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Abstract

A recent line of research has shown that gradient-based algorithms with random
initialization can converge to the global minima of the training loss for over-
parameterized (i.e., sufficiently wide) deep neural networks. However, the condi-
tion on the width of the neural network to ensure the global convergence is very
stringent, which is often a high-degree polynomial in the training sample size
n (e.g., O(n?*)). In this paper, we provide an improved analysis of the global
convergence of (stochastic) gradient descent for training deep neural networks,
which only requires a milder over-parameterization condition than previous work
in terms of the training sample size and other problem-dependent parameters. The
main technical contributions of our analysis include (a) a tighter gradient lower
bound that leads to a faster convergence of the algorithm, and (b) a sharper char-
acterization of the trajectory length of the algorithm. By specializing our result
to two-layer (i.e., one-hidden-layer) neural networks, it also provides a milder
over-parameterization condition than the best-known result in prior work.

1 Introduction

Recent study [20] has revealed that deep neural networks trained by gradient-based algorithms can
fit training data with random labels and achieve zero training error. Since the loss landscape of
training deep neural network is highly nonconvex or even nonsmooth, conventional optimization
theory cannot explain why gradient descent (GD) and stochastic gradient descent (SGD) can find
the global minimum of the loss function (i.e., achieving zero training error). To better understand
the training of neural networks, there is a line of research [18, 5, 10, 16, 23, 8, 22, 12] studying
two-layer (i.e., one-hidden-layer) neural networks, where it assumes there exists a teacher network
(i.e., an underlying ground-truth network) generating the output given the input, and casts neural
network learning as weight matrix recovery for the teacher network. However, these studies not
only make strong assumptions on the training data (existence of ground-truth network with the
same architecture as the learned network), but also need special initialization methods that are very
different from the commonly used initialization method [13] in practice. Li and Liang [15], Du et al.
[11] advanced this line of research by proving that under much milder assumptions on the training
data, (stochastic) gradient descent can attain a global convergence for training over-parameterized
(i.e.,sufficiently wide) two-layer ReLU network with widely used random initialization method [13].
More recently, Allen-Zhu et al. [2], Du et al. [9], Zou et al. [24] generalized the global convergence
results from two-layer networks to deep neural networks. However, there is a huge gap between the
theory and practice since all these work Li and Liang [15], Du et al. [11], Allen-Zhu et al. [2], Du
et al. [9], Zou et al. [24] require unrealistic over-parameterization conditions on the width of neural
networks, especially for deep networks. In specific, in order to establish the global convergence for
training two-layer ReLU networks, Du et al. [11] requires the network width, i.e., number of hidden
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nodes, to be at least (n°/\3), where n is the training sample size and A, is the smallest eigenvalue
of the so-called Gram matrix defined in Du et al. [11], which is essentially the neural tangent kernel
[14, 7] on the training data. Under the same assumption on the training data, Wu et al. [19] improved
the iteration complexity of GD in Du et al. [11] from O (n? log(1/€)/A3) to O(nlog(1/€)/Ao) and
Oymak and Soltanolkotabi [17] improved the over-parameterization condition to Q(n||X||$/\3).
where e is the target error and X € R™*¢ is the input data matrix. For deep ReLU networks, the
best known result was established in Allen-Zhu et al. [2], which requires the network width to be at
least Q(kn?*L12¢~8)! to ensure the global convergence of GD and SGD, where L is the number of
hidden layers, ¢ is the minimum data separation distance and k is the output dimension.

This paper continues the line of research, and improves the over-parameterization condition and
the global convergence rate of (stochastic) gradient descent for training deep neural networks. In
specific, under the same setting as in Allen-Zhu et al. [2], we prove faster global convergence rates for
both GD and SGD under a significantly milder condition on the neural network width. Furthermore,
when specializing our result to two-layer ReLU networks, it also outperforms the best-known result
proved in Oymak and Soltanolkotabi [17]. The improvement in our result is due to the following
two innovative proof techniques: (a) a tighter gradient lower bound, which leads to a faster rate of
convergence for GD/SGD; and (b) a sharper characterization of the trajectory length for GD/SGD
until convergence.

We highlight our main contributions as follows:

o We show that, with Gaussian random initialization [13] on each layer, when the number of hidden
nodes per layer is Q (kn®L'2¢~*), GD can achieve e training loss within O (n>L?log(1/€)¢ ")
iterations, where L is the number of hidden layers, ¢ is the minimum data separation distance, 7 is
the number of training examples, and k is the output dimension. Compared with the state-of-the-art
result [2], our over-parameterization condition is milder by a factor of Q(n'6¢—%), and our iteration
complexity is better by a factor of O(n*¢™1).

e We also prove a similar convergence result for SGD. We show that with Gaussian random initializa-
tion [13] on each layer, when the number of hidden nodes per layer is Q(kn'"L'2B~*¢~%), SGD

can achieve ¢ expected training loss within O (n° log(1/¢)B~'¢~2) iterations, where B is the
minibatch size of SGD. Compared with the corresponding results in Allen-Zhu et al. [2], our results
are strictly better by a factor of Q(n” B%) and O(n?) respectively regarding over-parameterization
condition and iteration complexity.

e When specializing our results of training deep ReLLU networks with GD to two-layer ReLU
networks, it also outperforms the corresponding results [11, 19, 17]. In addition, for training
two-layer ReLU networks with SGD, we are able to show much better result than training deep
ReLU networks with SGD.

For the ease of comparison, we summarize the best-known results [11, 2, 9, 19, 17] of training
overparameterized neural networks with GD and compare with them in terms of over-parameterization
condition and iteration complexity in Table 1. We will show in Section 3 that, under the assumption
that all training data points have unit /5 norm, which is the common assumption made in all these
work [11, 2,9, 19, 17], A\¢p > 0 is equivalent to the fact that all training data are separated by some
distance ¢, and we have \g = O(n~2¢) [17]. Substituting \g = Q(n~2¢) into Table 1, it is evident
that our result outperforms all the other results under the same assumptions.

Notation For scalars, vectors and matrices, we use lower case, lower case bold face, and upper case
bold face letters to denote them respectively. For a positive integer, we denote by [k] the set {1, ..., k}.
For a vector x = (x1,...,24) ' and a positive integer p, we denote by ||x||, = (Zle |z:[7)
,,,,, 4 |x;| the £, norm of x, and
Ixllo = =z : ;i # 0,4 = 1,...,d}| the £y norm of x. For a matrix A € R™*™, we denote
by || Al the Frobenius norm of A, ||A || the spectral norm (maximum singular value), Apin(A)
the smallest singular value, ||A||o the number of nonzero entries, and ||A||2,oc the maximum ¢,
norm over all row vectors, i.e., |[A| 200 = max;=1, . m |[Al2. For a collection of matrices

W = {Wy,..., W}, we denote |W|r = \/Zlel (W2, [W]2 = max;ez) ||[Wi|l2 and

"Here Q(-) hides constants and the logarithmic dependencies on problem dependent parameters except €.




Table 1: Over-parameterization conditions and iteration complexities of GD for training overparam-
terized neural networks. K(&) is the Gram matrix for L-hidden-layer neural network [9]. Note that
the dimension of the outputis £ = 1 in Du et al. [11, 9], Wu et al. [19], Oymak and Soltanolkotabi
[17].

Over-para. condition Iteration complexity Deep? ReLU?

Duetal. [11] Q K—g O("%O/\Lél/e)) no yes
Wu et al. [19] Q K—i 0] "1%(01/6) no yes
Oymak and Soltanolkotabi [17] Q(” “XHz) O %) no yes
O(L) O(L) . €
Du et al. [9] Q) (W) O (2?12?5)()1/)) yes no
Allen-Zhu et al. [2] Q ( k"i;Ln) 0] % yes yes
This paper Q ( k”;f 2 ) 0] % yes  yes
HW||2 oo = MaXig[r] [IWi]|2,00. Given two collections of matrices W = {Wl, . WL} and

W = {Wl, . WL} we define their inner product as <W W) Zl 1<W1,W1) For two
sequences {ay, } and {bn}, we use a,, = O(by,) to denote that a,, < Cyb,, for some absolute constant
Cy > 0, and use a,, = (b,) to denote that a,, > Csb,, for some absolute constant C > 0. In

addition, we use O(-) and €2(-) to hide logarithmic factors.

2 Problem setup and algorithms

In this section, we introduce the problem setup and the training algorithms.

Following Allen-Zhu et al. [2], we consider the training of an L-hidden layer fully connected neural
network, which takes x € R? as input, and outputs y € R¥. In specific, the neural network is a
vector-valued function fyy : R¢ — R*, which is defined as

fw(x) =Vo(Wro(Wp_1---0(Wix)--+)),

where W, € R™*4 W,, ..., W € R™*™ denote the weight matrices for the hidden layers, and
V € R¥*™ denotes the weight matrix in the output layer, o(r) = max{0,z} is the entry-wise
ReLU activation function. In addition, we denote by ¢/(z) = 1(z) the derivative of ReLU activation
function and w;_; the weight vector of the j-th node in the I-th layer.

Given a training set {(x;,y;)}i=1,..» where x; € R? and y; € R¥, the empirical loss function for
training the neural network is defined as

I .
== Ty, Q.1)
n =1

where £(-,-) is the loss function, and ¥; = fw(x;). In this paper, for the ease of exposition, we
follow Allen-Zhu et al. [2], Du et al. [11, 9], Oymak and Soltanolkotabi [17] and consider square
loss as follows

. 1 B
Uyiyi) = §||Yi —vill3,

where y; = fw (x;) € R¥ denotes the output of the neural network given input x;. It is worth noting
that our result can be easily extended to other loss functions such as cross entropy loss [24] as well.
We will study both gradient descent and stochastic gradient descent as training algorithms, which are
displayed in Algorithm 1. For gradient descent, we update the weight matrix Wl(t) using full partial
gradient Vwy, L(W(t)). For stochastic gradient descent, we update the weight matrix Wl(t) using

stochastic partial gradient 1/B Y, sy Vw £ (fw (Xs),ys), where B®) with |B(Y)| = B denotes
the minibatch of training examples at the ¢-th iteration. Both algorithms are initialized in the same



Algorithm 1 (Stochastic) Gradient descent with Gaussian random initialization

1: input: Training data {x;,y;}ic[n], step size 7, total number of iterations 7', minibatch size B.

2: initialization: For all [ € [L], each row of weight matrix WZ(U) is independently generated from

N(0,2/mI), each row of V is independently generated from A (0,1/k)
Gradient Descent

. fort:O,...,TdO

WD = WO Uy, LW®) forall | € [L]
: end for )
. output: {W;" "}z

Stochastic Gradient Descent

f()I‘t:O,...,TdO

Uniformly sample a minibatch of training data B*) € [n]

W =W — 25 Vw L (fwo (x.), ys) forall L € [L]
: end for )
. output: {W;" "}z

—_ =
TP 2

way as Allen-Zhu et al. [2], which is essentially the initialization method [13] widely used in practice.
In the remaining of this paper, we denote by

VLW) = {(Vw, LW ) ey and - VE(fweo (i), vi) = {Vw £ (fweo (x0):¥4) hiefn)
the collections of all partial gradients of L(W®)) and £(fyy ) (%), ;).

3 Main theory

In this section, we present our main theoretical results. We make the following assumptions on the
training data.

Assumption 3.1. For any x;, it holds that ||x;||2 = 1 and (x;)q = p, where p is an positive constant.

The same assumption has been made in all previous work along this line [9, 2, 24, 17]. Note that
requiring the norm of all training examples to be 1 is not essential, and this assumption can be relaxed
to be ||x;]|2 is lower and upper bounded by some constants.

Assumption 3.2. For any two different training data points x; and x, there exists a positive constant
¢ > 0 such that sz - Xj”g > ¢.

This assumption has also been made in Allen-Zhu et al. [3, 2], which is essential to guarantee zero
training error for deep neural networks. It is a quite mild assumption for the regression problem as
studied in this paper. Note that Du et al. [9] made a different assumption on training data, which
requires the Gram matrix K () (See their paper for details) defined on the L-hidden-layer networks
is positive definite. However, their assumption is not easy to verify for neural networks with more
than two layers.

Based on Assumptions 3.1 and 3.2, we are able to establish the global convergence rates of GD and
SGD for training deep ReLLU networks. We start with the result of GD for L-hidden-layer networks.

3.1 Training L-hidden-layer ReLU networks with GD

The global convergence of GD for training deep neural networks is stated in the following theorem.

Theorem 3.3. Under Assumptions 3.1 and 3.2, and suppose the number of hidden nodes per layer
satisfies

m = Q(kn®L'?log®(m)/¢"). 3.1

Then if set the step size n = O (k/(L*m)), with probability at least 1 — O(n '), gradient descent is
able to find a point that achieves e training loss within
T =0(n*L?log(1/€)/9)

iterations.



Remark 3.4. The state-of-the-art results for training deep ReLU network are provided by Allen-Zhu
et al. [2], where the authors showed that GD can achieve e-training loss within O (nSL? log(1/€) /¢?)

iterations if the neural network width satisfies m = Q(kn?**L'?/¢®). As a clear comparison,
our result on the iteration complexity is better than theirs by a factor of O(n*/¢), and our over-
parameterization condition is milder than theirs by a factor of 2(n'6/¢%). Du et al. [9] also proved
the global convergence of GD for training deep neural network with smooth activation functions. As
shown in Table 1, the over-parameterization condition and iteration complexity in Du et al. [9] have
an exponential dependency on L, which is much worse than the polynomial dependency on L as in
Allen-Zhu et al. [2] and our result.

We now specialize our results in Theorem 3.3 to two-layer networks by removing the dependency on
the number of hidden layers, i.e., L. We state this result in the following corollary.

Corollary 3.5. Under the same assumptions made in Theorem 3.3. For training two-layer ReL.U
networks, if set the number of hidden nodes m = Q(kn® log®(m)/¢*) and step size n = O(k/m),
then with probability at least 1 — O(n~1), GD is able to find a point that achieves e-training loss
within 7' = O(n?log(1/€)/¢) iterations.

For training two-layer ReLU networks, Du et al. [11] made a different assumption on the training data
to establish the global convergence of GD. Specifically, Du et al. [11] defined a Gram matrix, which
is also known as neural tangent kernel [14], based on the training data {xi}izly___yn and assumed
that the smallest eigenvalue of such Gram matrix is strictly positive. In fact, for two-layer neural
networks, their assumption is equivalent to Assumption 3.2, as shown in the following proposition.

Proposition 3.6. Under Assumption 3.1, define the Gram matrix H € R™*"™ as follows

Hjj = Ewonon[X 50" (W' x)o’ (w'x;)],

then the assumption Ay = Apin (H) > 0 is equivalent to Assumption 3.2. In addition, there exists a
sufficiently small constant C' such that \g > C'¢n~2.

Remark 3.7. According to Proposition 3.6, we can make a direct comparison between our con-
vergence results for two-layer ReLU networks in Corollary 3.5 with those in Du et al. [11], Oy-
mak and Soltanolkotabi [17]. In specific, as shown in Table 1, the iteration complexity and over-
parameterization condition proved in Du et al. [11] can be translated to O(n%log(1/€)/¢?) and
Q(n'*/¢*) respectively under Assumption 3.2. Oymak and Soltanolkotabi [17] improved the
result in Du et al. [11] and the improved iteration complexity and over-parameterization con-
dition can be translated to O(n?||X||31log(1/€)/¢) * and Q(n?||X||$/¢*) respectively, where

X = [x1,...,%,]T € R¥" is the input data matrix. Our iteration complexity for two-layer
ReLU networks is better than that in Oymak and Soltanolkotabi [17] by a factor of O(||X||3) ?, and
the over-parameterization condition is also strictly milder than the that in Oymak and Soltanolkotabi
[17] by a factor of O(n||X]|$).

3.2 Extension to training L-hidden-layer ReL U networks with SGD

Then we extend the convergence results of GD to SGD in the following theorem.

Theorem 3.8. Under Assumptions 3.1 and 3.2, and suppose the number of hidden nodes per layer
satisfies

m = Q(kn'"L"? 1og3(m)/(B4¢>8)). (3.2)

Then if set the step size as n = O (kB¢/(n*mlog(m))), with probability at least 1 — O(n~'), SGD
is able to achieve e expected training loss within

T = O(n°L?log(m)log® (1/€)/(B$?))

iterations.

21t is worth noting that | X||3 = O(1) if d < n, ||X||3 = O(n/d) if X is randomly generated, and
X3 = O(n) in the worst case.
SHere we set k = 1 in order to match the problem setting in Du et al. [11], Oymak and Soltanolkotabi [17].



Remark 3.9. We first compare our result with the state-of-the-art proved in Allen-Zhu et al. [2],
where they showed that SGD can find a point with e-training loss within O (n”L? log(1/€)/(B¢?))
iterations if m = Q(n?*L'2Bk/¢®). In stark contrast, our result on the over-parameterization

condition is strictly better than it by a factor of ﬁ(n7B5), and our result on the iteration complexity
is also faster by a factor of O(n?).

Moreover, we also characterize the convergence rate and over-parameterization condition of SGD for
training two-layer networks. Unlike the gradient descent, which has the same convergence rate and
over-parameterization condition for training both deep and two-layer networks in terms of training
data size n, we find that the over-parameterization condition of SGD can be further improved for
training two-layer neural networks. We state this improved result in the following theorem.

Theorem 3.10. Under the same assumptions made in Theorem 3.8. For two-layer ReLU networks,
if set the number of hidden nodes and step size as

m = QK20 log®(m) /(6°B)), = O(kBé/(n*mlog(m))),
then with probability at least 1 — O(n 1), stochastic gradient descent is able to achieve ¢ training
loss within T’ = O (n® log(m) log(1/€) /(B¢?)) iterations.

Remark 3.11. From Theorem 3.8, we can also obtain the convergence results of SGD for two-layer
ReLU networks by choosing L = 1. However, the resulting over-parameterization condition is
m = Q(kn” logg(m)B*‘qu*S), which is much worse than that in Theorem 3.10. This is because
for two-layer networks, the training loss enjoys nicer local properties around the initialization, which
can be leveraged to improve the convergence of SGD. Due to space limit, we defer more details to
Appendix A.

4 Proof sketch of the main theory

In this section, we provide the proof sketch for Theorems 3.3, and highlight our technical contributions
and innovative proof techniques.

4.1 Overview of the technical contributions

The improvements in our result are mainly attributed to the following two aspects: (1) a tighter
gradient lower bound leading to faster convergence; and (2) a sharper characterization of the trajectory
length of the algorithm.

We first define the following perturbation region based on the initialization,
BW© 7y = {W: |[W, =W, < rforall I € [L]},

where 7 > 0 is the preset perturbation radius for each weight matrix W.

Tighter gradient lower bound. By the definition of VL(W), we have ||[VL(W)|% =

Zle IVw, L(W)||%2 > |[Vw,L(W)|%. Therefore, we can focus on the partial gradient of
L(W) with respect to the weight matrix at the last hidden layer. Note that we further have

[Vw, LW)[IE =31 [V, , L(W) |3, where

1 n
Ve, ; L( *Z fw (x;) — yi, vj)o' (WL j, X0—1,1)) X015

3

and x;,_1; denotes the output of the (L — 1)-th hidden layer with input x;. In order to prove the
gradient lower bound, for each x,_; ;, we introduce a region namely “gradient region”, denoted by
W;, which is almost orthogonal to x;,_1 ;. Then we prove two major properties of these n regions
Wi, o Wb (DWW, = 0if @ # j, and (2) if wy ; € W; for any ¢, with probability at
least 1/2, ||V, , L(W)]|2 is sufficiently large. We visualize these “gradient regions” in Figure 1(a).
Since {Wr, ;}jc[m) are randomly generated at the initialization, in order to get a larger bound of
|Vw, L(W)]||%, we hope the size of these ‘ ‘gradient regions” to be as large as possible. We take the
union of the “gradient regions” for all training data, i.e., U}._; W;, which is shown in Figure 1(a). As a
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Figure 1: (a): “gradient region” for all training data (b): “gradient region” for one training example.

comparison, Allen-Zhu et al. [2], Zou et al. [24] only leveraged the “gradient region” for one training
data point to establish the gradient lower bound, which is shown in Figure 1(b). Roughly speaking,
the size of “gradient regions” utilized in our proof is n times larger than those used in Allen-Zhu et al.
[2], Zou et al. [24], which consequently leads to an O(n) improvement on the gradient lower bound.
The improved gradient lower bound is formally stated in the following lemma.

Lemma 4.1 (Gradient lower bound). Let 7 = O(¢*/?n=3L=%1log™%/?(m)), then for all W €
B(W©® 1), with probability at least 1 — exp (O(m¢/(dn))), it holds that

IVL(W)I[5 > O(moL(W)/(kn?)).

Sharper characterization of the trajectory length. The improved analysis of the trajectory length
is motivated by the following observation: at the ¢-th iteration, the decrease of the training loss
after one-step gradient descent is proportional to the gradient norm, i.e., L(W®)) — L(W D)
[VL(W®)||2.. In addition, the gradient norm ||V L(W®))||r determines the trajectory length in
the ¢-th iteration. Putting them together, we can obtain

WD = Wi = 0| Vw, LOWO) |5 < /Chn2/(ma) - (/LW 0) — JLWe)),
4.1)

where C is an absolute constant. (4.1) enables the use of telescope sum, which yields HWl(t) -
Wl(o) |2 < /Ckn2L(W©)/mg¢. In stark contrast, Allen-Zhu et al. [2] bounds the trajectory length

as
WY — Wy = )| Vw, LLWD) [y < 91/ C'mL(W®)/E,

and further prove that HWl(t) - Wl(o) |2 < /C'knSL2(W©)/(m¢?) by taking summation over
t, where C' is an absolute constant. Our sharp characterization of the trajectory length is formally
summarized in the following lemma.

Lemma 4.2. Assuming all iterates are staying inside the region B(W(®) 7) with 7 =
O(¢*?n=3L=%1og=**(m)), if set the step size 5 = O(k/(L*m)), with probability least
1 — O(n™1), the following holds for all ¢ > 0 and [ € [L],

W — WO, < 0(V/knZlog(n)/(md)).

4.2 Proof of Theorem 3.3

Our proof road map can be organized in three steps: (i) prove that the training loss enjoys good
curvature properties within the perturbation region B(W (), 7); (ii) show that gradient descent is able
to converge to global minima based on such good curvature properties; and (iii) ensure all iterates
stay inside the perturbation region until convergence.

Step (i) Training loss properties. We first show some key properties of the training loss within
B (VV(O)7 7), which are essential to establish the convergence guarantees of gradient descent.



Lemma 4.3. If m > O(Llog(nL)), with probability at least 1 — O(n ') it holds that L(W () <
0(1).

Lemma 4.3 suggests that the training loss L(W) at the initial point does not depend on the number
of hidden nodes per layer, i.e., m.

Moreover, the training loss L(W) is nonsmooth due to the non-differentiable ReLU activation
function. Generally speaking, smoothness is essential to achieve linear rate of convergence for
gradient-based algorithms. Fortunately, Allen-Zhu et al. [2] showed that the training loss satisfies
locally semi-smoothness property, which is summarized in the following lemma.

Lemma 4.4 (Semi-smoothness [2]). Let
TE [Q(k3/2/(m3/2L3/2 logS/z(m))),O(l/(L4'5log3/2(m)))].

Then for any two collections W = {\/7\\71}16[” and W = {W;}IE[L] satisfying \/7\\7,\7\7 €
B(W© 1), with probability at least 1 — exp(—Q(—m73/2L)), there exist two constants C’ and C"’
such that

L(W) < L(W) + (VL(W),W — W)

—_ 7312, /mlog(m ~ C"L*m  ~ =~
+C'\/L(W) - N & )-||W—WH2+ . IW-WJ3 (42

Lemma 4.4 is a rescaled version of Theorem 4 in Allen-Zhu et al. [2], since the training loss L(W)
in (2.1) is divided by the training sample size n, as opposed to the training loss in Allen-Zhu et al. [2].
This lemma suggests that if the perturbation region is small, i.e., 7 < 1, the non-smooth term (third
term on the R.H.S. of (4.2)) is small and dominated by the gradient term (the second term on the
the R.H.S. of (4.2)). Therefore, the training loss behaves like a smooth function in the perturbation
region and the linear rate of convergence can be proved.

Step (ii) Convergence rate of GD. Now we are going to establish the convergence rate for gradient
descent under the assumption that all iterates stay inside the region B (W(O), 7), where 7 will be
specified later.

Lemma 4.5. Assume all iterates stay inside the region B(W) 7), where 7 =
O(¢*?n=3L~%log™?(m)). Then under Assumptions 3.1 and 3.2, if set the step size 7 =
O(k/(L?m)), with probability least 1 — exp ( — O(m73/2L)), it holds that

L(W®) < (1 - O(m¢n))tL(W(°)).

kn?

Lemma 4.5 suggests that gradient descent is able to decrease the training loss to zero at a linear rate.

Step (iii) Verifying all iterates of GD stay inside the perturbation region. Then we are going
to ensure that all iterates of GD are staying inside the required region B (W(O)7 7). Note that we

have proved the distance HWl(t) - Wl(o) |l2 in Lemma 4.2. Therefore, it suffices to verify that such
distance is smaller than the preset value 7. Thus, we can complete the proof of Theorem 3.3 by
verifying the conditions based on our choice of m. Note that we have set the required number of m
in (3.1), plugging (3.1) into the result of Lemma 4.2, we have with probability at least 1 — O(n~1),
the following holds for all t < T and [ € [L]

||Wl(t) _ Wl(())||2 < O(¢3/27’L—3L_6 10g73/2(m))’

which is exactly in the same order of 7 in Lemma 4.5. Therefore, our choice of m guarantees that all
iterates are inside the required perturbation region. In addition, by Lemma 4.5, in order to achieve e
accuracy, we require

Tn = O(kn*log (1/e)m ™" ¢ "). (4.3)

Then substituting our choice of step size n = O(k / (LQm)) into (4.3) and applying Lemma 4.3, we
can get the desired result for 7'



4.3 Optimizing both top and hidden layers

Here we would like to briefly discuss the extension to the case where the top layer is also optimized.
The proof sketch is as follows: similar to our current proof, we can also define a small perturbation
region around the initialization, but the new definition involves a constraint on the top layer weights.
Specifically, such new perturbation region can be defined as follows,

BW®© 1) = {W: |[W, - W |, < rforalll € [L], [V - V|, <7}

Then, it can be proved that the neural network also enjoys good properties inside such region. Similar
to the proof in this paper, based on these good properties, we can prove that until convergence the
neural network weights, including the top layer weights, would not escape from such region. Note
that optimizing more parameter can lead to larger gradient, thus we can prove a larger gradient lower
bound during the training process which can potential speed up the convergence of optimization
algorithm (e.g., GD, SGD).

5 Conclusions and future work

In this paper, we studied the global convergence of (stochastic) gradient descent for training over-
parameterized ReLLU networks, and improved the state-of-the-art results. Our proof technique can
be also applied to prove similar results for other loss functions such as cross-entropy loss and other
neural network architectures such as convolutional neural networks (CNN) [2, 11] and ResNet
[2, 11, 21]. One important future work is to investigate whether the over-parameterization condition
and the convergence rate can be further improved. It is promising that if we can further improve
the characterization of "gradient region", as it may provide a tighter gradient lower bound and
consequently sharpen the over-parameterization condition. Another interesting future direction is to
explore the use of our proof technique to improve the generalization analysis of overparameterized
neural networks trained by gradient-based algorithms [1, 6, 4].
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A Proof of the Main Theory

A.1 Proof of Proposition 3.6

We prove this proposition by two steps: (1) we prove that if there is no duplicate training data, it must
hold that A, (H) > 0; (2) we prove that if there exists at least one duplicate training data, we have
Amin (H) = 0.

The first step can be done by applying Theorem 3 in Du et al. [11], where the author showed that
if for any ¢ # j, x; Jf x;, then it holds that A, (H) > 0. Since under Assumption 3.1, we have
Ix:ll2 = ||x;]|2. Then it can be shown that x; # x; for all ¢ # j is an sufficient condition to

min
Then we conduct the second step. Clearly, if we have two training data with x; = x;, it can be shown

that H;;, = Hj;, forall £ = 1,. .., n. This immediately implies that there exist two identical rows in
H, which further suggests that A,;,,(H) = 0.

The last argument can be directly proved by Lemma I.1 in Oymak and Soltanolkotabi [17], where the
authors showed that \g = Apin (H) > ¢/(100n?).

By combining the above discussions, we are able to complete the proof.

A.2 Proof of Theorem 3.8

Now we sketch the proof of Theorem 3.8. Following the same idea of proving Theorem 3.3, we split
the whole proof into three steps.

Step (i) Initialization and perturbation region characterization. Unlike the proof for GD, in
addition to the crucial gradient lower bound specified in Lemma 4.1, we also require the gradient
upper bound, which is stated in the following lemma.

Lemma A.1 (Gradient upper bounds [2]). Let 7 = O(¢*?n=3L=log™%/?(m)), then for all
W € B(WO), 1), with probability at least 1 — exp (O(m¢/(dn))), the following holds for all
lelL]

19w, LW < O “E), Tty < 0 BRIV,

In later analysis, we show that the gradient upper bound will be exploited to bound the distance
between iterates of SGD and its initialization. Besides, note that Lemmas 4.3 and 4.4 hold for both
GD and SGD, we do not state them again in this part.

Step (ii) Convergence rate of SGD. Analogous to the proof for GD, the following lemma shows
that SGD is able to converge to the global minima at a linear rate.

Lemma A.2. Assume all iterates stay inside the region B(W(® 1), where 7 =
O(¢*B3?n~SL=%log=*?(m)). Then under Assumptions 3.1 and 3.2, if set the step size
n = O(B¢/(L*mn?)), with probability least 1 — exp ( — O(m7*/2L)), it holds that

E[L(W®)] < (1 ) (m¢n)>tL(W((’)).

kn?

Step (iii) Verifying all iterates of SGD stay inside the perturbation region. Similar to the proof
for GD, the following lemma characterizes the distance from each iterate to the initial point for SGD.

Lemma A.3. Under the same assumptions made in Lemma A.2, if set the step size n =
O(kB¢/(n®L*mlog(m))), suppose m > O(T - n), with probability at least 1 — O(n™!), the
following holds for all t < T and [l € [L],

sz(t) _ Wl(o)H? < O(k1/2n5/23_1/2m_1/2¢_1).

Proof of Theorem 3.8. Compared with Lemma 4.2, the trajectory length of SGD is much larger than
that of GD. In addition, we require a much smaller step size to guarantee that the iterates do not go
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too far away from the initial point. This makes over-parameterization condition of SGD worse than
that of GD.

We complete the proof of Theorem 3.8 by verifying our choice of m in (3.2). By substituting (3.2)
into Lemma A.3, we have with probability at least 1 — O(nil), the following holds for all ¢t < T" and
le[L]

IIVVl(t) . Wl(0)||2 _ O(¢3/2BS/2n76L76 log_3/2(m)),

which is exactly in the same order of 7 in Lemma A.2. Then by Lemma A.2, we know that in order
to achieve e expected training loss, it suffices to set

Tn = O(kn*m~ "¢ 'log(1/e)).

Then applying our choice of step size, i.e., n = O(kB¢/(n*L*mlog(m))), we can get the desired
result for 7'. This completes the proof. O

A.3 Proof of Theorem 3.10

Before proving Theorem 3.10, we first deliver the following two lemmas. The first lemma states the
upper bound of stochastic gradient in || - ||2,0c nOrM.

Lemma A.4. With probability at least 1 — O(m™1), it holds that
[VE(fw (i), ¥i) 3,00 < O(L(fw (x:), i) - log(m))
for all W € R™*? and i € [n].

The following lemma gives a different version of semi-smoothness for two-layer ReLU network.

Lemma A.5 (Semi-smoothness for two-layer ReLU network). For any two collections W =
{Witigi) and W = {W;} ¢y satisfying W, W ¢ B(W®©) 1), with probability at least
1 — exp(—O(—m7?/3)), there exist two constants C’ and C"’ such that

L(W) < L(W) 4+ (VL(W),W — W)

— 5my/log(m) = < C'"m =
LWy IV W - Wi+ W - W

Itis worth noting that Lemma 4.4 can also imply a || - ||2,00 norm based semi-smoothness result by
applying the inequality ||W W||2 < HW W|| r<m ||W W||2 o~ However, this operation

will maintain the dependency on 7, i.e., 1/ 3. which is worse than that in Lemma A.5 (e.g. 72/ 3)
since typically we have 7 < 1. Therefore, Lemma A.5 is crucial to establish a better convergence
guarantee for SGD in training two-layer ReLU network.

Proof of Theorem 3.10. To simplify the proof, we use the following short-hand notation to define
mini-batch stochastic gradient at the ¢-th iteration

G(t) = |B t)| Z Vf fw(t)(xs) ys)
seB®)

where B() is the minibatch of data indices with |B®*)| = B. Then we bound its variance as follows,

1
E[IG" = VLW ®)[}] < SE[IVE(fwe (x:),ys) = VLW)|[Z]

ZIEIV(weo (50),v4) 3] + [VL(WO) 3]

- 4C0L(W®)
— Bk )

IN

(A1)
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where C' is an absolute constant, the expectation is taken over the random choice of training data
and the second inequality follows from Young’s inequality and the last inequality is by Lemma A.1.
Moreover, we can further bound the expectation E[||G®)||3] as follows,

8CmL(W®)

E[|GM|3] < 2E[|G — VL(W®)||Z] + 2| VL(W®)||E < B

+2[|VL(WW)|%.
(A.2)
By Lemma A.5, we have the following for one-step stochastic gradient descent
LWOHD) < LW) = (VLW D), G)

72/3m,\/log(m) C"mn?
+ O LWO) - VG + = GO,

Taking expectation conditioned on W ("), we obtain
E[L(WH) W] < LWO) - g(VL(W), TLW )

72/3m+/log(m)
+CmyL(WO) TV GO g W)

C//mn2
- . E
k

- (G35 wW®). (A3)

By Lemma A .4, with probability at least 1 — O(m ') we have the following upper bound on the
quantity E[||G®)||5, o[ W®] forall t = 1,...,T,

E[| G200 W] < E[|V(fwo (%), ¥i) 2,00 W] < O(1/ LW ®) log(m)).
Then based on Lemma 4.1, plugging (A.2) and the above inequality into (A.3), and set

k ¢?
n=0 5 and 7=0 =73 .
mn n3k3/410g®? (m)

Then with proper adjustment of constants we can obtain

BIL(W ) WO < LW) = JITLW O < (1= 20 ) ew)
n

where the last inequality follows from Lemma 4.1. Then taking expectation on W), we have with
probability 1 — O(m 1),

E[L(W(HD)] < (1 - Zﬁ’l)E[L(w@)] < (1 - Zﬁi)t+lE[L<W<o>)} (A4)

holds for all £ > 0. Then by Lemma A.3, we know that if set n = O(kB¢/(n*mlog(m))), with
probability at least 1 — O(n~1), it holds that
1/2,,5/2
® WO k"n
W = W2 < O(Bl/2ml/2¢>’
for all t < T. Then by our choice of m, it is easy to verify that with probability at least 1 — O(n 1) —
Om™ 1Y) =1-0(n"1t),

E1/27,5/2 1p1/2
Wi - w0l < 0“5 ’ )=

B1/2¢ ) k5/4p11/2 1og3/2(m)
Moreover, note that in Lemma A.3 we set the step size as n = O (kB@/(n*mlog(m))) and (A.4)

suggests that we need
kn?
Tn=0(—
! <m¢>

to achieve e expected training loss. Therefore we can derive the number of iteration as
T—0 n®log(m)log(1/e) .
Bg?
This completes the proof. O
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B Proof of Lemmas in Section 4 and Appendix A

B.1 Proof of Lemma 4.1

We first provide the following useful lemmas before starting the proof of Lemma 4.1.

The following lemma states that with high probability the norm of the output of each hidden layer is
bounded by constants.

Lemma B.1 ([24]). At the initialization, if m > O(Llog(nL)), with probability at least 1 —
exp(—O(m/L)), it holds that 1/2 < |[x ;]2 < 2 and ||x;;;/|%u,i]l2 — xlyj/Hxl,ngH2 > ¢/2 for all
i,j € [n] and [ € [L], where x;; denotes the output of the I-th hidden layer given the input x; and
initial weight matrices W (%),

The following lemma states

Lemma B.2. Assume m > 5(n2k2¢_1), then there exist an absolute constant C' > 0 such that with
probability at least 1 — exp ( — O(mg/(kn))), it holds that

m
Jj=1

n

Z<ui, Vj>0/(<W(LO3-, XLfl,i>)XL71,i
i=1

2
 Comsr, il
5 kn3 '

1
n

If we set u; = fyy(0) (Xx;)—y:, Lemma B.2 corresponds to the gradient lower bound at the initialization.
Then the next step is to prove the bounds for all W in the required perturbation region. Before
proceeding to our final proof, we present the following lemma that provides useful results regarding
the neural network within the perturbation region.

Lemma B.3 ([2]). Consider a collection of weight matrices W = {VV;}lzl ,,,,, £ such that W e

B(W () 1), with probability at least 1 — exp(—O(m7?/3L)), there exists constants C’, C”’ and C""’
such that

° ||iL,i — EL’Z‘HO S CITQ/3L
° ||V(§Ll =252 < C’”Tl/3L2\/mlog(m)/\/E
o |[Xp_1i—xr_14]l2 < C"7L%%/log(m),

forall ¢ = 1,...,n, where x;_1,; and X7,_1; denote the outputs of the L — 1-th layer of the
neural network with weight matrices WO and W, and r,; and X, ; are diagonal matrices with

(Spa)j; =o' (Wi xp 1)) and (£1.:);; = o’ (W5, K1) respectively.

Now we are ready to prove the lower and upper bounds of the Frobenious norm of the gradient.

Proof of Lemma 4.1. Consider any W € B(W(©)_ 1), the gradient Vy L L(W) takes form

N 1 n _ T~
T, LW) = -3 () -y TVEL) KL

i=1

where fJL,i is a diagonal matrix with (fJL’i)jj =0'(Wr_1,j,X5—1,;) and X;_1 ; denotes the output
of the [-th hidden layer with input x; and model weight matrices W. Let va denote the j-th row of
matrix V, and define

n

.
~ 1
G=-> ((fgx)—y) ' VEL,:) x[ 1,
ni:1 ((w(x) Y) L,> XL—l,m
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where X, ; is a diagonal matrix with (3, ;);; = 0’(wg)217j7 xr—1,). Then by Lemma B.2, we have

with probability at least 1 — exp ( — O(m¢/(kn))), the following holds for any W,

2
IG3 = 2 Z

Z ~¥i, V)0 ((WE j, Xp—1,) XL -1,
=1

S Co¢m S e (%) — yill3

- kn3 ’
where () is an absolute constant. Then we have

|G = Vw, LW) .

2

1 n T n _ TN
=25 () v VL) xE - 2 (e - v TVEL) KL
i=1 i=1 F
1] & - T
< o [ <(fv~v(xi) —yi) V(S — 2L,¢)> XTL—,M
im1 F
n T .
+ Z ((fW(Xi) - y’i)TVEL,i> (Xp—1,i — XL-1,1) }
P

i=1
By Lemmas B.1 and B.3, we have

n T
Z( y) V(Sy, —EL,Z-)) .
Z Vil IV(ELs = )|l Ixe -1l

C'17' /3L2\/mlog ZH
W(xl

F

yi||27

where the second inequality follows from Lemma B.3 and (1 is an absolute constant. In addition, we
also have
T

F

i: ((fVV(Xi) - yi)TVf?Lﬂ-) ' (Xp-1,; — Xr-1,)

i=1

< Z Ifw (xi) = yill2lVll2llxL-1, — Xp-1,ill2

CQTL5/ \/mlog Z T

YzHQa

where the second inequality follows from Lemma B,3 and C' is an absolute constant. Combining the

above bounds we have
Dy Ifg (i) — yill2 . <C’171/3L2, /mlog(m) N CyTL5/? mlog(m))

|G = Vw, LW)| . <

n VEk VE
< S Ifw(xi) —yill2 Car'/3L?\/mlog(m)
g n \/E b

where the second inequality follows from the fact that 7 < O(L~*/3). Then by triangle inequality,
we have the following lower bound of ||Vw, L(W)| ¢

IVw, LWl > [|Gllr — |G — Vw, L(W)|
 Cod'Pm 2\ [n ST ity i) — vill
> N
Y (i) —yilla Car'/3L2/mlog(m)
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By Jensen’s inequality we know that n 7 [[f (x:) — yill3 > (D07, I (%) — yi||2)2. Then

we set
C30%/2 #3/2
T = 3/2 = O< 373 ) ,
2Coyn3 L8 log™ =(m) n3 L6 1log®?(m)
and obtain
Vo, L)le > Co¢1/2m1/2\/n S e (xi) — vill2
. "t 2v/kn? :

Then plugging the fact that 1/(2n) 21;1 e (xi) — yi I3 = L(W), we are able to complete the
proof. e

B.2 Proof of Lemma 4.2

Proof of Lemma 4.2. In order to prove Lemma 4.2, we first establish the function decrease of gradient
descent. Note that we assume that all iterate are staying inside the region B (W(O) , T) , then by Lemma

4.4, with probability at least 1 — exp(—O(m72/3L)), we have the following after one-step gradient
descent

L(WHY) < L(W®) — | VL(W®)

1/3L2 1 C" 2 2
+ oy fLwo) . TR o (o)), + SEIT L (wio))R,
(B.1)

We first choose the step size

ko k
"= aorrem U\ 12 )

then (B.1) yields

3n /312, /mlog(m)
(t+1) My _ OVI2 4 O LW D) - IVLW®
LW) < L(W®Y) = ZVLWO) |7+ C'ny/L(WD) N3 IVL(W®) |,

(t)
3||VL(W )HF_C/ L(W(t))

4

1/372
< L(W(t)) _77||VL(W(t))F< T L mlOg(m))7

Vk
where we use the fact that |[VL(W®) ||y < [VL(W®)||p. Then by Lemma 4.1, we know that
with probability at least 1 — exp ( — O(m¢/(kn)))

Cm
IVEWO)} > [V, LW O3 > 2L (W), B2)

where C is an absolute constant. Thus, we can choose the radius 7 as

C3/243/2 3/2
T = ¢ 372 =0 ( ¢ 3/2 > s
64n3C" L% log™ = (m) n3L6log” < (m)

(B.3)

and thus the following holds with probability at least 1 — exp(—O(m7?/3L)) — exp ( —
O(mgf)/(kn))) =1 —exp(—O(m7?/3L)),

LW < (W) = ZIVL(WO)]3. (B.4)
where the second inequality follows from (B.2). By triangle inequality, we have
t—1 t—1
0
Wi = Will2 <3l Fw, LW ) < 3l VL(WS) | (B.5)
s=0 s=0
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Moreover, we have

: — L(W®) — (WD)
VLW®) = /L wen) = VLW®) + /L(WGED)
> AVLWO)

4/ L(W()

. [Cmb nlVL(W)s
~V kn? 4 ’

where the second inequality is by (B.4) and the fact that L(W D) < L(W ), and the last
inequality follows from (B.2). Plugging the above result into (B.5), we have with probability at least
1 —exp(—=O(m7?/3L)),

t—1
W — Wy <3 | VLW )| p
s=0

kn?

Cmdo pors

kn?
. )
< Gma VLW©). (B.6)

Note that (B.6) holds for all [ and ¢. Then apply Lemma 4.3, we are able to complete the proof.

<4

[/EWe) —\Lwern)]

t—1

A

O

B.3 Proof of Lemma 4.3

Proof of Lemma 4.3. Note that the output of the neural network can be formulated as

fwo (%) = Vxr 5,

where x1, ; denotes the output of the last hidden layer with input x;. Note that each entry in V is
i.i.d. generated from Gaussian distribution A'(0, 1/k). Thus, we know that with probability at least

1 — 4, it holds that ||Vxy ;|2 < \/log(1/d) - ||xL,||2- Then by Lemma B.1 and union bound, we
have ||Vxy, ;|l2 < 24/log(1/6) for all i € [n] with probability at least 1 — exp(—O(m/L)) — nd.
Then we set § = O(n~2) and use the fact that m > O(L log(nL)), we have

Swo (xi) = Vx5 < O(log(n))

for all i € [n] with probability at least 1 — O(n~'). Then by our definition of training loss, it follows
that

n

1

LW = o= lfwio (x:) — yill3
=1
1 n
< > o (x0)lI3 + lly:ll3]
=1

< O(log(n))

with probability at least 1 — O(n 1), where the first inequality is by Young’s inequality and we
assume that ||y;||2 = O(1) for all ¢ € [n] in the second inequality. This completes the proof. O
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B.4 Proof of Lemma 4.5
Proof of Lemma 4.5. By (B.4), we have
n
WD) < (W) - 1vL(wo);

< (1 - CW?)L(W(“)

2kn?
Cm¢n G 0
< (1— T ) L(W©), (B.7)
where the second inequality follows from (B.2). This completes the proof. O

B.5 Proof of Lemma A.2

Proof of Lemma A.2. Let G®) denote the stochastic gradient leveraged in the ¢-th iteration, where
the corresponding minibatch is defined as B(*). By Lemma 4.4, we have the following inequality
regarding one-step stochastic gradient descent

LWHD) < LW®) —p(vL(W), G1)

7312\ /mlog(m) C" L*mn?
+ Oy JL(WO) - o NGOl + == V.

Then conditioned on W (*), taking expectation over G*) on both sides gives
E [L(W(t+l)) |W(t)]

71312, /mlog(m
< L(W®) — | VLW D)3 + C'ny/L(WO) - 7r 2 )-E[||G<”||2|W“>J

[[IGM3W®)]. (B.8)

C//L2 2
y ST g

Note that given W(*), the expectations on ||G(*) ||, and ||G®||2 are only taken over the random
minibatch B®*). Similar to (A.1) and (A.2), we have

1
Epo[|GY = VLW)|3] < ZEJ[[VE(fww (x4),¥) = VLW O)3]

< %[lEs[IIW(ow(xs),ys)H%] +[VLWD)|3].

Based on the definition of the ¢5-norm of a collection of matrices and Lemma A.1, we have

CoL(W)
BV (0 96) ) < Eo [ 9w, oo (20, E] < L)
L(W®
IEWO)B < o [V, LWO) g < LEE)
S

where Cj is an absolute constant. Then we have
E[|G®|o]W®T? < E[||GH 5| W®]
< 2B |G = VLWD) 3] + 2 VLW D)3
- 8ComL(W®)
- Bk

By (B.2), we know that there is a constant C' such that |[VL(W®)||% > Cm¢L(W®)/(kn?).
Then we set the step size 7 and radius 7 as follows

+2|VL(WY)|[3.

B Cd _0 1
= 64CoC" L2mn2? L?2mn?
C33/2B3 3/2 g3
= 263(/2?’)6 3/2 :O<6f3/2 )
642n8C3C"3 LS log™ *(m) n8L%log” “(m)

(B.9)
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Then (B.8) yields that

E[L(WHD)|WO] < L(W®) — | VL(WD)|Z +

V312 /m]l 8Con?
+ Oy [L(W®) - - \/7; L 2 [VLWO)

CoB

C" L*mn? <8C0n2

. ®)y]12
o +2) IV LW

< (W) = ZIVLW ). (B.10)

Then applying (B.2) again and taking expectation over W (*) on both sides of (B.10), we obtain

Cmaon Cmaon i+l
WD _ w® _ wO
E[L( o )] < (1 2kn? )E[L( t = (1 2kn? ) I ’ ):

This completes the proof.

B.6 Proof of Lemma A.3
Proof of Lemma A.3. We prove this by standard martingale inequality. By Lemma 4.4, we have

LWD) < LW®) —(vL(W"), G)

1/3L2 1 O T2 2
+nCfrwn). ) o, CERT o),

Then by our choice of 7 in (B.9), we have

132 \/,glog(m) - o(i@)'

Note that by Lemma 4.1, we have

'\ L(W®) . L V\/%“"g(m) = O(B\/m¢L(W)/(kn?)/n) < |[VL(W®)| .

Therefore, by inequality (A, B) < ||A||r|/B||r, we have

N C//LZmn2
k

LW ) < LW®) 4 20| VLW )| - |G| GO @D

By Lemma A.1, we know that there exists an absolute constant C' such that

CLmL(W®) CLmnL(W®)
Y12, « X210 T TR
VLW % < B Bl ;

where B denotes the minibatch size and we use the fact that >, 50y £(fw o (X;),y:) < nL(W®).
Then note that n < O(BY/2k/(mL?n'/?)), we have the following according to (B.11)

and G| <

C'Lmn*/?y

(t+1)
LW )§(1+ e

Juewo),

where C” is an absolute constant. Taking logarithm on both sides further leads to

C'Lmn'/?n
B2

where we use the inequality log(1 + z) < z. By (B.2) and (B.10), we know that

12
E[L(W<t+1))|w(t)] < L(W(t)) _ g”VL(W(t))H?F < (1 — Ckm2¢n)L(W(t)).
mn

log (L(W(t+1))) <log (L(W(t))) +
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Then by Jensen’s inequality and the inequality log(1 + ) < z, we have
C//m¢77
kn2

Therefore we have {log(L(W®)) 4+ C"mdetn/(kn?)}i=o.1.... is a super-martingale, and the martin-
gale difference can be upper bounded by

E[log (L(W D) W] < log (E[L(WHD)WH)]) < log (L(W1)) —

C"magtn _ C"mo(t — 1)y _ C'Lmn'?n  C"men

() _ (t=1)yy _

log(L(W®)) + =2 —og(r(wi=0)) - =L I ¢ Sty 2
C”’Lmnl/277

where C"” is an absolute constant. By one-side Azuma’s inequality for super-martingale, we know

that for any ¢, with probability at least 1 — §, the following holds

tC’”qun C”’Lmn1/277

log (L(W®)) <log (L(W©)) — 2tlog(1/6)

kn2 B1/2k

tC"mem ~ C""?L*mn3log(1/8)n
< log (L(W©)) — B.12
<log (LW®)) = ———5— + CTRB : (B.12)

where the last inequality follows the fact that —at + bv/t < b%/(4a) in the last inequality. Then we
chose 6 = O(m™1!) and

__log()C"kBe (kB
~ C2L2mn3log(1/6) \ L2n3mlog(m) )’

Plugging these into (B.12) gives

tC"maon
¢ 0
log (L(W®)) <log 2L(W®)) — ==,
which implies that
tC//

LW®) <2L(WO) . exp (— Jf??) (B.13)

By Lemma A.1 and the definition of G*), we have
1/2,,1/2 L(w(t))
(t) m n
1G]z < O( RVTRY ) (B.14)

for all ¢ < T. Therefore, plugging (B.14) into (B.13) and taking union bound over all ¢t < T,
and apply the result in Lemma 4.3, the following holds for all ¢ < T with probability at least
1-0O(T-m™1) — O(nil) =1-0(n"1),

ml/2p1/2 [ kl/2p5/2
() _ wO) (t) ./ nt
W, W, "2 < EOnHG 2<O(Bl/2k1/2> E n/ L(W <O(Bl/2m1/2¢>’

where the first inequality is by triangle inequality, the second 1nequahty follows from (B.14) and the
last inequality is by (B.13) and Lemma 4.3. This completes the proof.

O
B.7 Proof of Lemma A .4
Proof of Lemma A.4. We first write the formula of V/ ( fw (%), yi) as follows
T T
Ve fw(xi),y:) = [(fw(xi) —w) VE] x]
Since X; is an diagonal matrix with (Ei)jj = o'((w},x;)). Therefore, it holds that
IVe(fw (xi), ¥i)ll2,00 = JDQ%UW(XD —yi,vj) - [[xillz < jﬂel[an{i [ fw (xi) = yill2llv;ll2,
(B.15)
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where v; € RF denotes the j-th column of V and we use the fact that ||x;|ls = 1. Note that
v; ~ N(0,I/k), we have

P(llv;l3 = O(log(m))) < O(m™*),
for any positive constant c. Setting ¢ = 2 and applying union bound over vy, . .., v,,, we have with
probability at least 1 — O(m™1),

max [[v;lz < O(log'/?(m)).

Plugging this into (B.15) and applying the fact that || fw (x;) — yill2 = V¢(fw(x;),y:), we are able
to complete the proof. O

B.8 Proof of Lemma A.5

Recall that the output of two-layer ReLU network can be formulated as
fw(Xi) = VEiWXi,

where 3; is a diagonal matrix with only non-zero diagonal entry (X;);; = o/ (W, ;). Then based
on the definition of L(W), we have

L(W) — L(W)

1 « -~ 1 & L
=3, Z IVE;Wx; —yill3 — o Z IVE,Wx; — yi|3

Z(VZ Wx; —yi, VE;Wx; — VS, le>+ ! ZHVE Wx; — VE,Wx; 2.

Il 12

Then we tackle the two terms on the R.H.S. of the above equation separately. Regarding the first term,
i.e., I, we have

1 oo~ o~
L = o ; VI, Wx; —yi, VE;(W — W)x;)
1 n
%; VE,Wx, —yi, V(E; — 8,)Wx;)

< (VL(W),W Z (i), 33) - V(B = B) Wi

Note that the non-zero entries in 3; — EZ- represent the nodes, say j, satisfying sign(Vvai) #*
sign(vAv;rxi), which implies ’vNV;rxi’ < |(w; — vAvj)Txi’. Therefore, we have
IV(Zi = Z)Wxi3 < [V(Z; — Zi)(W — W)xf3.

By Lemma B.3, we have ||; — =;]|o < [|Z:i — Zillo + ||Z: — Zillo = O(m7%/3). Then we define
3, as

(ii)jk = |<iz - iz>]k| for all j, k.

Then we have

V(i = S)Wxi|l2 < [V(Ei — )W — W)xi
< VEi =)z |Zd(W — W)
= V(S = Z)ll2 - | D (Z0)j511W; — w;13
j=1

1/2 X% 7
<IV(E = Z)ll2- 1l W — W20,

21



where w; and w; denote the j-th columns of W and W respectively. By Lemma B.3 and the fact
that ||3;lo = O(m7?/3), we have with probability 1 — O(m7%/3)

[V(Z; — S)Wxi 2 < O(my/log(m)r?/3k~ ) - |[W — W

2,00- (B.16)

Therefore, we have

-~ 1 & ~ P
I <(VL(W), W — W) + Do Hw i)y - [V(Ei = Z)Wxi
=1

< (VL(W),W = W) + O(m+/log(m)7>/2k~Y2) . \/ LW) - [W = W ||2.00,

where the last inequality follows from (B.16) and Young’s inequality. In what follows we are going
to tackle the term /5. Note that for each i, we have

[VEWx; — VE,Wx; |2 = [VE;(W = W)xi|2 + |[V(Z; — Z)Wxi |
< [VI2W = Wlla + [[V(Z; = Zi)[2 - [W = W]
= O(m'?/k'/?) - [|W — W5,

where the last inequality holds due to the fact that | V|| = O(m!/? /k'/?) with probability at least

1 —exp(—O(m/k)). Thisleads to Iy < O(m/k)-||W — WH% Now we can put everything together,
and obtain

o~

L(W) = L(W) =1 + I
< (VL(W),W — W) + O(m+/log(m)r2/3k~/2) . \/ L(W) - [W = W |2.00
+O0(m/k) - |W — W3,

Then applying union bound on the inequality for I; and I, we are able to complete the proof.

C Proof of Technical Lemmas in Appendix B

C.1 Proof of Lemma B.2

Let zy,...,2, € R? be n vectors with 1/2 < min;{||z;[|2} < max;{||zi|]2} < 2. Letz; =
z;/||2;||2 and assume min, ; ||z; — Z;|2, min, ; |z; + z;]|2 > ¢. For each z;, we construct an
orthonormal matrix Q; = [z;, Q}] € R¥*?. Then consider a random vector w € R? following
distribution (0, I), it follows that u; := Q] w ~ A/(0,I). Then we can decompose w as

w = Qu; = ulVz + Qul, (.1

where ul(.l) denotes the first coordinate of u; and u} := [u§2), e ugd)}T. Then let v = /7¢/(8n),
we define the following set of w based on z;,

Wi = {w: |u§1)| <7, (Qjuj,z;)| > 27 for all z; such that j # i }.

Regarding the class of sets {Wi, ..., W, }, we have the following lemmas.
Lemma C.1. For any W, and W; with ¢ # j, we have

o
nv128e

Then we deliver the following two lemmas which are useful to establish the required lower bound.
Lemma C.2. For any a = (a1,...,a,)" € R™, leth(w) = Y7, a;0’((w,2;))z; where w ~
N(0,1) is a Gaussian random vector. Then it holds that

Plh(w)l2 > |as|/4|w € Wi] > 1/2.

P(W S Wi) > and W,NW; = 0.

Now we are able to prove Lemma B.2.
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Proof of Lemma B.2. We first prove the result for any fixed uy, ..., u,. Then we define q; (vj) =

(u;,vj), w; = \/m/2w(0)4 and
n
VJ7W] Zaz w]aXL 11>)XL—1,1'~
i=1

Then we define the event
&= {j € [m]: W} € Wy, |a(v;, wj)llz > lai(vy)l/4, lai(vs)| = |will2/Vk}.
By Lemma B.1, we know that with high probability 1/2 < ||xp_i,l]z < 2 for all ¢ and
7 : —1g/Ixp-1 2] >
¢/2 for all i # j. Then by Lemmas C.1 and C.2 we know that & N E; = D if i # j and
P(j € &) = P[|b(v;, w))ll2 = |ai(v;)|/4lw) € Wi] - P[w} € W] - Pllai(v;)] = |[wi|2/ V]
¢
> )
~ 64v/2en

where the first equality holds because w; and v; are independent, and the second inequality follows
from Lemmas C.1, C.2 and the fact that P(|a;(v;)| > [[u;||2/vk) > 1/2. Then we have

1 m
IVw. LW)IIE = — > (v, w)ll3

(C.2)

(v, wy)l3 Y 1(j€&)

v
3[0‘,_.
M T

j=1 s=1
1oy 3
Zﬁ;; Tor LU €8

where the second inequality holds due to the fact that
, az(v;) :
vy, w))ll31 (5 € &) = =25 Lllas(v))] = lugllz/VE) - 1(j € E,)
||us [
1(5 € &
— 16k U )
where the first inequality follows from the definition of £;. Then we further define

[Jus[3
Z _Z ok 1(j€&s),

and provide the following results for E[Z (wj )] and var[Z (Wj )]

s 13 s 13 :
Z op PUEE), vz kagp (j € &)1 -P(j € &)l

Then by Bernstem inequality, with probability at least 1 — exp ( — O (mE[Z(w)]/ max;e[n) |w;]|3)),
it holds that

- m w3 me  Ceml 1||uz||2
7> —E|Z:] > . _ i=
j; 7= [ j} - Z 32k 64+/2en kn

where the second inequality follows from (C.2) and C' = 1/(2096+/2¢) is an absolute constant.
Therefore, with probability at least 1 — exp ( — O(m¢/(kn))) we have
n 2 m
1 1 Com iy [wil3
- ;ﬁluVj>0'(<WL,j’XL—17i>)XL—1,~z ) > — Z_: Z(wj) > ,m; 2.

>

j=1
Till now we have completed the proof for one particular vector collection {u; };=1,... . Then we
are going to prove that the above inequality holds for arbitrary {u; };=1, ., with high probability.
Taking e-net over all possible vectors {uy,...,u,} € (R¥)" and applying union bound, the above
inequality holds with probability at least 1 — exp ( — O(m¢/(kn)) + O(nk)). Since we have
m > 5(¢’1n2k2), the desired result holds for all choices of {uy,...,u,}.

O
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D Proof of Auxiliary Lemmas in Appendix C

Proof of Lemma C.1. We first prove that any two sets WW; and W; have not overlap region. Consider

an vector w € W; with the decomposition
1)
w=ul"z + Qv
Then based on the definition of WV, we have,

(w,z;) = (uVz; + Qu},z;) = ul" (2, 2;) + (Q)ul, 2

zj).

Since w € W;, we have \u§1)| <~ and [(Q'u},z;)| > 2v. Therefore, note that |(z;,z;)| < 1, it

holds that

_ _ 1
[(w,2;)] > [[(Qiu. 2)] — ]| >

Note that set WV; requires \u( )|

implies that W; N W, = (.

(D.1)

(w,zj) <+, which conflicts with (D.1). This immediately

Then we are going to compute the probability P(w € W;). Based on the parameter -y, we define the

following two events

&1(7) = {[ul] <7}, &) = {|(Q)ul,z,)| > 2y forall 75,5 # i}

Evidently, we have P(w € W,;) = P(&;)P(&,). Since ugl) is a standard Gaussian random variable,

we have

1, [2
- — > —y.
P(&) = \/ﬂ/ exp( 5% )dx_ !

Moreover, by definition, for any 7 = 1,...,n we have

(Qju},z;) ~ N[0,1— (2] z;)?].

Note that for any j # i we have ||z; — z;|2 > ¢ and ||z; + Zj|l2 > o, then it follows that

(2i,2;)| < 1 6%/2,

and if $2 < 2, then

Therefore for any j # 1,

PII(Q )] e L2 i
Qiu,z;)| < 2v9] = / exp(—x )dxg —
’ V2r )o@y a1 2 |

By union bound over [n], we have

P(&) = B[ (Qu “Zj>|22%j61]21—%m?5‘1

Therefore we have

P(w € W) > \/Z'y- (1 _ \;%mgl).

Plugging v = /7¢/(8n), it holds that P(E) > ¢/(1/128en). This completes the proof.

Proof of Lemma C.2. Recall the decomposition of w in (C.1),

W = ugl)ii + Qlu;
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Define the event £; := {w € W,}. Then conditioning on &;, we have

w) = Zam’((w ;)%
i=1

= a0’ (u)z + Y aj0’ (i (7, 2;) + (Qiul, 7))z,
i
a0’ (uD)z, +Za] Qu},z,))z; (D.2)
J#i
where the last equality follows from the fact that conditioning on event &;, for all j # 4, it holds that

(Qiu},z;)| > 2y > |u(1 | > |u(1)<z1,z]>| We then consider two cases: u( )'> 0and ul(»l) <0,
which occur equally likely conditioning on the event &;. Let u; > 0 and us < 0 denote ugl) in these
two cases, we have

P|||h > inf h(u;z; v il >1/2.

)l >t o {azs + Q) Itz + Q| He] > 1/

By the inequality max{||al|z, |b|l2} > ||a — bl|2/2, we have

IP’[|h(w)||2 > nf [h(u12; + Qju}) — h(uzz; + Qjuj)||,/2 51} >1/2. (D.3)

ul ;U1

For any u; > 0 and us < 0, denote wy = u1Z; + Qz i W2 = U2Z; + qu;. We now proceed to
give lower bound for ||h(wy) — h(ws)]||2. By (D.2), we have

[h(w1) —h(ws)ll2 = [laizil2 > ai/2, (D.4)
where we use the fact that ||z;||2 > 1/2. Plugging this back into (D.3), we have
P[lh(w)]l2 = |ail/4|€i] = 1/2.
This completes the proof. O
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