5 Appendix

Let Z(h,hg) = 9_(1) and Z(m, mg) = 5(2) for non-zero h, hy € R and m, m( € RP. In order to
understand how the operators h — W(l) h and m — W( ) w1 distort angles, we define

-0 0 + sin 6
9(0) = cos™1 <(7T ) cos 0 + sin ) . ®
71'
Also, for a fixed p, q € R™, define
a® 1 (k) a® -1 . k) [faP -1 (k)
- 1 T —0, sin 6, m—0; llall2
by = II —lat+ D — | II : pl, O
p.q a(®) ’
2 =0 Q i=0 ™ j=i+1 ™ ||1)H2
where 0" = g(8*)) for g given by (8), 0" = Z(p,q), a® = d, and a® = s,

5.1 Proof of Deterministic Theorem

Theorem 4 (Also Theorem 3). Fix e > 0, 0 < a1 < land 0 < as < 1 such that
Ki(d7s® + d?s7)e'/* [(anag) < 1,d > 2, and s > 2. Let K = {(h,0) € R*™*?|h ¢ R"} U
{(0,m) € R"™P|m e RP}. Suppose that WEl) € R% ™1 fori = 1,...,d — 1 and
WZ(?) € RPixPi=1 for 4 = 1,...,8 — 1 satisfy the WDC with constant ¢ and 1. Sup-
pose ngl) € R*na-1 satisfy WDC with constants € and oy, and WgQ) € R*Ps-1 gar-
isfy WDC with constants € and ao. Also, suppose (WS), Wg2)) satisfy joint-WDC with con-
stants €, « = aq - as. Let K = {(h,0) € R"™?|hcR"} U {(0,m) € R"*P|m e R}
and A = AK2d3s3e%o¢*1,(hg,m0) U AKQdSSSeiafl,(—py)ho,mo) U 'AKQd%SEiorl,(pgz)ho,—mo)
Aszssseiafl,(7pfi“p,§2>h0,fm0)' Then, for (hg,mg) # (0,0), and

(h,m) ¢ AUK

the one-sided directional derivative of f in the direction of g = g1 (h,m) 0T § = G2 (h,m) Satisfy
D_g4f(h, m) < 0. Additionally, for all (h,m) € K and for all (x,y)

k o
Here, /)El ) are positive numbers that converge to 1 as d — 0o, and K1, and Ko are absolute constants.

Proof. Recall that

o) | Vaf(h,m) G is differentiable at (h, m),
Y(hm),(homo) = | limg_,o+ Vi f((h,m)+ dw) otherwise
e Vo f(h,m) G is differentiable at (h, m),
Y(h,m),(ho,mo) = lims_yo+ Van f((h, m) + dw)  otherwise

where G (h, m) is differentiable at (h, m) + dw for sufficiently small §. Such a § exists because of
piecewise linearity of G(h, m) and any such w can be arbitrarily selected. Also, recall that for any
differentiable point (h,m), we have

Vif(h,m) = (Afﬁﬁh) diag ( (2) ) ((Jlll h
(A&li h) diag (Ag mm© Af}_)mo m0> AEil,)+7ho hg,
Vo f(h,m) = (A§2>+ m) diag (A&z’hh) A® m

- (A%, m) diag (A5, ke © AL o) A mo.
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Let

e
91,(h,m) = [ () Sfomo) ] € R™*P,
O nXx
gQ,(h,m) = (2) eR p’
Y (h,m),(ho,m0)
(1) _ o L2(2) 5(1)
t(h m),(ho,mo) 2d+sg||m||2h - Zm tm moth ho> (10)
(2) _ 2 a (1) ~(2)
t(h m),(ho,mo) W”h‘b - ZhTth ho m,mg’ (11)
(1)
t 2 h h
(1) nxcon g | IEChm), (hosmo) emax(||h|[2[[m||2, |holl2]lm0]|2)
e (hoymo) = | (ham) ERTIAL lm|2 = 2d+s( '
0 (o) € gy |V oo |2 emas(lla . Vol mollo)
hroma) = T Qe 2+ ’
where ifb)m o and iﬁjfho is as defined in (9). For brevity of notation, write v&)m) = v&)m) (ho,mo)?
(2) _ .2 _ (1) (1) (2) _
Ugﬁ’m) = Y(hm),(homo) Hhm) = thm) (homo) Ehm) = t(hm),(hoymo) 309 E(nm) =
t(hm), (ho,mo)"
Since WZ(-I) € R"*mi-1 forg =1,...,d — 1 and WEQ) € RPi*Pi-1 for¢ = 1,...,s — 1 satisfy

the WDC with constant € and 1, W&l) € Rf*nd—1 satisfy WDC with constants € and o, Wéz) IS

R*Ps—1 satisfy WDC with constants € and aro, and (W((il), W@) satisfy joint-WDC with constants
€, & = (1 - aig, we have lemma 2 implying for all nonzero h, hy € R™ and nonzero m, my € RP

d 3\/’
1
IVaf(hom) =t )l < K= lm % max([[hlla[rmlz, | oll2lmoll2) [mll2, (12)
2
2) \[
Vo (b m) — ) )||2<K2d+ o7 max(([llz]lmllz. [oll2llmoll2) IRl (13)

Thus, we have, for all nonzero h, hy € R™ and nonzero m, mg € RP,

048y = tip 12 = T [V (o) 4 5w) = 63|

Y(hm) ~ (hym)+ow 12
< Kd;i\f max([hzllmllz, o 2 m2o]l2) [ml2, and
[0y =ty ll2 = N [V f (@) + 5w0) = £
< K (ol [ ol i )l

where the inequalities follow from (12) and (13).

Note that the one-sided d1rect10na1 derivative of f in the direction of (z,y) # 0 at (h,y) is

Dz f(h, @) =lim;_o+ 1 (f((h,x) + t(x,y)) — f(h,x)). Due to the continuity and piccewise
linearity of the function

G(h,m) = AE}L oA m

we have that for any (h, m) # (0,0) and (x,y) # O that there exists a sequence {(h,,m,)} —
(h,m) such that f is differentiable at each (h,,, m,,) and D (4 o) f(h, m) = lim,, 00 V f(hy, my)-

(1)
thn M) ]
2) >

(z,y). Thus, as Vf(h,, m,) =
v(hnvmn)

—91,(h,m) (1)

-1
lim Y V(hm)

91,5y 1z o350 (i)

D_g, f(h,m) = lim Vf(h,,m,)-
91,(h,m) ( ) n—»00 ( ) ||91,(h,m)||2
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. =92 (h,m) -1 (2) @)
D_ f(h,m) = lim Vf(h,,m,)- = lim v v .
92,(h,m) n—oo ||g2,(h,m) ||2 HQZ (h,m) ||2 n—oo  (Pnmn) (h,m)

Now, we write

”&)ﬂ,,mm ' ”&)m

=t ) o) T Ol ) = Eltmn) * Hom) T Honmn) * @ltom) ~ Lm))
+(v E;»)n,mn)‘t&)n,mn))'( E;)m Hhm))
2850, ) Hrmy ~ 10 m) = Eunmam) 2y 12 = 18 1219y = Ery 12
105, ey — ézl,mn)nanEL{m) - tEi},m)nz
2t ) Hm) —dejif maxx([|Fun |2l 2, 1ol [moll2) lrmea Lo £ 2
—Kd;j%'!f max(|[hllz[[mllz, [ hollzllmoll2)lmll2]5,) . 2

3536\
- (G ) sl el olalml)

max([|h[|z[m]2,

[holl2llmoll2)[[manll2]|m 2.

Astl) 1m) 18 continuous in (h, m) forall (h,m) ¢ K, we have for all (h, m) ¢ Sﬁgdssg\[ (homo) Y

(h,
) e
Jm v ) Vhm)
1 d S3ﬁ
168 13— 2K L5V (ol ol [ms) o

d3s3,/e 2
- (e maxtUnlalml ool

||tEllq,),m)||2 (1) d S f
> O 00 = 4K 2 max (Rl [ ol o |2) 2] +

d3s3\/e 2
1
3 160 = 2 (G5 sl [l o)l ) |

>0. (14)

Similarly, we have for all (h,m) ¢ S4Kd3 8 /2 (hosmeo) UK,

lim v? IS} (15)

e (hp,my) (h,m)

So, for all (h,m) ¢ (Sﬁgdgssﬁ (ho.mo) ) Sﬁgd%3ﬁ (ho m0)> U K, at least (14) or (15) holds. If
(14) holds, thenwe have D_g , -~ f(h,m) < 0andif (15) holds, thenwe have D_g, , - f(h,m)

_ <@ (2) 5
< 0. Let § = S, 8 /e (hosmo) | 84Kd353\/;(h0’m0). Apply Lemma 3 and 38(d> +

$9)\/AKd3s3\/e/a < 1 to get

CA. ~ _
S —AKid"’S‘"Z:”“ (homo) AKidSS‘”’;”“ (=8 ho,mo) Y AKidE‘SS;”“ (P ho,—mo)
Y Aki{isss{flﬂ »(—P((il)Pg)ho,—mo) ’

for some absolute constant K.

It remains to prove that elements of the set K are local maximizers. We now show that elements of
the set {(0, m) € R"*P|m € RP} are local maximizers. Fix a direction (z,y) € R™*? and let

ho = Afil—)l,-‘r,hoho’ z = Agz )1 s M= Af)l 4m™M, Mo = Aglﬂr,momoﬂ
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Q_Ek) = g(éﬁ)l) for g given in (8), 0_(()1) = Z(z, ho) and 5(()2) = Z(m, mg). We compute

— Dgy) f(h,m) - |[(z, y)]]2
_ iy [((m) + i@, y)) — f(R,m)

t—0+ t
<diag (Aﬂ mim ) Agllzr »%, diag (A( lmo ) A((i )+ h0h0>
< (ng)l n m) diag (Wfi )1 -+, LM O Wd 1 Jr,momo) W((jl_)17+,hoﬁo>
= <537 ( <W¢(12—)1,+,m> diag (sz )1 +aMmO Wgz )1 + momo) ng—)1,+,ho
- gQ@ A Qu, momo)h0> ZﬁlTan,mofho . iTQ@,FLOBO
> || (W) ding (W L g0 W, e ) W,

(m — 9;_)1) cos 9_((11_)1 + sin 9_((;_)1>

™

(67

. o
= 2Qu 1y Qg 1101 o 12 + - (

4n
((ﬂ' 8% ) cos 67 +sin9&2)1>

s

[l

46 - - - ~ [0/ - - ~(1 ~(2
> ——mllaflrial |2l |2l o l2 + 12 Foll [l cos B cos 6

4e «Q ~ N7 Al
> (_n * 47r2n> [ holll|7 ] [|7roll.

By Lemma 1, we have ||| > .t oi=|z| and || > 5Lt |lm|. So, if 47%¢/a < 1, then
Dz ) f(h,m)-|[(z,y)|2 < 0forall (x,y) € R"*P withx # 0and D, ) f(h,m) - ||(z,y)|2 =
0 for all (x,y) € R™*P with @ = 0. Thus, elements of the set {(0, m) € R"*P|m € RP} are local
maximizers. Similarly, elements of the set {(h,0) € R"*P|h € R"} are local maximizers. This
concludes the proof of Theorem 4. O

5.2 Concentration of terms in g, (, ,,,) and g, (, )

Lemma 1. Fix0 < ¢ < d~*/(167)? and d > 2. Suppose that W ; € R"*"i-1 satisfies the WDC
with constant € and 1 fori =1, ..., d. Define

i :i lﬁﬂ'—éi q+§sin§i dl:[l ™ —0, ||q||2p
P,q 2d 5 s — i L T Hp”2
= 1= Jj=i+1
where 0; = g(0;_1) for g given by (8) and 0y = Z(p, q). For all p # 0 and q # 0,
1 T 1
- d3\/e
H (H WH"P) (H Wz‘,-s-,q) q—tpq| =24 od lall2 (16)
= i= 2

1
<<sz+p> p (HWW) >_4 lplzlall (7
i=d

We refer the readers to Hand and Voroninski [2017] for proof of Lemma 1. We now state a related
Lemma.

Lemma 2. Fix 0 < e < 1/((d* + s*)167)2%, d > 2 and s > 2. Suppose that W,El) € Rmixmi-1 for
i=1,...,d—1and Wgz) € RPixPi=t fori =1,...,s — 1 satisfy the WDC with constant € and
1. Suppose W&l) € R¥*ma=1 satisfy WDC with constants € and a1, and Wgz) € RY¥Ps=1 satisfy
WDC with constants € and as. Also, suppose (Wfil), W@) satisfy pair-WDC with constants e,
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a® 1 g™ a®—1 . g a® 1 s

. 1 . sin 6, j lall2
t(k) _ i q + [ J p
P.a " 9al®) g T ; s jgl T Ipll2

where é(k) (é(k) ) for g given by (8), 0(() ) = = Z(p,q), a'Y) = d, and a'? = s. Forall h # 0,
x#0,m=#=0Qandy # 0,

1 . 2 2 1 o 72\ (1)
H (A&j_’h) diag (Agimm O] Agi oY )Afi i_ - (m t, y) th ,
208d3s3/€
= Wllwll 2llml2/lyll2,
(18)
2 T (1) 2 o
(8 (N2 ) 50 (r2) 5
208d3s3/€
< o K lylelhlalwl
19)

Proof. We will prove (18). Proof of (19) is identical to proof of (18). Define hy = h, g = «,
my =m, yO =Y,

1) 1) (1 1)
(H Wz( +.h ) h = (Wd,+,th—)1,+7h s W§7+,h) h

1
= W&,l,hhd—l

1
= (ng ))+;hd—1hd—17

and analogously x4 = (]_[Z d W£1+ m) x, m, = (H;.L:S WEQJ)Fm) m, and y, =
(HZ s Wﬁ)r y) y. By the WDC, we have for all h # 0, m # 0,

), (W), - gt

) (2) 1
‘ (W )-‘,—,m (WZ )—',—,m B 511”71

T @ 1
) Wi-s-h*EI"i—l

<eforalli=1,...,d—1, and (20)

<eforalli=1,...,s—1. 21

In particular, ’(ngl h

and consequently,

2 1
sl <
2 1
gmes Wil =5+
Hence,
1 1
(1) (1) _ b a—1)1eg(142¢ 1 +4e(d—1)
H Wiin H Wiia| = d— (1+2¢) *2,17_16( ) log( )_2‘171’
i=d i=d—1
(22)

where we used that log(1 + z) < z,e* < 1+ 2z for z < 1, and 2(d — 1)e < 1. Similarly,

1

1 Wi
1=s—1

1

II v,

1=s—1

< 1+4€(871).

<55 (23)
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Let
A=A, ph, =AY,z =AY

s—1,+,m

~ 2
m, Yy = A.(g )1 +7yy7

and consider
|(A) ding (A% om0 A y) AL, o~ & (m1i2, )il
<[ (Al en) " (W) diae(WiEL i W2 5) WL — Qs
QN ], [ (AL 0)' @@ A
-2 (mrfgfgy) B,
<] (A1) (W) dae (WL o WL ) WL - i

Q7)Ao H
«

o > (1) 7(2) 7(1)
T mii), (Ad L+, h) QnaAi s a® - mTtg,?,ythym‘L

- - 1 = 1 T 1
+ 7 m' Qs 59 (A((i 1,4, h) Qh :cAEi )1 +aT mTtgrQL),y (A((i—)l,+,h) Qj, @A«(i )

where both the first and second inequality holds because of triangle inequality. We bound the terms

in the inequality above separately. First consider
1 T 1 2) - 1
(A21n) ( (W;jﬁh) diag(W 2, om0 W, g)WL, , —

ThTth,gy>AE¢ 1,+,2% H2

T - . a - .
< (ngljr h) dlag(W((fl’mm ® ngryy) W&llm - ?Qfl’@mTQm,gy) H
1)
AL | A 4
<

1+4e(d—1)\ 4e .
(F5 ) Flelalimllale

(1+4e(d — 1)) 8¢

2
— el AL, L mlo AL, Lyl
(I1+4e(d—1)) (1 +4e(s—1)) 16¢
< 5 5 — lllzlmllzlyll2

64¢
<srelzlalmil iyl

(25)

where the first inequality holds because spectral norm is a sub-multiplicative norm. The second
inequality holds because of (22) and joint-WDC. The last inequality holds if 4e(d — 1) < 1 and

de(s —1) < 1.

Second, consider
- - 1 T 1 ~ 1 T 1
HmTQm,gy (A((i )1 + h) Qj, mA<(1 )1 4T mTt( ) (Afi )1 +, h) Qj, A( :

~ ~ I 1)
| (7 @ = i) (A ) @il o

d— 1+ac

D10, (A2 ) @ Ay = 2| llelliml:
1+4€27_1H (Agz L+ m) (Qﬁ%@ - O% (Wfi2)+m> Wgr y) A£2)1 +.yY
o (A2 ) ARy = 2 el ml
_1 +4e -1 HA(Q) mHHAf—)H-yHH ( L (W((fl_ m) W¢(122s-,y> H||y||2
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+

Lv@ \TA® 2
o (M%) ALy =12 Izl
1+4e(d—1
<AL (61 4 els — 1)e/as + 2057 /efa ) [zl mlal vl
2
< s (12600 + 2457 V/efas ) alla [ m 2y

72s53\/€
< 22dy, z|2[[m2|[2]y]]2-

(26)
where the first inequality holds because of (22). The second inequality holds because of triangle

inequality. The third inequality holds because of (23), \/%72 Wff) satisfy WDC with constant €/as
and 1, and Lemma 1.

Third, consider

(2 (1) T (1) 7(2) 7(1)
HmTtgn),y (Ad—1,+,h) Qi1 % — mTtsn),yth,:c )
_ (2 (1) T (1) (1)
_‘mTtgn)ylu (Ad—1,+,h) Qi aMal1 42T —thy )

~ 1 T 1 1 T 1 1
§||t£r21)y||2H (Afi—)1,+,h) (Qﬁ,a& o (Wélh) W( : >A( )

;1 d,+,x d—l,+,mw
1 1 T ~(1
o (A n) AL g B Imll

1+s (1) (1) 1 1) T
=T (HAd—thHHAd‘leﬁm ’Qﬁ,@_a(wd,+,h) Wite
1 1 T 1
o (A ) A e =B )Imila s
(651 9
2s
< v (601 +deld = D)e/an + 24d* /ey ) [alla [z [y

72sd3\/€
[N S
— 2d+sq

]2

—llzllallml2llyll- @7)

where the first inequality holds because of Cauchy-Schwartz inequality. The second inequality holds

because of triangle inequality along with HE,(f)y |2 < L£=. The third inequality holds because of (22),
\/%W((il) satisfy WDC with constant ¢/a; and 1, and Lemma 1.

Hence, combining (24), (25), (26), and (27), we get

1 T .. 2 2 1 Q10 7 (1
H (AEL—)‘,-JL) dlag (A'(Sﬂivmm @ Ag,l,yy> Afi,‘)'r,mm - T (mTt"(n%),y) t;:,,)m
64e 7253\/e  T2sd3\/e
< (i + oy + g ) lzl2limlallylz
208s3d3+/e
anﬂﬂ\mﬂz\\yﬂz

5.3 Zeros of t(h,m),(ho,mo)

Lemma 3. Fix0 < ¢ < land 0 < o < 1 such that 38(d® + s°)\/e/a < 1. Let K = {(h,0) €
R"™*? |h € R"} U{(0,m) € R"*?|m € RP}. Let

(1)
t ll2 h h
W o g | [Eham), (hosmo 12 _ e max([[B]a[|mll2, | Bo 2] moll2)
S (hosme) = | (@) € RTIK ]2 < 9d+sg ’
2
S g mey = 4 (Br@) € RVP\K [65m).ocm2_ max(alaal  o 2] )
€,(ho,mo) ’ ||h,7 ||2 - 9d+s g )
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where d and s are an integers greater than 1. Let

a® 1 (k) a®_1 . (k) [a® -1 (k)
~(k) 1 T —0; sin g, 77_9;‘ lyll2
i _ i i 28
™Y T 9alk) E) ™ v ; ™ j:lll ™ ||mH2m ’ @9

where égk) = g(éz@l) for g given in (8), éék) = /(m,y), aV = d, and a'® = s. Let

t(hm),(ho.mo) = l t%?)’m)’(h(”m‘)) ] where

(h,m),(ho,mo)

1) __« 2 o 122 (D)
t(h,m),(ho,mo) = 2d+s€||mH2h - ?mTtm,mgth,hoﬂ (29)
2) _ G« 2 o, z(1) 2(2)
t(hm), (hosmo) = garag IP127 = F AT bt m, - (30
Define
a®™—1 . xk) fa® -1 (k)
b sin 6, m™—0;
Pi(i) = Z - H 7r] )
i=1 j=i+1

where é(()k) = 7 and égk) = g(égﬁ)l). If (h,m) € 56(71()’7-077710) N 56(,2()h07m0) then one of the following
holds:

. ég”‘ <2/, 9‘32)’ < 9\/e and
ds\/€

[IRlallmllz = o2 o 2] < 145 oo 2o 2.

o|gV - w‘ < 1272d%/e/a, é((f)’ < 1.5/ and
1 d®sy/e
(IRl lmlls = o5 o 2 ol | < 53255 |Ro l2llmao 2.
. 5(()1)‘ < 2V/e, ’5&2) — 71" < 12n%s3\/e/o and
1 dSG\ﬁ

[IRlaliml2 = o Aollalimolls| < 53272 o l2llmaol2

. @él) - w‘ < 1272d3\/ea, 962) - w‘ < 12n%d*\/e/a and
dbs%,/€

Bl — o o2 [olllimole] < 391575V g oo o

In particular,

W @) c
Se,(ho,mo) N Se,(ho,mo) = A437dST‘/E,(ho,mo) U “42436#%,(—;);”}10,”»0)
Y 'A24367r%,(p22>h0,7m0) Y Alﬁ?G%ﬁ%,(7p;1)p§2)h0,7m0> )

where Ac (hy,m,) is defined in (3).

Proof. Without loss of generality, let hy = e, mg = e, h = cos @él) + sin 9}()” and m =
cos B + sin 657 for some 8", € [0, x]. First we introduce some notation for convenience. Let

a® —1 A(k) a®_1 . k) a® -1 __ 5k
k) _ m™—0; ) _ sin 6, T—0;
g—g ﬂ,c—; ﬂjﬂﬂﬂﬂ,
r1) = |||z, 7@ = ||m|2, and M = max(r(M7(?) 1). Using these notation, we can rewrite
Hhm), (o) 2
+D

(h,m),(ho,mo)
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o - h h
= mlsh — (€@ cos P + ¢ ((1) 0 4+¢™ ) holl2]|m ) m
2d+s£ <| ||2 (5 0 C ) § HhOHQ C ||h||2 || OHQH 0”2 || H2
ho

« _
=——-11|m hfcosﬂgz) < M M > h m > m
9d+sy <| ||2 5 ||h0||2 C ”h'H || 0”2” 0”2 || H2
2d+sg< M ()(0059( 61+51n9 ))

— oS égQ) (5(1)61 + C(l) (cos éél)el + sin 9&1)62) ))r(g).

By inspecting the components of tgh)m) (ho,me)» We have that (h,m) € S6 (ho,m) implies
_ _ 7 M
‘r(l)r@) cos 961) — cos 6 (E(l) +¢W cos 9(()1))‘ < % (€29
- ~ ~ M
’r(l)r@) sin 0(()1) — cos 0§2>g<1> sin 061)‘ < & (32)
!
Similarly, by inspecting the components of tgi),m), (ho,mo) V€ have that (h, m) € S, (2 )h mo) implies
- - M
’ D2 o5 42 — cos GV (5(2) 4 cos 9(()2))‘ < % (33)
- - - M
‘r(l)r@) sin 982) — cos Hél)c(z) sin 982)‘ < % (34)
Now, we record several properties. We have:
0% € [0,7/2] fori > 1 (35)
%) < o) fori > 1 (36)
€™ <1 (37)
0% < 3”3 fori >0 (38)
1 > T fori>
0, Z T ori>0 (39)
a® 1 (k) A(k)
(k) _ 77—91' > 7T—90 (k)—?) 40
¢ 11;[1 ™ o ™ ¢ (40)
0 =7+ 0:(6) = 8" = 0 4 0, (i5) (41)
_ , ]
o) =7+ 0,06) = [¢W) < - (42)
7k) B o3y o 0P
0" =7 +01(8) = ¢W = pi + 01(3aM75) if — <1 (43)
IC®)] = e cos éék) — cos éi]fg)\ <2 (44)
- 1
cos0* > = fori > 2 (45)
T

For a proof of (37)-(43), we refer the readers to Lemma 8 of Hand and Voroninski [2017]. Also, we
note that (45) follows directly from (44).

We first show that if (h,m) € Se( ()ho my) then rMr?) < 6, and thus M < 6. Suppose
rMr) > 1. At least one of the following holds:|sin 0_(()1)| > 1/4/2 or | cos é(()l)| > 1/V2.
If |sin 0_(()1)| > 1/\/5 then (32) implies that ‘r(l)r(z) — cos 59@“‘ < \/567"(1)7'(2)/01. Using

(44), we get rVr(® < 2 < dife/a < 1/4. If [cosfy| > 1/v/2, then (31) implies

/o
rMr2) — cos 6 Z)C(l)‘ < V2 (erWr® Ja + [€M]). Using (37), (44), and e/a < 1/4, we get
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V3165 |05 8D ¢ D) 1
rMp@) < V2 : lJ\F/CBE/a < T 2?}\{/ < 6. Thus, we have (h,m) € S’e( ()ho mo)

6 = M < 6. Similarly, we have (h, m) € S(

= fr(l)fr(2) g
(ho,mo) = =r0r@ <6= M <6.
Next we establish that we only need to consider the small angle case and the large angle
case (i.e. é,gk) ~ Oorm) if (h,m) € Sel()h0 mo) | S 2()h0m )- Exactly one of the fol-
lowing holds: ‘r(l)r@) fcos9_§2)g(1)‘ > eM/a or ’7’ Dy fcosﬁgz)c(l)’ < VeM/a. If
(M) — cos §£2)C(1)’ > \/eM/«, then by (32), we have | sin 9(()1)| < y/e. Hence éél) = 01(2V/¢)
or 9_(()1) = 7+ 01(2Ve), as e < 1. If ’r(l)r@) —coséiQ)C(l)’ < /eM/a, then by (31)
and (45) we have [¢M| < 2m\/eM/a. Using (40), we get oY = 7 + O1(2m2d3\/eM/q).
Thus, we only need to consider the small angle case, 581) = 01(2+/€) and the large angle case
5(()1) =+ 01(127%d3\/€/ ), where we have used M < 6. Similarly, we only need to consider the
small angle case, é((f) = O1(2+/€) and the large angle case ééQ) =7+ 01(1272s3\/e/ ).
Case 1: 0_(()1) ~ 0 and 5(()2) =~ 0. Assume é(k) = 01(2V/€). As égk) < é(k) < 24/€ for all 4, we
o)
have ¢F) > (1 - Lﬁ) =1+ 01(4a ‘[) provided 2a*)\/e < 1/2. By (44), we also have
¢® = 0,(222/e) = 04 (a™ /€). By (31), we have

_ _ - M
‘r(l)r@) cos 49(()1) - (5(2) cos 9(()2) + C(z)) (5(1) +¢Wcos 49(()1))’ < =

a
where we used cos égf,z) = £t® cos ") + ¢®) . As cos 0 =1+ 01((05)2/2) = 1+ 01(2¢),
£ cos ééQ) + ¢ =14 01 (8sev/e + 4s\/e + 2e + 5v/€) = 1 + O1(155V/€),
¢W 4 ¢W cos 1Y =1+ O1(4dv/e + 2dev/e + dv/e) = 1 + 01 (TdV/e).
Thus,
rWr® =14 0,(12¢ + 6¢/a + 105dse + Tdy/e + 155v/€) = 1 + O (145ds\/e/a).  (46)

We now show (h,m) is close to (chg, Lmy), where ¢ = HHm"‘HZ Consider
H B ||moH2h0
[l 2
1 A1
SW (IlthzllmH2 — [ImollzllRollz| + (lFolallmollz + |[[Bll2]lm 2 = [Imoll2]oll2]) 6 ))

S H (145dsv/e||holl2[moll2/a + ([[Roll2[[moll2 + 145dsV/e||holl2[moll2 /) 2V/e)
dsv/€ || hol|2[lmo][2

<437
a et P

Similarly,

Hm _ mll2
[m0]|2

n(2
< (Hmllz = lmlla| + (lmllz + llmellz = Im 2 67 ) < 2ve|ml..
2

- (o o) = 72 o )

Case2: 65" ~ mand 8§ ~ 0 Assume 0\ = 7+ 01(6) where § = 1272d3\//c.. By (42) and
(43), we have £€(1) = O (§/7), and we have C(l = p\) +0(3d35) if 38d /e /a < 1. Also, assume

Hence,

< 437
2

2
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0 = 01(2v). As 8 < 087 < 2./c for all i, we have £(2) > ( ) =140, 45‘ﬁ)
provided 2s./e < 1/2. By (44), we also have (¥ = O (£2/€) = O1(s\/€). By (33), we have

rWr® cos 9_(()2) — (5(1) cos9 )+ ¢ ) (5(2) +¢® cos 9_(()2))’ < M
o

where we used cos él(llf,z) = W cos B + ¢, As cosBY = —1 4+ O((B — 7)2/2) = -1 +
01(52/2) provided § < 1 and cos 0 = 1+ 01 ((8))2/2) = 1+ O1(2e),

¢M cos 5 + ¢V =pM + 0y (5 + i 3d%6) = p) + 0, (46d%),
€@ 4 (@ cosfP =1 + Oy (4sv/e + 256\/E + sv/e) =1+ O01(7sV/e).
Thus,
rWr® —pM 4 0, (12 + 66/ + 46> + Ts\/e + 28d° s6/€)
=pV + 01 (30dv/e/ o + 45d% + 28d35/€)
=p§1) + 01(532d%sv/¢/ ).

where, in the second equality, we use § < 1. We now show (h, m) is close to ( cpg )ho, %mo),

[lmoll2

where ¢ = Tmls . Consider
Hh+ [mollz ()
[m]]2 2

1 1 1
<t (Illlimllz = o ol mole] + (o4 ol lmollz -+ (Il

— i Ihollzllmol 2] )05

1
Sm (532d65\@||m0||2”h0\\2/a + (2[[holl2[lmoll2 + 532d68ﬁ|\m0||2||h0||2/a) 119d3ﬁ/a)

1
<t (532d°sv/e[|lmo|2[|holl2/a + (2 holl2[[mo]l2 + 14s]|mo|2[Rol|2) 119d° e/ a)

=l
6
ot PVE 0 [l
mll
Similarly,
il .
g | < (lmll = [l + el + s ) 87) < 2vefml
[moll2 ",
Hence,

- ()

6
< 2036 22 | (<o, Lo

2 2

Case 3: 5(()1) ~ 0 and 0_82) ~ 7 . The analysis is similar to case 2. Using (31), we get

W@ = 52 1 0,(532ds%V/e/a).

Again, similar to case 2, we can show (h, m) is close to (cps )ho, —1 mo) where ¢ Ihllz e

= Tholl2
get,
(2) 1
< 24367 cps ho, Cmo

2

H(h, m) — (Cpg2)h0, —1m0>
C

2
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Cased: 0\ ~ mand 62 ~ 7. Assume 6% = 7+ 01 (6%)) where 6%) = 1272a™° /¢ /a. By
' 0 ) 2

(42) and (43), we have £ = 04 (6™ /), and we have () = ) 1 O (305 if 2078 < 1,

By (31), we have

) ) ) M
P cos 81 — (62 cos 07 +¢@) (€ + (W eos )| < =

where we used cos 922) = ¢® cos P + ¢ As cosb) = —1+ 06 — 7)2/2) = —
01((6™)?/2),

5(2 5@
(@), o

¢@ cos@ém +¢@ =p@ 1 04( +3535 D)= p 1 0,(46@ %),

5()

€M 4 ¢Weosfl) = — pl) + 0y (— —+ §d3(6(1))3 +360ad%) = —pV + 0, (56Wd?).

Thus,

rMr@ —pM @ 0 (6e/a+4(6M)2 + 46@ 63 + 560 @3 + 206063 @3 s?)
=pIp® 4 05 (6e/a + 46D + 45@ 53 + 56M B 4 2052 a3 %)
=pIp® + 04 (6¢/cr + 3909d° 55+ /e /)
p“)ps +01(3915d°59V/e /),

where, in the second equality, we used s < d% < 1. We now show (h,m) is close to

( oD pPhy, _%mo), where ¢ = I7al2 - Consider

m
H'” el 0 2,

1
([IBlizlimlz = o o2 limollzIhollz| + (£ IRollaImell2+

2
Tl
]nhuznmuz o P limo2lhol2]| )85 )
<l ” (3915d°s° Vel [ hollz | moll2/a + (4llholl2lmol2
+ 3915d° 55 /e[| ho |2 |02/ @) 119d° e/ )
< (391545 Vellollallmollz/a + (4o s molls + 104ds° o | llmol2) 1194° /o)

[m2
6 h
S167677T2d Soé\/>pg]-) (2) || 0||2||Tn’0||2 .

S

[m|2
Similarly,
[l a(2
Hm+ mo|| < (1mla = llmllal + (lmlls + [mll — [ml]) 65) < 195°V/emlla /o
[moll2 ],
Hence,

1
H(hvm) - < e pPh, —cm())

< 16767722 ‘/H< My ho, )

2 2

5.4 Proof of WDC condition
We first state a lemma that shows that the weight W € R‘*™ of a layer of a neural network layer

with i.i.d. N(0,1/¢) entries satisfies the WDC with constant € and 1, and we refer the readers to
Hand and Voroninski [2017] for a proof of the lemma.
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Lemmad. Fix 0 < ¢ < 1. Let W € R™™ have i.i.d. N'(0,1/¢) entries. If { > cnlogn, then

with probability at least 1 — 8¢e~ "™, W satisfies the WDC with constant € and 1. Here c,y~" are

constants that depend only polynomially on €.

We now state a lemma similar to Lemma 4 which applies to truncated random variable. The proof
follows the proof of lemma 4 in Hand and Voroninski [2017].
Lemma 5. Fix 0 < € < 1. Let W & R**™ where ith row of W satisfy w] =wT- 1Hw||2<3 7

and w ~ N (0, %In). If £ > cnlogn, then with probability at least 1 — 8ne™"", W satisfies the

WDC with constant € and o.. Here ¢,y~" are constants that depend only polynomially on €' and
T(rt2) _ T n;r27 9n
a= ( 2 ) ( 2 2 ) (47)

n+2 )
(%)
where I is the Gamma function.

The WDC condition with constant € and « can be written as
||WL)mW+7y — aQ%yH <e

for all nonzero ,y € R". We note that

£
w! W,.,= 1ol wiw]
+,x +y — wlxtw]yViW;
i=1

and it is not continuous in  and y. So, we consider an arbitrarily good continuous approximation of
Wi W, . Let

0 z < —¢, 0 z<0,
tee(z)=¢ 1+%2 —e<2<0, and t(z)=< 2 0<2<¢
1 z <0, 1 z>e

and define

14
i=1

The proof of Lemma 5 follows from the follow two lemmas. We first provide an upper bound on the
singular values of H_.(x, y).

Lemma 6. Fix 0 < € < 1. Let W € R ™ where ith row of W satisfy w] = wT - 1|, <3ym and
w ~ N(0,1,). If ¢ > cnlogn, then with probability at least 1 — dne™ 7",

V(z,y) # (0,0), H_.(z,y) = alQy,, + 3lel,.

L are constants that depend only polynomially on €~ and o is

L) -T (%)

IO

Here, c and v~

o= (48)

where T is the Gamma function.

Proof. First we bound E[H_(z,y)] for fixed ,y € S"*. Noting that {_.(2) < 1,>_(z) =
1.50(2) +1_c<.<0(2), we have

E[H_c(z,y)]

14
T
=E E 1w222751w5y275wiwi
i=1
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=(E |:1w7w2761w1—y276wiw;‘r:|

:EIE[( 1220 LwTy>oWiw] )] + 2(E [( _ngzmgowiwz)} .
We first note that E {lwrmzolwwzobib” = aQ, , where «a satisfies 0.97 < a < 1. Also, we
have E [1_engmgo’wiwiT] =< <1, Thus,

E[H _(z,y)] 2 al-mTQ, ,y+call,
=al-m'Q,, +el, (49)

Second, we show concentration of H_.(x,y) for fixed z,y € S 1. Let

€ =/t (wlo)t_(w]yw

We have
—e(®,y) —E[H_c(,y)]

Il
MN 3

t(wla)t(wly)ww] —E[t (w]2)t (w]y)ww]] )
1

4
:Z (&,€] —E[g.£]]).

.
Il

Note that &, is sub-Gaussian for all ¢ and that the sub-Gaussian norm of §; is bounded from above by
an absolute constant which we call K. By first part of Remark 5.40 in Vershynin [2012], there exists

a ck and i such that for all £ > 0, with probability at least 1 — 26””“2,

t
H_. ~E[H_. < max(8,82)¢, where § = ey | >+ —.
IH-1(o.9) ~ B (o, )] | < max(6.57)6, where§ = cacy [ + -
If £ > (2cx J€)*n,t = e\/€/2, and € < 1, we have
[H-c(z,y) —E[H_c(z,y)] || < el (50)

E2
with probability at least 1 — 2e~7¥ =
Third, we bound the Lipschitz constant of H_.. For &,y € R™ we have
er(w> y) - er(ia Q)

-

«
Il
-

tc(wla)t (w]y) — t- (w]@)t- (w]§)] wiw]

Il
M-
.
S
ﬂ
)
~
|

«
Il
-

E(w;ry) - t—e(w{i/))

o (w]g) (t-c(w]@) — - (w]F)) |wiw]

—W [diag (t—(Wa)) diag((Wy) s ~ (W5),)
+ diag (t- (W) diag (W), — (W),) | W
Thus,
|H-c(w.y) ~ H-(@,9)|
SIW IR [t (Wy) = (W) + [t (W) — t (W)

<||W||2lmax|t (w]y) — t-(w]H)] + max i (w] >—te<wzﬁc>|]
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! 1
<|w|? maxwI(y—z?)leraXIwZ(w—i)I]
i€[l] € i€l] €

1 - 1 -
<|w*| - max|wsllz y = gl + - maxlwi, l= - wll]

9 9 "
<IWI[Evinllz -l + v |- ||

where the first inequality follows because |t_.(z)| < 1 for all z, and the third inequality follows
because t_(z) is 1/e-Lipschitz. Let F; be the event that |[W|| < 3v//. By Corollary 5.35 in
Vershynin [2012], for A € R**™ with rows of A following A'(0, I,,), we have P(||A|| < 3v/7) >

1 —2e~%/2,if £ > n. As rows of W are truncated, we have P(E;) > 1 — 2e~%/2,if ¢ > n as well.
On FEj, we have

”H—e(wvy) - H—e(:i’g)‘l
270\/n

€

= llz -9l +lly — vl (51

forall z,y, &,y € S" .

Finally, we complete the proof by a covering argument. Let N be a d-net on S"~! such that
5| < (3/8)". Take § = = Combining (49) and (54), we have
V(z,y),€ N5, H_.(x,y) <EH_.(x,y) + lel,

2lQ,, ., + 2Lel;,.
with probability at least

1— 2|N5|67’7K62€/4 >1-2 ( ) 6771{62@/4 >1- 267VK62€/4+n10g(3-54\/71/62)'

[STINVY

If ¢ > énlog(n) for some & = (e loge), then this probability is at least 1 — 2e~7* for some
5 = O(€?). For z,y € 8" !, let ,y € Nj be such that |z — |2 < §, and ||y — g|]2 < J. By
(51), we have that

Ve,y #0, H_.(z,y)
<H_(3,3) + 2,
jaEQm’y + 3lel,,.
In conclusion, the result of this lemma holds if ¢ > (2¢f /€)?n and £ > &(n) log n, with probability

atleast 1 —2e 75 4/4 _9¢=/2 _9¢=7 > 1 — 6= for some v = O(?) and & = Q(e2 loge). [

Next, we now provide an upper bound on the singular values of G.(h,x, m,y).
Lemma 7. Fix0 < ¢ < 1. Let W € R*™ where ith row of W satisfy w] =wT- 1|, <3 /m and
w ~ N(0,1,). If £ > cnlogn, then with probability at least 1 — dne™ "™,
V(z,y) # (0,0), H(z,y)=alQ,, — 3lel,.
are constants that depend only polynomially on e~ and « is

L) - (5% %)

r(%$2) ’

Here, c and 771

o=

(52)
where I is the Gamma function.

Proof. First we bound E[H_ (x,y)] for fixed z,y € S"~!. Noting that t.(z) > 1,-0(2) —
1_.<.<o(z) for all z, we have

E[Hc(z,y)]
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EEIE[ <1wgm201wgyzowiwg> ] — 2(E Kl,sngmgowiwgﬂ .
We first note that E {1w;w201w;y20bib}} = aQ, , where «a satisfies 0.97 < a < 1. Also, we
have E {1,6§w;w§0wiwﬂ =< <1, Thus,
E[H _(z,y)] = al - mTQ, ,y — call,
—al-m'Q, , — e, (53)
Second, the same argument as in Lemma 6 provides that for fixed x,y € Sl if e > (2¢k/ e)zn,

then we have with probability at least 1 — 2e™ 7% %e’
HH_e(.’IZ,y) 7E[H—s($ay)] ” < el (54)

Third, same argument as in Lemma 6 provides on the event E;, we have

270\/n

€

||H_€(sc,y) - H—e(i’ Q)” <

forallz,y, &,y € S L.

-9l +lly -9l

Finally, we complete the proof by an identical covering argument as in Lemma 6. We have if
£ > conlogn then with probability at least 1 — 6e= ",

Ve,y #0, Hc(z,y) = alQ,, — 3lel,.

5.5 Proof of joint-WDC condition

We now state a result that states random gaussian matrices with truncated rows satisfy joint-WDC.
. xn - . T _ BT .
Lemma 8. Fix 0 < € < 1. Let B € R"™™"™ where ith row of B satisfy b; = b 1\\b\|2§3m and

~ . . ZX . . T — .
b~ N(0,1,/¢). Similarly, let C € R**P where ith row of C satisfy ¢] = cT 1HCH2S3\/IW and

c~N(0,I,/0).If¢ > c((nlogn)? + (plogp)?), then with probability at least 1 — 8¢~7¢/(nlogn),
B and C satisfy joint-WDC with constants € and o« = 1 - ava. Here, ¢ and 'y*l are constants that
depend only polynomially on e~ and

L) - %)
r(%2)

where I is the Gamma function.

a1 =

and oy =

(55)

The proof of Lemma 8 follows directly from Lemmas 9 and 10. Using Corollary 1, we provide
a concentration result of BT ; diag(C ,mm)diag(C1 yy) B o, which is part of the joint-WDC
condition. We note that
¢
Bl ,diag(Cy mm)diag(Cy yy) B o = Z Lothsoleraso(e]m)(c]y)+bib]
i=1

and it is not continuous in k and x. So, we consider an arbitrarily good continuous approximation of
B , diag(Cy mm)diag(C yy)B . Let

0 z < —¢,
tee(2)=q 1+%2 —e<2<0, and t(z)=
1 z <0,

—aln O
o

IV IANIA
I
AN
o)

and define

4
G_c(h,m,m,y) =Y t_(bIh)t_(blz)(c]m), (c[y); b;b],
=1

l
Go(h,w.m.y) = 3 t(bTR)t(b]w)(cIm) (cly). bib].
=1

We now provide an upper bound on the singular values of G_.(h,x, m,y).
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Lemma 9. Fix 0 < € < 1. Let B € R**" where ith row of B satisfy bl =bT7- 1p),<3ym and
b ~ N(0,1,). Similarly, let C € R**P where ith row of C satisfy c] = cT - 1ye|l,<3,p and
c~N(0,I,). If¢ > c((nlogn)? + (plog p)?), then with probability at least 1 — 4e~7¢/(n1ogn)

Y(h,z) # (0,0) and m,y € SP~ !,
G_c(h,z,m,y) X a1020Qy), ,m7Q,,, Yy + dlel,,.

1

Here, c and v~ are constants that depend only polynomially on €~ and o and o is as in (55).

Proof. First we bound E[G_.(h,x, m,y)| for fixed h,z € S"~! and m,y € SP~!. Noting that
t_e(2) <1y>_e(2) =1,50(%) + 1_c<2<0(2), we have
E[G_c(h,z,m,y)]
¢
=E lz 1b{h>elb2m>e(cgm)+(czy)+bib2]
=1
—(E {1b;"h2—elb{w2—e(cgm)+(ng)+bibg}
<(E {(1b{h201b{m20(czm)+(Czy)+ + <lfe§b{h§0 + 176317{:,;50) (sz)+(czy)+)bibﬂ

:EE{ (1bgh201b{mzobib3) (c}m)#c}y)@ + 2(E {(1—5§b2h§0bibg) (c;'rm)Jr(c;'ry)Jr} -

We first note that E [1b¢h201b7w20bib2] = a1Qp, , and E[(c]m), (c[y)1] = aam™Q,, ,y

where a; satisfies 0.97 < o; < 1. Also, we have |m'Q,, ,y| < 3 and E {1_5§b¢h§0bibﬂ =
mTlIn. Thus,

E [G—E(h’v T, m, y)] S ajal- mTQm,yy ! Qh,w +2(-E [1—e§b{hgobibﬂ ’ QQmTQm,yy
eaq ol
2

el
j a1a2‘€ . mTQm7yy . Qh7:¢: + 517’7/ (56)

j a1a2‘€ : mTQm7yy : Qh7a: + In

Second, we show concentration of G_.(h, z, m,y) for fixed h,z € S"! and m,y € SP~1. Let
€ = Vt_e(bTh)t_(b]z)(cIm)+(c]y)+b;. We have

G—e(ha T, m, y) —-E [G—e(ha T, m, y)]

~

=3 (t-c®TR)E (BT @) (T m) 4 (cTy) +bib] — E[t-c(bTR)L—(b]@)(cTm) . (cTy) 1 bib]] )
=1

l
D (&L -EEL]).

i=1

<

Note that é‘ is sub-Gaussian for all ¢ and that the sub-Gaussian norm of §; is bounded from above
by K = K \/n, where K is an absolute constant. By Corollary 1, there exists a ¢ = ¢y/nlogn and
such that for all ¢ > 0, with probability at least 1 — 2e~ t? ,

v = n log n

|G_c(h,z,m,y) —E[G_.(h,z,m,y)]| < max(J,5?)¢, whered = c\/i + %

Here, ¢ and 7 are absolute constants. If £ > (2¢/€)?n?(logn)?,t = ev/f/2, and € < 1, we have
|G-c(h,z,m,y) —E[G_c(h,z,m,y)]|| < el (57)

2
with probability at least 1 — 2¢~7 T wlogw .
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Third, we bound the Lipschitz constant of G _.. For h,& € R™ and m,y € SP~! we have

G_c(h,z,m,y) — G_.(h, &, m,7)
V4
[t—e(bl h)t_.(blz)(c]m) . (cly) s — t_c(bTh)t_c(b]Z)(c]mh) (c[ )+ | bib]

jl
=3 [t-cbTR)E (BT @) (T m) s (]y)s — (]D)4)
tt_o (BT R)E_ (b @)(c]§)+ ((e]m)y — (c]m))
4 J@)

©
+ diag (t,E(B )Ot_(Bx)® (Cy
+ diag(t_(Bh) ® (Cmn

)
+ diag (t_.(Bz) ® (Cmn)

(Cm)+—(Cm) )
Cy))diag (t—c(Bx) — t_(B%))
Cy).)diag (t-(Bh) ~t_(Bh)) | B
Thus,

IG—c(h,x,m.y) - G_c(h, &, m,5)|
SIIBIIQ_IICmHooH(CyM (CY+llo +ICYll(Cm)1 — (CT) 4 [l

+1ICM|[[|CYl[o|[t—c(Bx) =t —(BE)|oc + [CT|oo | CYlloo |t - (Bh) — t—e(Bil)”oo}

<118 e e (T ) — (T |+ ma el mae (efm).. — (T
i€[4) €[] i€[{] i€[4)

2

2
+ (maX ||ci||2> max |t_.(b]x) —t_.(b]x)| + <max |ci||2> max ‘t,e(b}h) — te(bfﬁ)w
i€[f] i€[f] i1€[f] i€[l]

i€[f] €[4 i€[l]

<|IB|* lm?;f leill2 max [ef (y — §)| + max [|c;[|2 max ] (m — )]
3 4

2 2
1
n <max|ci||2> max - [b] (2 — @)| + <max|ci2) maxf’bT (h — h)‘]
i€[f] €l € i€[4] €lf] €

2 2
<|B|? (max|ci||2) ||y—@|+(max||ci||2) jm —
i€[l] 1€[4]

2 2
1 ~
+ 7 (maxlel2 ) e [odla o~ @1+ - (ol maxnbinth—hM
€ \ i€[(] ic €l i€[(]

- - - 27 ~
<UBI?[9p 1y — 81+ 9p [ — | + 2w — &l + 2 vp |~ &

where the first inequality follows because |t_.(z)| < 1 for all z, and the third inequality follows
because t_(z) is 1/e-Lipschitz and (z) is 1-Lipschitz. Let F be the event that || B|| < 3v/Z. By
Corollary 5.35 in Vershynin [2012], for A € R**™ with rows of A following N (0, I,,), we have
P(||A|| < 3V?) > 1 —2e~*/2 if £ > n. As rows of B are truncated, we have P(E;) > 1 — 2e~%/2,
if £ > n as well. On Ey, we have

|G-c(h,z,m,y) — G_c(h,&,m,9)|

<P [y g il + )+ [ ] (58)
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forall h,& € S*! and 71, § € SP~L.
Finally, we complete the proof by a covering argument. Let A5 be a 6-net on S 1 x SP~1 such that
[Ns| < (3/8)""P. Take 6§ = 01675 Combining (56) and (57), we have
V(h,m),(z,y) € N5, G_c(h,z,m,y) <EG_.(h,x,m,y) + lel,
jagﬁQh)mmTQm’yy + 3lel,,.
with probability at least

n+p
1_2|N6|677K52ﬁ >1-2 (?) e VK€ Trlogm > 1— 96~ VK€ Triogn +(n+p) 10g(3:2916y/np/e?)

If £ > én(n + p)log(n)log(np) for some ¢ = Q(e2loge!), then this probability is at least
1 — 2e~7/(n1og(M) for some 4 = O(€2). For (h, m), (x,y) € "' x §P~ 1, let (h,m), (&,9) €
N be such that |h — h|jy < 0, ||z — &[]y < 6, [|m — |y < dand ||y — §l2 < 6. By (58), we
have that

V(h,$) 7& (07 0) and m,y < Spila G*E(hﬂw,mvy)

7290,/np
€

<G_.(h,z,m,7) + 461,

2a1020Qy, ,mQ,,, Y + 4lel,.

In conclusion, the result of this lemma holds if ¢ > (2¢/¢)?n?(logn)? and ¢ > én(n +
p) log(n) log(np), with probability at least 1 — 2e~/2 — 2¢=7¢/(nlog(n)) ~ 1 _ 4e=7¢/(nlog(n)
for some v = O(€?) and ¢ = Q(e? loge). O

Next, we now provide an upper bound on the singular values of G(h, x, m,y).
Lemma 10. Fix 0 < ¢ < 1. Let B € R**™ where ith row of B satisfy bl = b7 - 1p<3vm
and b ~ N(0,I,,). Similarly, let C € R**P where ith row of C satisfy ¢] = ¢ - Ljc|,<3yp and
c~N(0,1,). If¢ > c((nlogn)? + (plogp)?), then with probability at least 1 — 4e~t/(nlogn)
V(h,x) # (0,0) and m,y € SP~*,
Ge(h,z,m,y) = c102lQp, ,mTQ,,, Y — Alely,.

L are constants that depend only polynomially on €' and o and o as in (55).

Here, cand v~

Proof. First we bound E [G(h, x, m,y)] for fixed h,z € S"! and m,y € SP~!. Noting that
te(2) >=1,50(%) — Llo<z<(2), we have

E [Ge (ha T, m, y)}

EEEK%{hzolbngo(cgmﬁ(CZTy)+ - <1ogb{hge + 10§b{z§e) (Clm)+(03y)+)bibﬂ
ZfE{ (1bgh201bgmzobibg) (Cgm)+(03y)+} — 2E {(10§b2h§ebibg) (cgm)+(cgy)+i| .
We first note that E [1b3h201b3w20bibﬂ = a1Qp , and E[(c]m), (c[y)1] = aam™Q,, ,y
where «; satisfies 0.97 < «; < 1. Also, we have ’mTQm’yy| < % and E |:10§b{h§ebib;'r:| =

€17, Thus,

2
E [Gf(h7 T, m, y)] = a1a2£ ' mTQm,yy ! Qh,w —2¢-F |:10§b;rh§6blsz:| ’ a2mTQm,yy

eay ol
= ooal mIQu Y Qua — 5 In
= oyl - mTQm@y “Qp o — e, (59)

Second, we show concentration of G (h, ¢, m,y) for fixed h,z € S"~! and m,y € SP~! and is
similar to the steps shown in proof of Lemma 9. Let &; = /t. (b h)t (b z)(c]m)(c]y) b If
¢ > (2¢/€)?n?(logn)?, we have

|Ge(h, x,m,y) — E[Ge(h, z,m,y)][| < en (60)
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~e2_ ¢
with probability at least 1 — 2¢~ 7 4 =1z, Here, ¢ and 7 are absolute constants.

Third, we bound the Lipschitz constant of G, and is again similar to the steps shown in proof of
Lemma 9. If ¢ > n then we have

IGe(h, 2, m,y) — Ge(h, &,m. )|
7290/ _ . - =
<P [y g il + 2~ ]+ [ ] 1)
forall h, & € S*~! and , § € SP~! with probability at least 1 — 2¢~%/2,

Finally, we complete the proof by a covering argument. Let A5 be a 6-net on S~ x SP~1 such that

V5| < (3/6)"P. Take 6 = ﬁ. Combining (59) and (60), we have

V(h, m)a (33, ’!/) € N57 Ge(h7 Z,m, y) EEG€<ha Z,m, y) - Ze[n
iaQEQh’mmTQm’yy — 3lel,
with probability at least

n+p
1*2|N5|6_7K€24”+;g” >1-9 <3 e~ VK Triegn > 1 — 9~ VK€ Tiogw +(n+p) log(108y/np/e?)
2 5 2

If £ > én(n + p)log(n)log(np) for some ¢ = Q(e?loge), then this probability is at least 1 —
2¢~ 7/ (nlosn) for some 4 = O(€?). For (h,m), (x,y) € 8"~ x SP71, let (h, ), (&,7) € N;
be such that [|h — h|ls <0, ||l — Z||2 < 6, ||m — m|2 < 6 and ||y — ||z < §. By (61), we have
that
V(h,x) # (0,0) and m,y € S?7*, G (h,x,m,y)
ma102lQp ,mTQ,, Yy — 4lel .
In conclusion, the result of this lemma holds if £ > (2¢/€)?>n?(logn)? and ¢ > én(n +

p) log(n) log(np), with probability at least 1 — 2e~¢/2 — 2¢=7¢/(nlogn) ~ 1 _ 4e=7¢/(nlogn) for
some v = O(€?) and & = Q(e% loge). O

5.6 Concentration of matrices with sub-gaussian rows

The proof of Lemmas 6 and 7 require results from concentration of sub-exponential random variables
that has a better dependence on the sub-exponential parameters. To this end, we use the following
Bernstein inequality and refer the readers to Jeong et al. [2019] for a proof of the theorem.
Theorem 5. Let a = (aq,...,a,) be a fixed non-zero vector and let yy, . . ., ym, be independent,
mean zero sub-exponential random variables satisfying Ely;| < 2 and ||y; |y, < K? (K; > 2). Then
for every u > 0, we have

'

where K = max; K; and c is an absolute constant.

m

Z aiyi

i=1

i=1"1

2
. u U
> u) < 2exp [ cmm( TR log K; ' ol K2 logK>:| )

We now state a theorem that controls the singular values of a random matrix A. The Theorem is
exactly the same as Theorem 5.39 in Vershynin [2012] with the notable difference in the dependence
of the constants to the sub-gaussian parameters. We use Theorem 5 to get this improved dependence.

Theorem 6. Let A be a N x n matrix whose rows a; are independent sub-gaussian isotropic random
vectors in R™. Then for every t > 0, with probability at least 1 — 2 exp(—ct?) one has

VN = Cv/n =t < $min(A) < smax(A) < VN + Cy/n + . (62)

Here C = Cg = K+/log K/ locglg, c=cg = ﬁégl{ > 0 with ¢1 is an absolute constant and

K= max; Hainz.

The proof structure of Theorem 6 is exactly the same as the proof of Theorem 5.39 in Vershynin
[2012], and so we provide the proof presented in Vershynin [2012] below.
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Proof. The proof is a basic version of a covering argunemt, and it has three steps. We need to
control || Az||, for all vectors on the unit sphere. To this end, we discretize the sphere using a N/
(the approximation step), establish a tight control of || Az||s for every fixed vector z € N with high
probability (the concentration step), and finish off by taking a union bound over all x in the net.

Step 1: Approximation. Using Lemma 5.36 in Vershynin [2012] for the matrix B = A/ VN we
see that the conclusion of the theorem is equivalent to

|4 ATA ~ I|) < max(8,6) = e where d = € [ 1+ JLN 63)

Using Lemma 5.34 in Vershynin [2012], we can evaluate the operator norm in (63) on a i—net N pf
unit sphere S™~1:

1
AT _ <
|—=ATA IH72Imn€8ﬁ/(

1 1
<(NATA - I)w,w>‘ = 2316%|N”A$”§ —1].
So to complete the proof it suffices to show that, which high probability,
A3 -1l < § (64
max | — — -.
zeN N 2 -2

By Lemma 5.2 in Vershynin [2012], we can choose the net A so that it has cardinality |]N| < 97.

Step 2: Concentration Let us fix any vector x € 8"~ 1. We can express ||Az||3 as a sum of
independent random variablies

N N

|Az|5 =) (ai,®) =) 2] (65)

i=1 i=1

where a; denote the rows of the matrix A. By assumption, z; = (a;, ) are independent sub-
gaussian random variables with Ez? = 1 and || 2|, < K. Therefore, by Remark 5.18 and Lemma

5.14 in Vershynin [2012], 2? — 1 are independent centered sub-exponential random variables with
127 = Ul < 20127y, < 4|23, = 4K,

We can therefore use an exponential deviation inequality, Theorem 5, to control the sum (65).

N
1 9 € 1 9 €
- — > =P =Y 21>

< 2e & mi *N?/4 eN/2
Xp | —C1 min
- ’ L ' ZﬁV:14K?log2Ki74Klog2K
. 51 o
< 2exp _—m min (6 76) N:|
- 5
=2exp |~ 7y 0N
P | 4K?log2K }
_ o 2 2
< 2exp _W(Cn+t)]’

where the last inequality follows by the definition of § and using the inequality (a + b)? > a? + b2
fora,b > 0.

Step 3: Union bound. Taking the union bound over all vectors x in the net A/ of cardinality
|INV| < 9", we obtain

C1

K?log K

1 2 € n C1 2 2 2
P {140l — 12 £ <9 2ol (%04 2)] < 26l 2,

where the second inequality follows for C' = Ck sufficiently large, e.g. C' = K+/log K g9 [

C1
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We now state a corollary of Theorem 6 that applies to general, non-isotropic sub-gaussian distribution.

Corollary 1. Let A be a N x n matrix whose rows a; are independent sub-gaussian random vectors
in R™ with second moment matrix X . Then for every t > 0, with probability at least 1 — 2 exp(—ct?)
one has

|4 ATA — 3| < max(8,6%) where § = C | % + # (66)

Here C = Cx = K+/log K/ locglg, c=cg = ﬁégf{ > 0 with ¢1 is an absolute constant and
K = max; ||a;]y,-
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