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Abstract

We introduce a temperature into the exponential function and replace the softmax
output layer of neural nets by a high temperature generalization. Similarly, the
logarithm in the log loss we use for training is replaced by a low temperature
logarithm. By tuning the two temperatures we create loss functions that are
non-convex already in the single layer case. When replacing the last layer of
the neural nets by our two temperature generalization of logistic regression, the
training becomes more robust to noise. We visualize the effect of tuning the two
temperatures in a simple setting and show the efficacy of our method on large
data sets. Our methodology is based on Bregman divergences and is superior to a
related two-temperature method using the Tsallis divergence.

1 Introduction

The logistic loss, also known as the softmax loss, has been the standard choice in training deep
neural networks for classification. The loss involves the application of the softmax function on the
activations of the last layer to form the class probabilities followed by the relative entropy (aka the
Kullback Leibler divergence) between the true labels and the predicted probabilities. The logistic loss
is known to be a convex function of the activations (and consequently, the weights) of the last layer.

Although desirable from an optimization standpoint, convex losses have been shown to be prone
to outliers [13]] as the loss of each individual example unboundedly increases as a function of the
activations. These outliers may correspond to extreme examples that lead to large gradients, or
mislabeled training examples that are located far away from the classification boundary. Requiring a
convex loss function at the output layer thus seems somewhat arbitrary, in particular since convexity
in the last layer’s activations does not guarantee convexity with respect to the parameters of the
network outside the last layer. Another issue arises due to the exponentially decaying tail of the
softmax function that assigns probabilities to the classes. In the presence of mislabeled training
examples near the classification boundary, the short tail of the softmax probabilities enforces the
classifier to closely follow the noisy training examples. In contrast, heavy-tailed alternatives for the
softmax probabilities have been shown to significantly improve the robustness of the loss to these
examples [[7].

The logistic loss is essentially the logarithm of the predicted class probabilities, which are computed
as the normalized exponentials of the inputs. In this paper, we tackle both shortcomings of the logistic
loss, pertaining to its convexity as well as its tail-lightness, by replacing the logarithm and exponential
functions with corresponding “tempered” versions. We define the function log, : R, — R with
temperature parameter ¢t > 0 as in [14]:

1
log,(x) = 1—_t(xl-’— D). (1)
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Figure 1: Tempered logarithm, exponential, and logistic loss: (a) log, function, (b) exp, function,

bi-tempered logistic loss when (c) t, = 1.2 fixed and #; < 1, and (d) #; = 0.8 fixed and £, > 1.

The log, function is monotonically increasing and concave. The standard (natural) logarithm is
recovered at the limit # — 1. Unlike the standard log, the log, function is bounded from below

by —1/(1 —¢) for 0 < r < 1. This property will be used to define bounded loss functions that are
significantly more robust to outliers. Similarly, our heavy-tailed alternative for the softmax function
is based on the tempered exponential function. The function exp, : R — R, with temperature r € R
is defined as the inverseﬂ of log,, that is,

exp,(x) = [1+ (1 —1)x]/D (2)

where [ - ], = max{ -, 0}. The standard exp function is again recovered at the limit # — 1. Compared
to the exp function, a heavier tail (for negative values of x) is achieved for ¢ > 1. We use this property
to define heavy-tailed analogues of softmax probabilities at the output layer.

The vanilla logistic loss can be viewed as a logarithmic (relative entropy) divergence that operates on

a “matching” exponential (softmax) probability assignment [9,[10]. Its convexity then stems from
classical convex duality, using the fact that the probability assignment function is the gradient of the
dual function to the entropy on the simplex. When the log, and exp,, are substituted instead, this
duality still holds whenever | = f,, albeit with a different Bregman divergence, and the induced loss
remains convexﬂ However, for #; < t,, the loss becomes non-convex in the output activations. In
particular, 0 < #; < 1 leads to a bounded loss, while 7, > 1 provides tail-heaviness. Figure[I]illustrates
the tempered log, and exp, functions as well as examples of our proposed loss function for a 2-class
problem expressed as a function of the activation of the first class. The true label is assumed to be
class one.

Tempered generalizations of the logistic regression have been introduced before [6, 7,120, 2]]. The
most recent two-temperature method [2]] is based on the Tsallis divergence and contains all the
previous methods as special cases. However, the Tsallis based divergences do not result in proper
loss functions. In contrast, we show that the Bregman based construction introduced in this paper is
indeed proper, which is a requirement for many real life applications.

1.1 Our replacement of the softmax output layer in neural nets

Consider an arbitrary classification model with multiclass softmax output. We are given training
examples of the form (x,y), where x is a fixed dimensional input vector and the target y is a probability
vector over k classes. In practice, the targets are often one-hot encoded binary vectors in k dimensions.
Each input x is fed to the model, resulting in a vector z of inputs to the output softmax. The softmax
layer has typically one trainable weight vector w; per class i and

o exp(ai)
Zj]'(:l exp(&,])

We first replace the softmax function by a generalized heavy-tailed version, that uses the exp,,
function with t, > 1:

k
= exp (&i —log Z exp(&j)), for linear activation a; = w; - g for class i.
=1

k
yi = exp,, (&,- - )\,2(&)), where A\, (@) € R iss.t. Z}expt2 (&j - )\[2(&)) =1.

J=1

"When 0 < 1 < 1, the domain of exp, needs to be restricted to —1/(1 — f) < x for the inverse property to hold.
’In a restricted domain when #; = 1, < 1, as discussed later.
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Figure 2: Logistic vs. robust bi-tempered logistic loss: (a) noise-free labels, (b) small-margin label
noise, (c) large-margin label noise, and (d) random label noise. The temperature values (¢, ;) for the
tempered loss are shown above each figure.

This requires computing the normalization value A, (a) (for each example) via a binary search or an
iterative procedure like the one given in Appendix[A] The relative entropy between the true label y
and prediction y is replaced by the tempered version with temperature 0 < ¢ < 1,

k k
R . D if y one-hot R D
> (illog, yi—log, 3 - 7 67" =37™) =T ~log, Se - - (1 -5 “) :

i=1 i=1

where ¢ = argmax; y; is the index of the one-hot class. We motivate this loss in later sections. When
t; = t, = 1, then it reduces to the vanilla logistic loss for the softmax. On the other hand, when
0 < #; < 1, then the loss is bounded, while 7, > 1 gives the loss function a heavier tail.

1.2 Anillustration

We provide some intuition on why both boundedness of the loss as well as tail-heaviness of the
softmax are crucial for robustness. For this, we train a small two layer feed-forward neural net on
a synthetic binary classification problem in two dimensions. The net has 10 and 5 units in the first
and second layer, respectively. Figure[2[a) shows the results of the logistic and our bi-tempered
logistic loss on the noise-free dataset. The network converges to a desirable classification boundary
(the white stripe in the figure) using both loss functions. In Figure 2(b), we illustrate the effect of
adding small-margin label noise to the training examples on the two losses. The logistic loss clearly
follows the noisy examples by stretching the classification boundary. On the other hand, using only
the tail-heavy softmax function (t, = 4 while #; = 1, i.e. KL divergence as the loss) can handle
the noisy examples by assigning smoother probability distributions. Next, we show the effect of
large-margin noisy examples in Figure[2)c). The convexity of the logistic loss causes the network to
be highly affected by the noisy examples that are located far away from the boundary. In contrast,
only the boundedness of the loss (#; = 0.2 while #, = 1, meaning that the outputs are vanilla softmax
probabilities) reduces the effect of the outliers by allocating at most a finite amount of loss to each
example. Finally, we show the effect of random label noise that includes both small-margin and
large-margin noisy examples in Figure[2(d). Clearly, the logistic loss fails to handle the noise, while
our bi-tempered logistic loss successfully recovers the appropriate boundary. Note that to handle the
random noise, we exploit both boundedness of the loss (1; = 0.2 < 1) as well as the tail-heaviness of
the probability assignments (1, =4 > 1).

The theoretical background as well as our treatment of the softmax layer of the neural networks are
developed in later sections. In particular, we show that special discrete choices of the temperatures
result in a large variety of divergences commonly used in machine learning. However, as we show in
our experiments, tuning the two temperatures as continuous parameters is crucial.
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1.3 Summary of the experiments

We perform experiments by adding synthetic label noise to MNIST and CIFAR-100 datasets and
compare the results of our robust bi-tempered loss to the vanilla logistic loss. Our bi-tempered loss is
significantly more robust to label noise; it provides 90.33% and 62.55% accuracy on MNIST and
CIFAR-100, respectively, when trained with 40% label noise (compared to 15.86% and 53.17%,
respectively, obtained using logistic loss). The bi-tempered loss also yields improvement over
the state-of-the-art results on the Imagenet-2012 dataset using both the Resnet18 and Resnet50
architectures (see Table [2).

2 Preliminaries

2.1 Convex Duality and Bregman Divergences on the Simplex

We start by briefly reviewing some basic background in convex analysis. For a continuously-
differentiable strictly convex function F : D — R, with convex domain D, the Bregman divergence
between y,y € D induced by F is defined as

Arp. ) =FO) -FO) -0 -y -fO),
where f(¥) = VF(y) denotes the gradient of F at y (sometimes called the link function of F). Clearly

Ar(y,y) = 0and Ag(y,y) = 0 iff y = y. Also the Bregman divergence is always convex in the first
argument and Vy Ar(y,y) = f(y) — f(9), but not generally in its second argument.

Bregman divergence generalizes many well-known divergences such as the squared Euclidean
Ar@.y) = % |y =33 (with F(y) = 1 [y|3) and the Kullback-Leilbler (KL) divergence Ar(y,y) =
2. (yvilog 5 =yi+9:) (with F(y) = 33,(v; log y;—:)). Note that the Bregman divergence is not symmetric
in generai, ie., Ap(y,y) # Ar(3,y). Additionally, the Bregman divergence is invariant to adding
affine functiokns to the convex function F: Ap,a(y,¥) = Ar(y,y), where A(y) = b + ¢ - y for arbitrary
belR, ce R~

For every differentiable strictly convex function F (with domain D < R¥), there exists a convex
dual F* : D* — R function such that for dual parameter pairs (y,a), a € D*, the following holds:
a=f@y)andy = f*(a) = VF*(a) = f~'(a). However, we are mainly interested in the dual of the
F function when the domain is restricted to the probability simplex. Let F* : D* — R denote the
convex conjugate of F: D n S¥ — R,

k
F¥@)= sup (Y -a—F(")=sup inf (y-a—FO)+A(1->y)).
yeDASk y'€D AeR i=1

where we introduced a Lagrange multiplier A € R to enforce the constraint y’ € S¥. At the optimum,
the following relationships hold between the primal and dual variables:

fo)=a-Xa)l and y=f"(a-\Na)l) =f*@), 3)

where \(a) is chosen so that y € S¥. Note the dependence of the optimum A on a.

2.2 Matching losses

Next, we recall the notion of a matching loss [9, 10, 13} [15]]. It arises as a natural way of defining
a loss function over activations @ € R¥, by first mapping them to a probability distribution using a
transfer function s : R — Sk that assigns probabilities to classes, and then computing a divergence
Ar between this distribution and the correct target labels. The idea behind the following definition is
to match the transfer function and the divergence via duality.

Definition 1 (Matching Loss). Let F : S* — R a continuously-differentiable, strictly convex
function and let s : R* — S* be a transfer function such that y = s(@) denotes the predicted probability
distribution based on the activations @. Then the loss function

Lr@ly) = Ap(y,s@),

is called the matching loss for s, if s = f* = VF*.
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This matching is useful due to the following.
Proposition 1. The matching loss Lr(a | y) is always convex w.r.t. the activations a.

Proof. Note that F* is a strictly convex function and the following relation holds between the
divergences induced by F and F*:

Ar(y.3) = Aps ((F 0. ' 0)).- @)
Thus for any a in the range of (f*)~!,

Ap(y.f* @) = Aps (@, 7))
The claim now follows from the convexity of the Bregman divergence Aps w.r.t. its first argument.
O

The original motivating example for the matching loss was the logistic loss [9, [10]. It can be obtained
as the matching loss for the softmax function

«  ieon exp(a;)
yi=lf*@li= o———,
2j-1 exXp(&;)
which corresponds to the relative entropy (KL) divergence

k k

k
Le@ly) = Ap(y.f*@) = Y yi(logyi—log$) = > (i logyi - yi @) +log ( Y exp(@)) ,
i=1 i=1 i=1

induced from the negative entropy function F(y) = Zf;l(yi logy; — y;). We next define a family
of convex functions F; parameterized by a temperature ¢+ > 0. The matching loss Lr,(a | y) =
Ap, (y, i (&)) for the link function f* of F* is always convex in the activations @. However, by letting

the temperature #, of f,;“ be larger than the temperature #; of F,,, we construct bounded non-convex
losses with heavy-tailed transfer functions.

3 Tempered Bregman divergence

We start by introducing a generalization of the relative entropy, denoted by Ap,, induced by a strictly
convex function F; : R¥ — R with a temperature parameter ¢ > 0. The convex function F, is chosen
so as its gradient takes the fomﬂ fi(y) = VF,(y) = log,y. Via simple integration, we obtain that

k
Fiy) =) (vilog,yi+ 55(1-y7) .

i=1
Indeed, F, is a convex function since V2F,(y) = diag(y™) > 0 for any y € R, In fact, F, is strongly
convex, for0 <r < 1:

Lemma 1. The function F,, with 0 < t < 1, is B'—strongly convex over the set {y € R¥ : |ly|,_, < B}
w.r.t. the Lo_;-norm.

See Appendix [B]for a proof. The Bregman divergence induced by F, is then given by

k
Ar.9) =) (yilog,yi—yilog, i — 35y7 " + 32377
i=1 (5)

k

- 1 2t L alt 1 o2
- Z ((1_,)(2_0 Vi - 1= Yiy; ! + ﬁyi l)'
i=1
The second form may be recognized as S-divergence [4] with parameter 5 = 2 —¢. The divergence (3]

includes many well-known divergences such as squared Euclidean, KL, and Itakura-Saito divergence
as special cases. A list of additional special cases is given in Table [3|of Appendix [C|

The following corollary is the direct consequence of the strong convexity of F;, for 0 <t < 1.

3Here, the log, function is applied elementwise.
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Corollary 1. Let max(|ly|o—s, [[§]2—r) < B for 0 <t < 1. Then

1 2 . B 2 (1)
— |y - SARGP) < ———|y-
2B ly -yl r0.Y) 2(1-1) ly =¥,

See Appendix for a proof. Thus for 0 < 7 < 1, Ag,(y,y) is upper-bounded by %. Note that

boundedness on the simplex also implies boundedness in the L,_,-ball of radius 1. Thus, Corollary I]
immediately implies the boundedness of the divergence Ar, (y,y) with 0 < ¢ < 1 over the simplex.
Alternate parameterizations of the family {F,} of convex functions and their corresponding Bregman
divergences are discussed in Appendix [C|

3.1 Tempered transfer function

Now, let us consider the convex function F;(y) when its domain is restricted to the probability simplex
Sk. We denote the constrained dual of F {(y) by F}*(a),

k
Ff@=sup (¥ -a=F,0") = sup inf (y'-a=F,0)+\ (1-) ). (6)
y'esk y'eRk A€ER -1

Following our discussion in Section and using (3), the transfer function induced by F}* isﬂ

k
y = exp, (a - M(@) 1), with \,(a) s.t. Zexpt (ai - )\,(a)) =1. 7

i=1
3.2 Tempered matching losses

Finally, we derive the matching loss function Lr,. Plugging in (7) into (3), we have
L@ ly) = Ag,(y, exp,@@ -\ (@))).

Recall that by Proposition|[l} this loss is convex in activations a. In general, A,(a) does not have a
closed form solution. However, it can be easily approximated via an iterative method, e.g., a binary
search. An alternative (fixed-point) algorithm for computing \,(a) for 7 > 1 is given in Algorithm I]
of Appendix [A]

4 Robust Bi-Tempered Logistic Loss

A more interesting class of loss functions can be obtained by introducing a “mismatch” between
the temperature of the divergence function (3)) and the temperature of the probability assignment
function (7). That is, we consider loss functions of the following type:

k
VOo<n< I<ty: LZ(& ly):= AF,] (y,exptz(&—)\,z(&))), with \,(a) s.t. 2 exp, (a[—)\,(a)) =1. (8)

i=1

We call this the Bi-Tempered Logistic Loss. Note that for the prescribed range of the two temperatures,
the loss is bounded and has a heavier-tailed probability assignment function compared to the vanilla
softmax function. As illustrated in our 2-dimensional example in Section [T} both properties are
crucial for handling noisy examples. The derivative of the bi-tempered loss are given in Appendix
In the following, we discuss the properties of this loss for classification.

4.1 Properness and Monte-Carlo sampling

Let Pyk(x,y) denote the (unknown) joint probability distribution of the observed variable x € R™ and
the class label y € [k]. The goal of discriminative learning is to approximate the posterior distribution
of the labels Pyk(y | x) via a parametric model P(y | x; ©) parameterized by ©. Thus the model fitting

“Note that due to the simplex constraint, the link functiony = ﬁ* (@) =VE¥a) = exp, (a - )\,(a)) is different
from ' (@) = f*(a) = VF(a) = exp,(a), i.e., the gradient of the unconstrained dual.
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can be expressed as minimizing the following expected loss between the data and the model label
posterior probabilities

Epio | A (Pox(y 10, Py 1x:0))] ©)

where A(PUK(y lx), Py | x; @)) is any proper divergence measure between Pyx(y | x) and P(y | x; ©).
We use A := Ap,l as the divergence and P(y = i | x;©) = P(i | x; ©) = exp, (a; — \,(@)), where a
is the activation vector of the last layer given input x and © is the set of all weights of the network.
Ignoring the constant terms w.r.t. ©, our loss (9) becomes

Epyyx) [2 (= Pux(i 1 x)log, P(i 1 x;©) + %_t P(i | x; 6)2")} (102)
1 1

~ Z Z (= Pu(i 1 2,) log, P(i 1x,:0) + 5— P(i 1x,:0)*") (10b)

~ %Z (-log, P(y, |x,,,@)+27P(l | x,; ©)F N, (10¢)

where from (10a) to ]\@ we perform a Monte-Carlo approximation of the expectation w.r.t. Pyx(x)
using samples {x,},_, and in (TOC), we approximate the expectation w.r.t. each Pyk(i | x,,) using a
single sample y,. Thus, is an unbiased approximate of the expected loss (9), thus is a proper
loss [18]].

Following the same approximation steps for the Tsallis divergence, we have

P( | x; @):| 72 P(ynlxn’g)

E [_ Pux(i 1 %) log
Puk (x) le k(@ 1 x) tP K(llx) tPUK(ynlxn)

ATsls (g (oe), POIx:©))

which, due to the fact that log, § # log,a —log, b in general requires access to the label posterior

distribution Pyx(y | x). Thus, the approximation — N >, log, P(y, | x,;0©) proposed in [2] by
approximating Pux(y, | x,,) by 1 is not an unbiased estimator of (9) and therefore, not proper.

4.2 Bayes-risk consistency

Another important property of a multiclass loss is the Bayes-risk consistency [17]. Bayes-risk
consistency of the two-temperature logistic loss based on the Tsallis divergence was shown in [2]. As
expected, the tempered Bregman loss (§) is also Bayes-risk consistent, even in the non-convex case.

Proposition 2. The multiclass bi-tempered logistic loss L;f (aly) is Bayes-risk consistent.

S Experiments

We demonstrate the practical utility of the bi-tempered logistic loss function on a wide variety of
image classification tasks. For moderate size experiments, we use MNIST dataset of handwritten
digits [12] and CIFAR-100, which contains real-world images from 100 different classes [11]. We
use Imagenet-2012 [5] for large scale image classification, having 1000 classes. All experiments are
carried out using the TensorFlow [1] framework. We use P100 GPU’s for small scale experiments
and Cloud TPU-v2 for larger scale Imagenet experiments.

5.1 Corrupted labels experiments

For our moderate size datasets, i.e. MNIST and CIFAR-100, we introduce noise by artificially
corrupting a fraction of the labels and producing a new set of labels for each level of corruption.
For all experiments we compare our bi-tempered loss function against the logistic loss. For MNIST,
we use a CNN with two convolutional layers of size 32 and 64 with a mask size of 5, followed by
two fully connected layers of size 1024 and 10. We apply max-pooling after each convolutional
layer with a window size equal to 2 and use dropout during training with keep probability equal
to 0.75. We use the AdaDelta optimizer [19] with 500 epochs and batch size of 128 for training.
For the bi-tempered loss, we search through a number of temperature pairs in the range [0.5, 1) and
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(1.0,4.0] for ¢, and #, and pick the pair based on the performance on a separate validation set. For
CIFAR-100 we use a Resnet56 architecture [8]] with SGD + momentum optimizer trained for 50k
steps with batch size of 128. We exhaustively search over a number of temperatures within the range
[0.5,1) and (1.0, 4.0] for #; and ¢, respectively and the learning rate. For training, we use the standard
learning rate stair case decay schedule, and we search over learning rates for each of the experiment.
Results are presented in Table[I] where we report the top-1 accuracy on a clean test test. As can be
seen, the bi-tempered loss outperforms the logistic loss for all noise levels (including the noise-free
case). Using our bi-tempered loss function the model is able to continue to perform well up to 40%
corruption in labels whereas the accuracy of the logistic loss drops immediately with a much smaller
level of noise.

Dataset Loss Label Noise Level
0.0 0.1 0.2 0.3 04 0.5
MNIST Logistic 98.08 18.02 16.33 1555 1586 15.82
Bi-Tempered (0.5,4.0) 98.42 98.36 9791 96.31 90.33 70.87
CIFAR-100 Logistic 74.03 69.94 6639 63.00 53.17 5296

Bi-Tempered (0.8, 1.2) 75.30 7330 70.69 67.45 6255 57.80

Table 1: Label noise results.

5.2 Large scale experiments

We train state-of-the-art Resnet-18 and Resnet-50 models on the Imagenet-2012 dataset. We train on
a 4x4 CloudTPU-v2 device with a batch size of 4096. All experiments were trained for 180 epochs,
and use the SGD + momentum optimizer with staircase learning rate decay schedule. The results are
presented in[2] For both architectures we see a significant gain of the robust bi-tempered loss method
in top-1 accuracy.

Model Logistic Bi-tempered (0.9,1.05)
Resnet18  71.333 + 0.069 71.618 + 0.163
Resnet50 76.332 4+ 0.105 76.748 + 0.164

Table 2: Top-1 accuracy on ImageNet-2012 with Resnet-18 and 50 architectures.

6 Conclusion and Future Work

Neural networks on large standard datasets have been optimized along with a large variety of variables
such as: architecture, transfer function, choice of optimizer, and label smoothing to name just a
few. We proposed a new variant by training the network with tunable loss functions. We do this by
first developing convex loss functions based on temperature dependent logarithm and exponential
functions. When both temperatures are the same, then a construction based on the notion of “matching
loss” leads to loss functions that are convex in the last layer. However by letting the temperature
of the new softmax function be larger than the temperature of the log function used in the loss,
we construct tunable losses that are non-convex in the last layer. Our construction remedies two
issues simultaneously: We construct bounded tempered loss functions that can handle large-margin
outliers and introduce heavy-tailedness in our new tempered softmax function that seems to handle
small-margin mislabeled examples. At this point, we simply took a number of benchmark datasets and
networks for these datasets that have been heavily optimized for the logistic loss paired with vanilla
softmax and simply replaced the loss in the last layer by our new construction. By simply trying a
number of temperature pairs, we already achieved significant improvements. We believe that with a
systematic “joint optimization” of all commonly tried variables, significant further improvements can
be achieved. This is of course a more long-term goal. We also plan to explore the idea of annealing
the temperature parameters over the training process.
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A An Iterative Algorithm for Computing the Normalization

Algorithm 1 Iterative algorithm for computing A,(a) (from [2])

Input: Vector of activations a, temperature ¢ > 1
W« max(a)
a—a-pu
while a not converged do
Z(@) — Yx, exp, (@)
a<—Z@"@a-pl)
end while
Return: \(a) < —log, ﬁ +u

B Strong Convexity and Smoothness

The following material for strong convexity and strong smoothness are adopted from [[16].

Definition 2 (o-Strong Convexity). A continuous function F is o-strongly convex w.r.t. the norm
| - | over the convex set S if S is contained in the domain of F and for any u, v € S, we have

FO) > F) + VF@) - 0 -w)+ 5 |v-ul?.

Lemma 2. Assume F is twice differentiable. Then F is o-strongly convex if
(VPF@)v) v = o |v|?), Vu,veS.
Lemma 3. Let F be a o-strongly convex function over the non-empty convex set S. Forallu, v € S,
we have -
5 lu—v|* < Ap(v,u).

Proof of Lemmal[l} We have V> F(u) = diag(u™). Applying Lemma note that the function
2
(V2F@) v v=, L,
~ 1}
is unbounded over the set S = {v € RY : ||[v],-, < B} and the minimum happens at the boundary
{Ivl2-+ = B}.
u

el ”

2
. Vi -
rn}an’. +7(Zvi2 '-1) =v=8B
i i
2
where 1 is the Lagrange multiplier. Plugging in the solution yields >}, % > 4 [v[3.,. O
Definition 3 (o-Strong Smoothness). A function differentiable function G is o-strongly smooth w.r.t.
the norm | - || if
o
Ag(v,u) < 5 [v—ul?.
Lemma 4. Let F be a closed and convex function. Then F is o-strongly convex w.r.t. the | - || if and
only if F*, the dual of F, is %-stmngly smooth w.r.t. the dual norm | - ||4.

Proof of Corollary[I] Note that using the duality of the Bregman divergences, we have
Ar.Y) = Apx (i), /i) = Apx(log,(v), log,(y)) -

Using the strong convexity of F, and strong smoothness of F}*, we have

1 . .. _B .
o5 V=3B < AR5 < 5 [[log,y ~log 313, -
Note that | - ||, and | - 2 are dual norms. Substituting the definition of log, to the right-hand-side,
we have |
" ot aly2 S 12(1-0)
| log,y —log,yl3, = 201 Iy =3 =y -5l55 7
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329

330

331
332

338

339
340
341

342

343

344

C Other Tempered Convex Functions

We begin with a list of interesting temperature choices for the convex function F; and its induced
divergence:

|t Fi(y) Afr,(.y) Name |
0 5lyl3 Hy-513 Euclidean
4 3 _ 3
35 @y —6yi+2) NGy -2+ 337)
1 Y.ilogyi—yi+1)  >.(vilog ;f —yi+ ) KL-divergence
3 — /532
3Ny +2y+2) 2Y M Squared Xi on roots
3
2 Y(~logyi+yi) 2. —log %’ -1 Itakura-Saito
305 D +i-2) NG -+ Inverse

Table 3: Some special cases of the tempered Bregman divergence.

In the construction of the convex function family F, we used F,(x) = §log,(x) exploiting the fact that

log,(x) is strictly increasing. We can also define an alternative convex function family F, by utilizing
the convexity (respectively, concavity) of the log, function for values of ¢ > 0 (respectively, ¢ < 0):

~ 1 1
Fiy) == D (log,yi=yi+ 1) = = D07 =30

Note that f;(y) == VF(y) = l%f and V2F,(y) = diag(y""*"), thus F, is indeed a strictly convex
function. The following proposition shows that the Bregman divergence induced by the original and
the alternate convex function are related by a temperature shift:

Proposition 3. For the Bregman divergence induced by the convex function F,, we have

. . 1 . o o .
vy, yeRL: Ap(.y) = ;Z(log,yi—log,yi+(yi—yi)yi’) = Ap,0.3).
i

The F, function is also related to the negative Tsallis entropy over the probability measures y € A%

defined as 1 1
_H;l‘salliS(y) — li_t (1 _ny) = —Zyi IOgt }T .

Note that (-H* — (1 - 1) F\_,) is an affine function. Thus, the Bregman Divergence induced by F;,
and the one induced by —H*" are also equivalent up to a scaling and a temperature shift. Thus, both

functions F, and F, can be viewed as some generalized negative entropy functions. Note that the
Bregman divergence induced by —H*"* is different from the Tsallis divergence over the simplex,
defined as

sallis - 5)i S
ATy, §) ==y log, e > yilog, yi— 7).

D Convexity of the Tempered Matching Loss

The convexity of the loss function Ap, (y, exp,(a — )\,(&)) with ¢ > 1 for @ € R* immediately follows
from the definition of the matching loss. A more subtle case occurs when 0 < ¢ < 1. Note that the
range of the combined function log, o exp, does not cover all R as the log, function is bounded from

below by —;L. Therefore, range(log, o exp,) = {a’ € R | -i& < a'}.
Remark 1. The normalization function \/(a) satisfies: M@+ b1)=\(a)+b for be R.
Proof. Note that
Dlexp (@i +b) - M(a+b1) = exp, (a;—(Ml@+b1)—b)) =1 for VaeR".
- - N
' ' =\(@
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346

347

348
349

350

352

353

354
355

356

357

358

359
360
361

The claim follows immediately. O

Proposition 4. The loss function Ay, (y, exp,(@— A\ (a)) for 0 < t <1 is convex for

1
&e{a’+R1I—ﬁ <d}.

Proof. Using the definition of the dual function F* and its derivative f*, we can write

Ar@,9) =Fy)-FQ) -0 -y - £0) (y = exp,@-\(@)1))
=Fi(y) - F,(y) —(y =) - log, o exp,(a — A1)
=F)-F@-y-y) - -@- M@l (p-3)-1=1-1=0)
=F0 -y -0 +y- G0 -FG)+y-a-y-a
v [ —
—FF(F o) F¥@

=Fr@-F (@ o -@-G@7" o) -y

=N @ (7Y )
Note that the transition from the second line to the third line requires that the assumption —ﬁ <a
holds. The dual function F}* satisfies

F¥a+b1) = \(a+b1)+ %t Zexp, ((ai +b) = M(a+ bl))z_t =F*a)+b.

Additionally,
Apx@+b L7 0N = Ff@+b ) - FF (G o) - @+b 1= 0)) -y = Apx @ ' ) -

The claim follows by considering the range of log, o exp, and the invariance of the Bregman divergence
induced by F* along R 1. O

E Derivatives of Lagrangian and the Bi-tempered Matching Loss
The gradient of \;(a@) w.r.t. @ can be calculated by taking the partial derivative of both sides of the
equality 1 = Zj exp,(aj — \i(a)) wrt. a;:
o\(a)
0= Z expt(aj - )\,(a))t <6U - (,;a )
I i

¢ OA

0

= exp, (a;— \(@)) fl) Z exp,(a; - )\t(a))t, where §; = 1 and 6; =0 fori #j.  (11)
! J

Therefore

o exp, (a-n@)' @ -
au(") = ( 7 ) , where Z, = Zj exp,(a; — \(a))'. We conclude that ﬁ is the
exp(ai—A(@)) )

“t-escort distribution” of the distribution 7

Similarly, the second derivative of \,(a) can be calculated by repeating the derivation on (TI):

LD (a) 1 2t-1 o\(a) o\(a)
2da =7, 2t e (ar = M@) ™ (G = =5 =) (o - 20 )

i

J

Although not immediately obvious from the second derivative, it is easy to show that \;(a) is in
fact a convex a. Also the derivative of the loss Li(aly) w.r.t. a; (expressed in terms of y and
y =exp, (@ - \,(a))) becomes

oL: 2 1
B Z,: 35, Lilog v —ilogy Ji = 5=

! 2,
2-1 ~2-1 J
tl y] )

~h

Aty Y
=3 26-w 3 (G- )
; J J7 7 ) Zj/y/t‘%
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w2 F Proof of Bayes-risk Consistency
363 The conditional risk of the multiclass loss I(a@) with [; := £(aly = i), i € [k] is defined as

R(n,1@) =Y mili,

se4 where 7; = Pyx(y = ilx).

ses Definition 4 (Bayes-risk Consistency). A Bayes-risk consistent loss for multiclass classification is
3ss the class of loss functions £ for which a*, the minimizer of R(, l(@)), satisfies

argmin {(a*ly = i) € argmax; 7); .
1

37 Proof of Proposition 2] For the bi-tempered loss, we have

l; = —log, exp, (a; — A, (@) +

1 , Ay
s ; exp,, (@ — Ay (@)*™" .

ses  Note that the second term is repeated for all classes i € [k]. Also,

1
2-1

R, @) == 1; log, exp,, (@ - A, (@)) + > exp,, (a; - A, @)*" .

se9 The minimizer of R(n, l(a)) satisfies
i = exp, (@ — A, @").

a70  Since —log, is a monotonically decreasing function for O < #; < I, we have
argmin /(a”ly = i) = arg min—log, exp, (a; — A\,(@")) = argmax a; < arg max7; .
1 1 - 1 L

371 O
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