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Abstract

Machine Learning (ML) models trained on data from multiple demographic groups
can inherit representation disparity [7] that may exist in the data: the model
may be less favorable to groups contributing less to the training process; this in
turn can degrade population retention in these groups over time, and exacerbate
representation disparity in the long run. In this study, we seek to understand the
interplay between ML decisions and the underlying group representation, how they
evolve in a sequential framework, and how the use of fairness criteria plays a role in
this process. We show that the representation disparity can easily worsen over time
under a natural user dynamics (arrival and departure) model when decisions are
made based on a commonly used objective and fairness criteria, resulting in some
groups diminishing entirely from the sample pool in the long run. It highlights
the fact that fairness criteria have to be defined while taking into consideration the
impact of decisions on user dynamics. Toward this end, we explain how a proper
fairness criterion can be selected based on a general user dynamics model.

1 Introduction

Machine learning models developed from real-world data can inherit pre-existing bias in the dataset.
When these models are used to inform decisions involving humans, it may exhibit similar discrimi-
nation against sensitive attributes (e.g., gender and race) [6, 14} [15]. Moreover, these decisions can
influence human actions, such that bias in the decision is then captured in the dataset used to train
future models. This closed feedback loop becomes self-reinforcing and can lead to highly undesirable
outcomes over time by allowing biases to perpetuate. For example, speech recognition products such
as Amazon’s Alexa and Google Home are shown to have accent bias against non-native speakers [6],
with native speakers experience much higher quality than non-native speakers. If this difference leads
to more native speakers using such products while driving away non-native speakers, then over time
the data used to train the model may become even more skewed toward native speakers, with fewer
and fewer non-native samples. Without intervention, the resulting model becomes even more accurate
for the former and less for the latter, which then reinforces their respective user experience [[7].

To address the fairness issues, one commonly used approach is to impose fairness criteria such that
certain statistical measures (e.g., positive classification rate, false positive rate, etc.) across different
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demographic groups are (approximately) equalized [1]. However, their effectiveness is studied mostly
in a static framework, where only the immediate impact of the learning algorithm is assessed but
not their long-term consequences. Consider an example where a lender decides whether or not to
approve a loan application based on the applicant’s credit score. Decisions satisfying an identical
true positive rate (equal opportunity) across different racial groups can make the outcome seem
fairer [5]]. However, this can potentially result in more loans issued to less qualified applicants in
the group whose score distribution skews toward higher default risk. The lower repayment among
these individuals causes their future credit scores to drop, which moves the score distribution of that
group further toward high default risk [[13]]. This shows that intervention by imposing seemingly fair
decisions in the short term can lead to undesirable results in the long run.

In this paper we are particularly interested in understanding what happens to group representation
over time when models with fairness guarantee are used, and how it is affected when the underlying
feature distributions are also affected/reshaped by decisions. Toward this end, we introduce a user
retention model to capture users’ reaction (stay or leave) to the decision. We show that under relatively
mild and benign conditions, group representation disparity exacerbates over time and eventually
the disadvantaged groups may diminish entirely from the system. This condition unfortunately can
be easily satisfied when decisions are made based on a typical algorithm (e.g., taking objective as
minimizing the total loss) under some commonly used fairness criteria (e.g., statistical parity, equal
of opportunity, etc.). Moreover, this exacerbation continues to hold and can accelerate when feature
distributions are affected and change over time. A key observation is that if the factors equalized
by the fairness criterion do not match what drives user retention, then the difference in (perceived)
treatment will exacerbate representation disparity over time. Therefore, fairness has to be defined
with a good understanding of how users are affected by the decisions, which can be challenging in
practice as we typically have only incomplete/imperfect information. However, we show that if a
model for the user dynamics is available, then it is possible to find the proper fairness criterion that
mitigates representation disparity.

The impact of fairness intervention on both individuals and society has been studied in [7, 9} [10, {12}
13]] and [[7, 9} [13]] are the most relevant to the present study. Specifically, [9}13]] focus on the impact
on reshaping features over two time steps, while we study the impact on group representation over
an infinite horizon. [7]] studies group representation disparity in a sequential framework but without
inspecting the impact of fairness criteria or considering feature distributions reshaped by decision.
More on related work can be found in Appendix [B]

The remainder of this paper is organized as follows. Section [2]formulates the problem. The impact of
various fairness criteria on group representation disparity is analyzed and presented in Section[3] as
well as potential mitigation. Experiments are presented in Section[d] Section [5|concludes the paper.
All proofs and a table of notations can be found in the appendices.

2 Problem Formulation

Consider two demographic groups G, G}, distinguished based on some sensitive attribute K € {a, b}
(e.g., gender, race). An individual from either group has feature X € R? and label Y € {0, 1},lb0th
can be time varying. Denote by G}, C G, the subgroup with label j, j € {0, 1}, k € {a, b}, f; ()

its feature distribution and O‘i (t) the size of Gi as a fraction of the entire population at time ¢. Then
ak(t) = ad(t) + al(t) is the size of G, as a fraction of the population and the difference between
Q,(t) and @, (t) measures the representation disparity between two groups at time step ¢. Denote by
giﬁt = g%gg the fraction of label j € {0, 1} in group k at time ¢, then the distribution of X over Gy,
is given by fi+(x) = gi (fh () + g S (x) and fo i # fou.

Consider a sequential setting where the decision maker at each time makes a decision on each
individual based on feature x. Let hg(z) be the decision rule parameterized by 6 € R and 6y, (¢) be
the decision parameter for Gy, at time ¢, k € {a, b}. The goal of the decision maker at time ¢ is to find
the best parameters 6, (t), 65 (¢) such that the corresponding decisions about individuals from G, Gy
maximize its utility (or minimize its loss) in the current time. Within this context, the commonly
studied fair machine learning problem is the one-shot problem stated as follows, at time step ¢:

min Ot(é)a, Gb;aa(t),ab(t)) = aa(t)Ow(Ga) —+ ab(t)OM(Gb) S.t. FC,t(Gaa Gb) =0, (1)
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where Oy (0, 0y; @, (1), @ (¢)) is the overall objective of the decision maker at time ¢, which consists
of sub-objectives from two groups weighted by their group proportionsﬂ I'c (04, 60) = 0 charac-
terizes fairness constraint C, which requires the parity of certain statistical measure (e.g., positive
classification rate, false positive rate, etc.) across different demographic groups. Some commonly
used criteria will be elaborated in Section Both Oy, ((0x) and T¢ 4 (04, 05) = 0 depend on fi, ().
The resulting solution (0, (%), 6,(¢)) will be referred to as the one-shot fair decision under fairness C,
where the optimality only holds for a single time step ¢.

In this study, we seek to understand how the group representation evolves in a sequential setting over
the long run when different fairness criteria are imposed. To do so, the impact of the current decision
on the size of the underlying population is modeled by the following discrete-time retention/attrition
dynamics. Denote by Ny (t) € R the expected number of users in group k at time ¢:

Ni(t +1) = Ni(t) - 71t (0 (t)) + Br , Vk € {a, b}, 2)

where 7, 4 (05 (t)) is the retention rate, i.e., the probability of a user from G, who was in the system at
time ¢ remaining in the system at time ¢ + 1. This is assumed to be a function of the user experience,
which could be the actual accuracy of the algorithm or their perceived (mis)treatment. This experience
is determined by the application and is different under different contexts. For instance, in domains of
speaker verification and medical diagnosis, it can be considered as the average loss, i.e., a user stays
if he/she can be classified correctly; in loan/job application scenarios, it can be the rejection rates,
i.e., user stays if he/she gets approval. (3} is the expected number of exogenous arrivals to G, and
is treated as a constant in our analysis, though our main conclusion holds when this is modeled as
arandom variable. Accordingly, the relative group representation for time step ¢ + 1 is updated as

_ Ny (41
ap(t+1) = —Na(t+1k)(+Nb)(t+1)’Vk € {a,b}.

For the remainder of this paper, a“é t; is used to measure the group representation disparity at time ¢.

As @y, (t) and fy () change over time, the one-shot problem (TI)) is also time varying. In the next

g: Eg when one-shot fair decisions are applied in each step.

3 Analysis of Group Representation Disparity in the Sequential Setting
Below we present results on the monotonic change of = (( t)) when applying one-shot fair decisions in

each step. It shows that the group representation dlsparlty can worsen over time and may lead to the
extinction of one group under a monotonicity condition stated as follows.

Mon0t0n1c1ty Condition. Conszder two one-shot problems defined in (1) with objectives
O(Ha, O: A, ab) and O(Ga, 0p; A, ab) over distributions fk( ), fk( ) respectively. Let (0,,0y),
(Ha, 91,) be the corresponding fair decisions. We say that wo problems O and O satisfy the monotonic-

ity condition given a dynamic model if for any Qo+ ap =1landa, +ap = 1 such that <z O‘“

the resulting retention rates satisfy 7ra( o) < Talba) and 7Tb(9b) > 7 ().

Note that this condition is defined over two one-shot problems and a given dynamic model. It is not
limited to specific families of objective or constraint functions; nor is it limited to one-dimensional
features. The only thing that matters is the group proportions within the system and the retention
rates determined by the decisions and the dynamics. It characterizes a situation where when one
group’s representation increases, the decision becomes more in favor of this group and less favorable
to the other, so that the retention rate is higher for the favored group and lower for the other.

Theorem 1. [Exacerbation of representation disparity] Consider a sequence of one-shot problems
with objective Oy (04, 0p; Qo (t), ap(t)) at each time t. Let (0,(t), 0,(t)) be the corresponding solution
and 7y, 1 (01(t)) be the resulting retention rate of Gy, k € {a, b} under a dynamic model @). If the

initial states satisfy (1) Z’ Ni(2) > Nk(l), and one-shot problems in any two consecutive

time steps, i.e., O, O¢11, satisfy the monotonicity condition under the given dynamic model, then

This is a typical formulation if the objective O; measures the average performance of decisions over
! | . p .
all samples, 1.€., Ot = m(zieca Oz + ZiEGb O;) muG |O t + |Gb‘0b t) where O;
measures the performance of each sample ¢ and Oy + = I Gk\ Y ic G O is the average performance of G's.
3This condition will always be satisfied when the system starts from a near empty state.



the following holds. Let < denote either “ <7 or “ =" or “ >, if 1, 1(0,(1)) o 15 1(06(1)), then

Setirt o 2ol and o 111 (Ba(t + 1)) © a1 (0a(t)) © w0 (06(£)) © o 141 (B + 1)), V.

Theorem [I]says that once a group’s proportion starts to change (increase or decrease), it will continue
to change in the same direction. This is because under the monotonicity condition, there is a feedback
loop between representation disparity and the one-shot decisions: the former drives the latter which
results in different user retention rates in the two groups, which then drives future representation.

The monotonicity condition can be satisfied under some commonly used objectives, dynamics and
fairness criteria. This is characterized in the following theorem.

Theorem 2. [A case satisfying monotonicity condition] Consider two one- shot problems defined in
(T with objectives 6((%, Op; aa,ab) = 0,0, (0, )—l—abOb(ﬁb) and O(Ga, Oy: A, ab) = aaOa(Qa) +
51,01,(917) over the same distribution fi(x) with @, +ap = 1 and @, + @ oy = 1. Let (Ha, 91,) (Ha, gb)
be the corresponding solutions. Under the condition that Ok(ek) # Oy (Hk)for all possible & ak #*a g,

if the dynamics satisfy 7 (0) = hy(Ox(01,)) for some decreasing function hy(-), then O and 0]
satisfy the monotonicity condition.

The above theorem identifies a class of cases satisfying the monotonicity condition; these are cases
where whenever the group proportion changes, the decision will cause the sub-objective function
value to change as well, and the sub-objective function value drives user departure.

For the rest of the paper we will focus on the one-dimensional setting. Some of the cases we consider
are special cases of Theoreml 2| (Sec. 3.2 E Others such as the time-varying feature distribution f, ()
considered in Sec. [3.3]also satisfy the monotonicity condition but are not captured by Theorem@

3.1 The one-shot problem

Consider a binary classification problem based on feature X € R. Let decision rule hy(z) = 1(z > )
be a threshold policy parameterized by 6 € R and L(y, ho(x)) = 1(y # hg(z)) the 0-1 loss incurred
by applying decision ¢ on individuals with data (z,y).

The goal of the decision maker at each time is to find a pair (6,(t), 85(t)) subject to criterion C
such that the total expected loss is minimized, i.e., Oy (04, 0p; T (t), @ (t)) = @a(t)La,1(0a) +
ap(t) Lyt (0p), where Ly (0) = g,ﬁ)t f_'g’;o f,;t(x)dx + g,g,75 fao: f,gt(:r)dx is the expected loss Gy,
experiences at time ¢. Some examples of I'¢ ;(6,, 05) are as follows and illustrated in Fig.

1. Simple fair (Simple): Fsmple’t = 0, — 0. Imposing this criterion simply means we ensure
the same decision parameter is used for both groups

2. Equal opportunity (EqOpt): Teqopst = [, f. Py 0 (@)dx — [)° 0 fy(x)dz. This requires the
false positive rate (FPR) be the same for different groups (Fig. -E]Le., Pr(hg, (X) =
1Y =0,K = a) =Pr(hy,(X) =1]Y =0,K =b).

3. Statistical parity (StatPar): I'scatpar,t = fgoao fai(x)dz — fe fbt )dzx. This requires
different groups be given equal probability of being labelled 1 (Fig. [1(b)), i.e., Pr(he, (X) =
11K = a) = Pr(hy, (X) = 1|K =b).

4. Equalized loss (EqLos): T'rqros,t = La,t(0a) — Lp,(05). This requires that the expected
loss across different groups be equal (Fig. [I(d)).

Notice that for Simple, Eq0pt and StatPar criteria, the following holds: Vt, (0,,6,), and (6., 6;)

that satisfy I'c (04, 0) = T'c (6., 0,) = 0, we have 8, > 6, if and only if 6, > 6;.

Some technical assumptions on the feature distributions are in order. -

We assume [ (), fa ,(2), fgt(x), fblt(x) have bounded support on £*" //\\ o
= 0.02 / \

[a?,a?], [af,a}], [bQ,BS} and [b%,gi | respectively, and that f; () and ya \ \

0.00
B [ B k

probability density

O
f0,(x) overlap, ie., af < af <@} <@ andby < b, <b, <b,. The ;
main technical assumption is stated as follows. Fig. 2: fi (x). k € {a, b}

“Depending on the context, this criterion can also refer to equal false negative rate (FNR), true positive rate
(TPR), or true negative rate (TNR), but the analysis is essentially the same.
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—f2(x)
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probabilty density
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probabilty density

0, 0. 0,

(a) each f,g(x) for G{; (b) Statistical parity (c) Equal opportunity (d) Equalized Loss

Fig. 1: For G,, G} with group proportions o = 0.55, a0 = 0.15, ¢ = 0.1, = 0.2, a pair of (0,,0;) is
fair under each criterion stated in Fig. [I(B)}{T(d)|requires the corresponding colored areas be equal.

Assumption 1. Let T, ; = [a},@?] (resp. Ty = [Qi,ES]) be the overlapping interval between fy , (i)
and f, () (resp. f,(z) and f} (x)). Distribution f; (x) is strictly increasing and fy ,(x) is
strictly decreasing over Ty, 4, Vk € {a, b}.

For bell-shaped feature distributions (e.g., Normal, Cauchy, etc.), Assumptionimplies that f,i’t(x)
and f,gt(x) are sufficiently separated. An example is shown in Fig. As we show later, this

assumption helps us establish the monotonic convergence of decisions (6,(t),0(t)) but is not
necessary for the convergence of group representation. We next find the one-shot decision to this
problem under Simple, EqOpt, and StatPar fairness criteria.

Lemma 1. Under Assumption (I} Yk € {a,b}, the optimal decision at time t for Gy without
considering fairness is

ky, if g o e(ke) = g SR (By) . .
0r(t) = argemin Ly+(0r) = 518,t7 ifgli,tfli,t(%%) < glg,tflg,t%%) & gli,tf}%,t(kt) > gg,tflg,t(kt)
’ Ky ifg]i,tfli,t(kt) < gg,tf;?,t(kt)

where 0y, + € T+ is defined such that g,;tf,i’t(&k’t) = 927tf]87t(5k,t)- Moreover, Ly, +(0y,) is decreas-

ing in Oy, over [k, 0% (t)] and increasing over [0} (t), k; |-

Below we will focus on the case when 07 (¢t) = d,,, and 6;(t) = dp,, while analysis for the other
cases are essentially the same. For Simple, StatPar and EqOpt fairness, 3 a strictly increasing
function ¢¢ , such that ¢ ¢ (¢c :(05), 65) = 0. Denote by gf)g% the inverse of ¢¢ ;. Without loss of

generality, we will assign group labels a and b such that ¢¢ (05 ;) < 04, and ¢E,1(5a¢) > 0p ¢, VE.

Lemma 2. Under Simple, EqOpt, StatParfairness criteria, one-shot fair decision at time t satisfies
(05(2),0; () = argming, g, @a(t)La,t(0a)+0(t) Lo, () € {(0a; 06)|0a € [Pc.1(5b,t), 0a,tl, O €
(0.1, 9255}5(5@,0], Le.t(04,0,) = 0} # 0 regardless of group proportions @, (t), @ (t).

Lemma 2] shows that given feature distributions fq ¢ (), fs,¢(x), although one-shot fair decisions can
be different under different group proportions @, (t), @ (t), these solutions are all bounded by the
same compact intervals (Fig. [3). Theorem 3]below describes the more specific relationship between

group representation g‘z Eg and the corresponding one-shot decision (6, (t), 05(t)).

Theorem 3. [Impact of group representation disparity on the one-shot decision] Consider the
one-shot problem with group proportions @, (t), @y(t) at time step t, let (0,(t), 05(t)) be the corre-
sponding one-shot decision under either Simple, EqOpt or StatPar criterion. Under Assumption[]]
(0a(¢),05(t)) is unique and satisfies the following:

We(0a(t). (1)) = = G

where e, is some function increasing in 0, (t) and 0,(t), with details illustrated in Table

>If the change of f, ¢(x) and fy () w.r.t. the decisions follows the same rule (e.g., examples given in
Section 3.3), then this relationship holds V.
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9b t fb t(eb)

9p.4 fb ¢©On) g,
98 ¢ fa,0(0a) 90 ¢
99 ¢ 19 . (0a)

1 1 0
9ot o,0(0p) ) 9p ¢
Eqlpt (gg,t 7S L),

1—

-2z _ 2 2 _ -2
StatPar 1 gll;,t fz},t(eb) 1 (1 gg,t fl},t(gb)+1) (1_9111,,tfi,t(9u) 1) 1_9{11,t f;,t<9a) 1
20 0 (9. y 0 0
) 99, 19, (0y) 99 13 +(0a) 90 ¢ 19 +(0a)

gl%,tfbl‘t(eb)_g}[y),tfl?,t(gb)
99 f0 (0a)—gt 12 1 (0a)

Simple

Table 1: The form of W¢ (0,4, 65) for C = EqOpt, StatPar, SimpleE]

h % and gy, fr ,(0r) — g3 f{, (0 are strictly increasing

Or)
Or)

infy € Tiy, k € {a,b}, and 0,(t) = ¢c,(6,(t)) for some strictly increasing function. According
T

to We ¢(0,,0,) given in Table , the larger = (t; results in the larger % and g; , fr (6k) —

g%t f,g’t(gk), thus the larger 6, (¢) and 0,(t). The above theorem characterizes the impact of the
underlying population on the one-shot decisions. Next we investigate how the one-shot decision
impacts the underlying population.

Note that under Assumption bot

3.2 Participation dynamics

How a user reacts to the decision is captured by the retention dynamics (2)) which is fully characterized
by the retention rate. Below we introduce two types of (perceived) mistreatment as examples when
the monotonicity condition is satisfied.

(1) User departure driven by model accuracy: Examples include discontinuing the use of products
viewed as error-prone, e.g., speech recognition software, or medical diagnostic tools. In these
cases, the determining factor is the classification error, i.e., users who experience low accuracy
have a higher probability of leaving the system. The retention rate at time ¢ can be modeled as
Tt (0k) = v(Ly,(0x)) for some strictly decreasing function v(-) : [0,1] — [0, 1].

(2) User departure driven by intra-group disparity: Participation can also be affected by intra-
group disparity, that between users from the same demographic group but with different labels, i.e.,
G4 for j € {0,1}. An example is in making financial assistance decisions where one expects to
see more awards given to those qualified than to those unqualified. Denote by Dy, ;(0)) = Pr(Y =

1, he, (X)) =1|K = k)—Pr(Y =0,hg,(X) = 1|K = k) = fef (ghfh (@)= gR R (2)) da as intra-
group disparity of G}, at time ¢, then the retention rate can be modeled as 7, +(0x) = w(Dy +(0k))
for some strictly increasing function w(-) mapping to [0, 1].

Theorem 4. Consider the one-shot problem (1)) defined in Sec. under either Simple, EqOpt or
StatPar criterion, and assume distributions fi(x) = fi(x) are fixed over time. Then the one-
shot problems in any two consecutive time steps, i.e., Oy, Oy 1, satisfy the monotonicity condition
under dynamics ) with () being either v(Ly(-)) or w(Dk(-))ﬂbY,"his implies that Theorem
holds and (0,(t),0(t)) converges monotonically to a constant decision (05°,6;°). Furthermore,
lim Za(®) _ Ba 1=m(6i%)

t—00 ap(t) — B 1-ma(03°)

When distributions are fixed, the discrepancy between 7, (0,(¢)) and 7;,(0,(t)) increases over time
as (0,(t), 6,(t)) changes. The process is illustrated in Fig. [3] where 0,(t) € [¢c(0b), al, Os(t) €
(06, ¢z (0a)] are constrained by the same interval V¢. Left and right plots illustrate cases when
7k (0r) = v(Lg(0r)) and g (0r) = w( Dy (0)) respectively.

Note that the case considered in Theorem E]ls a special case of Theoreml 2| with distributions f, +(z) =
fr(z) fixed, O () = Li(0)) and both dynamics 7 () = v(Ly(-)) and 7 () = w(Dg(-)) some

SThe cases represented by blank cells cannot happen. When C = Simple, the table only illustrates the result
when 6a,t7 5b,t S 7:1,t N ﬁ,t 75 0.
"When fy ¢(x) = fx(z), Vt, subscript ¢ is omitted in some notations (¢c,¢, O ¢, k¢, etc.) for simplicity.



decreasing functions of Lk(-)ﬂ In this special case we obtain the additional result of monotonic
convergence of decisions, which holds due to Assumption [I]

starts to increase, the corre-

sponding one-shot solution (6,(t), 0,(t))
also increases (Theorem E[), meaning that
0.(t) moves closer to 8% = ¢, and 0;(t)
moves further away from 6; = §; (solid ar-
rows in Fig. . Consequently, Lq(6,(t))
and Dy (6,(t)) decrease while L;(6(t))
and D, (0,(t)) increase. Under both dy-
namics, 7, (6, (t)) increases and 7,(65(t))
decreases, resulting in the increase of

g‘;gﬁ)) ; the feedback loop becomes self-

7 N

ANy N H N .

= g0 - Ghfx)

7 == ghfix) O gl
g 3 T 93}
RN N

P N X N

0.00— =

A Pt
60 ¢c1(6a) b 91(6a)

Fig. 3: Tlustration of Ly (0x) and Dy (6)) w.r.t. 6;: Each black
triangle represents the one-shot decision 0y size of the colored
area represents the value of Ly (6) (left) or Dy (6) (right). Note
that for the right plot, there are two gray regions and the darker
one is for compensating the lighter one thus they are of the same

reinforcing and representation disparity
worsens.

size; the smaller gray regions result in the larger D, (6, ).

3.3 Impact of decisions on reshaping feature distributions

filx)  — g fx)  —— gafiea®

Our results so far show the potential adverse impact on group rep- ;
resentation when imposing certain fairness criterion, while their Case (1)

underlying feature distributions are assumed fixed. Below we . g

003
Aeafi(%)

examine what happens when decisions also affect feature distri- £,
butions over time, i.e., fx¢() = g, fr ,(x) + g8 . fi (), which
is not captured by Theorem 2] We will focus on the dynamics

Tkt (0k) = v(Li,¢ (0)). Since Gy, G}, may react differently to the 2005w, st i opr
same 60, we consider two scenarios as illustrated in Fig. [4] which 800 %
shows the change in distribution from ¢ to ¢ + 1 when G} (resp. 0w+ o ? e
GY) experiences the higher (resp. lower) loss at ¢ than ¢ — 1 (see Fig. 4:  Visualization of decisions
Appendix [I| for more detail): V5 € {0,1}, shaping feature distributions.

Case (ii) ke

Case (i): f,z’t(x) = f,z (x) remain fixed but gi’t changes over time given Gi’s retention determined
by its perceived loss Li,tﬂ In other words, for i € {0,1} and ¢ > 2 such that LLt(Qk(t)) <
L?t,l(@k(t — 1)), we have g,i’tH > g,i’t and 91;;-1-1 < gk_i where —i := {0,1} \ {i}.

Case (ii): gi’t = gi but for subgroup G that is less favored by the decision over time, its members
make extra effort such that f,iﬁt(a:) skews toward the direction of lowering their losses|"”| In other
words, for i € {0,1} and ¢ > 2 such that Lj, ,(0x(t)) > Lj ,_,(0x(t — 1)), we have f . (z) <
fii(x), Vo € Tg, while f,;ti+1($) = k_Z(x), Va, where —i := {0,1} \ {i}.

In both cases, under the condition that fj () is relatively insensitive to the change in one-shot
decisions, representation disparity can worsen and deterioration accelerates. The precise conditions
are formally given in Conditions|[I]and 2]in Appendix [[} which describes the case where the change

from fi(z) to fri41(zx) is sufficiently small while the change from g‘b‘g to g‘;gzig and the

resulting decisions from 0 (t) to 0y (¢ + 1) are sufficiently large. These conditions hold in scenarios
when the change in feature distributions induced by the one-shot decisions is a slow process.

Theorem 5. [Exacerbation in representation disparity can accelerate ] Consider the one-shot problem
defined in () under either Simple, EqOpt or StatPar fairness criterion. Let the one-shot decision,

af

representation disparity and retention rate at time t be given by 9}: (t), ;;8 and 71'/:,5(9}: (t))
/ :

when distribution f(x) is fixed ¥t. Let the same be denoted by 0}(t), gﬁgg, and 7, ,(07(t))
; :

when fi, +(x) changes according to either case (i) or (ii) defined above. Assume we start from the

8By Fig. [3| we have Dy,(0) = g}, — L1 (6).

*Here L} ,(0x) = [ fl(@)da and LY ,(01) = [;° f2,(x)de.

0Suppose Assumptionholds for all fg’t(x) and their support does not change, then £} () and f ()
overlap over T, = [k', EO], vt.



same distribution fi,1(x) = fr(x). Under Conditions and in Appendix@ if7r£,1(9{:(1)) =
71 (05(1)) © 71'{:1(95(1)) = 7y 1 (05 (1)), then gggﬁ; o %Eg (disparity worsens) and %gii; o

(accelerates), V't, where o represents either “ < ”or “ > ",

af (t+1)
@l (t+1)

3.4 Potential mitigation & finding the proper fairness criterion from participation dynamics

The above results show that when the objective is to minimize the average loss over the entire
population, applying commonly used and seemingly fair decisions at each time can exacerbate
representation disparity over time under reasonable participation dynamics. It highlights the fact
that fairness has to be defined with a good understanding of how users are affected by the algorithm,
and how they may react to it. For instance, consider the dynamics with 7y 1 (0;) = v(Lg+(0%)).
then imposing EqLos fairness (Fig. [[(d)) at each time step would sustain group representations, i.e.,
lim aa(t) _ Ba

Am gy = 5, as we are essentially equalizing departure when equalizing loss. In contrast, under
—00

other fairness criteria the factors that are equalized do not match what drives departure, and different
losses incurred to different groups cause significant change in group representation over time.

In reality the true dynamics is likely a function of a mixture of factors given the application context,
and a proper fairness constraint C should be adopted accordingly. Below we illustrate a method for
finding the proper criterion from a general dynamics model defined below when f, .(z) = fi(z), Vt:

Ni(t +1) = A(Nk(8), {7 (0k() } =1, Br), VK € {a, b}, )
where user retention in Gy, is driven by M different factors {7 (6 (t))}2_, (e.g. accuracy, true
positives, etc.) and each of them depends on decision 0y (t). Constant 3} is the intrinsic growth
rate while the actual arrivals may depend on 7} (6 (¢)). The expected number of users at time
t + 1 depends on users at ¢ and new users; both may be effected by 7} (6 (¢)). This relationship is
characterized by a general function A. Let © be the set of all possible decisions.

Assumption 2. 3(0,,6,) € © x O such that Yk € {a,b}, Ni, = ANy, {77 (0x)}M_,, Br) and

|N(Nge, {7 (01)YM_ 1, Br)| < 1 hold for some Ny, i.e., dynamics @) under some decision pairs
(0, 0y) have stable fixed points, where A’ denotes the derivative of A with respect to Ny.

To find the proper fairness constraint, let C be the set of decisions (6, 0;) that can sustain group

representation. It can be found via the following optimization problem; the set of feasible solutions is
guaranteed to be non-empty under Assumption 2]

c | Na  fa

=argmin |—=— — ——

(0ar0n) | Ny Po

The idea is to first select decision pairs whose

corresponding dynamics can lead to stable fixed "
points (N, N;); then among them select those " "
that are best in sustaining group representation, . L o
which may or may not be unique. Sometimes o < 01
guaranteeing the perfect fairness can be unre- . 02w 02
alistic and a relaxed version is preferred, in N . 3

0

Gy b, =
) A by by 2
Ng O

which case all pairs (6,6p) satisfying |

s.t. N = ANy, {7 (0:)YM_ 1, Br) € Ry, 0, € ©,Vk € {a,b}.

)

S v Fig. 5: Left plot: 77 (0x) = v([,° fu(z)dz), mp(0r) =

& < . % _ & . _fas k 0 s Nk

5| < minf|Fe -5} +A conlstltute the A-fair (L (60):right plot: 72 (64) — 1(Lx (B1)). 7L (B4) =

set. An example under dynamics Ny (t + 1) = 1 and v(z) =1 — x. Value of each pair (0, 0,) corre-

Ni ()73 (05 (1)) + Brmi(0x(1)) is illustrated in

. . ﬂ .

Fig. |5} where all curves with ¢ < A/TZ consti- e group representation. All points (64, 05) with the

tute A-fair set (perfect fairness set is given by ¢, 10 value of ‘ No _ %a | = %a
N, b b

L . .
%‘}g:fggrsé r(ii;lllsrve with € = 0). See Appendix same color with € € [0, 1] shown in the color bar.

sponds to \% — %Z| measuring how well it can sustain
b

¢ form a curve of the

4 Experiments

We first performed a set of experiments on synthetic data where every G7, k € {a,b},j € {0,1}
follows the truncated normal (Fig. [2) distributions. A sequence of one-shot fair decisions are used



and group representation changes over time according to dynamics () with 7 (6)) = v(Lg(0%)).
Parameter settings and more experimental results (e.g., sample paths, results under other dynamics
and when feature distributions are learned from data) are presented in Appendix [[]

2000 4000 6000 8000 10000 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
B B >

(a) Simple fair (b) StatPar fair (c) EqOpt fair (d) EqLos fair
Fig. 6: Each dot in Fig. [6(a) represents the final group proportion lim;—,«c @4 (t) of one sample path under
a pair of arriving rates (34, Op). If the group representation is sustained, then lim;_,oc @4 (t) = m for
each pair of (B4, Bs), as shown in Fig. under EqLos fairness. However, under Simple, StatPar and

EqOpt fairness, lim¢ o0 @0 (t) = 1/(1 + %LZEZ::;B).

Fig. @illustrates the final group proportion (the converged state) lim;_, o, @, (t) as a function of the
exogenous arrival sizes 3, and 3, under different fairness criteria. With the exception of EqLos

fa.irness, group repre§eptati0n is severely skewed in the .long run, Te(0h) = v(Li(0h), m(6) = 1

with the system consisting mostly of G, even for scenarios when 050 —o0s ]
G, has larger arrival, i.e., 5, > (. Moreover, decisions under an o0 =01 |
inappropriate fairness criterion (Simple, EqOpt or StatPar)can €=03 7

result in poor robustness, where a minor change in 5, and 3, can 030
result in very different representation in the long run (Fig. [6(D)). | S—T— o
() = v( fy fi(x)dx), (k) = v(Lic(6k))

I
(=]
S

We also consider the dynamics presented in Fig. [5]and show the
effect of A = e%—fair decision found with method in Sec. ous

b

on @, (t). Bach curve in Fig. [7|represents a sample path under
different e where (6,(t), 6,(¢)) is from a small randomly selected
subset of A-fair set, V¢ (to model the situation where perfect o 1 & D
fairness is not feasible) and 3, = ;. We observe that fairness ‘

is always violated at the beginning in lower plot even with small
e. This is because the fairness set is found based on stable fixed
points, which only concerns fairness in the long run.

050 €=0.001 o
e=0.1
=03 7
e=05
e=08

0.45

Fig. 7: Effect of A-fair decisions
found with proposed method.

— Simple
—— Equal FPC *
We also trained binary classifiers over Adult dataset [4] by min- Z:z — E:::: EZ‘SCS
imizing empirical loss where features are individual data points oss{ " race: white G vs. Norwhie Gl
such as sex, race, and nationality, and labels are their annual joss|f [ ocreteeGnwsmee e
income (> 50k or < 50k). Since the dataset does not reflect = IR
dynamics, we employ (2) with 7 (0x) = v(Ly(0x)) and B, = By.
We examine the monotonic convergence of representation dis-
parity under Simple, EqOpt (equalized false positive/negative

) 10 20 30 20

cost(FPC/FNC)) and EqLos, and consider cases where G, Gy t
are distinguished by the three features mentioned above. These Fig. 8: Illustration of group represen-
results are shown in Fig. @ tation disparity using Adult dataset.

5 Conclusion

This paper characterizes the impact of fairness intervention on group representation in a sequential
setting. We show that the representation disparity can easily get exacerbated over time under relatively
mild conditions. Our results suggest that fairness has to be defined with a good understanding of
participation dynamics. Toward this end, we develop a method of selecting a proper fairness criterion
based on prior knowledge of participation dynamics. Note that we do not always have full knowledge
of participation dynamics; modeling dynamics from real-world measurements and finding a proper
fairness criterion based on the obtained model is a potential direction for future work.
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Appendix

A Notation table

Notation Description

Gy, k € {a,b} two demographic groups

G, j€{0,1} subgroup with label j in Gy,

ai (t) size of Gi as a fraction of entire population at time ¢

a(t) size of G, as a fraction of entire population at time ¢, i.e., o) (t) 4+ a.(t)

gii fraction of subgroup with label j in Gy, at time ¢, i.e., Pr(Y = j|K =
, k) = o (t) /(1) ‘

fi () feature distribution of Gat time ¢, i.e., Pr(X = z|K = k,Y = j)

Frt(x) feature distribution of Gy, at time ¢, i.e., Pr(X = z|K = k) and

fri(z) = g]i’tfli’t(z) + gg,tflg,t(x)
hg(x) decision rule parameterized by 6
01 (t) decision parameter for G}, at time ¢

O.(04,0,;0,(t),ap(t)) | objective of one-shot problem at time ¢ with group proportions
aa(t)vab(t)

O+ (0k) sub-objective of G, at time ¢

e (64,6s) a fairness constraint imposed on 6, and 6, for two groups at time ¢

Ni(t) expected number of users from G}, at time ¢

Tt 0k (t)) retention rate of Gy, at time ¢ when imposing decision 6y ()

k number of exogenous arrivals to G, at every time step

Ly +(0r) expected loss incurred to G, by taking decision 6y, at time ¢

Lf”(ﬂk) expected loss incurred to G, by taking decision 6}, at time ¢

1N bounded support of distribution f; , (z)

Tt overlapping interval between f; () and f;. ,(x) at time £, i.e., k) Ty

Okt optimal decision for G, at time ¢ such that d, , = arg min, Ly, ;(0) and
satisfies gli,tfkl-,t(5k) = gg,tf/?,t((sk)

de.i(v) a increasing function determined by constraint I'¢ ;(0,, 6,) mapping 0,
tof,,ie., FC,t(¢C,t (95), 0[,)

Dy 1(6k) intra-group disparity of G, at time ¢

T (Or) mith factor that drives user retention

A() dynamics model specifying the relationship between Ny (¢t + 1) and

Ni(t+1), Br, 7 (0(2))

B Related Work

The impact of fairness interventions on both individuals and society, and the fairness in sequential
decision making have been studied in the literature. [[13]] constructs a one-step feedback model over
two consecutive time steps and characterizes the impact of fairness criteria (statistical parity and
equal of opportunity) on changing each individual’s feature and reshaping the entire population.
Similarly, [9] proposes an effort-based measure of unfairness and constructs an individual-level model
characterizing how an individual responds to the decisions based on it. The impact on the entire group
is then derived from it and the impacts of fairness intervention are examined. While both highlight
the importance of temporal modeling in evaluating the fairness, their main focus is on the adverse
impact on feature distribution, rather than on group representation disparity. In contrast, our work
focuses on the latter but also considers the impact of reshaping feature distributions. Moreover, we
formulate the long-term impact over infinite horizon while [9} [13]] only inspect the impact over two
steps.

[7]] also considers a sequential framework where the user departure is driven by model accuracy. It
adopts the objective of minimizing the loss of the group with the highest loss (instead of overall or

11



average loss), which can prevent the extinction of any group from the system. It requires multiple
demographic groups use the same model and does not adopt any fairness criterion. In contrast, we
are more interested in the impact of various fairness criteria on representation disparity and if it is
possible to sustain the group representation by imposing any fairness criterion. Other differences
include the fact we consider the case when feature distributions are reshaped by the decisions (Section
[3:3) and [[7] does not.

[12] also constructs a two-stage model in the context of college admission, it shows that increasing
admission rate of a group can increase the overall qualification for this group overtime. [10] describes
a model in the context of labor market. They show that imposing the demographic parity constraint
can incentivize under-represented groups to invest in education, which leads to a better long-term
equilibrium.

Extensive studies on fairness in sequential decision making or online learning has been done [2|
318 [11L [16} [17]. Most of them focus on proposing appropriate fairness notions to improve the
fairness-accuracy trade-off. To the best of our knowledge, none of them considers the impact of
fairness criteria on group representation disparity.

C Proof of Theorem [1]

Theorem [I]is proved based on the following Lemma.

Lemma 3. Let a, b, Za, 2 be real constants, where a,b € R and z,,z, € [0,1]. Ifb > a > 1,
2y — Zq > = — E and b< i - are satisfied, then the followmg holds:

1—|—za—|—aza < 1+az,
T+2,+bz — 1+bz

&)

Proof. Re-organizing (3)) gives the following:

(14 24 +az2)(1 + bzb)
bzp + bzgzp + 24 + abzazb + aza

(14 2, +022) (1 + az,)

<
< azg+ zp + azgez + bz? + abzgza

Proving (3) is equivalent to showing the following:

1 “
0<(a—1)L +(1—b)= 5™ —a® £ a— b+ ablz — 24)
2b

Zp Zq Zq

term 1

Since 2z, — 24 > % — %, term 1 > a — b+ b — a = 0 holds. Therefore, proving (3) is equivalent to
showing:

az2 + (1 —a)zq < bz + (1 —b)z (6)
Since b < = holds, implying z, > 1 — §.

Define a function g(z) = c2? + (1 — ¢)z, z € [0, 1] under any constant ¢ > 1. The following holds:

9(1—%) = 0; g(1) =1

J(z)=2c24+1-¢ g(1-1)=c-1; ¢"(z)=2c

Since ¢”(z) is a positive constant over z € [0, 1 (1 is strictly increasing and ¢’(z) > 0 when
€ (1 — 1,1], thus g(2) is increasing over z € (1 — ,1] from O to 1.

Now consider two functions g,(z) = az? + (1 — a)z and gy(z) = b2% + (1 — b)z with z € [0, 1].
From the above analysis, g,(#) is increasing over (1- %, 1] from 0 to 1 and g;,(2) is increasing over
(1—4,1] fromOto 1. Moreover 1—3>1-21andg)(z) =2b>2a=g)(z),iec., the speed that
gv(2) increases over (1 — +,1]is NOT slower than the speed that g, (z) increases over (1 — 1,1].
Since 2, — 2 > L —F=(1—4)— (1 —L1)and 2, > 1 — £, ga(2a) < gs(2) must hold.

Therefore, (6)) is satlsﬁed. Inequality (3) is proved.
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To simplify the notation, denote 7y, ; := 7y ¢ (0 (t)). We will only present the case when ¢ := “ < 7,
cases when ¢ := “ > 7 and ¢ := “ =" can be derived similarly and are omitted.

To prove Theorem |I|, we prove the following statement using induction: If 7, 1 < 71, then V¢,
g;g:_ﬁ)) < gzgg and 74441 < Ta < T,y < Tp+1 hold under monotonicity condition. Moreover,

Ny(t) < 72—, V.

Base Case:

Na(l) _ 5741 aa.(2) _ Na(l)ﬂa‘l‘i'ﬁa Na(l) _ aa(l)
No(1) — Bp- If 7,1 < 7,1, then T2 — NeMmatB S Np(1) — @)
ity condition, it results in 7, 2 < Tg1 < M1 < Tp2. Moreover, since Ny(2) = Nyp(L)mp1 + By >

Ny(1), implying Ny(1) < -2

1—my 1"

Since Under monotonic-

Induction Step:

Ta(t+]) _ Ta(t) - Ba
ap(t+1) ap(t) = B il =
t > 1. Show that for time step ¢ + 1, Qa(t42) - Qalt+l) ~ fa Ta 42 < Tatt1 < T 41 < Tht+2

@ (t+2)  @(t+l) = By’
and Ny (t + 1) < —2— also hold.
b,t+1

1—m

> Ta,t+1 < Ta,t < Th,t < Th,t+1 and Nb(t) < Be hold at time

1_7Tb,t

Suppose

Denote N, (t) = cof, and Ny(t) = ¢p5p. Since Ni(t) = Ni(t — 1)mgt—1 + Br > Bk, Vi, it holds
that ¢, cp > 1.

1
177Tb,t :

By hypothesis, g;‘gg < g—: implies that ¢, > ¢, > 1, and Ny(t) < 15?13 - implies that ¢, <

No(t+1) _ No($)Ta,t+Ba _ Ba CaTa,t+1 Na(t) _ Baca

Since Ny(t+1) — No(®)mp.etB8s  Bo compet1 < No(8) By b’ re-organizing 1t SIVES Ty ¢ — Tq ¢ >
1 1
Cq cp

By Lemma 3] the following holds:

Na(t)ﬂg,t + 50«(1 + ﬂ-a’t) _ 60, 1 + Wa,t + Caﬂ—g,t < ﬂa 1 + caﬂ-a,t _ Na(t + 1) aa(t + 1)

Nb(t)ﬂ'g’t +,Bb(1 +7Tb,t) a By 1 + Tt —|—Cb7'f'g’75 ~ By 1+ cymy o Nb(t—|- 1) ab(t+ 1)

Since we suppose mq ;41 < Mgt < Tpp < Tp,¢4+1, WE have:

Na(t)ﬂ_g,t + ﬁa(l + 7Ta7t) (Na(t)’]ra,t + ﬂa)ﬂ—a,tJrl + Ba _ aa(t + 2)
Ny(t)my , + Bo(1 + mb,0) (No(t)7ot + Bo)Toar1 + Bp ap(t+2)

Ta(t42) _ Ta(t+1)

It implies that (D) < m(irD)

By motonoticity condition, it results in mq 140 < Tq 141 < Tp 141 < Tp 142

Moreover, Ny,(t + 1) = Ny(t)mp¢ + Bp < Bomoe 4 g Br o B

1—mp,¢ 1—7p ¢ 1—mpy e41°

The statement holds for time ¢ 4+ 1. This completes the proof.

D Proof of Theorem

Without loss of generality, let %o < Za Since 7k (0k) = hi(Or(0k)) with hy(-) being a decreasing
ap ap

function, showing that O and O satisfy Monotonicity condition is equivalent to showing that
04(6,) > 04(0,), Op(6y) < Op(8p). Under the condition that O (0y) # Oy (6y) for any possible

~ ~ ~

Qa # @, , prove by contradiction: suppose O, (6,) < O4(6,) holds, then O(65) > Op(6;) must

also hold otherwise (5,1, 5;,) will be the solution to O.
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Because (@m @b) is the optimal solution to O and (64, 0y) is the optimal solution to O, and Ob(gb) >
Oyp(0y), the following holds:

= o =~ Y = v a é\a - a 9(1 a
@,0.(0,) + abOb(Hb) < @e04(04) + @, Op(0p) — M > ?
Op(0p) — Op(0p)  Ca
=~ s = v = N = N a Aa — Ua ga a
5200(02) + T08(0) < 5a0a(B2) + TOu(By) — L2la) = 0all)
Ob(é‘b) — Ob( b) Qg

It implies that % > zb which is a contradiction.

E Proof of Lemmal(ll

Starting from Appendix @untll Append1x L we simplify the notations by removing ¢ from subscrlpt

ie., Ly (0r) == Li(0k), gkﬁt = g1, fei(z) = fi(z), fkt( ) = fk( ), k,J e kt =7,
(bc,t = ¢C7 FC,t =Tg, 5k,t = 5k:9 77€,t = 77c

The loss for group k can be written as

0, - fek g f(x)dx, if 0y, € [K°, k']
Ly (0r) =/ géf;i(w)dcw/e grfi (x)de = fe g (x)dz + [ gkfk )dsc, if 0 € k' %]
' S gl ft@)da, it 6y € [

which is decreasing in 8 over [k°, k'] and increasing over %, % ], the optimal solution 0; € k', 7).
Taking derivative of Ly (0;) w.r.t. 0 gives rleTff’“) = gift(0k) — g0 f2(0r), which is strictly

. . -0 .
increasing over [k', & | under Assumptlon

The optimal solution ¢, = argming, Ly (0x) € {E', 5k,EO} can be thus found easily. Moreover,

Ly.(0) is decreasing in ), over [k°, 0] and increasing over [0}, El].

F Proof of Lemma

Some notations are simplified by removing subscript ¢ as mentioned in Appendix

We proof this Lemma by contradiction.

LetV = {(0a7 0b)|0a € [¢C(5b)7 5(1]3 9(, € [6ba ¢El(6a)]v FC(Gaa ob) = 0}

Note that for Simple, EqOpt, StatPar fairness, for any (6, 6;) and (6,,, 6;) that satisfy constraints
Tc(04,6p) =0and T'¢(0,,,6;) =0, 60, > 6, if and only if 6, > 6;. Suppose that (6,, 6,) satisfies
Lc(ba,0p) = 0and (0,,0,) = argming, o @ La(0a) + ayLy(6s) ¢ V, then one of the following
must hold: (1) 8, < ¢¢(8p), Oy < 03 (2) Oy > a0y > gbgl(éa). Consider two cases separately.

(1) G, < dc(6p), O < 0

Since Ly(0y) > Ly(0p), Vaa, @, to satisfy @gLa(0a) + @pLy(0y) < @aLa(p()) + apLs(ds),
La(éa) < L4 (¢p¢(8p)) must hold. However, by Lemma L,(0,) is strictly decreasing on [a°, §,]
and strictly increasing on [0,,@']. Since 6, < ¢¢(0y) < Jg4, this implies Lq(0,) > La(de(d)).
Therefore, (,, f;) cannot be the optimal pair.

(2) éa > 5a7 éb > ¢El(5a)

Sincve La(0,) > Ly (34), Y, G, to satisfy @ Lq (6,) + @ Ly (0y) < @aLa(da) + abLb(daEl(Ja)),
Ly(0y) < Ly(¢z " (3a)) must hold. However, by Lemma Ly (6y) is strictly decreasing on [b°, 0y ]
and strictly increasing on [(5;,,51]. Since 0, > ¢ " (84) > 6, this implies Ly (6;) > Ly(¢dz " (34))-
Therefore, (6, f}) cannot be the optimal pair.
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G Proof of Theorem

Some notations are simplified by removing subscript ¢ as mentioned in Appendix [E]

Proof of Theorem [3]is based on the following Lemma.

Lemma 4. Consider the one-shot problem (1) at some time step t, with group proportions given by
@o(t), a0 (t). Under Assumption[I|the one-shot decision (0,(t), 0(t)) for this time step is unique
and satisfies the following:

(1) Under EqOpt fairness:
0
b

o I[f0,(1) € [a,a'), 0,() € [b', 8], then 22l — (95 Jp10(0) _ )9y

ab(t) g(, fb (eb(f)) gg
. GO
— — 0 (0
o 1f0a(t) € [}, @], 03(t) € [b,B], then Tl = LHCLED 0
" 99 78(0a (1)
(2) Under StatPar fairness:
70 @ (t
o If0a(t) € [a%a') 6u(t) € b, D), then S2 =1 — 2.
Qf{;(eb(tnﬂ
L 1 70 @ (t
o If8a(t) € [, @], 6(t) € B, D], then T3 = (1~ gy —) (—srtmemy — 1)
99 fg(@b(t))+ T 9979 (0a (1)
_ -0 -1 s
o If0,(t) € [a",a’], 0,(t) €[b ,b |, then gbg; = - oy —
" 99790a(t)

(3) Under Simple fairness:

o If we further assume 0,,0, € To N Ty, then 0,(t) = Op(t) € [91750] and %O _

ap(t)
gi £ (06 (£))—gp £2 (06 (1))
99 F9(0a(8)—gL FI(0a (D))"

Proof. We focus on the case When glfla") < g%f%(a") & gl f1(@®) > g2 (@) and g} f1(b") <
@)oY & gl fL(B ) > gl f2(b ) That is, 6} = argmin, L (6) = d; holds for k € {a, b}.

Constraint I'¢(0,, 8,) = 0 can be rewritten as 8, = ¢¢(6;) for some strictly increasing function ¢c.
The following holds:

6
déc(0y) Ol (04,01) % C := EqOpt
)~ % = 91y O)+ i (00) o gqiop
db, e (0a.00) |g,=gc(0)) 97T (e (00)) 9L (e (B)) © 7 Prarar
6. 1, C := Simple

The one-shot problem can be expressed with only one variable, either 6, or §,. Here we express it in
terms of 0. At each round, decision maker finds 6, (t) = argming, L*(0y) = @a(t)La(¢c(0s)) +
ab(t)Lb(Hb) and Ha(t) = ¢c(eb(t)). Since ¢¢ (51,) < dq ( ¢El(5a) > 0p), when C := StatPar,
solution (6, (t), 0,(t)) can be in one of the following three forms: (1) 0,(t) € [a’, a'], Oy(t) € [Ql,go];
(2) 0, (t) € [a",@°], Op(t) € [b",5]; 3) 0a(t) € [0, @), 04(t) € [0°,5']. When C := EqOpt,
solution (6,(t), Gb( )) can be either (1) or (2) listed above. In the following analysis, we simplify the
notation ¢¢ as ¢ when fairness criterion C is explicitly stated. For EqOpt and StatPar criteria, we
consider each case separately.

Case 1: 0,(t) € [a°,a]. 0(t) € [b',D]

Let fj2ax = min{EO7 (] 1)} be the maximum value 6, can take. L'(0)) = @ (t )fb1 gt fi(x) —
0 _ 5’

g0 19(@)dw —aa (t) [ g0 f0 (@) dw + @a(t)gl + (1) [1 99 f3(x)da

Taking derivative w.r.t. 6, gives

dL'(6y)
do,

= (t) (95 fy (06) — 95.f3)(00)) — Ta(t)gafa (Pc (1)) d¢§9(fb) '
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1. C := EqOpt

L) — @y (1) (g1 £ (06) — 9212 (00)) — Ta(t)g0f2 (0b). since g} fiH(0p) — g9 f2 (6b) is increasing

from negative to positive and f{(6;) is decreasing over [b', b ] implying dL (91’)

o', BO]. Based on the value of 2o
(Xb(t)

is increasing over

t — 1 r1
o If dLT(fl’)bb:ggmx > 0, then one-shot decision 6, (t) satisfies g‘;g; = (;’—;5 ;Z)EZZE;;; - 1)9@ and is

unique.
o If dL (0;,) < 0,V6, € b, 0:22%], then 0y (t) > 0" and (6, (t), 0 (t)) does not satisfy Case 1.
2. C := StatPar

dL 0 N 1610099140 £0 (9 - B
= WG (0) — 9 5(0)) — Ta(t) RS = (@(1) — Ta()g) £} (00) -

99 78(4(0p))
(qp(t) + aa(t))gd f2(6y), where the last equality holds since fl(4(6y)) = 0 over [a®, a']. Since

dete(fb) ‘Hb:bl < 0, based on the value of gzg; s

.. a(t) o 2
lo,=0; > 0, then one-shot decision 6 (t) satisfies < o = 1— T T L5

99 190y (1))

e If 36, such that dee(e”)

+1
and is unique.

o If dL (95) < 0,V0, € [b, 02], then 0, (t) > 0% and (6,(t), 0,(t)) does not satisfy Case 1.
Case 2: 0,(t) € [a',a°], 05(t) € [0", 0]

Let ginax = min{5’, ¢c (@)} and o0 = max{b1 ¢z " (a')} be the maximum and minimum value
that 8, can take respectively Lt(ﬁb) = ap(t) fb1 gt [ (x) — gy f(x)dx + @, (t) f;lc(e") gt fi(z) —

9afa(@)dz + a(t fbl z 4 a(t )ffl gafa(x)dz

Taking derivative w.r.t. 6, gives

dL'(0) _ ddc (6s)
ol = (05} £ 00)  GID(00) + Fu(0) 9L 0 00)) — 9212 (0c00)) O,
1. C := EqOpt
dL'(o 0 _ — — . dL'(0
O (((ggi }l&;’;ﬁe;ﬁi 9)@a () — 95a6(6)) £ (8) + g} £ (6) a0 (1). Since 157 g, _gmax > 0,
a(t)”
. B 7% f%(eb(t)) .
e If 36; such that % la,=6; < 0, then one-shot decision 0 (%) satisfies %‘;g; = 5T f(f(b ¢{5b(:)tb>§;)),1 Z—§

' . 99 fO(¢(0y, (1))
and is unique.

oIf dL (01’) > 0,V0), € [0 97a%] then 6, (t) < 0" and (0, (t), 05(t)) does not satisfy Case 2.
2. C := StatPar

dL*(6 — _ Lreloaig, V)— a9 £O( (0
LT — @ (1) (g 1 (00) — 99 13 (00)) + Tat) (99 F2 (00) + g3 £ (0)) L SO0 (CCu1S

t —
e If 36,(t) such that dLe(G”)|9b:9b(t) = 0, then it satisfies g‘;g; = (1 -
2 2 . .
ol 7200, )(—rismmy — 1) and is unique.
B 0@ T 90 F0(6 (6, (0))

o If M > 0,0, € [0 9ax] then 6, (t) < 0" and (0, (t), 05 (t)) does not satisfy Case 2.

o If dL (0‘“) < 0,Y0, € [0 9max] then () > 0" and (6,(t), 0,(t)) does not satisfy Case 2.
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Case 3: 0,(t) € [a',a°], 0p(t) € [0, D]

Express L¢(0,,0) as function of 6, the analysis will be similar to Case 1.

Let ™" = max{al', gbc( )} be the minimum value 6, can take.

_ o 0 _ a’
LH(00) = Talt) [ gL f1(x) — 920 (@)dx + @o(t) 1 ) g (x)do +Talt) 5 90f0(w)da
Taking derivative w.r.t. 8, gives

detéea) = Ta(t)(95 £1(0a) — 90 12(0a)) + T (t)g3 £ (6" (6a))

where C := StatPar.
dL* (0 _ _ L0 +g2f20.) _ —
et = W) (9213 (0a) — 9210 (0a) (1) 2Leigaptontatid = 0, () (912 (6) — 9812(6a)) +

1 b6 7 - 7
+g§,’f{f(¢*1(9a))

ab(t)(gafa (9 )+ 99£2(6,)), where the last equality holds since f(¢~1(0,)) = 0 over B°5').

deg " (0.)
do, ’

Since dL |9b g0 > 0, based on the value of Za((t))
o If 3¢/, such that & 6 )| =g < 0, then one-shot decision 0, (t) satisfies gzg = glﬁ(g oy — 1
@ ' 1—2gog e
9979(0a (1))

and is unique.
oIf % > 0,V0, € [b', 0], then 0, (t) < 0™ and (6, (t), 0 (t)) does not satisfy Case 3.

Now consider the case when C := Simple, where 6, (t) = 0,(t) = 0(t). Since 6, > J, suppose that
both &, 6, € T, N Ty, and according to Lemma , there could be only one case: 0(t) € [a®, 50}.

Taking derivative w.r.t. 6 gives

ar*(e) _ _
O 500 10~ IO + TD6LIL0) — 2120)).
dL;G(O) is increasing from negative to positive over [0y, d,], 30(¢) such that < ) lo—o(+) = 0, and it

Talt) _ gpfa(0()—gpfi (6(1)

satisfies T (t) 99 fo0()—gl FI(O()"

O

By Lemmal 2l 0, ( [qﬁc(éb) a)s 0b(t) € [0n, ¢z " (04)] hold. Under Assumption T f6y) >

12£2(0y) for 0, € [5b, } fEfN0,.) < £2£9(0,) for 0, € [at,d,). Moreover, fl(z) is increasing
and fP(x) is decreasing over 7. According to Lemma for each case, function ¢ (0,(t), 05(t)) is
increasing in 6, (t) and 6, (¢).

H Proof of Theorem 4]

Some notations are simplified by removing subscript ¢ as mentioned in Appendix [E]

Note that fj () = fr(x) is fixed. Consider two one-shot problems under the same distributions at

two consecutive time steps with group representation d1spar1ty and a“ respectlvely Let (9a, 05)

and (Ha, 91,) be the corresponding solutions.

According to Lemmal 0., 9 € [bc (), dal, 517,51, € [0, qﬁc_l(&l)] hold. Suppose %(t) >

B
) y

Q\)‘Q\)
o R

Theoreml it implies that 9 > Ga, Gb > 9b

Consider the dynamics with 7 (6;) = v(Ly(61)), since Ly (6y) is decreasing over [k”, ;] and
. . -1 o . .
increasing over [0y, k ], the larger one-shot decisions 6,, 6, would result in the larger retention
rate 7, (0,) and the smaller 7,(6;) as v(-) is strictly decreasing. Therefore, 74 (6,) > 7ra(6 ) and
7b(0p) < mp(6p). Hence, Monotonicity condition is satisfied.
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Consider the dynamics with 74 (6),) = w(Dy(0),)) where Dy (61) = [, gj.fr (2) — 9§ f{ (x)da. The
following holds for G, and Gy:

oo dq
Du(0) = / gL f1 () — @O0 (@)dr + / gL L1 () — g0 0 de

6(;0 Hcéb
Dy(6s) = /5 (@) — g fO(x)da /5 gL fi (@) — g1 (x)da

Since g, fq(z) < gofg(x) for z <
will thus result in the larger 7, (6.)
0

Ta(0a) > 7a(Ba) and m,(6;) < m(

g“g t% changes monotonically. By Theorem the corresponding one-shot

8 and g} fil(z) > ¢ f2(z) for x > &y, the larger 6,, 6,
nd smaller 7, (6;) as w(-) is strictly increasing. Therefore,

a
»). Hence, Monotonicity condition is satisfied.

fair decision (0,(t), 0y (t)) also converges monotonically.

I Proof of Theorem

I.1 Lemmas

To begin, we first introduce some lemmas for two cases. LemmaE] and show that under the same
group representation &, o, the impact of reshaping distributions on the resulting one-shot decisions.
Lemmal[6] and [§] demonstrate a sufficient condition on feature distributions and one-shot decisions of
two problems such that their expected losses satisfy certain conditions. The proof of these lemmas
are presented in Appendix [J|

Case (i): fi.c(x) = gp  fh(z) + gp SO (2):

Fraction of subgroup G, 7 over Gy, changes according to change of their own percelved loss L7, i.e.,
forz € {0,1} suchthatL 2 Ok() < Lj, o1 (Ok(t = 1)), G4y > Ghp—1 andgkt < Ypi-1-

Lemma 5. Let (§a, §b) (Oa, Gb) be two pairs « of decisions under any of EqOpt, StatPar, Simple
fairness criteria such that \I'c (9(1, 91,) \Ifc(ea, 91,) where functions \I/c, e have the form given
in Table |I| and are defined under feature distributions fk(x) = grfi(@) + g2 fL(z), fe(@) =
Grfh (@) + g2 f2(x) respectively Vk € {a,b}. If gt < g}, and gy > G2, then 0, > 05, will hold
k € {a,b}.
Lemma 6. Consider two one-shot problems defined in (HI) with objectives O(@a7 Oy: A, ab) and
O(9a79b,aa7ab) where O is defined over distributions frlz) = Az T) + gk k( x) and O is
defined over distributions fi(z) = G2 f2(z) + Grfi(x), k € {a,b}. Let (8,,0,), (8a,0) be the

corresponding one-shot decisions under any of S'L'mpZ,e EqOpt or StatPar fairness criteria. For
anygk +§k = 1andgk—|—§k = 1suchthatgk > g% gt < g1, Vk € {a,b}, if 0, > 0, and 6, > 0,
then L (0 ) < La(0,) and Lb(ﬁb) > Ly,(8y) can be satisfied under the following condition:
— e O
|Agr(Li(0r) — Ly (00)] < | . gr i (@) = Gifr (x)dal, VE € {a, b} @)
k

where Agy, = |§2 - §2| = (9% — Grl-

Note that Condition (7)) can be satisfied when: (1) Agy, is sufﬁmently small; and (2) the difference in
the decision Hk — Hk is sufficiently large, which can be achieved if & oy, and @, ak are quite different.

Case (ii): fi(z) = g}cfk,t(x) +gkflc,t(x)

Suppose Ly ,(0x(t)) > Lj., 1 (0k(t — 1)), i.e., G} is less and less favored by the decision over
time, then users from G}, will make additional effort to improve their features so that f,i’t(x) will
skew toward the direction of higher feature value, i.e., f,it () < f,it(a:) for  with smaller value
(z € Tr) while G, is assumed to be unaffected, i.e., fp ,,,(x) = f{ (). Similar statements hold
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when 0, (t) < 0 (t — 1) and GY, is less and less favored. Moreover, assume that Assumptionholds
for any reshaped distributions and the support of f;. , () and f; ,(x) do not change over time.

vt, let f{ () and f},(x) overlap over Ty, := [k', EO].

Lemma 7. Let (@\a, @\b) (9a, 91,) be two pairs of decisions under any of EqOpt, StatPar, Simple
fairness criteria such that U (9a, 9b) Ve (0q,6s), where functions \IIC, U have the form given
in Table |I| and are defined under feature distributions fk( ) = gkfk( ) + gkfk( ), fk( ) =

gkfk( )+gkfk( ) respectively Yk € {a, b}. Iffk( )= fk( )a”dfk( )<fk( ), V& € Ty, then
0y, > 0y, will hold Vk € {a,b}.

Lemma 8. Consider two one-shot problems defined in (III) with objecnves 0(0(17 Gb, oza, ozb) and
O(04,00; 0, Qp), where O is defined over distributions fr(z) = gkfk( ) + gkfk( ) and O is

defined over distributions fr(x) = gkfk( x) + gkfk( x), k € {a,b}. Let (8,,0,), (Ba,0) be the
correspondmg one-shot decisions under any of Simple, EqOpt or StatPar falrness criteria. For any

distributions fk, fk increasing over Ty, and fk, fk decreasmg over’ﬁC such that fk( x) < fk( )over
Eandfk() fk() fk()Vkae{ab} if 0, > 04 and 0, > By, then Lo(6,) < La(6,)
holds. Moreover, Lb(9b) > Lb(eb) can be satisfied under the following condition:

Afighmax(Bdit 1) < [ R - e ®)

max{0,0; }
where Af} = MAX, 1 max{Fy.50}] |]?b1 (x)— le (x)| and 8 is defined such that ggﬁ) (gb) /;1 (gb).
Note that Condition (E) can be satisfied when: (1) A fb is sufficiently small, which makes (5b close

to 51, and 9;, max{ 0;,, 51,} is more likely to hold; and (2) the difference in the decision Gb 9(, is
sufficiently large, which can be achieved if &, and @y, are quite different.

1.2 Sufficient conditions

Below we formally state the sufficient condition under which Theorem [5|can hold.
Condition 1. [Sufficient condition for exacerbation] Condition([l)is satisfied if the following holds:

e under Case (i): Condition () is satisfied for objectives Oy and Oy1, Yt > 2, i.e.,
o7 (t+1)
|Agr 11 (L7 4 (07.(8) =Ly (05(1)))] < \/6 o IR i1 SR (@) =gh o1 fh (@) dal, Kk € {a, b}
r(t

with Agyi+1 =197, 111 — 97,5 € {0,1}.
o under Case (ii): Condition @) is satisfied for objectives Oy and Oy, 1, Vt > 2, ie.,

9; (t+1)
ALy orgh (max{B(£), 611} — bY) < / G Ty (@) — g1 (2)de
max{@b“"(t) Obt41}

. T 1 1
with Afy 41 = MaXpe b max{07(t).60.041}] [fo.0101(@) = [yt (@)]-
Condition 2. [Sufficient condition for acceleration of exacerbation]

Let OF := Of (0,,0,;al (), a{(t)) be the objective of the one-shot problem at time t for the case
when distributions are fixed over time. Condition2)is satisfied if the following holds:

e under Case (i): Condition () is satisfied for objectives Oy and O{ , Vit > 2, e,
0 (pf 1 (pf oo 0 £0 1 f1
|Agk,t (L (05, () — Ly (05, (1)))] < I/ef( ) It Sk (@) = g o S (@)dx], k € {a, b}
It
with Agk,t = gi7t - gi)la.j S {07 1}

19



e under Case (ii): Condition @[) is satisfied for objectives O and O{ LVt > 2, le.,
0y (t)
A g tmax{8] (6).6,.) - ) < [ gLt (@) — g0, () da
max {6 (t),60,¢}
with Afblyt = MAX e b1 max{0] (t),00,4}] |fb1t($) - fb11(37)|

Note that Condition[1]is likely to be satisfied when changing the decision from 6, (¢) to 6 (¢+1) results
in: (i) a minor change of fj ;41 (x) from fy ;(x); or/and (ii) a significant change of representation

disparity g‘; EIT_B from g‘;gf; so that |67 (¢ + 1) — 6},(t)] is sufficiently large.

Condition is likely to be satisfied if for any time step, (i) the change of f}, ;(x) is minor as compared
to the fixed distribution, i.e., fi 1 (z) at time ¢ = 1; or/and (ii) the resulting decisions at same time

under two schemes are quite different, i.e., \9}: (t) — 65.(¢)| is sufficiently large.

In other words, both requires that f, ,(x) is relatively insensitive to the change of one-shot decisions,
and this applies to scenarios where the impact of reshaping distributions is considered as a slow
process, e.g., change of credit score takes time and is a slow process.

1.3 Proof of main theorem

If fue(x) = fr(x) is fixed V¢, then the relationship between fégg and one-shot solutions
@
(01 (t), 0] (t)) follows fégg = We 1 (01(1),0] (1)), V. If fi+(x) varies over time, then gzgg =
@

e (04(¢),05(t)), Vt. We consider that distributions start to change after individuals feel the
change of perceived decisions, i.e., fi :(z) begins to change at time ¢ = 3. In the following
Vk € {a, b}, 0[(t) = O},(t) = Ok(t). 7] ,(0L(t)) = 7} ,(04(t)) = mre(0k(t)) for t = 1,2 and

al®) _ aa(t) _ @a(t) _
o = w0 = ®m fort =1,2,3.

Start from ¢ = 1, if (64(1),05(1)) satisfies 7a,1(0a(1)) > m,1(05(1)), then 2234 > Z2(4 and

0,(2) > 01,(1) holds Vk € {a, b}, implying a.2(0a(2)) > 7a.1(0a(1)) > 7.1 (05(1)) > m5.2(06(2))

(01 and Os satisfy monotonicity condition) and g‘b‘ Eg; > g‘;g; :

begins to reshape the feature distributions in the next time step.

Moreover, the change of decisions

Consider two ways of reshaping distributions: Case (i) and Case (ii). For both cases, show that as long
as the change of distribution from fy ;—1(z) to fi . (z) is relatively small w.r.t. the change of decision
from 6, (£ —2) to 0 (t—1) (formally stated in Condition[1]and Condition[2)), the following can hold for
any time step ¢ > 3: (i) O; and Oy 1, satisfy monotonicity condition: 77, , ,; (67, (t+1)) > 77, ,(07,(1)),

(05 (t)) > mp .1 (65(t + 1)) hold when %Eiﬁg > g‘gg;, (ii) group representation disparity

—r —f
changes faster than case when distributions are fixed, i.e., gﬁ 83 > f‘; 8 , Vt.
b @y

Since 0y(2) > 01(1), within the same group Gy, subgroup G} (resp. GY) experiences the higher
(resp. lower) loss at time ¢ = 2 than ¢ = 1. Consider two types of change Vk € {a, b}:

e Case (i): g3 < gro = gp 1 and g 5 > 905 = g3,
o Case (ii): f} 5(z) = fQo(z) = fR 1 (x),Yz and f} 5(x) < fio(2) = fi,(2), V2 € Ti.
Prove the following by induction under Condition [I|and [2| (on the sensitivity of fi :(x) w.r.t. the

@l (t+1)  al(@t+1) an(t+1)  @n(t) .
CFED a1 and 277 > S hold, and Vk € {a,b}:

change of decisions): For ¢ > 3

e Case (i): g}, 1 <gh, <gr,andgf, ., > gQ, > gp, are satisfied.

o Case (ii): fi),,(2) = [ (x) = f1(z), Yo and fi , 4 (2) < fi (@) < fi1(2), Vo € T
Base case:

U, are defined under feature distributions f ¢ () = g,i)tf,iyt(x) + gg7tf,g7t(x), Vk € {a,b}. Define
a pair (04, 0) such that the following holds:
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2280 = We 1 (0£(3), 6] (3)) = Wes(05(3),05(3)) = Ve a(ba, ) > e 2(05(2),05(2)) = S35

Then, we have Vk € {a, b}:

e Case (i): As g3 5 < gpo = 0gr, and g 3 > g7 5 = gy 1, by Lemma 01(3) > 6/ (3) = 6 holds.
o Case (ii): As f{3(x) = fio(2) = fQ,(2), Vo and fi 5(z) < fis(x) < fi,(2), Vo € Ty, by
Lemmal7} 07(3) > 6/ (3) = 0 holds.

By Theorem 0} > 07(2) holds. It implies that 05 (3) > 0£(3) and 07,(3) > 0;,(2).

Consider dynamics with 7, 4 (6 (t)) = v(L,+(0x(t))). The following statements hold:

(1) Under Condition |1} Lq 3(6;(3)) < La,2(0;(2)) and Ly 3(6;(3)) > Lb 2(607(2)) hold, implying
T 5(05(3)) > 7 5(05(2) > 5 5(65(2)) > 55(65(3)) and Sxg > el )

(2) Under Condition La3(07(3)) < Lo 3(01(3)) and Ly 5(05(3)) > Lb73(0b (3)) hold, implying

g r r T a, é
mo3(05(3)) > 7 5(0(3)) > ] 5(60](3)) > mp 5(67(3)) and Tag > S0,

(3) G}, (resp. GY) experiences the higher (resp. lower) loss at ¢ = 3 than t = 2, i.e., L,1€)3(9£ (3)) >
L}, 2(05,(2)) and L 5(07(3)) < Ly 5(65(2)).

o Case (i): g} 4 < gp 5 < g, and gg 4 > g} 3 > g;, hold.

e Case (ii): fy ,(z) = f3(z) = fR 1 (x),Yz and f} ,(x) < fi 5(2) < fi,(x), Y2 € T hold.

Induction step:

. an(t+1 al(t+1 1 r
Suppose at time ¢ > 3, TE;L; > aZEzL; and Tg_tl; > *Zég hold, and Vk € {a,b}:

e Case (i): g} ,,) <9gi, <gr,and gy, , > g7, > gy, are satisfied.
o Case (ii): f},,(2) = f{(x) = f1(z), Yo and fi 4 (2) < fi (@) < fi,(2), V2 € T
Then consider time step ¢ + 1.

Define pairs (A4, 6,) and (6, 6) such that the following holds:

af -
At e S = Yea Ol + 1,00 ( 4+ 1) = Ve (B, 61)
—r(t+1) C»t+1( a( + )7 b( + ))> lf“(t) , . PO
% Sl = We o (02(1),05(1) = Ye 41 (0, 61)

According to the hypothesis, Under Case (i), 6;, > Hf (t+ 1) and ), > 67.(t) hold by Lemma
Under Case (i), 0), > 9f( t+1) and §;, > 05(t) hold by Lemma By Theoreml 3L o (t+1) > O
and 07, (t + 1) > 6y, hold. Tt implies that 0 (£ + 1) > 6/ (t + 1) and 05 (t + 1) > 0} (¢).

(1) Under Condition Lo 1(00(t+1)) < Lgt(07(t) and Ly 41 (65 (t + 1)) > Ly (67 (t))hold,
implying 77, (67t + 1)) > 2, (81(1)) > 77, (67 (8)) > 7., (65 (¢ + 1)) and T > D0,
O, and Oy satisfy monotonicity condition and representation disparity get exacerbated

(2) Under Condition Lai1(05(t+1)) < Lo 11(02(t+1)) and Ly 41 (65 (¢+1)) > Lb7t+1(9bf(t+
1)) hold, implying g ¢ (05 (¢ + 1)) > 741 (Bt + 1)) > mf 1 (B (¢4 1)) > 77 o (05 + 1)
a (1) o a(t+l)
s+ 7 (t+1)
is larger at each time compared to the case when distributions are fixed, and if the disparity get
exacerbated, this exacerbation is accelerated under the reshaping.

(3) G, (resp. GY) experiences the higher (resp. lower) loss at ¢ + 1 than ¢, i.e., Ly, (05 (t + 1)) >
L}c}t(tﬁ)z (t)) and L27t+1(912 (t+1)) < Lg)t(%(t)). Therefore,

and thus 2 =2 : the discrepancy between retention rates of two demographic groups

o, o1 1 1
e Case (i): g, ;10 < k441 < gj 1 and 92,t+2 > gg’tﬂ > 92,1 hold.
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o Case (ii): fl?,t+2($) = fl?,t—&-l(x) = fl?,l(x)vvx and fl%,t—&-Q(x) < fli,t—&-l(x) < fli,l(x)vvx € Tk
hold.

Proof is completed.

The case if 74,1 (04(1)) < mp,1(65(1)) can be proved similarly and is omitted.

J Proof of Lemmas for Theorem [3]

J.1  Proof of Lemmal5

f2(z) and f}(x) overlap over Ty, := [El,ﬁo].

1. C := StatPar

To satisfy \TJStatpar(@\a, @\b) = @Statpar(ga, 51,) 9itiOr) _ Gifi(0n) should hold. Under Assumption

T GRSRR) T RSN () -
both B6/50) ang T/e() e strictly increasing over 7. Since Vk € {a,b}, there is gg;’ggzg
kJk g

gurRe) gRrRe)
g’g;’ggg:%, V0. € Ty. For all three possibilities in Table 01 > 05 holds Vk € {a,b}.
kJk

2. C := EqOpt

Since L (6,) = Zg(ab) and Eg(&a) = 22(91,) always hold for any (6, 6 ) satisfying EqOpt criterion,
~ ~ ~0 ~0
when change ofﬁg (or ﬁg) is determined by 6y, only via L% (0y) (or LY 2(0k)), both % = 1and 2—3 =1

: : T o0 T T\ GhfiR) _ Gifi (Gk)
are satisfied. To satisfy Weqopt (0a, 05) = Veqopt (Oas ), §0ka A kf’g) o should hold, which is
kI \YVk

same as the condition that should be satisfied in case when C := StatPar. Rest of the proof is thus
same as StatPar case and is omitted.

3. C := Simple

Simple fairness criterion requires that § = @‘\ 0 and 0, = 0, = 6. In order to satisfy

~ ~ o~ ~ -0 D ~1 £l /9> ~0 £0 /"

Wsimp1e (0, Op) = ‘I’slmple(9 b)), 9o (0) - ) = 95O =9,/ O) p501d hold. Under Assump-
)

A°f0(9) 0) g5 r2(0)—g3f3(0)
t10nl both g{’é?@g;*g’{ ;”E 5 ZZ;%E ; g’{f r(y are strictly increasing over 7. Since Vk € {a, b},

there is gb;’ggzg ng”lgzg < 93?5533 gﬁ;ﬁ(z;, V8 € T, N Ty, implying that § > 6.

IR0
ga fa(
and ’?(g

J.2 Proof of Lemmal6]

Define AL?C = \LJ (Ox) — LL(01)], 5 € {0, 1}. Rewrite~§2~: 3+ Agy and g,ﬁ = §~,i — Agy. For
k € {a,b},0) > O holds, which implies that L} (6;) = LL(0x)+ALL and L (6),) = L9 (6x)—ALY.
Therefore,

Li(0x) — Li.(0k) = Agi(L(Ox) — LE(Oy)) — (GUALY — GLALE) k € {a, b}

since

O Ok
ALy = | fi(x)de; ALY = [ fl(z)dz
ek ‘gk-

Define 3, such that gkfk (0r) = f,C (8x), then G0 fO(x) > gL f:(x) when = < &, and g0 f0(z) <
g f} () when z > 5. By Lemma | 6, < 6, and 6, > 0}, hold, implying

~0 0 _ =1 1 Z ~0 £0 ~1 p1 >0, k=a
gpALp — g AL, = | G fi (%) — Gy fi, (v)d <0 k=b
O , K=

If|Agk(E2(§k) Lt (Hk )| < |f9 v f(x) — g} fi (x)dz| holds, then the sign of Lk(ﬂk) Li(6y)
is determined by the sign of GLALL — G9ALY. We have L, (A,) < La(6a) and Ly (6y) > Ly(63).
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J.3  Proof of Lemmal7|
1. C := StatPar or C := EqOpt
~ ~ ~ ~ ~ ~ ~ -~ ~ ~ ~ ~ 171/
To SatiSfy \I]StatPar(gaveb) = \IlStatPar(aaaab) or \IIEqut(oavob) = \IquDpt(eaveb)’ jﬁjfﬁéig:; =
JkJk

i Ji (0r) gkfk:(gk) : grfi() : ; :
o 070 Bk) < ETON should hold. Under Assumptlon R0 is strictly increasing over 7.

Ok > Gk has to be satisfied.

2.C := Simple
Simple fairness criterion requires that §a = éb — @ and [9} = gb 0. In order to satisfy
@Simple(é\a é\b) — @Simple(ga gb) ghfb (0) gbfh (0) — gég(@*ggﬁ)(?\) < gbfb (9) ghfb (g) should

°f°(9) gLf(0) 95 f3(0)—g3 fa(0) 99 f2(8)—gl F1(0)
hold. Under Assumption % is strictly increasing over 7;,. For 0,0 € T, N T5, 0 > 0
has to be satisfied. ‘
J.4 Proof of Lemma[§]

Define gk such that ggﬁ@) = giﬁi(gk)- Then, ggﬁ(x) > g}lf(}(x) when z < ga and gg}?(x) <
gt fi(z) when z > 6,

Since 6;, > gk, we have

— o~ _ - O 0
2@ - 190 = - /9 @y == [ Rw)is
SN . O 0
L Oy - IEB) = / Fi(x)dz / (Fi(x) - Fi(2)de
0 k!
Therefore,
~ o~ ~ o~ gk @g -
Lu(@) — Ln(6y) = / i (@) - R @)dz — g} / (Fi(@) - F(@))de
O El

since 6, < 0, < bq. f;“ 92N (z) — g0 f0(x)dz < 0 holds. Since f(z) > fl(z) forz € T, we
have g} f;f(fj(z) — fY(z))dz > 0. Therefore, L, (0,) < La(0,).

When k = b, there are two possibilities: (i) , < 0, < 8 (ii) 8, < Gy < 0.

For case (i),

N 5
/ AT @) — R (w)dz + / Tl (@) — P2 () de

(5{1 ab

Ly(6s) — Lo (6y)

term 1 term 2

s _
< ol [ B - R

term 3
Since 0 < 0 < & and f{(z) = f(= >forxe[eb76b] 9% E}( ) =93 Ji (x) < gt F (@) —gf F{ (x) <
0, we have 0 > term 2 + term 3 > g, [, (fb( z) — fi(z))dz

Define Ay = max, 1 5, |fbl(x) - fbl(a:)| Since term 1 > 0, Ly(6;) > L (6,) holds only if the
following condition is satisfied:

Mgt (B, — 1Y) < /6 G Fi (@) — T (2)de
b
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For case (ii),

~ ~ - o~ b 0
Ly(0y) — Ly (0y) = /0~ ggﬁ(m)—gz?ﬁ)(ff)dx-i-g;/(

bl

f (@) = i (x))da

term 1 term 2
Define Ay = max, 1 5,1 \fbl(x) — fbl(x)\ Similar to case (i), Zb(é\b) > Eb(gb) holds only if the
following condition is satisfied:

~ §b
Bagh @ =) < [ ol R} @) b R(a)a

b
Combine two cases, let A f} = MAX 1 0 (G 60)] |]?b1(a:) . fbl(x)|, Eb(@,) > Ly(6) holds only
if the following condition is satisfied:

- by
Aftgbmax(@b} <) < [ g @) - R e
max{0,0p }

K More on examples of finding proper fairness constraints from dynamics

Example 1. [Linear first order model] is given by Ni(t + 1) = Ng(t)m2(0k(t)) + Bemi(0k(t)).
This is a general form of dynamics @) where the arrivals can also depend on the decision. When

74 (0k(t)) = 1, then dynamics model will be reduced to@). N =2 e O8) i the stable fixed point if

1—72(0)
72(0)) < 1 holds. Since |%‘; —Bay = | (0) 1, (00)

, solution pair (67, 6;) should satisfy

B 1(95) 1-7Z(0a)
1 1 *
W(Ze( 9) oy = 1377 %0(’:9);). The constraint set that can sustain the group representation is given by:
ma(0a) _  m(6h)

C = {(04,05)|(04,05) € © x O, 72(0,) < 1,72(0) < 1}.

1—72(0,) 1—72(6)’
Consider the case where departure is driven by positive rate 7 (6;) = v/( [, 00: fx(x)dx) and arrival is

driven by error rate 7}, (6) = v/( fg f(z)dz + g; f‘gk fi(z)dz) = v(Lg(0x)) where v(-) is a
strictly decreasing function. ThlS can be apphed in lending scenario, where an applicant will stay as
long as he/she gets the loan (positive rate) regardless of his/her qualification. Since an unqualified
applicant who is issued the loan cannot repay, his/her credit score will be decreased which lowers the
chance to get a loan in the future [13]]. Therefore, users may decide whether to apply for a loan based
on the error rate.

In Fig. |5| A-fair set is illustrated for the case when f/(z), k € {a,b},7 € {0,1} is truncated

normal distributed with parameters [00, 0,00, 0}] = [5,6,6, 5], [ko,ﬁl,ﬁoﬁl] = [5,11,20, 35],
(12, i) = [10,25] for k € {a,b} and v(z) = 1 — x. The left heat map illustrates the A-fair set
for the dynamics model mentioned above. On the other hand, the right heat map illustrates the
dynamlcs model mtroduced in Section [3.2) where the departure is driven by model accuracy, i.e.,

72 (0k) = v(Lg(0x)) and 7L (0)) = 1. Here, z-axis and y-axis represent 0;, and 0, respectrvely Each

pair (6q, 0,) has a corresponding value of |3 ZY

representation. The colored area illustrates all the pairs such that | IY
that have the same value of | %ﬂ — gz = ﬁ e form a curve of the same color where the corresponding
b

22 All (0,,0y) pairs

value of € € [0, 1] is shown in the color bar. A-fair set is the union of all curves with € < A%.

Example 2. [Quadratic first order model] is given by Ny(t + 1) = (Ny.(t))?74 0k (1)) + Br. Ny =
277}3(&) - \/4(7r,£(10k))2 - ﬂﬁ’;k) is the stable fixed point if w}(0,) < ﬁ holds. Since |JA~\;‘; — B =

Bo
—\/1-483, . .
|’6Wb Eg”)) 11 \/11 i'(; i Ez y 1|, then Baml(0%) = Bym}(0;) should be satisfied. The constraint
- b7T b
set that can sustain the group representation is given by

C= {(eaaeb”(eaveb) €O x Gvﬁaﬂ-;(ea) = ﬁbﬂ-g(eb)aﬂ-é(e )

T (0) < — 1.

4ﬁ 45
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L. Supplementary Material for the Experiments

L.1 Parameter settings

f,i (z) follows the truncated normal distribution, the supports of f,g (x),k € {a,b},j € {0,1} are

[a®,at, @’ a'] =[-8, 5,19, 35], [bo,bl,go,gl} = [-6,25,9,43], with the means [u, pul, 9, puj] =
4,20, 8,27] and standard deviations [¢9, 0!, 00, o}] = [5,6, 3, 6]. The label proportions are g0 =

ar'%ar b)Y prop a
0.4, g = 0.6. The dynamics @) uses v(z) =1 — z.

L.2 Tllustration of convergence of sample paths

Simple

0.8 StatPar 0107\
5 -
€06 ) S % 0.08
g vl
8 E
& i ;
S04 ©0.06
3 g
© 0.2 0.04

0.0 0.02

0 50 100 150 200 0 50 100 150 200
t t
(a) Group proportion (b) Average total loss

Fig. 9: Sample paths for truncated normal example under different fairness criteria when B, + 8, = 20000.
Group proportion &, (t) and average total loss are shown in Fig/9(a)9(b)|respectively: solid lines are for the case
Ba = By, dashed lines for B, = 30, and dotted dashed lines for 3, = B /3.

Fig. [ shows sample paths of the group proportion and average total loss using one-shot fair
decisions and different combinations of 3,, 8, under dynamics with 7y, +(-) = v(Ly +(-)). In all cases
convergence is reached (we did not include the decisions 8 (t) but convergence holds there as well).
In particular, under EqLos fairness, the group representation is sustained throughout the horizon. By
contrast, under other fairness constraints, even a “major” group (one with a larger arrival ;) can
be significantly marginalized over time (blue/green dashed line in Fig. [0(a)). This occurs when the
loss of the minor group happens to be smaller than that of the major group, which is determined by
feature distributions of the two groups (see Fig. [I0). Whenever this is the case, the one-shot fair
decision will seek to increase the minor group’s proportion in order to drive down the average loss.

0.25 05
- fi(x)

— Rx):o)=1
— fx):0f=2 0.4

(x):0)=3
— x):0)=4
f(x):09=5
f(x):0)=6
— Rx):0)=7

°
N
1S5)

°
e
@

0.3

probability density
o
=
1)

G, group proportion

°
o
&

0.00

0 10 20 30 40 0 50 100 150 200
X t

(a) Feature distributions illustration  (b) Group proportion 3, = [

Fig. 10: Change f{(z) by varying 0§ € {1,2,3,4,5,6,7}. As of increases, the overlap area with fi (x) also
increases as shown in Fig. [10(a)| Fig. [10(b)|shows the result under StatPar fairness. Given 6, (t), the larger o
t

results in the larger Ly (65 and thus the smaller Gi,’s retention rate.

L.3 Dynamics driven by other factors

To sustain the group representation, the key point is that the fairness definition should match the
factors that drive user departure and arrival. If adopt different dynamic models, different fairness
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criteria should be adopted. Two examples with different dynamics and the performance of four
fairness criteria are demonstrated in Fig. [T1]

Simple <,

— simple
—-—— StatPar 0.7
!

StatPar
EqOpt
Eqlos

o
®

EqOpt

EqLos 06

o
o

G, group proportion
°
=

o
o

0.0

(a) Users from Gy, are driven by (b) Users from Gi are driven
false negative rate by their own perceived loss

Fig. 11: Sample paths under different dynamic models: Three cases are demonstrated including 8, = B

(solid curves); 8o = 30y (dashed curves); 8o = (/3 (dotted dash curves). Fig. [11(a)|illustrates the
model where the user departure is driven by false negative rate: Ny (¢t + 1) = N (¢t)v(FNg(0x(t))) + Bk,
with FNg (0, (¢)) = [, 90:( " fP(x)dx. Under this model EqOpt is better at maintaining representation. Fig.

11(b)|illustrates the model where the users from each sub-group Gi are driven by their own perceived loss:
N}t +1) = N (t)v(L](0x(¢))) + g; Bk, with L7 (6 ) being false positives for j = 0 and false negatives for
j = 1. Under this model none of the four criteria can maintain group representation.

L.4 When distributions are learned from users in the system

If f](x) is unknown to the decision maker and the decision is learned from users in the system, then
as users leave the system the decision can be more inaccurate and the exacerbation could potentially
get more severe. In order to illustrate this, we first modify the dynamic model such that the users’
arrivals are also effected by the model accuracyﬂ ie, Np(t+ 1) = (Ne(t) + Be)v(Li(0k(1))).
We compare the performance of two cases: (i) the Bayes optimal decisions are applied in every
round; and (ii) decisions in (¢ + 1)th round are learned from the remaining users in ¢th round. The
empirical results are shown in Fig. [[2] where each solid curve (resp. dashed curve) is a sample path
of case (i) (resp. case (ii)). Although 5, = Sy, G} suffers a smaller loss at the beginning and starts
to dominate the overall objective gradually. It results in the less and less users from group G, than
G}, in the sample pool and the model trained from minority group G, suffers an additional loss due
to its insufficient samples. In contrast, as (G, dominates more in the objective and its loss may be

decreased compared with the case (i) (See Fig. [I2(c)). As a consequence, the exacerbation in group
representation disparity gets more severe (See Fig. [12(a)).

Simple
StatPar
EqOpt

Eqlos

—— Simple
—— StatPar
— EqOpt 30000
— Eqlos

—— Simple
—— StatPar
— EqOpt
— Eqlos

14000

12000

25000

10000
20000

Ga group population
Gy group population

8000 15000

6000 o 10000

(a) Group proportion (b) Gg’s total population (c) Gy’s total population

Fig. 12: Impact of the classifier’s quality: dashed curves represent the results for decisions learned from users
(case (ii)), solid curves represent the results for Bayes optimal decisions (case (7)). It shows the exacerbation of
group disparity get more severe under case (ii) for Simple, EqOpt and StatPar criteria.

"'The size of one group can decrease in this case, while the size of two groups is always increasing for the
dynamic ().
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