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A Proofs on universal approximation and graph isomorphism

Lemma 1. If C is G}so—discriminating, then for all G € X™*", there exists a function iLG e Ct!
such that for all G', h¢(G') = 0 if and only if G ~ G'.

Proof of Lemma 1. Given G,G’ € X™*" with G # G, let hg, ¢ € C be the function that distin-
guishes this pair, i.e. hg ¢/ (G) # hg,c(G'). Then define a function hg G- by

ha,a(G*) = |ha,a (G¥) = ha,o (G)) 0
= max(hg,c (G*) — hg,c' (G),0) + max(hg ¢ (G) — hg,c (G*),0)

Note that if G* ~ G, then h¢,¢/(G*) = hg,c/(G), and so he.q(G*) = 0. If G* ~ (', then

hG’G/(G*) > (. Otherwise, hG,G/(G*) > 0.

Next, define a function hg by ha(G*) = Y erexnsn qrpc ha,a (GF). If G* ~ G, we have
ha(G*) = 0, whereas if G* 2 G then hg(G*) > 0.

Thus, it suffices to show that iz(; € C*!. We take the finite subcollection of functions,
{ha,a'}ereaxnxn gecr» and feed the input graph G’ to each of them to obtain a vector of out-

puts. By equation 1, hg ¢/ (G*) can be obtained from h¢ ¢ (G*) by passing through one ReLU layer.
Finally, a finite summation across G’ % G yields hg(G*). Therefore, hg € CT1,VG € x™*". [0

Lemma 2 Let C be a class of permutation-invariant functions from X XM to R so that for all
G € XX, there exists hg € C satisfying hg(G’) = 0 if and only if G ~ G’. Then C*! is
universally approximating.

Proof of Lemma 2. In fact, in the finite feature setting we can obtain a stronger result: for all f that
is permutation-invariant, f € C*1, and so no approximation is needed.

We first use the izg’s to construct all the indicator functions 1~g+ as functions of G* on X"*™. To
achieve this, because X™*" is finite, VG, we let 6 = 3 ming/c ynxn g |ha(G')| > 0. We then
introduce a “bump” function from R to R with parameters a and b, ¥, ,(z) = ¢¥((x — b)/a), where

P(z) = max(xz — 1,0) + max(x + 1,0) — 2max(z, 0). Then 1, ,(b) = 0, and supp(¥ep) = (b —
a,b+ a). Now, we define a function ¢ from X = {1,..., M} to R by vc(G*) = s..0(ha(G*)).
Note that o5 (G*) = Lg~g+ as a function of G* on X"*™.

Given f, thanks to the finiteness of the input space X"*™, we decompose it as f(G*) =
1 * 1 1 *
(37 Xgexnsn Lome ) [(GY) = 57 Xgeansn [(G)laxar = 157 Lgeancn [(G)ea(GY).

The right hand side can be realized in C*?, since we can first take the finite collection of functions

{hc}Gexnxn and obtain {hg(G*)}cexnxn. Then, with an MLP with one hidden layer, we can
obtain {¢¢(G*)}geanxn, alinear combination of which gives the right hand side, since each “f(G)”
within the summation is a constant. O

Theorem 3. If C is universally approximating, then it is also GIso-discriminating

Proof of Theorem 3. YG1,G2 € K, if G1 # Go, define f1(G) = mingcg, d(G1,7TGn). Itis a
continuous and permutation-invariant function on K, and therefore can be approximated by a function
h € C to within € = % f1(G2) > 0 accuracy. Then h is a function that can discriminate between G4
and Gs. O

Lemma 3. If C, a collection of continuous permutation-invariant functions from K to R, is pairwise
distinguishing, then C*! is able to locate every isomorphism class.

Proof of Lemma 3. Fix any G € K. VG' # G € K,3hg,e € C such that hg o (G) #
ha.c(G'). For each G, define a set Ag- as h@}c,((hg,g/(G’) _ lheor(@ );hG’G/(G)I Jhea (G +
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Figure 3: Illustrating the definition of Glso-discriminating. G,G’ and G” are mutually non-
isomorphic, and each of the big circles with dashed boundary represents an equivalence class
under graph isomorphism. hg, ¢ is a permutation-invariant function that obtains different values on
equivalence class of G and on that of G’, and similar hq . If the graph space has only these three
equivalence classes of graphs, then C = {h¢, ¢, ha,g } is GIso-discriminating.

ho.o (G )Q_hG’Gl(G)‘ )) € K. Obviously G’ € Ag and G does not. Since he ¢ is assumed continu-
ous, Ay, is an open set for each G’ % G. If G’ ~ G, define Ag» = B(G', ¢), the open e-ball in K’
under the Euclidean distance.

Thus, {A¢ }erex is an open cover of K. Since K is compact, 3 a finite subset K of K such that
{A¢ }arek, also covers K.

Hence, VG* € K,3G" € Ko such that G* € Agr. Moreover, VG* € K \ (Ugrcg(q) 4ar) =
K\ (U,es, B(mTGT,€)), where £(G) represents the equivalence class of graphs in K consisting
of graphs isomorphic to G, 3G’ € Ky \ £(G) such that G* € Agr.

Now define a function hg on K by hg(G*) = D GreKo\E(G) ha,q'(G*), where hg o (G*) =
max(Z|ha,c (G) — ha,e (G')| = |ha,e (G*) — he,er(G')],0). Since each he, ¢ in continuous,
hg is also continuous. Thus, we can show that h¢ is the desired function in Definition 4:

o hg ¢ is nonnegative VG, G', and hence h¢ is nonnegative on K

e If G* ~ @, then as each h¢ ¢ is permutation invariant, there is hg ¢/ (G*) = ha,c/ (G),
and hence hg ¢/ (G*) = 0. Thus, hg(G*) = 0.

o If Vr € S,,d(n7G"m,G) > € then G* € K\ Ugicgc) Ag'- Therefore, 3G" €
K \ £(G) such that G* € Ag/, which implies that |hg ¢ (G*) — ha,o (G')| <
%|hG7G/(G) — hG7G/(G/)| < %|hg,gl(G) — hG,G’(G/)L Therefore, %“L(Z,G/(G) —
hG7Gr(G/)‘—|hG7G/(G*)—hG7G/ (G/)| > %|hG7Gf(G)—hG7G/ (Gl)‘ > 0, and so h(;(G*) >
hec/(G*) > §lhe,cr(G) — ha,e(G')]. Define é¢ = §mingrexq\ec) lhe.c(G) -
ha,c'(G')| > 0. Then if he(G*) < g, it has to be the case that G* € Ugrcg(q) Acr =
Ures, B(mTGm, €), implying that 37 € S, such that d(G*, 7TGT) < e.

Finally, it is clear that iLG can be realized in C*!.
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Lemma 4. Let C be a class of permutation-invariant functions & — R. If C is able to locate every
isomorphism class, then C*? is universally approximating.

Proof of Lemma 4. Consider any f that is continuous and permutation-invariant. Since K is compact,
f is uniformly continuous on K. Therefore, Ve > 0, 3r > 0 such that VG1,Gs € K, if d(G1,G2) <
r,then | f(G1) — f(Ga)| <

Given VG € K, choose the function h¢ in definition 2. Use h;'(a) to denote h'([0,a)). Then
36 such that h ;' (3g) € B(G,r), where B(G, ) is the ball in K centered at G with radius 7 (in
Euclidean distance). Since hg is continuous, hal(ég) is open. Therefore, {h&l(ég)}GeK is an

open cover of K. Because K is compact, 3 a finite subset Ky C K such that {h' (6¢)}cex, also
covers K.

VGy € Ky, define another function ¢, (G’) = dg, — ha,(G') if hg,(G') < d¢, and 0 oth-
erwise. Therefore, supp(¢g,) = hai(éco). Let (G') = > g.ck, PG (G'), and then define

Ve, (G') = wg?c(f)/)- Note that VG’ € K, since {hg'(dc)}cer, covers K, 3G* € Kj such

that G’ € hgt(dg-) = supp(pg-), and so the denominator > 0. Therefore, ¢, is well defined
on K, and supp(¢¢,) = supp(pg,) = ha;(égo). Moreover, VG' € K, o cx, VG, (G') = 1.
Therefore, the set of functions {1c, }¢,ck, i @ “partition of unity”, with respect to the open cover
{hg' (6c)}cero-

Back to the function f that we want to approximate. We want to express it in away that resembles
what a neural network can do. With the set of functions {¢¢, }¢,ck,, We have

Z f ’(/)Go G/) Z f(G/)z/)Go (Gl)
GoeKo GoeKo
G’ehaé (6cq)

If G' € ha;(égg, then d(G', Gy) > r, and therefore | f(G') — f(Go)| < e. Hence, we can use
h(G") = Y coek, f(Go)ba, (G') to approximate f(G"), because

F@) = 3 (G, (@) =)~ 3 J(Go)e, (@)

Go€Ko Go€eKo
G'ehg, (3c,)
= 3G~ (Gl (@) @)
GoEKp

G/ehgj) (5cg)

<€

Finally, we need to show how to approximate h with functions from C augmented with a multi-layer
perceptron. We start with {h¢, }¢,ex C C, and apply them to the input graph G’. Then, for each of
he,G'() apply an MLP with one hidden layer to obtain ¢, (G’), and use one node to store. their
sum, ¢(G"). We then use an MLP with one hidden layer to approximate division, obtaining ¥ ¢, (G’).
Finally, h(G’) is approximated by a linear combination of {¢c,(G")}c,c K since each f(Gy) is a
constant.

O

B Proofs of Section 4.2

Theorem 5. If C is a class of permutation-invariant functions on X”*™ and C is GIso-discriminating,
then 0(C) = 0(Qk)

Proof of Theorem 5. Tf C is Glso-discriminating, then given a G € X™"*" VG’ £ G, 3he € C and
be: € R such that £(G) = Ngrechg! ({b}), which is a finite intersection of sets in o(C). Hence,
E(G) € o(fa) C o(C). Therefore, Qx C o(C), and hence 0(Qk) C o(C). Moreover, since
0(g) Co(Qx)forall g € C, thereis o(C) C 0(Qxk) O
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Theorem 6. Let be C a class of permutation-invariant functions on X™*" with 0(C) = 0(Qx). Then
C is Glso-discriminating.

Proof of Theorem 6. Suppose not. This implies that @ C o(C), and hence 37 = £(G) € Qk such
that 7 ¢ o(C). Note that 7 is an equivalence class of graphs that are isomorphic to each other. Then
consider the smallest subset in o(C) that contains 7, defined as S(7) = ﬂ T.
Teo(C)
TCT

Since K is a finite space, o(C) is also finite, and hence this is a finite intersection. Since a sigma-
algebra is closed under finite intersection, there is S(7) € o(C). As 7 ¢ o(C), we know that
7 C S(7). Then, 3G’ # G such that G’ € S(7). Then there does not exist any function / in C such
that h(G) # h(G"), since otherwise the pre-image of some interval in R under h will intersect with
only £(G) but not £(G”). Contradiction. O

C Comparison of the expressive power of families of functions via the
sigma-algebra framework

Given two classes of functions Cy,Cs, such as two classes of GNNGs, there are four possibilities
regarding their relative representation power, using the language of sigma-algebra developed in the
main text:

e 0(C1) =0(Cy)
e 0(C1) S o(C2)
e (C2) C o(C1)
e Not comparable / None of the above (i.e., 0(C1) € (C2) and (C1) € o(C2))

In this section we summarize some results from the literature and show partial relationships between
different GNNs architectures in terms of their ability to distinguish non-isomorphic graphs (in the
context of the sigma-algebra framework introduced in Section 4). For simplicity, in this section we
assume that graphs are given by an adjacency matrix (no node or edge features are considered), and
the findings are illustrated in Figure 1.

e sSGNN(M). We consider spectral GNNs as the ones used in [5] for community detection.
In this context we focus on the simplified version where the GNNs are defined as

00 =1,

vt =p < Z Mfut95\4> where 6%, € R%*d+1 Jearnable parameters, v' € R™*%
MeM

dr
output : Z vZ-L .
i=1

Usually M is a set of operators related to the graph. In this context we consider M = {I, A}
and M) = {I,D, A, min{A2,1}, t = 2,...}. The operators min{A2", 1} allow the
model to distinguish regular graphs that order 2 G-invariant networks cannot distinguish,
such as the Circular Skip Link graphs.

e Linear Programming (LP). This is not a GNN but the natural linear programming re-
laxation for graph isomorphism. Namely given a pair graphs with adjacency matrix
A, B € {0,1}m*"

LP(A, B) = min |PA — BP||; subject to P1,, = 1,,, PT1, = 1,, P >0.

The natural sigma algebra to consider here is o0(Uecynxn{LP(A,-)}). Two graphs are
said to be fractionally isomorphic is LP(A, B) = 0 (i.e. the LP cannot distinguish them).
[24] showed that two graphs are fractionally isomorphic if and only if they cannot be
distinguished by 1-WL.
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o Semidefinite Programming (SDP). The semidefinite programming relaxation of quadratic
assignment from [37] is based on the following observation: ||PA — BP||% = ||PA||% +
| BP||% — 2trace(PAPT BT) and trace(vec(P) vec(P)T A ® B') where ® is the Kro-
necker product operator and vec takes an n x n matrix and flattens it into an n? x 1 vector.
The resulting semidefinite relaxation considers the vector | := [1, vec(P) "] and relaxes
the rank 1 matrix zz | into a positive semidefinite matrix. By including the constraints
corresponding to the LP in z2 " one makes sure that solution of the SDP is always in the
feasible set of the LP, therefore the LP is less expressive than the SDP.

o Sum-of-Squares (SoS) hierarchy. One can consider the hierarchy of relaxations coming
from sum-of-squares (SoS). In the context of graph isomorphism, it is known that graph
isomorphism is a hard problem for this hierarchy [23]. In particular the Lasserre/SoS
hierarchy requires 2*(n) to solve graph isomorphism (in the same sense that o(n)-WL fails
to solve graph isomorphism [4]).

e Spectral methods. If we consider the function that takes a graph and outputs the set of
eigenvalues of its adjacency matrix, such function is permutation invariant. A priori one
may think that such function, being highly non-linear, is more expressive than any form
message passing GNN. In fact, regular graphs are not distinguished by 1-WL or order 2
G-invariant networks and may be distinguished by their eigenvalues (like the Circular Skip
Link graphs). However, 1-WL and this particular spectral method are not comparable (a
simple example is provided in Figure 2 of [24]).

D Relationship to Bloom-Reddy and Teh (2019) [2]

This work [2] provides a nice and general theoretical framework that establishes equivalence between
functional and probabilistic perspectives to symmetry via noise outsourcing in both general and
particular settings. Our framework belongs to the functional perspective to symmetry (in particular
Sp,-invariance), and an extension to the probabilistic perspective with ideas from Bloom-Reddy and
Teh would be quite interesting. The concept of orbits also applies in our setting, and the concept of
maximal invariants is related to our definition of GIso-discriminating. However, a key distinction
is that being a maximal invariant is a property of functions, whereas we define GIso-discriminating
to be a property of classes of functions. Our definition is arguably more suitable for studying the
representation power of different GNN architectures, and moreover makes it possible to relate graph
isomorphism testing to function approximation. Furthermore, our theoretical framework described
in section 4 focuses on sigma-algebras generated by classes of GNN functions when they are not
necessarily GIso-discriminating, allowing us to compare their representation powers to each other,
which is another novel contribution.

E Graph G-invariant Networks with maximum tensor order 2

In this section we prove Theorem 7 that says that graph G-invariant Networks with tensor order 2
cannot distinguish between non-isomorphic regular graphs with the same degree.

E.1 Defining the order-2 graph G-invariant Networks

Here, we state our definition of order-2 Graph G-invariant networks based on the G-invariant networks
defined in [19].

. k . . . . .
Notation 1. Suppose A € R™ *% is a tensor containing graph data, where each entry is associated

with a k-tuple of nodes. Then V' € S, we use w x A to denote the R %@ tensor transformed from
A by applying the permutation w to the node set. For example, if A € R™*" is a matrix containing
edge features (a simple example being the adjacency matrix), then m * A = n7 Am.

Definition 5. A function f : R xa _y Rb s graph-G-invariant if VA € R”kX“,VW € Sp, f(m %
A) = f(A). A function [’ : R xa _y R XD g graph-G-equivariant if VA € Rnkxa,%r €
Sny f/(mx A) = 7 x f(A). Thus graph-G-invariance is a special case of graph-G-equivariance
whenl = 0.
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Definition 6. A Graph G-invariant network is a function F' R™°%do s R that can be decomposed
in the following way:

F=mohoLpoogo---000 Ly,

. . . . ki . kg . . . .
where each L; is a linear graph-G-equivariant layer from R '~ *di=1 1o R"* % & is a pointwise
activation function, h is a graph-G-invariant layer from R™ " X7 to R, and m is an MLP.

By restricting the tensor order to be 2 at each intermediate layer in the definition above, we arrive at
the following definition.

Definition 7. An order-2 Graph G-invariant network is a function F' : R"*"*d0 _ R that can be
decomposed in the following way:

F=mohoLproogo---0Lq,

where each L; is a linear graph G-equivariant layer from R"*"*di-1 1o R"*nXdi 5 is q pointwise
activation function, h is a graph G-invariant layer from R"*"*97 to R and m is an MLP,

We use A® to denote the output of the tth layer, for ¢ € {1,...,t}, i.e., they are defined recursively
by

A+ O(L(t) (A(t)))

where A(0) € R"*"%do is the input tensor.

E.2 Proof of Theorem 7

In the definition above, d; is the feature dimension in layer ¢, interpreted as the dimension of the
hidden state attached to each pair of nodes. For simplicity of notations, in the following proof we
assume that d, = 1,V¢t = 0, 1, ..., L, and thus each A is essentially a matrix. The following results
can be extended to the cases where d; > 1, by adding more subscripts in the proof.

To prove Theorem 7, we show that if we use the adjacency matrices of two non-isomorphic regular
graphs with the same degree as inputs to any order-2 graph G-invariant network, the network will
return the same output. Notation-wise, given an unweighted graph G, let E C [n]? be the edge
set of G, ie., (u,v) € Eif u # vand Gy, = 1; set S C [n]? to be {(u, u)},epn2; and let
N =[n?>\(EUS). Thus, EUN U S = [n]%

Lemma 5. Let G, G’ be the adjacency matrices of two unweighted regular graphs with the same
degree d, and let A, E N, S and A’ E' . N', S’ be defined as above for G and G', respectively.

Then¥n < L, Edt), ét), :(,f) € R such that ASB = £§t)1(u,v)eE +£§t)]l(u,v)€N +f§t)1(u,v)65y and
A’/u(’f)) = Y)]]-(u,v)EE/ + fét)]l(u,v)eN/ + f:g,t)]l(u,v)es’

Proof. We prove this lemma by induction. For t = 0, A(©) = G and A’(®) = G". Since the graph is
unweighted, G, = 1 if u # v and (u,v) € E, and 0 otherwise. Similar is true for G’. Therefore,
we can set 5%0) =1land féo) = :go) =0.

Next, we consider the inductive steps. Assume that the conditions in the lemma are satisfied for
layer ¢ — 1. To simplify the notation, we use A, A’ to stand for A=) A’*~1) and we assume to
satisfy the inductive hypothesis with &7, &2 and &3. We thus want to show that if L is any equivariant
linear, then o (L(A)), c(L(A")) also satisfies the inductive hypothesis. Also, in the following, we use
D1, P2, q1, g2 to refer to nodes, a, b to refer to pairs of nodes, A to refer to any equivalence class of
2-tuples (i.e. pairs) of nodes, and p to refer to any equivalence class of 4-tuples of nodes.

Va = (p1,p2),b = (q1,q2) € [n]?, let £(a,b) denote the equivalence class of 4-tuples containing
(p1,p2,q1, q2), and let £(b) represent the equivalence class of 2-tuples containing (g1, g2). Two 4-
tuples (u, v, w,x), (v, v, w’, x") are considered equivalent if 37 € .S,, such that 7(u) = o/, w(v) =
v, m(w) = w',7(x) = 2’. Similarly is equivalence between 2-tuples defined. By equation 9(b) in
[18], using the notations of T', B, C, w, 3 defined there, L is described by, given A as an input as b as
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q, q,

9 9

N~

Figure 4: mp(E,£(1,2,3,4)), mp(E,£(1,2,3,2)), mp(E,£(1,2,3,1)), mg(E,£(1,2,2,3))
and mg(F,£(1,2,1,3)) of Gs 2 and Gy 3. In either graph, twice the total number of black edges
equal mg(FE, £(1,2,3,4)) = 18 (it is twice because each undirected edge corrspond to two pairs
(p1,p2) and (pa, pl), which combined with (g1, g2) both belongs to £(1, 2, 3,4)); the total number
of of red edges, 3, equals both mg(E,£(1,2,2,3)) and mg(FE,£(1,2,1, 3)); the total number of
green edges, also 3, equals both mp(F, £(1,2,3,2)), mg(E,£(1,2,3,1)).

the subscript index on the output,

(n,n)
L(A)b = Z Ta,bAa +Y,
a=(p1,p2)=(1,1)
= Z > Aduwu+ ﬂsw
a€ln]?
(a,b)ep
First, let

- X:Aa
a€[n]?
(a,b)epn

By the inductive hypothesis,

Sh = ZA+ZA+ZA

a€n]? a€n]?
(a b)G# (a,b)ep (a,b)ep
acE a€eN a€esS
Yooa+ > e+ Y & )
ag[n]? ag[n]? a€[n]?
(a,b)en (a,b)epn (a,b)ep
a€EE a€EN a€S

= mE(b7 M)gl + mN(b7 /”')52 +mg (b7 /J)fg

where m g (b, 11) is defined as the total number of distinct @ € [n]? that satisfies (a,b) € panda € E,
and similarly for mx (b, 1) and mg(b, ;1). Formally, for example, mg(b, ) = card{a € [n]* :
(a,b) € p,a € E}.

Since EU N U S = [n]?, b belongs to one of E, N and S. Thus, let 7(b) = Fifb€ E,7(b) = N
ifb e Nandr(b) = Sifb € S. It turns out that if A is the adjacency matrix of a undirected
regular graph with degree d, then mpg(b, u), my (b, ), ms(b, u) can be instead written (with an
abuse of notation) as mg (7(b), u), my (7(b), 1), ms(7(b), ), meaning that for a fixed p, the values
of mg, my and mg only depend on which of the three sets (£, N or S) b is in, and changing b to a
different member in the set 7(b) won’t change the three numbers. In fact, for each 7(b) and p, the
three numbers can be computed as functions of n and d using simple combinatorics, and their values
are seen in the three tables 3, 4 and 5. An illustration of these numbers is given in Figure E.2.

Therefore, we have L(A), = >, wu(me(7(b), ) +mn (7(b), ) +ms(7(b), 1)) +Bev)- Moreover,
notice that 7(b) determines £(b): if 7(b) = F or N, then £(b) = £(1,2); if 7(b) = S, then
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K mp(E, p) mp(N, 1) mp(S, p)

(,2,3,4) | (n—4)d+2 (n—4)d 0

1,1,2,3) | 0 0 0

1,2,2,3) | d—1 d 0

1,2,1,3) | d—1 d 0

1,2,3,2) | d—1 d 0

(1,2,3,1) | d—1 d 0

1,1,1,2) | 0 0 0

1,1,2,) |0 0 0

1,2,1,2) | 1 0 0

1,2,2,1) | 1 0 0

(1,2,3,3) | 0 0 (n—2)d

1,1,2,2) | O 0 0

(1,2,2,2) | 0 0 d

1,2,1,H) |0 0 d

(L1, |0 0 0

Total nd nd nd

Table 3: mg
(1,2,3,4) | (n—4)(n—-d—-1) (n—4)(n—d—-1)+2 0
(1,1,2,3) | 0 0 0
1,2,2,3) [ n—d—1 n—d—2 0
1,2,1,3) | n—d—1 n—d—2 0
1,2,3,2) [ n—d—1 n—d—2 0
1,2,3,1) | n—d—1 n—d—2 0
(1,1,1,2) | O 0 0
(1,1,2,1) 0 0
(1,2,1,2) | 0 1 0
(1,2,2,1) | O 1 0
(1,2,3,3) | 0 0 (n—2)(n—d-1)
(1,1,2,2) | 0 0 0
(1,2,2,2) | 0 0 n—d-—1
(L,2,1,1) | 0 0 n—d—1
L 1L,1L,) |0 0 0
Total nin—d—1) nln—d—1) nn—d—1)
Table 4: my

E(b) = £(1,1). Hence, we can write 3, instead of (¢ without loss of generality. Then in
particular, this means that L(A), = L(A)y if 7(b) = 7(b). Therefore, L(A)p = & 1pep+E3lpen+
Eslves, where & = 3, w (mp(E, p)+my (B, p)+ms(E, 1)+ B, & = 3, wu(mp(N, p)+
my (N, 1) +ms(N, i) + By, and &5 = 35, wy(mp(S, 1) +my (S, 1) +ms (S, ) + Bs.
Similarly, L(A"), = & 1pep + E5lpens + E31pes . But importantly, V equivalence class of
4-tuples, 11, and VA1, Ay € {E, N, S}, my, (A2, 1) = m), (A2, i), as both of them can be obtained
from the same entry of the same table. Therefore, £, = &/1,&, = &5, €5 = /5.

Finally, let £ = o0(£,),& = 0(&,), and & = o(&3). Then, there is o(L(A))y = & lper +
Eloen + E3lbes, and o(L(A"))y = &1 Lperr + &5 Lben' + E51pes, as desired. O

Since h is an invariant function, h acting on A(F) essentially computes the sum of all the diagonal
terms (i.e., for b € S) and the sum of all the off-diagonal terms (i.e., forb € EUN) of AL separately
and then adds the two sums with two weights. If G, G’ are regular graphs with the same degree, then
|E| = |E’|,|S| = |S'| and | N| = | N’|. Therefore, by the lemma, there is h(A")) = h(A’(F)), and
as a consequence m(h(A1))) = m(h(A'F)).
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0
.

M mS(EnU‘) mS(va’)
(1,2,3,4) | 0 0
(1,1,2,3) | n—2 n—2
(1,2,2,3)
(1,2,1,3)
(1,2,3,2)
(1,2,3,1)
(1,1, 1,2)
(1,1,2, 1)
(1,2,1,2)
(1,2,2, 1)
(1,2,3,3)
(1,1,2,2)
(1,2,2,2)
(1,2,1,1)
(1,1,1,1)
Total

\
[y

IO CO3 OOOOOOOOOOOS

hMielolololoRoBel S oo leNel
hMielolololoRoRel S oo leNel

Table 5: mg

F Specific GNN Architectures

In section 6, we show experiments on synthetic and real datasets with several related architectures.
Here are some explanations for them.

sGNN-i: sGNNs with operators from family {I, D, min(AQO7 1),... ,min(A2i71, 1)},i €
{1,2,5}. In our experiments, the sGN N models have 5 layers and hidden layer dimension
(i.e. d*) 64. They are trained using the Adam [14] optimizer with learning rate 0.01.

LGNN: Line Graph Neural Networks proposed by [5]. In our experiments, the LGN N
models have 5 layers and hidden layer dimension (i.e. d*) 64. They are trained using the
Adam [14] optimizer with learning rate 0.01.

GIN: Graph Isomorphism Network by [32]. We took their performance results on the IMDB
datasets reported in [32], and their performance results on the Circular Skip Link graphs
experiments reported in [21] .

RP-GIN: Graph Isomorphism Network combined with Relational Pooling by [21]. We took
the results reported in [21] for the Circular Skip Link graphs experiment.

Order-2 Graph G-invariant Networks: G-invariant networks based on [18] and [19], as
implemented in https://github.com/Haggaim/InvariantGraphNetworks.

Ring-GNN: The definition is given in the main text. For experiments on IMDB datasets, the
“Ring-GNN” model has the same depth and widths of hidden layers as the order-2 Graph
G-invariant Networks reported in [18]. The “Ring-GNN w/ degree” model has 2 Ring-GNN
layers with 64 hidden units in each, followed by a jump knowledge network [33], which
is then followed by a fully-connected layer with 32 hidden units. Each kgt) is initialized
independently under A(0, 1), and each két) is initialized independently under A/(0,0.01).
They are trained using the Adam [14] optimizer with learning rate 0.00001 for 350 epochs.
The initialization of két) and the learning rate were manually tuned, following the heuristic
that Ring-GNN reduces to order-2 Graph G-invariant Networks when kgt) = 0, and that
since Ring-GNN added more operators, a smaller learning rate is likely more appropriate.
For the other real-world datasets, models are trained via Adam [14], with learning rate of
0.001 for 350 epochs. The model has 1 Ring-GNN layer for MUTAG, 2 Ring-GNN layers
for PROTEINS and PTC, and 3 Ring-GNN layers for COLLAB. Each of these layers has
64 hidden units. The Ring-GNN layer(s) is followed by a jump knowledge network [33],

which is then followed by a fully-connected layer with 32 hidden units. kzgt) is initialized as

1, while két) is initialized with {0.5/n,1.0/n} where n is the average number of nodes per
graph in each dataset.
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https://github.com/Haggaim/InvariantGraphNetworks

For the experiments with Circular Skip Links graphs, each model is trained and evaluated using
5-fold cross-validation. For Ring-GNN, in particular, we performed training + cross-validation 20
times with different random seeds.
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