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Abstract

We investigate the sample complexity of networks with bounds on the magnitude
of its weights. In particular, we consider the class

N={WiopoWi_10p...opoWy:Wi,... ., Wy_1 € Mgxa, Wy € My 4}

where the spectral norm of each W; is bounded by O(1), the Frobenius norm
is bounded by R, and p is the sigmoid function hi% or the smoothened ReLU

function In (1 + ). We show that for any depth ¢, if the inputs are in [—1,1]¢,
the sample complexity of A is O (‘1—@2). This bound is optimal up to log-factors,

and substantially improves over the previous state of the art of o} (d?f ) , that was
established in a recent line of work [9} 4} 7,15} 2} 8]

We furthermore show that this bound remains valid if instead of considering the
magnitude of the W;’s, we consider the magnitude of W; — W2, where W are
some reference matrices, with spectral norm of O(1). By taking the W to be the
matrices at the onset of the training process, we get sample complexity bounds that
are sub-linear in the number of parameters, in many fypical regimes of parameters.
To establish our results we develop a new technique to analyze the sample complex-
ity of families H of predictors. We start by defining a new notion of a randomized
approximate description of functions f : X — R%. We then show that if there is a
way to approximately describe functions in a class  using d bits, then E% examples
suffices to guarantee uniform convergence. Namely, that the empirical loss of all
the functions in the class is e-close to the true loss. Finally, we develop a set of
tools for calculating the approximate description length of classes of functions
that can be presented as a composition of linear function classes and non-linear
functions.

1 Introduction

We analyze the sample complexity of networks with bounds on the magnitude of their weights. Let
us consider a prototypical case, where the input space is X = [—1, 1]9, the output space is R, the
number of layers is ¢, all hidden layers has d neurons, and the activation function is p : R — R. The
class of functions computed by such an architecture is

NZ{WtOpOWt_l op...opoWy :Wy,... Wi_1 € Mgxq, Wt eMl,d}

As the class N is defined by (t — 1)d? + d = O(d?) parameters, classical results (e.g. [1]) tell
us that order of d? examples are sufficient and necessary in order to learn a function from A/ (in a
standard worst case analysis). However, modern networks often succeed to learn with substantially
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less examples. One way to provide alternative results, and a potential explanation to the phenomena,
is to take into account the magnitude of the weights. This approach was a success story in the days
of SVM [3] and Boosting [[10], provided a nice explanation to generalization with sub-linear (in the
number of parameters) number of examples, and was even the deriving force behind algorithmic
progress. It seems just natural to adopt this approach in the context of modern networks. For instance,
it is natural to consider the class

Ni = {WiopoWi 1op...0poWi: Vi, |Wilr < R,||Wi| < O(1)}

where || W|| = max| =1 [|[Wx]| is the spectral norm and ||W||r = szzl W7 is the Frobenius
norm. This class has been analyzed in several recent works [9, 4} [7} 15, 2| I8]. Best known results

d?R?
€2

show a sample complexity of 0 ( ) (for the sake of simplicity, in the introduction, we ignore the

dependence on the depth in the big-O notation). In this paper we prove, for various activations, a

stronger bound of O (g) , which is optimal, up to log factors, for constant depth networks.

How good is this bound? Does it finally provide sub-linear bound in typical regimes of the parameters?
To answer this question, we need to ask how large R is. While this question of course don’t have a
definite answer, empirical studies (e.g. [[12]) show that it is usually the case that the norm (spectral,
Frobenius, and others) of the weight matrices is at the same order of magnitude as the norm of the
matrix in the onset of the training process. In most standard training methods, the initial matrices
are random matrices with independent (or almost independent) entries, with mean zero and variance

of order % The Frobenius norm of such a matrix is of order v/d. Hence, the magnitude of R is of
order v/d. Going back to our O (dg

unfortunately still linear in the number of parameters.

) bound, we get a sample complexity of o} (‘g), which is

Since our bound is almost optimal, we can ask whether this is the end of the story? Should we
abandon the aforementioned approach to network sample complexity? A more refined examination of
the training process suggests another hope for this approach. Indeed, the training process doesn’t start
from the zero matrix, but rather form a random initialization matrix. Thus, it stands to reason that
instead of considering the magnitude of the weight matrices W;, we should consider the magnitude
of W, — WZ-O, where WiO is the initial weight matrix. Indeed, empirical studies [6] show that the
Frobenius norm of W, — W? is often order of magnitude smaller than the Frobenius norm of W,.
Following this perspective, it is natural to consider the class

Ne(W0,... . W) = (W0 poWi_yop...0poWy: [W; - W|| < OL), |W; - WP|lr < R}
For some fixed matrices, W7, ..., W of spectral nornﬂ O(1). Tt is natural to expect that considering

balls around the initial W?’s instead of zero, shouldn’t change the sample complexity of the class
at hand. In other words, we can expect that the sample complexity of Nzr(W?, ..., W) should be

approximately the sample complexity of N'z. Namely, we expect a sample complexity of o} <d§2 ) .
Such a bound would finally be sub-linear, as in practice, it is often the case that R? <« d.

This approach was pioneered by [4] who considered the class

NPT WP, W) = {WyopoW,qop...opoWy:|[W; = WP|| < O(1), |[Wi — WP|l21 < R}
where [|[W]|2,1 = Z?zl Z;l=1 ij For this class they proved a sample complexity bound of
0 (g) Since, |W||a.1 < V/d|[W||r, this implies a sample complexity bound of O (di};z) on

Nr(W?P, ..., WD), which is still not sublinealﬂ In this paper we finally prove a sub-linear sample
complexity bound of O (de—l‘;”z) on Np(W?P, ..., WP).

To prove our results, we develop a new technique for bounding the sample complexity of function
classes. Roughly speaking, we define a notion of approximate description of a function, and count

'The bound of O(1) on the spectral norm of the W, ’s and W; — W is again motivated by the practice of
neural networks — the spectral norm of WL-O , with standard initializations, is O(1), and empirical studies [6} [12]
show that the spectral norm of W; — W is usually very small.

2We note that ||[W||2.1 = ©(v/d) even if W is a random matrix with variance that is calibrated so that
[W||» = ©(1) (namely, each entry has variance ).



71 how many bits are required in order to give an approximate description for the functions in the class
72 under study. We then show that this number, called the approximate description length (ADL), gives
73 an upper bound on the sample complexity. The advantage of our method over existing techniques is
74 that it behaves nicely with compositions. That is, once we know the approximate description length
75 of a class H of functions from X to R, we can also bound the ADL of poH,aswell as Lo H,
76 where L is a class of linear functions. This allows us to utilize the compositional structure of neural
77 networks.

7z 2 Preliminaries

79 Notation We denote by med(x1, ..., x) the median of x4, ...,z € R. For vectors x',.. . ,xFe
g0 RY we denote med(x',...,x*) = (med(21,...,2¥),...,med(z],...,2%)). We use log to denote
81 log,, and In to denote log, An expression of the form f(n) < g(n) means that there is a universal
s2 constant ¢ > 0 for which f(n) < cg(n). For a finiteset Aand f : A - Rwelet E,cn f =
88 Erea f(a) = 1 X f(a). Wedenote Bf, = {x € R?: ||x|| < M} and BY = BY. Likewise,
s« we denote S¥7! = {x € R? : ||x|| = 1} We denote the Frobenius norm of a matrix W by
s ||[W|% = > i W7, while the spectral norm is denoted by ||W|| = maxjx—1 ||Wx]|. For a pair of

g6 vectors X,y € R? we denote by xy € R their point-wise product xy = (2191, - - ., Tq¥q)

g7 Uniform Convergence and Covering Numbers Fix an instance space A, a label space ) and a
g8 loss £ : R x ) — [0,00). We say that / is Lipschitz / Bounded / etc. if for any y € Y, £(-, %)
g0 is. Fix a class H from X to R?. For a distribution D and a sample S € (X x ))™ we define the
90 representativeness of S as

m

1
repp (S, H) = sup €p(h)—Ls(h) where (p(h) = E  ((h(x),y) and £s(h) = — Y €(h(x:), ;)
hEH (z,y)~D m =

91 We note that if rep (S, H) < e then any algorithm that is guaranteed to return a function heH
92 will enjoy a generalization bound ¢ (h) < £g(h) + €. In particular, the ERM algorithm will return a
93 function whose loss is optimal, up to an additive factor of e. We will focus on bounds on repp, (S, H)
94 when S ~ D". To this end, we will rely on the connection between representativeness and the
95 covering numbers of H.

96 Definition 2.1. Fix a class H of functions from X to R?, an integer m, € > 0 and 1 < p < co. We
o7 define N,(H, m, €) as the minimal integer for which the following holds. For every A C X of size

98 < m there exists H C (Rd)X such that ‘7—2‘ < N,(H,m,€) and for any h € H there is h € H with

p

99 (]EIGA Hh(x) - ﬁ(m)H ); < e Forp =2, we denote N(H,m,€) = No(H,m,¢€)

100 We conclude with a lemma, which will be useful in this paper. The proof can be found in the
101 supplementary material.

102 Lemma 2.2. Let { : R x J — R be L-Lipschitz w.rit. || - || and B-bounded. Assume that for any
108 0 <e<1, log(N(H,m,e)) < %. Then Egpm repp(S,H) < w log(m). Furthermore,

m

104 with probability at least 1 — §, repp (S, H) < % log(m) + B 21“53/5)

105 A Basic Inequality

106 Lemma 2.3. Let X1,...,X, be independent rv. with that that are o-estimators to p. Then
107 Pr(lmed(Xi,...,X,) — p| > ko) < (2)"

10s 3 Simplified Approximate Description Length

109 To give a soft introduction to our techniques, we first consider a simplified version of it. We next
110 define the approximate description length of a class H of functions from X to R, which quantifies
111 the number of bits it takes to approximately describe a function from . We will use the following
112 notion of approximation
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Definition 3.1. A random vector X € R? is a o-estimator to x € R? if

EX =xandVu € $* !, VAR((u, X)) = E (u, X — x)° < >
A random function f : X = R is a o-estimator to f : X — R if for any v € X, f(a:) isa
o-estimator to f(x).
A (o,n)-compressor C for a class H takes as input a function h € H, and outputs a (random) function
Ch such that (i) Ch is a o-estimator of h and (ii) it takes n bits to describe Ch. Formally,
Definition 3.2. A (o, n)-compressor for H is a pair (C, ), i) where v is a probability measure on (),
and C is a function C : Q X H — (Rd)X such that

1. Foranyh € Hand x € X, (C,h)(z), w ~ p is a o-estimator of h(z).

2. There are functions E : Q x H — {£1}" and D : {£1}" — (Rd)Xfor whichC = Do E

Definition 3.3. We say that a class H of functions from X to R? has approximate description length
n if for any set there exists an (1,n)-compressor for H

It is not hard to see that if (C, {2, p1) is a (o, n)-compressor for #, then

k
(Cony o ) () 1= M

isa (ﬁ’ k:n) -compressor for H. Hence, if the approximate description length of H is n, then for

any 1 > € > 0 there exists an (e, n[e~2])-compressor for .

We next connect the approximate description length, to covering numbers and representativeness. We
separate it into two lemmas, one for d = 1 and one for general d, as for d = 1 we can prove a slightly
stronger bound.

Lemma 3.4. Fix a class H of functions from X to R with approximate description length n. Then,
log (N(H,m,€)) <n [e?|. Hence, if ¢ : R* x Y — R is L-Lipschitz and B-bounded, then for any

distribution D on X X Y, Eg.pm repp (S, H) < % log(m). Furthermore, with probability

at least 1 — §, repp (S, H) < % log(m) + B %

Lemma 3.5. Fix a class H of functions from X to R® with approximate description length n. Then,
log (Noo(H,m, €)) < log (N(H,m,€)) < n [16e 2| [log(dm)]

Hence, if { : R? x Y — R is L-Lipschitz w.rt. || - || oo and B-bounded, then for any distribution D

on X x Y, Egupm repp (S, H) < {L+B)/ log(dm) V\/%log(dm log(m). Furthermore, with probability at least
1-3, TEPD(S,H) S (L+B)\\/7/nmlog(dm) log(m) +B /21n1(j/5)

3.1 Linear Functions

We next bound the approximate description length of linear functions with bounded Frobenius norm.

Theorem 3.6. Let class Lq, q, v = {X € Bh — Wx : Wis dy x dy matrix with |W||p < M}
has approximate description length

n < H + QMZW 2 [log (2d1d2(M +1))]

Hence, if { : R% x ) — R is L-Lipschitz w.r.t. || - || oo and B-bounded, then for any distribution D
onX xY

L+ B)y/M?21 M)1
oo (S, £ 00) & L ENALIE A osl ),

E
S~Dm

Furthermore, with probability at least 1 — 9,

L+ B)+y/M?log(dydoM)log(d
oo (S, £ 0) & LT ENALEDBANIOAEN) ) 1

21n (2/6)

4
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We remark that the above bounds on the representativeness coincides with standard bounds ([L1] for
instance), up to log factors. The advantage of these bound is that they remain valid for any output
dimension ds.

In order to prove theorem [3.6] we will use a randomized sketch of a matrix.
Definition 3.7. Let w € R? be a vector. A random sketch of w is a random vector W that is samples

as follows. Choose t w.p. p; = ﬁ + 21d Then, w.p. w? — LMJ let b = 1 and otherwise b = 0.

Finally, let w = (H’f J + b) e;. A random k-sketch of w is an average of k-independent random

sketches of w. A random sketch and a random k-sketch of a matrix is defined similarly, with the
standard matrix basis instead of the standard vector basis.

The following useful lemma shows that an sketch w is a /1 + 2||w]|2-estimator of w.

Lemma 3.8. Let W be a random sketch of w € R%. Then, (1) Ew = w and (2) for any u € S~ 1,
E ((u,w) — (u,w))* <E (u,%)” < § + 2| w]]?

Proof. (of theorem@ We construct a compressor for Lg, 4, 0 as follows. Given W, we will
sample a k-sketch TW of W for k = [1 +2M/?], and will return the function x > TWx. We claim
that that W — W is a (1, 2k [log(2dydy (M + 1))])-compressor for L4, 4, - Indeed, to specify a
sketch of W we need ﬂog(dl d2)] bits to describe the chosen index, as well as log (2d1da M + 2)
bits to describe the value in that index. Hence, 2k [log(2d1d2(M + 1))] bits suffices to specify a
k-sketch. It remains to show that for x € B%, Wx is a 1-estimator of Wx. Indeed, by lemma
EW = W and therefore E Wx = Wx. Likewise, for u € S?~1. We have

E (<u,Wx> — (u, VVx))2 =E <<W,qu> — <VV, qu>)2 < ﬂ <1

3.2 Simplified Depth 2 Networks

To demonstrate our techniques, we consider the following class of functions. We let the domain X to
be B<. We fix an activation function p : R — R that is assumed to be a polynomial p(z) = Zf:o a; !
with >"_ |a,| = 1. Forany W € My 4 we define hy (x) = % Z?zl p({w;,x)) Finally, we
let H = {hw :Vi, [[w;]| <3} In order to build compressors for classes of networks, we will
utilize to compositional structure of the classes. Specifically, we have that 7—[ A o p o F where
F ={x— Wx:Wisdx dmatrix with ||w;|| < 1forall i} and A(x) = f ZZ 1 i

As Fisasubsetof £, ; /o, we know that there exists a (1, O (dlog(d)))-compressor for it. We will

use this compressor to build a compressor to p o F, and then to A o p o F. We will start with the
latter, linear case, which is simpler

Lemma 3.9. Let X be a o-estimator to x € RU. Let A € My, 4, be a matrix of spectral norm
< r. Then, AX is a (ro)-estimator to Ax. In particular, if C is a (1, n)-compressor to a class H of
functions from X to R%. Then

C/(Aoh)=AoCyh

is a (1,n)-compressorto A o H

We next consider the composition of F with the non-linear p. As opposed to composition with a linear
function, we cannot just generate a compression version using F’s compressor and then compose
with p. Indeed, if X is a o-estimator to X, it is not true in general that p(X) is an estimator of p(x).
For instance, consider the case that p(z) = 22, and X = (X1,..., Xy) is a vector of independent
standard Gaussians. X is a 1-estimator of 0 € R%. On the other hand, p(X) = (X?,..., X2) is not
an estimator of 0 = p(0). We will therefore take a different approach. Given f € F, we will sample
k independent estimators {C,,, f }Z ; from F’s compressor, and define the compressed version of

oohasCl . [= ZZ 0@ 115 =0 Cw, f. This construction is analyzed in the following lemma
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Lemma 3.10. IfCisa (%, n) -compressor of a class H of functions from X to [—%, %] Y Then C' is

a (1,n)-compressor of po M
Combining theorem [3.6/and lemmas [3.9] [3.10] we have:
Theorem 3.11. H has approximation length < dlog(d). Hence, if ¢ : R x Y — R is L-Lipschitz
and B-bounded, then for any distribution D on X x Y
L+ B)y/dlog(d
(L+B) a0
vm

<
SNIEDm repp (S, H) <

Furthermore, with probability at least 1 — 9,

repp(8,H) 5 2 B)/am log(m) + By 222/%)

m

Lemma [3.10]is implied by the following useful lemma:
Lemma 3.12. 1. If X is a o-estimator of X then aX is a (|a|o)-estimator of a X

2. Suppose that forn = 1,2,3,... X,, is a o,-estimator of x,, € R, Assume furthermore
that Z;ozl xp and Y oo, 0y, converge to x € R and o € [0,00). Then, Y o | X, isa
o-estimator of X

3. Suppose that {X;}%_, are independent o;-estimators of x; € RY. Then Hle X;isa

o'-estimator of [T}, x: for " = Ty (o2 + Ixll%, ) = Ty Iill%

We note that the bounds in the above lemma are all tight.

4 Approximation Description Length

In this section we refine the definition of approximate description length that were given in section 3]
We start with the encoding of the compressed version of the functions. Instead of standard strings,
we will use what we call bracketed string. The reason for that often, in order to create a compressed
version of a function, we concatenate compressed versions of other functions. This results with
strings with a nested structure. For instance, consider the case that a function h is encoded by the
concatenation of hy and hs. Furthermore, assume that h; is encoded by the string 01, while hs is
encoded by the concatenation of hg, hy and hjy that are in turn encoded by the strings 101, 0101 and
1110. The encoding of i will then be [[01][[101][0101][1110]]]. We note that in section 3| we could
avoid this issue since the length of the strings and the recursive structure were fixed, and did not
depend on the function we try to compress. Formally, we define

Definition 4.1. A bracketed string is a rooted tree S, such that (i) the children of each edge are
ordered, (ii) there are no nodes with a singe child, and (iii) the leaves are labeled by {0,1}. The
length, len(S) of S is the number of its leaves.

Let S be a bracketed string. There is a linear order on its leaves that is defined as follows. Fix a pair
of leaves, v and v9, and let u be their LCA. Let u; (resp. us) be the child of w that lie on the path to
vy (resp. vg). We define v1 < vy if u; < ug and vy > vo otherwise (note that necessarily uy # us).
Let v1, ..., v, be the leaves of T, ordered according to the above order, and let by, ..., b, be the
corresponding bits. The string associated with T"is s = by ... b,. We denote by S,, the collection of
bracketed strings of length < n, and by & = U32 ; S, the collection of all bracketed strings.

n=1

The following lemma shows that in log-scale, the number of bracketed strings of length < n differ
from standard strings of length < n by only a constant factor

Lemma 4.2. |S,| < 327

We next revisit the definition of a compressor for a class H. The definition of compressor will now
have a third parameter, n, in addition to ¢ and n. We will make three changes in the definition.
The first, which is only for the sake of convenience, is that we will use bracketed strings rather than
standard strings. The second change, is that the length of the encoding string will be bounded only
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in expectation. The final change is that the compressor can now output a seed. That is, given a
function A € H that we want to compress, the compressor can generate both a non-random seed
E,(h) € Sy, and a random encoding E(w, h) € S with E,,, len(E(w, h)) < n. Together, E;(h)

and F(w, h) encode a o-estimator. Namely, there is a function D : S,,, x S — (Rd)X such that
D(Es(h), E(w,h)), w ~ pis a o-estimator of h. The advantage of using seeds is that it will
allow us to generate many independent estimators, at a lower cost. In the case that n < ng, the
cost of generating k independent estimators of h € H is ns + kn bits (in expectation) instead of
k(ns + n) bits. Indeed, we can encode k estimators by a single seed E(h) and k independent
“regular" encodings F(wg, h), ..., E(wk, h). The formal definition is given next.

Definition 4.3. A (o, ns,n)-compressor for H is a 5-tuple C = (Es, E,D,Q, u) where p is a
probability measure on , and E,, E, D are functions E5 : H — T", E : Q x H — T, and
D:T" xT — (Rd)X such that for any h € H and x € X (1) D(Es(h), E(w,h)), w ~ pisa
o-estimator of h and (2) Ey,~,, len(E(w, h)) <n

We finally revisit the definition of approximate description length. We will add an additional
parameter, to accommodate the use of seeds. Likewise, the approximate description length will
now be a function of m — we will say that 7 has approximate description length (ns(m), n(m)) if
there is a (1, ns(m), n(m))-compressor for the restriction of H to any set A C X of size at most m.
Formally:

Definition 4.4. We say that a class H of functions from X to R? has approximate description length
(ns(m),n(m)) if for any set A C X of size < m there exists a (1,ns(m), n(m))-compressor for
Hla

It is not hard to see that if H has approximate description length (ns(m),n(m)), then for any
1>e>0andaset A C X of size < m, there exists an (€, ns(m), n(m)[e2])-compressor for H| 4.
We next connect the approximate description length, to covering numbers and representativeness.
The proofs are similar the the proofs of lemmas[3.4and 3.5

Lemma 4.5. Fix a class H of functions from X to R with approximate description length
(ns(m),n(m)). Then, log (N(H,m,€)) S ns(m) + "!2”) Hence, if  : RY x Y — R is L-Lipschitz
and B-bounded, then for any distribution D on X x Y

(LBl Ty,

<
SNEDm repp (S, H) <

Furthermore, with probability at least 1 — 9,
L+ B s
ot 5 PRI ), [T

Lemma 4.6. Fix a class H of functions from X to R® with approximate description length
(ns(m),n(m)). Then, log (N (H,m,€)) <log (Neo(H,m,€)) S ns(m) + M Hence, if
¢:R% x Y — Ris L-Lipschitz w.r.t. || - || oo and B-bounded, then for any distribution D on X x )

(L+ B) \/ns(m) + n(m)log(dm)

<
SNIE'DM repD(Sv H) ~ \/TTL log(m)
Furthermore, with probability at least 1 — 9,
L+ B s log(d 21In (2
(S, 30) < L BWnlm) G logldm) | [710 (2]5)

vm m

We next analyze the behavior of the approximate description length under various operations
Lemma 4.7. Let H,, Ho be classes of functions from X to R? with approximate description length
of (nl(m),n'(m)) and (n2(m),n*(m)). Then Hi + Ha has approximate description length of
(ng(m) +nZ(m),2nt (m) + 2n*(m))

Lemma 4.8. Let H be a class of functions from X to R? with approximate description length
of (ns(m),n(m)). Let A be dy X di matrix. Then A o Hy has approximate description length

(ns (m), [IIA]%] n(m))
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Figure 1: The functions In (1 + ¢*) and 1_?_;

Definition 4.9. Denote by L4, 4, r r the class of all dy x di matrices of spectral norm at most r and
Frobenius norm at most R.

Lemma 4.10. Let H be a class of functions from X to R% with approximate description length
(ns(m),n(m)). Assume furthermore that for any x € X and h € H we have that ||h(x)|| < B. Then,
L4, dy,r,r © H has approximate description length

(ns(m),n(m)O(r* + 1) + O ((d1 + B?)(R* + 1) log(Rd1d> + 1)))

Definition 4.11. A function f : R — R is B-strongly-bounded if for all n > 1, || f™||o < n!B™.
Likewise, f is strongly-bounded if it is B-strongly-bounded for some B

We note that

Lemma 4.12. If f is B-strongly-bounded then f is analytic and its Taylor coefficients around any
point are bounded by B™

The following lemma gives an example to a strongly bounded sigmoid function, as well as a strongly
bounded smoothened version of the ReLU (see figure|[T).

Lemma 4.13. The functions In (1 + ) and lfr% are strongly-bounded

Lemma 4.14. Let H be a class of functions from X to R? with approximate description length of
(ns(m),n(m)). Let p : R — R be B-strongly-bounded. Then, p o H has approximate description
length of

(ns(m) + O (n(m)B?log(md)) , O (n(m)B*log(d)))

5 Sample Complexity of Neural Networks

Fix the instance space X’ to be the ball of radius v/d in R? (in particular [-1,1]¢ C X) and a B-
strongly-bounded activation p. Fix matrices W € My, 4 it =1,...,t. Consider the following
class of depth-t networks

NTVR(W{),...,WtO) = {Wt opoW,_qop...opoWy:|W; — Wi0|| <7 ||W; —Wi0||p < R}
We note that

i—17

NorWVP, o W) = N (W) o o N g (W)
The following lemma analyzes the cost, in terms of approximate description length, when moving
from a class H to N, g (W?) o H.

Lemma 5.1. Let H be a class of functions from X to R% with approximate description length
(ns(m),n(m)) and ||h(z)|| < M forany x € X and h € H. Fix W° € Mg, 4,. Then, N, r(W?) o
‘H has approximate description length of

(ns(m) + n'(m)B*log(mds), n' (m)B*log(ds))

for
n'(m) = n(m)O(r* + [|[W°||* + 1) + O ((dy + M?)(R® + 1) log(Rd1ds + 1))

The lemma is follows by combining lemmas [4.7} [4.8] [4.10|and #.T4] We note that in the case that
di,dy < d, M = O(/dy), B,r,|W°|| = O(1) (and hence R = O (\/E)) and R > 1 we get that
N; r(WY) o H has approximate description length of
(ns(m) 4+ O (n(m) log(md)) , O (n(m)log(d)) + O (d1R*log(d)))
By induction, the approximate description length of N, g(W7, ..., W) is
(dRQO (log(d))" log(md), dR*O (1og(d))t“)
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6 Omitted proofs

Lemma 6.1. [I]] Let ¢ : R% x ) — R be B-bounded. Then

M
12B
—M+1 —k —k
SNI%M repp (S, H) < B2 + T kE_l 2 \/ln (N(£oH,m, B27F))

Furthermore, with probability at least 1 — 0,

21n(2/9)

M
12B
< B27MHL L 2= N ok In (N B2k B
repp (S, 1) < + IV Hm, B2) 4 By RS

Proof. (of lemma[2.2)) Denote

M
12B
—M+1 —k _k
A= B2 v k§:1: 2 \/m (N (€0 H,m, B2-F))

We will show that A < W log(m). We have, if BQLfk <1,

202k
In (N(€oH,m,B27%)) <In (N <H7m7B2_k>) o2k

L B2
Hence,
12B <& /nL  12B & 12(LM + B)\/n
A< Bo~M+1 9k < oM+ D T EIVE
< o ; RV kz_:l Vn < + 7

Choosing M = log (/) we get,

12(Llog (/) + B)y/n+ By/n
Jm

A<
O

Proof. (of lemma2.3) We have that Pr(|X; — pu| > ko) < 5. It follows that the probability that

> 5 of X1,..., X, Tall outside of the segment (1 — ko, j1 + ko) is bounded by
n i [n/2] < on i [n/2] - g n
[n/2] k2 k2 ~\k

Proof. (of lemma Fixaset A C X. Let (C,Q, ) be a (n [6’2] ,e) -compressor for 7. Let H
be the range of C. Note that ‘7—2‘ < 2”[6721. Fix h € H. It is enough to show that there is heH

O

- 2
with E,c 4 (h(a;) - h(x)) < €. Indeed,

E E (h(z) - Ch)(@)*= E E (h(e) - (Cuh)(@)® <.

w~pzEA TEA w~L

- . 2
Hence, there exists h € H for which E;c 4 (h(gc) - h(x)) <eé
O

Proof. (of lemma [3.5) Denote k = [log(dm)]. Fix aset A C X. Let C be a (n[16¢ %], )-
compressor for H. Define

(Con,... ) (@) = med ((Cuy 1) (@), - -, (Cu, f) ()

10
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346

347

348

349

350

3!

A

352

Let # be the range of C’. Note that [#| < 25" [16*] Fix h e ‘H. It is enough to show that there is

h € H with max,c 4 Hh(x) - E(x)H <e By lemmawe have that

Pr

Wiyee, W~

(3z e A, |(C),

o M)(@) = ()| > €) <dm27F <1

In particular, there exists & € #{ for which max,¢ 4 H h(z) — h(x) H <e O
Proof. (of lemma[3.8) Items 1. is straight forward. To see item 2. note that
E((u,w) — (u,w))®> < E(uw)’
2 2
= Sa (G (G - ED () )
f y2 Pi pi 2
2
o () )
p i Dbi Di Di
2 2
w; wy w; w; 2
oo (((E B )
. i Dbi Di Di
o ((2) 216 D)
p Di Pi Di
W; 2 1
< i ] += uf
s ((5) +3)
2
2 w; Uy
< 1 + wlzuf
-4 Di
’LU2
Now, since p; = W + 2171 we have
wiu? wiu?
S A<y = wP ) wf = 2w
- Di - i -
¢ v 2[wl? ¢
O
Proof. (of lemma We have E AX = AE X = Ax. Furthermore, for any u € Sd2—1,
E(u, AX — Ax)? = E (ATu, X —x)° < [|[ATu|%0? < r25”
O

11
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354

355

356

357
358

Il
=

et

= E u,
X1, Xp i

2l

E <u
X1, X, AT

< >

k

u, [T X = %) + %) —
i=1

H (Xi — x4) H xX; —

= E <u7
X1, Xp ATkica

[k]icA

ulei

ACI[k], A#[k] 1€EAC
= > eI
AC[k],A#0 | i€A

< > TT il

AC[k], A0 i€ A

Proof. (of lemma[3.12) 1. and 2. are straight forward. We next prove 3. By replacing each X; with

% we can assume w.l.o.g. that oy = ... = o3, = 1. We have

k 2
H>
i=1
& 2
H>
i€ AC i=1

o 11 (o 11))

w TL % = T ) (o TT 06— T )

[T -

i€EA i€ AC i1€B i€ B¢
k
[T ) {u T =) T x
=1 1EA i€ AC

i€A

i€ AC
2

k
= TI(+1xl2) - T Il
i=1

=1

(1) If A # B, then w.l.o.g. k € A\ B. In this case we have

i€EA

= E
X1, X 1X 1€A

= < N <u, H (X —

""" i€EB

’LEAC

i€ B¢

- X 1<U)H(X - 11

i€B i€ B¢

= 0

1)

i€ AC

X;) H X;

x) |1 xi>

i€B i€ AC
T == T1 xi>
i€EB i€ B¢
> <u, H (Xi —%4) H xi>
icA icAe
=0
—_———
><u, I xi—=) ]E(kaxk) 11 x1>
i€ A\[k] i€Ac

Similarly, if A # (), then w.l.o.g. k € A. In this case we have

i€A i€ AC

(2) Fix aset A thatis w.lo.g. A= {1,... k'
then for any vector z € R¢

d
> ZEX]
. X
=1

E||lzX|* =
X

12

el o 1)

1.

d
_ 2 )2
= E_l 2 @(eZ,X)

Il
=
=

i€EA i€ AC

= <u,Hx1><u, H (X —x4) E
R i€ A\[K]

We note that if X € R? is a 1-estimator to 0,

u

2 = |lzl|?

<y

(e oo 1)

/—"—
X —xx) [] =i

i€ AC

)
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360

361

363
364

365
366

367
368

369

370
371

It follows that

k k' —1 k k'—1
E u H X; (X — %) = E E |u H xiH(X,;fxi)
KX |l 00 i B e | IS St |
k K —2 2
< E u H X; (Xi —x;)
KXo Xw—a |l 00 i
A 2
< u H X;
i=k'+1
2
= u H X;
i€ Ae
Hence,

2 k K —1
E u,H(Xifxi) H X; = E E (u H X; H (X —%x4), (Xpr — Xp0
X x ] ) X1seees Xy _q Xpr
1€EA i€ Ac i=k/4+1 i=1
2
X,/ is 1-estimator of x, k k-1
< 5o T = IT (-0
X1seees Xy ]
i=k/41 i=1
2
< u H X
i€ AC

(3) If z=u]J[,c 4 x; then for any j € [d],

2j| < |uj| TT;e 4 lI%illoo- Hence,

d
2l < T Ixilloe 32w = TT Ixilloc
j=1

i€A €A

Proof. (of lemma[4.2) By adding a pair of brackets around each bit, each bracketed string can be
described by 2n — 1 correctly matched pairs of brackets, and a string of length < n. As the number
1

of ways to correctly match k pairs of brackets is the Catalan number Cj, = = (°F) < 2%*, we have,

|Sn| S 24n—22n+1 D

Proof. (of lemmafd.10) Fix as set A C X of size m. We will construct a compressor to L, 4, ,r,r 0 H
as follows. Given h € H and W € Ly, 4, » r We first pay a seed cost n5(m) to use 7{’s compressor.

k1
we take W to be a ky-sketch of W, at the costs of koO (log (d1da R + 1)) bits. Finally, we output
the estimator / o . Fix a € A. We must show that WX := Wh(a) is a 1-estimator of x = h(a).

Then, we use H’s compressor to generate a 4/ L _estimator & of h, at the cost of kin(m) bits. Then,

13
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373

374

375

376
377

378

379

380

Indeed, for u € S% ! we have,
~ 2 ~ 2 ~ 2
]E]E<u,WX—Wx> - ]E]E<u7WX—WX> +2<u7WX—WX>(u,WX—Wx>+(u7WX—Wx)
X w Xw
=0

w

5
- EE <u, Wx — WX>2 T {u, WX — Wx)2
2

2 2
= E W7WXuT> +<WTu,X7x>
X
Lemma[T.8] 2||W 2 +1 1
S8 2AWIE L g e 4 Ly
ko X k1

(1) 2 2 2 2
< AR e x4 ] + W
(2) 2
< AR L] + i
2RZ41 1 5 1,
= U R
(1) We have
Efx -x|? = @HXH2 —2(X,x) + |Ix||?
= @HXH2 —2(E X,x) + [
= @HXH2 — Ix[?
(2) We have
dy
E|X —x||*> = E(X; — 2;)?
E|X —x]| Z_; ( ;)
dy
= Y E(X-xe)
=1
d
< Sp-h
kR
Finally, by choosing k; = [2r?] + 1 and ky = 2(d; + B?)(2R? + 1) we get the result. O

Lemma 6.2. Suppose that {X,,}°°, are independent c-estimators to x € RY. Let p(t) =
S0 gant™ LetU = ag+> o, a,Y, whereY,, = [[\_, X; and &,, = % w.p. p; and 0 otherwise.

Then U is o’-estimator of p(x) witho' =7, \/Hagi\lio ((02 + [|x]|2)"™ + (1 = pp)d||x[|272).
logs (d)
e i

4™ otherwise

5

Remark 6.3. In particular, if |a, ||« < B", \/o? + |[x]|2, < 55 and p, = {

We have o' < 1 and Emax{n : a, # 0} < M. Indeed,

= [llanll% , , 2 \n on — [lanll% 2y, o~ [ llanllZ on
Do TR (@ 2D+ A —pa)dllx)ZD) < DT = (02 [xIZ)T + Dy = (1 — )l x122
n=1 Pn n=1 Pn n=1 Pn
oo oo
< (2B)" /(02 + IIx[Z)" + Vd > (2B)" Ixll %
n=1 ”=[10g%(d)]+1

IN
gk
A~
[V
N—
o

D
gL
VS
W~
~—

IA
gl
VN
[V
N——
3

+
gL
VS

—P—
a 2 a
u,WX7WX> +2;E{<u,LE [wa] X> (W,WX = Wx) + EE (0, WX - Wx)*
w
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382

384

385
386

387

388

389
390

391
392

393
394

395

397

398

399

400

401

and

Emax{n : &, # 0} < Fog?’(dw + i 47" < Fogg(ﬂ +1

2 2
n= {7l°g§(d) ] +1

Proof. By lemma [3.12| it is enough to show that for all n, &,Y, is a
\/% ((02 + ||x]|2.)"™ + (1 — pn)d]||x]||22)-estimator of a,,x". Indeed,

VAR ((u, 4, Y,)) = E ((u,8,Y5) — {(u,a,x™))>

© (o)) 0

n

= L E(u,a,Y,)? — 2E (u,a,Y,) (u,a,x") + pn (u, a,,,x”}2 + (1= pn) (u,ap,x" 2
Pn

= iIE<'~17a71,}/n>2 - <uvanxn>2
Pn

1 , 1-—- ;
= —E (<anu7 Yn)z - <anu7xn 2) + 71}” <uaanxn 2
Pn Pn

lenmafE T2 |lan,ull3 2 2 \7™ ny 2
< EEER (P kIR )"+ (- pa)lxM3)
Pn
2
an |5 2 \ 7
< Bl (o2 2 ) " - poai)

O

Proof. (of lemma ) Consider the complex function f(z) = 1582. It is defined in the strip
{z =« +1y : |y| < 7}. By Cauchy integral formula, for any r < 7, a € Rand n > 0,

n n! f(z
f“@zﬁM%m@E$H

@] < T max FEI< S max (7t i)

|z—al=r 7 ortiy:|y|<r

It follows that

Now, if [y| < r < 5, we have

x x

e e e* 1

< < <
|1+ ewe®| — |14 cos(y)e*| — \1+cos( Ye*| — cos(r)

(@ +iy)| =

This implies that 7 is strongly bounded. Likewise, since 1= is the derivative of In (14 €"), the
function In (1 + e”) is strongly bounded as well. O

Proof. (of lemma Fix aset A C X of size < m. Let 2 = ¢? = =5 B2 and note that
Vo2 +e2 < &5 To generate a 1-estimator to p o h € p o H on A we first describe h, which forms

the seed, such that Vi € [m], ||h(z;) — h(z;)]|oe < €. Then, we generate o-estimators hy, ho, . . .,
to h|4. Finally, we sample Bernoulli random variables Z;, Zs, ... where the parameter of Z,, is

1 n < ’710g3 (d)

2
4=™  otherwise

g(x) = p(h(x) Z

By lemma and the following remark, g is 1-estimator of p o h| 4.

Pn = —‘ . The final estimator is

P(n) 7Y where Y,, = ﬁ (ﬁl(m) - iz(x))

i=1

How many bits do we need in order to specify §? By lemma the restriction of #|4 has an

e-cover, w.r.t. the co-norm, of log-size < ng(m) + w. So the generation of the seed h
costs ns(m) + M bits. We also need to specify N := max{n : Z, # 0}, Z1,...,Zn

and hy,..., hy. ThlS can be done by concatenating the descriptions of the palrs (Zn hy,) for
n=1,..., N . The bit cost of this is bounded (in expectation) by M ([72B*In(m)+1) O
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