Rk:2)1/2> .
718 Taking a union bound over i, j shows that with high probability Eg[zz7]
719 of that of pvv” + I, and this immediately implies Condition 2.

has each entry within ¢/k

720  Condition 3 holds via a similar argument. Observe that it is sufficient to consider the case ||w||s = 1
721 and sample enough points to satisfy

13
|Ec[(ziz; — dij — pvivi)(@pzr — 01 — porvr)] — Enr(o,14-poor) [(TiT5 — i j — pvivi)(zpz — 01 — purvr)]| < w2

722 Then the spectral norm of the covariance matrix of (z) for any () x @ submatrix will also be
723 bounded by e. Note that this is just the probability that a degree-4 polynomial in Gaussian inputs
724  deviates too much from its mean, and thus by Lemma B.4 the probability that the above fails to hold
725  for any (4, j, k, 1) is at most

exp (—(Nez/Rk4)1/4> .

726 Taking a union bound over (¢, j, k, [) yields our result.

727 Finally, for Condition 4, we note that (perhaps changing the constant C'), it suffices to prove it for all
728 (d:) possible Qs and for all w in a cover of the unit ball of R** (which will have size 2°(**) and for
720 T powers of 2 less than or equal to k log(dN) (since by Condition 1 |vecq (zzT)| = O(klog(dN))
730 forall € G). Once we have fixed Q,w and T\, () - w — pvecg(vv™) - w is a mean 0, variance
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739
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743

744

745
746
747
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749

751

752

753

754

755

756

O(1), degree-2 polynomial so by Lemma B.4, the probability that it is more than CT is at most
e~2T . Then the probability that at least e N/(T? log?(T')) of our z’s have this property is at most

( N
eN/(T?10g*(T))

o2t (e)/(T7 108 (T))
)espt-2remy o) < (e

< exp(—Q(TeN/(T?log(T))))
< exp(—Q(eN/T log*(T)))
< exp(—Q(k*log(d/e))).

Taking a union bound over @), w, T completes the proof.

We think in fact that we should be able to produce a good set with substantially fewer samples.

Conjecture 1. There exists an N = k?polylog(d/c)/e? so that if G is a set of N samples drawn
from N'(0, I + pvol), then G is (e, k)-good with probability at least 1 — 1/d.

We can now proceed with the proof of our main Theorem. In particular, our algorithm will follow
quickly from the existence of the following subroutine:

Proposition B.5. Let G be an (g, k)-good set for N'(0,%) with X = I + pvvT with v a unit
length, k-sparse vector and 0 < p < 1. There exists an algorithm (Algorithm 2) that given a
matrix & and a set S with | — ||p < 0 and A(S,G) < €|G| returns either a matrix X' with
| = 2||p = O(Ved + elog(1/e)) or a subset T C S with A(T,G) < A(S,G).

Our main theorem follows from iteratively applying the Proposition. The error stabilizes at 6 with
§ = O(Ved + elog(1/¢)), which implies that § = O(clog(1/¢)). We begin by analyzing what
happens when our algorithm returns a matrix. We first note that if we pass the filter, then fig will be
approximately correct.

Lemma B.6. With the notation as in Algorithm 2, we have that ||jig — vecg(X —I)|l2 = O(VeA+
Ved + elog(1/e)).

Proof. Let ||fiqg — vecg(X — I)|2 = a.
Let S = (G\L) U E. We wish to show that

Z(mxT —-Y)g

zeS

= O(Veb +elog(1/¢))|G.

2

We note that the left hand side above is at most

Z(mxT —-Y)g Z(mxT - X))o

zeG el

+
2

+ Z(J:xT - Y)g

z€E

2 2

Since G is a good set, by Condition 2, we have that the first term is O(e|G|). The second term is at
2
most the supremum over unit vectors w € R* of

Z(w “yg(z) — pw - vecg (vo™))

€L

This is at most

/000 [{z € L:|(w-vo(x) — pw - vecq(vvT)| > t}] dt.

When U = L, this is at most

C'log(1/¢e) 0o
/0 1G] + / £/((t/C)? log?(t/C))[Gldt = O(e log(1/2)|G),

C'log(1/e)
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where the bound on the second term above is by Condition 4.

We can bound the final term by Cauchy-Schwartz as

1/2
(elan'’? (Z(w (w2 — E)Q)2> :

z€E

To bound this we note that

Y (w- (22" = %)q)* < |S|(Vars(w - 1q()) +a®).
resS

Now we know that
Varg(w - yq(x)) = Vary (o, pour 1) (w - 1(2)) + O(e) = Var . 5, (w - 1q(x)) + O(e +9).
Thus,

S (w- (2a” — £)g)? ~ Va5 (w - 7o) = Oe +8)|G.
zeG

However, since v* is a maximum eigenvalue, we also have that
Varg(w - yq(x)) — Var . 5 (w-1(x)) < A+ a’.

Combining with the above, we have that

S (- (22" — D)g)? — Vary 5w+ 10(@)) < 3 ((w- (xa” - £)q)? - Var, 5 (w- 10()))
rel xzEL

+|G|O(e + 3 + A+ a?).

However, we can bound

S ((w- (22" ~ £)g)? — Var, 5 (w- 10(2)))
reL

O(1) +/ H{z € L: |(w-vg(x) — pw - vecg(vv”)| > t}| 2tdt.
0
As before, this is at most

C'log(1/¢e) o

/ 2te|G|dt —I—/ 5/((t/C)2 logz(t/C))|G\2tdt =0(e 1og2(1/5)|G\).
0 C'log(1/e)

Thus, the final term in our sum is at most

(€|G|)1/2O(5 log2(1/6)|G| + (a2 +e+0+ )\)|G|)1/2

Therefore, we have that

a = O(ay/e + Vel + Ved + elog(1/e)),

from which we conclude our result.

Given this, we would like to show that > is close to X. In particular, we have:

Lemma B.7. Suppose that A = B¢, s[zx? — I] and Q the set of its k? largest entries. If ||(A —
povT)g|lF = 1 then for w a normalized, principle eigenvector of Ag we have that pw is within
O(n + elog(1/¢)) of either pv or —pu.

Before we begin with the proof, we make an important observation:
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Lemma B.8. In the notation above, for any set of entries R defining a k? x k? submatrix, (A+1)p >
((pvvT +I) — O(elog(1/€))I) g, as self-adjoint operators.

Proof. Note that A + I = E,¢ s[zz’] > (1 — €)E,e, ¢\ 1 [zz”]. By Property 2 of what it means

to be a good set, E,¢, g[rzT] = pvvT + I + O(g). Thus, it suffices to show that for any unit vector
u with support of size at most k2 that |L|/|G|E,¢, [(z - u)?] = O(elog(1/¢)). This follows easily
from Property 4. O

We are now ready to prove Lemma B.7.

Proof. Let R be the support of vv”. Note that A has larger total L? mass on @ than it does on R.
Therefore,

[Arollr < [[Ag\rllr < (A= pro)gllr =n.

Let B = (pvv?) Rr\@- We note that with respect to Frobenius norm:

Ag = Agnr +0m) = (pvv7)gnr + O(n) = (prv” — B) + O(n).

We also note that this is Agnr + O(n) = Ar + O(7n). Combining this with the above lemma, we
have that

(povvl — B+1)+0(n) > (pvv? +1)— O(clog(1/e))1.

Rearranging, we find that B < O(n + elog(1/¢))I. But we note that the sign of the i, j entry of
B is the same as the sign of v;v; or 0. This means that B is similar to a matrix with non-negative
entries, and thus by The Perron—Frobenius Theorem, the largest eigenvalue of B is positive, and
hence || B|l2 = O(n + elog(1/¢)). Therefore, we have that

14q — pov™ll2 < [|Aq — (pov” = B)|l2 + || Bll2 = O(n + e log(1/¢)).

Note that unless € and 7 are sufficiently small, there is nothing to prove. Otherwise, we have that
v-Agu > p—O(n+elog(l/e)), so w will be an eigenvector with some eigenvalue A > p/2. Since
|Ag — pvvT|la < p/2, this means that w must have a non-trivial component in the v-direction.
Assume that w is proportional to v + u with w orthogonal to v. Then we have that

AMv+u) = w = Agw = Ag(v +u) = pv+ O(n + elog(1/e)).

Taking the perpendicular to v component above, we have that ||u||2 = O(n + €log(1/¢)), and this
completes our proof. O

Finally, note that

loo” —ww” |7 = oo’ |7 + lww” |7 = 2tr(vo" ww”)
=2-2w-w)?<2-2v-w| = |vEtw|3

= lew=pullz g ((HEbg(l/E))Q)

p? P

Thus, plugging in 7 = O(VeX + Ved + elog(1/¢)) above, we find that |Jvv” — ww”|p =
O(\/Equlog(l/e)).
P
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We have left to analyze what happens when our algorithm returns a set S’. It is easy to see by
Conditions 2 and 3 that only 1/3 of the elements of G have (y(z)g — pvecg(vvl)) - v* > 3.

Therefore, we have that /i is within 3 of pv* - (vecg(vv?')). From this and Condition 4 it is easy to
see that if C' is sufficiently large (even compared to the C' in Condition 4), that less than half of the
elements of S with |vec(zzT) - v*| > CT + 3 will be in G, and thus A(S’, G) < A(S, G).

All that remains is to show that such a threshold 7" exists. To do this consider
Varg(v* - vecg(zz”)) — Vary g s (v* - vecg(zz™)).
This is O(4) + A. On the other hand
Varg(v* - vecg(zz?)) = Eg[(v* - vecg(zazT — pvvT))?] — Eg[v* - vecg(za — pvoT))?
= Eg[(v* - vecg(zzT — pvvT))?] + O(eX + &6 + 2 log?(1/¢))
by Lemma B.6. Thus,
Es[(v* - vecg(zz” — pov™))?] > Vary g =) (v* - vecg(za™)) + A /2.
Now by Conditions 2 and 3 we have that
Z((v* -vecg(zxl — povT))? — Var (o, (v" -vecg(zzT))) = O(|Gle).
zeG
By arguments from the proof of Lemma B.6, we also have that
Z((v* -vecg (zz — pvvT))? — Varo,x)(v* -vecg(zzT))) = O(|Gle log?(1/¢)).
zel

Thus, we must have

Z(v* vecg(zxt — povT))? > |G|\
rel

However, this is at most
O(|E+/ ’{xGE:|v*«vecQ(xxT)ﬂ>CT+3}’tdt>.
0

If there is no such threshold, this is at most

log(1/¢) oo
O <E| +/0 |E\tdt+/1 g/ (t? logQ(t))tdt> = O(elog*(1/¢)|G]),

og(1/e)

which is a contradiction. This completes our proof.
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