
5 Appendix

Let \(h,h0) = ✓̄(1)0 and \(m,m0) = ✓̄(2)0 for non-zero h,h0 2 Rn and m,m0 2 Rp. In order to
understand how the operators h ! W (1)

+,hh and m ! W (2)
+,mm distort angles, we define

g(✓) = cos�1

✓
(⇡ � ✓) cos ✓ + sin ✓

⇡

◆
. (8)

Also, for a fixed p, q 2 Rn, define

t̃(k)p,q :=
1

2a(k)

2

4

0

@
a(k)�1Y

i=0

⇡ � ✓̄(k)i

⇡

1

A q +
a(k)�1X

i=0

sin ✓̄(k)i

⇡

0

@
a(k)�1Y

j=i+1

⇡ � ✓̄(k)j

⇡

1

A kqk2
kpk2

p

3

5 , (9)

where ✓̄(k)i = g(✓̄(k)i�1) for g given by (8), ✓̄(k)0 = \(p, q), a(1) = d, and a(2) = s.

5.1 Proof of Deterministic Theorem

Theorem 4 (Also Theorem 3). Fix ✏ > 0, 0 < ↵1  1 and 0 < ↵2  1 such that
K1(d7s2 + d2s7)✏1/4/(↵1↵2) < 1, d � 2, and s � 2. Let K = {(h,0) 2 Rn⇥p |h 2 Rn } [
{(0,m) 2 Rn⇥p |m 2 Rp }. Suppose that W (1)

i 2 Rni⇥ni�1 for i = 1, . . . , d � 1 and
W (2)

i 2 Rpi⇥pi�1 for i = 1, . . . , s � 1 satisfy the WDC with constant ✏ and 1. Sup-
pose W (1)

d 2 R`⇥nd�1 satisfy WDC with constants ✏ and ↵1, and W (2)
s 2 R`⇥ps�1 sat-

isfy WDC with constants ✏ and ↵2. Also, suppose
⇣
W (1)

d ,W (2)
s

⌘
satisfy joint-WDC with con-

stants ✏, ↵ = ↵1 · ↵2. Let K = {(h,0) 2 Rn⇥p |h 2 Rn } [ {(0,m) 2 Rn⇥p |m 2 Rp }
and A = A

K2d3s3✏
1
4 ↵�1,(h0,m0)

[ A
K2d8s3✏

1
4 ↵�1,

⇣
�⇢(1)

d h0,m0

⌘ [ A
K2d3s8✏

1
4 ↵�1,

⇣
⇢(2)
s h0,�m0

⌘ [

A
K2d8s8✏

1
4 ↵�1,

⇣
�⇢(1)

d ⇢(2)
s h0,�m0

⌘. Then, for (h0,m0) 6= (0,0), and

(h,m) /2 A [K

the one-sided directional derivative of f in the direction of g = g1,(h,m) or g = g2,(h,m) satisfy
D�gf(h,m) < 0. Additionally, for all (h,m) 2 K and for all (x,y)

D(x,y)f(h,m)  0.

Here, ⇢(k)d are positive numbers that converge to 1 as d ! 1, and K1, and K2 are absolute constants.

Proof. Recall that

v(1)
(h,m),(h0,m0)

=

⇢
rhf(h,m) G is differentiable at (h,m),
lim�!0+ rhf((h,m) + �w) otherwise

v(2)
(h,m),(h0,m0)

=

⇢
rmf(h,m) G is differentiable at (h,m),
lim�!0+ rmf((h,m) + �w) otherwise

where G(h,m) is differentiable at (h,m) + �w for sufficiently small �. Such a � exists because of
piecewise linearity of G(h,m) and any such w can be arbitrarily selected. Also, recall that for any
differentiable point (h,m), we have

rhf(h,m) =
⇣
⇤(1)

d,+,h

⌘>
diag

⇣
⇤(2)

s,+,mm
⌘2

⇤(1)
d,+,hh

�
⇣
⇤(1)

d,+,h

⌘>
diag

⇣
⇤(2)

s,+,mm�⇤(2)
s,+,m0

m0

⌘
⇤(1)

d,+,h0
h0,

rmf(h,m) =
⇣
⇤(2)

s,+,m

⌘>
diag

⇣
⇤(1)

d,+,hh
⌘2

⇤(2)
s,+,mm

�
⇣
⇤(2)

s,+,m

⌘>
diag

⇣
⇤(1)

d,+,hh�⇤(1)
d,+,h0

h0

⌘
⇤(2)

s,+,m0
m0.
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Let

g1,(h,m) =


v(1)
(h,m),(h0,m0)

0

�
2 Rn⇥p,

g2,(h,m) =


0

v(2)
(h,m),(h0,m0)

�
2 Rn⇥p,

t(1)(h,m),(h0,m0)
=

↵

2d+s`
kmk22h� ↵

`
m|t̃

(2)
m,m0

t̃
(1)
h,h0

, (10)

t(2)(h,m),(h0,m0)
=

↵

2d+s`
khk22m� ↵

`
h|t̃

(1)
h,h0

t̃
(2)
m,m0

, (11)

S(1)
✏,(h0,m0)

=

8
<

:(h,m) 2 Rn⇥p\K

������

kt(1)(h,m),(h0,m0)
k2

kmk2
 ✏max(khk2kmk2, kh0k2km0k2)

2d+s`

9
=

; ,

S(2)
✏,(h0,m0)

=

8
<

:(h,m) 2 Rn⇥p\K

������

kt(2)(h,m),(h0,m0)
k2

khk2
 ✏max(khk2kmk2, kh0k2km0k2)

2d+s`

9
=

; ,

where t̃
(2)
m,m0

and t̃
(1)
h,h0

is as defined in (9). For brevity of notation, write v(1)
(h,m) = v(1)

(h,m),(h0,m0)
,

v(2)
(h,m) = v(2)

(h,m),(h0,m0)
, t(h,m) = t(h,m),(h0,m0), t(1)(h,m) = t(1)(h,m),(h0,m0)

and t(2)(h,m) =

t(2)(h,m),(h0,m0)
.

Since W (1)
i 2 Rni⇥ni�1 for i = 1, . . . , d � 1 and W (2)

i 2 Rpi⇥pi�1 for i = 1, . . . , s � 1 satisfy
the WDC with constant ✏ and 1, W (1)

d 2 R`⇥nd�1 satisfy WDC with constants ✏ and ↵1, W (2)
s 2

R`⇥ps�1 satisfy WDC with constants ✏ and ↵2, and
⇣
W (1)

d ,W (2)
s

⌘
satisfy joint-WDC with constants

✏, ↵ = ↵1 · ↵2, we have lemma 2 implying for all nonzero h, h0 2 Rn and nonzero m, m0 2 Rp

krhf(h,m)� t(1)(h,m)k2  K
d3s3

p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2, (12)

krmf(h,m)� t(2)(h,m)k2  K
d3s2

p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)khk2. (13)

Thus, we have, for all nonzero h, h0 2 Rn and nonzero m, m0 2 Rp,

kv(1)
(h,m) � t(1)(h,m)k2 = lim

�!0+
krhf ((h,x) + �w)� t(1)(h,m)+�wk2

 K
d3s3

p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2, and

kv(2)
(h,m) � t(2)(h,m)k2 = lim

�!0+
krmf ((h,x) + �w)� t(2)(h,m)+�wk2

 K
d3s3

p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)khk2,

where the inequalities follow from (12) and (13).

Note that the one-sided directional derivative of f in the direction of (x,y) 6= 0 at (h,y) is
D(x,y)f(h,x) = limt!0+

1
t (f((h,x) + t(x,y))� f(h,x)). Due to the continuity and piecewise

linearity of the function
G(h,m) = ⇤(1)

d,+,hh�⇤(2)
s,+,mm,

we have that for any (h,m) 6= (0,0) and (x,y) 6= 0 that there exists a sequence {(hn,mn)} !
(h,m) such that f is differentiable at each (hn,mn) and D(x,y)f(h,m) = limn!1 rf(hn,mn) ·

(x,y). Thus, as rf(hn,mn) =

"
v(1)
(hn,mn)

v(2)
(hn,mn)

#
,

D�g1,(h,m)
f(h,m) = lim

n!1
rf(hn,mn) ·

�g1,(h,m)

kg1,(h,m)k2
=

�1

kg1,(h,m)k2
lim
n!1

v(1)
(hn,mn)

· v(1)
(h,m),
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D�g2,(h,m)
f(h,m) = lim

n!1
rf(hn,mn) ·

�g2,(h,m)

kg2,(h,m)k2
=

�1

kg2,(h,m)k2
lim
n!1

v(2)
(hn,mn)

· v(2)
(h,m).

Now, we write

v(1)
(hn,mn)

· v(1)
(h,m)

=t(1)(hn,mn)
· t(1)(h,m) + (v(1)

(hn,mn)
� t(1)(hn,mn)

) · t(1)(h,m) + t(1)(hn,mn)
· (v(1)

(h,m) � t(1)(h,m))

+ (v(1)
(hn,mn)

� t(1)(hn,mn)
) · (v(1)

(h,m) � t(1)(h,m))

�t(1)(hn,mn)
· t(1)(h,m) � kv(1)

(hn,mn)
� t(1)(hn,mn)

k2kt(1)(h,m)k2 � kt(1)(hn,mn)
k2kv(1)

(h,m) � t(1)(h,m)k2

kv(1)
(hn,mn)

� t(1)(hn,mn)
k2kv(1)

(h,m) � t(1)(h,m)k2

�t(1)(hn,mn)
· t(1)(h,m) �K

d3s3
p
✏

2d+s`
max(khnk2kmnk2, kh0k2km0k2)kmnk2kt(1)(h,m)k2

�K
d3s3

p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2kt(1)(hn,mn)

k2

�
✓
K

d3s3
p
✏

2d+s`

◆2

max(khnk2kmnk2, kh0k2km0k2)

max(khk2kmk2, kh0k2km0k2)kmnk2kmk2.

As t(1)(h,m) is continuous in (h,m) for all (h,m) /2 K, we have for all (h,m) /2 S(1)
4Kd3s3

p
✏,(h0,m0)

[
K,

lim
n!1

v(1)
(hn,mn)

· v(1)
(h,m)

�kt(1)(h,m)k
2
2 � 2K

d3s3
p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2kt(1)(h,m)k2

�
✓
K

d3s3
p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2

◆2

�
kt(1)(h,m)k2

2

h
kt(1)(h,m)k2 � 4K

d3s3
p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2

i
+

1

2

h
kt(1)(h,m)k

2
2 � 2

✓
K

d3s3
p
✏

2d+s`
max(khk2kmk2, kh0k2km0k2)kmk2

◆2 i

>0. (14)

Similarly, we have for all (h,m) /2 S(2)
4Kd3s3

p
✏,(h0,m0)

[K,

lim
n!1

v(2)
(hn,mn)

· v(2)
(h,m) > 0. (15)

So, for all (h,m) /2
⇣
S(1)
4Kd3s3

p
✏,(h0,m0)

\ S(2)
4Kd3s3

p
✏,(h0,m0)

⌘
[K, at least (14) or (15) holds. If

(14) holds, then we have D�g1,(h,m)
f(h,m) < 0 and if (15) holds, then we have D�g2,(h,m)

f(h,m)

< 0. Let S = S(1)
4Kd3s3

p
✏,(h0,m0)

\ S(2)
4Kd3s3

p
✏,(h0,m0)

. Apply Lemma 3 and 38(d5 +

s5)
p
4Kd3s3

p
✏/↵ < 1 to get

S ✓A
K̃ d3s3✏1/4

↵ ,(h0,m0)
[A

K̃ d8s3✏1/4

↵ ,
⇣
�⇢(1)

d h0,m0

⌘ [A
K̃ d3s8✏1/4

↵ ,
⇣
⇢(2)
s h0,�m0

⌘

[A
K̃ d8s8✏1/4

↵ ,
⇣
�⇢(1)

d ⇢(2)
s h0,�m0

⌘,

for some absolute constant K̃.

It remains to prove that elements of the set K are local maximizers. We now show that elements of
the set {(0,m) 2 Rn⇥p|m 2 Rp} are local maximizers. Fix a direction (x,y) 2 Rn⇥p and let

h̃0 = ⇤(1)
d�1,+,h0

h0, x̃ = ⇤(1)
d�1,+,xx, m̃ = ⇤(2)

s�1,+,mm, m̃0 = ⇤(2)
s�1,+,m0

m0,
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✓̄(k)i = g(✓̄(k)i�1) for g given in (8), ✓̄(1)0 = \(x,h0) and ✓̄(2)0 = \(m,m0). We compute

�D(x,y)f(h,m) · k(x,y)k2

= lim
t!0+

f((h,m) + t(x,y))� f(h,m)

t

=
D

diag
⇣
⇤(2)

s,+,mm
⌘
⇤(1)

d,+,xx, diag
⇣
⇤(2)

s,+,m0
m0

⌘
⇤(1)

d,+,h0
h0

E

=
D
x̃,
⇣
W (2)

d�1,+,m

⌘|
diag

⇣
W (1)

d�1,+,xm̃�W (1)
d�1,+,x0

m̃0

⌘
W (1)

d�1,+,h0
h̃0

E

=
D
x̃,
⇣⇣

W (2)
d�1,+,m

⌘|
diag

⇣
W (1)

d�1,+,xm̃�W (1)
d�1,+,x0

m̃0

⌘
W (1)

d�1,+,h0

� ↵

n
Qx̃,h̃0

m̃|Qm̃,m̃0
m̃0

⌘
h̃0

E
+

↵

n
m̃|Qm̃,m̃0

m̃0 · x̃|Qx̃,h̃0
h̃0

� �
���
⇣
W (2)

d�1,+,m

⌘|
diag

⇣
W (1)

d�1,+,xm̃�W (1)
d�1,+,x0

m̃0

⌘
W (1)

d�1,+,h0

� ↵

n
Qx̃,h̃0

m̃|Qm̃,m̃0
m̃0

���kx̃k2kh̃0k2 +
↵

4n

 
(⇡ � ✓̄(1)d�1) cos ✓̄

(1)
d�1 + sin ✓̄(1)d�1

⇡

!

 
(⇡ � ✓̄(2)d�1) cos ✓̄

(2)
d�1 + sin ✓̄(2)d�1

⇡

!
kx̃kh̃0kkm̃kkm̃0k

� �4✏

n
km̃k2km̃0k2kx̃k2kh̃0k2 +

↵

4n
kx̃kh̃0kkm̃kkm̃0k cos ✓̄(1)d cos ✓̄(2)d

�
✓
�4✏

n
+

↵

4⇡2n

◆
kx̃kh̃0kkm̃kkm̃0k.

By Lemma 1, we have kx̃k � 1
4⇡

1
2d�1 kxk and km̃k � 1

4⇡
1

2s�1 kmk. So, if 4⇡2✏/↵ < 1, then
D(x,y)f(h,m) ·k(x,y)k2 < 0 for all (x,y) 2 Rn⇥p with x 6= 0 and D(x,y)f(h,m) ·k(x,y)k2 =
0 for all (x,y) 2 Rn⇥p with x = 0. Thus, elements of the set {(0,m) 2 Rn⇥p|m 2 Rp} are local
maximizers. Similarly, elements of the set {(h,0) 2 Rn⇥p|h 2 Rn} are local maximizers. This
concludes the proof of Theorem 4.

5.2 Concentration of terms in g̃1,(h,m) and g̃2,(h,m)

Lemma 1. Fix 0 < ✏ < d�4/(16⇡)2 and d � 2. Suppose that W i 2 Rni⇥ni�1 satisfies the WDC
with constant ✏ and 1 for i = 1, . . . , d. Define

t̃p,q =
1

2d

2

4
 

d�1Y

i=0

⇡ � ✓̄i
⇡

!
q +

d�1X

i=0

sin ✓̄i
⇡

0

@
d�1Y

j=i+1

⇡ � ✓̄j
⇡

1

A kqk2
kpk2

p

3

5 ,

where ✓̄i = g(✓̄i�1) for g given by (8) and ✓̄0 = \(p, q). For all p 6= 0 and q 6= 0,
�����

 
1Y

i=d

W i,+,p

!| 1Y

i=d

W i,+,q

!
q � t̃p,q

�����
2

 24
d3
p
✏

2d
kqk2, (16)

* 
1Y

i=d

W i,+,p

!
p,

 
1Y

i=d

W i,+,q

!
q

+
� 1

4⇡

1

2d
kpk2kqk2 (17)

We refer the readers to Hand and Voroninski [2017] for proof of Lemma 1. We now state a related
Lemma.
Lemma 2. Fix 0 < ✏ < 1/((d4 + s4)16⇡)2, d � 2 and s � 2. Suppose that W (1)

i 2 Rni⇥ni�1 for
i = 1, . . . , d � 1 and W (2)

i 2 Rpi⇥pi�1 for i = 1, . . . , s � 1 satisfy the WDC with constant ✏ and
1. Suppose W (1)

d 2 R`⇥nd�1 satisfy WDC with constants ✏ and ↵1, and W (2)
s 2 R`⇥ps�1 satisfy

WDC with constants ✏ and ↵2. Also, suppose
⇣
W (1)

d ,W (2)
s

⌘
satisfy pair-WDC with constants ✏,
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↵ = ↵1 · ↵2. Define

t̃(k)p,q =
1

2a(k)

2

4

0

@
a(k)�1Y

i=0

⇡ � ✓̄(k)i

⇡

1

A q +
a(k)�1X

i=0

sin ✓̄(k)i

⇡

0

@
a(k)�1Y

j=i+1

⇡ � ✓̄(k)j

⇡

1

A kqk2
kpk2

p

3

5 ,

where ✓̄(k)i = g(✓̄(k)i�1) for g given by (8), ✓̄(k)0 = \(p, q), a(1) = d, and a(2) = s. For all h 6= 0,
x 6= 0, m 6= 0 and y 6= 0,
���
⇣
⇤(1)

d,+,h

⌘|
diag

⇣
⇤(2)

s,+,mm�⇤(2)
s,+,yy

⌘
⇤(1)

d,+,xx� ↵

n

⇣
m|t̃

(2)
m,y

⌘
t̃
(1)
h,x

���
2

 208d3s3
p
✏

2d+s`
kxk2kmk2kyk2,

(18)
���
⇣
⇤(2)

s,+,m

⌘|
diag

⇣
⇤(1)

d,+,hh�⇤(1)
d,+,xx

⌘
⇤(2)

s,+,yy � ↵

n

⇣
h|t̃

(1)
h,x

⌘
t̃
(2)
m,y

���
2

 208d3s3
p
✏

2d+s`
kyk2khk2kxk2.

(19)

Proof. We will prove (18). Proof of (19) is identical to proof of (18). Define h0 = h, x0 = x,
m0 = m, y0 = y,

hd :=

 
1Y

i=d

W (1)
i,+,h

!
h =

⇣
W (1)

d,+,hW
(1)
d�1,+,h . . .W (1)

1,+,h

⌘
h

= W (1)
d,+,hhd�1

= (W (1)
d )+,hd�1hd�1,

and analogously xd =
⇣Q1

i=d W
(1)
i,+,x

⌘
x, ms =

⇣Q1
i=s W

(2)
i,+,m

⌘
m, and ys =

⇣Q1
i=s W

(2)
i,+,y

⌘
y. By the WDC, we have for all h 6= 0, m 6= 0,

����
⇣
W (1)

i

⌘|
+,h

⇣
W (1)

i

⌘

+,h
� 1

2
Ini�1

����  ✏ for all i = 1, . . . , d� 1, and (20)
����
⇣
W (2)

i

⌘|
+,m

⇣
W (2)

i

⌘

+,m
� 1

2
Ipi�1

����  ✏ for all i = 1, . . . , s� 1. (21)

In particular,
���
⇣
W (1)

i,+,h

⌘|
W (1)

i,+,h � 1
2Ini�1

���  ✏ and
���
⇣
W (2)

i,+,m

⌘|
W (2)

i,+,m � 1
2Ipi�1

���  ✏.
and consequently,

1

2
� ✏ 

���W (1)
i,+,h

���
2
 1

2
+ ✏

1

2
� ✏ 

���W (2)
i,+,m

���
2
 1

2
+ ✏.

Hence,
�����

1Y

i=d�1

W (1)
i,+,h

�����

�����

1Y

i=d�1

W (1)
i,+,x

�����  1

2d�1
(1 + 2✏)d�1 =

1

2d�1
e(d�1) log(1+2✏)  1 + 4✏(d� 1)

2d�1
,

(22)

where we used that log(1 + z)  z, ez  1 + 2z for z < 1, and 2(d� 1)✏  1. Similarly,
�����

1Y

i=s�1

W (2)
i,+,m

�����

�����

1Y

i=s�1

W (2)
i,+,y

�����  1 + 4✏(s� 1)

2s�1
. (23)
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Let
h̃ = ⇤(1)

d�1,+,hh, x̃ = ⇤(1)
d�1,+,xx, m̃ = ⇤(2)

s�1,+,mm, ỹ = ⇤(2)
s�1,+,yy,

and consider���
⇣
⇤(1)

d,+,h

⌘|
diag

⇣
⇤(2)

s,+,mm�⇤(2)
s,+,yy

⌘
⇤(1)

d,+,xx� ↵

`

⇣
m|t̃(2)m,y

⌘
t̃(1)h,x

���
2


���
⇣
⇤(1)

d�1,+,h

⌘| ⇣⇣
W (1)

d,+,h

⌘|
diag

⇣
W (2)

d,+,mm̃�W (2)
d,+,yỹ

⌘
W (1)

d,+,x � ↵

`
Qh̃,x̃

m̃|Qm̃,ỹỹ
⌘
⇤(1)

d�1,+,xx
���
2
+
���
↵

`

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃m̃

|Qm̃,ỹỹ⇤
(1)
d�1,+,xx

� ↵

`

⇣
m|t̃(2)m,y

⌘
t̃(1)h,x

���
2


���
⇣
⇤(1)

d�1,+,h

⌘| ⇣⇣
W (1)

d,+,h

⌘|
diag

⇣
W (2)

d,+,mm̃�W (2)
d,+,yỹ

⌘
W (1)

d,+,x � ↵

`
Qh̃,x̃

m̃|Qm̃,ỹỹ
⌘
⇤(1)

d�1,+,xx
���
2

+
↵

`

���m̃|Qm̃,ỹỹ
⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx�m|t̃(2)m,y

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx

���
2

+
↵

`

���m|t̃(2)m,y

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx�m|t̃(2)m,y t̃

(1)
h,x

���
2

(24)

where both the first and second inequality holds because of triangle inequality. We bound the terms
in the inequality above separately. First consider

���
⇣
⇤(1)

d�1,+,h

⌘| ⇣⇣
W (1)

d,+,h

⌘|
diag

⇣
W (2)

d,+,mm̃�W (2)
d,+,yỹ

⌘
W (1)

d,+,x � ↵

`
Qh̃,x̃

m̃|Qm̃,ỹỹ
⌘
⇤(1)

d�1,+,xx
���
2


���
⇣
W (1)

d,+,h

⌘|
diag

⇣
W (2)

d,+,mm̃�W (2)
d,+,yỹ

⌘
W (1)

d,+,x � ↵

`
Qh̃,x̃m̃

|Qm̃,ỹỹ
⌘���

���⇤(1)
d�1,+,h

���
���⇤(1)

d�1,+,x

��� kxk2


✓
1 + 4✏(d� 1)

2d�1

◆
4✏

`
kxk2km̃k2kỹk2

=
(1 + 4✏(d� 1))

2d
8✏

`
kxk2k⇤(2)

s�1,+,mmk2k⇤(2)
s�1,+,yyk2

 (1 + 4✏(d� 1))

2d
(1 + 4✏(s� 1))

2s
16✏

`
kxk2kmk2kyk2

 64✏

2d+s`
kxk2kmk2kyk2. (25)

where the first inequality holds because spectral norm is a sub-multiplicative norm. The second
inequality holds because of (22) and joint-WDC. The last inequality holds if 4✏(d � 1) < 1 and
4✏(s� 1) < 1.

Second, consider
���m̃|Qm̃,ỹỹ

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx�m|t̃(2)m,y

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx

���
2

=
���
⇣
m̃|Qm̃,ỹỹ �m|t̃(2)m,y

⌘⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx

���
2

1 + 4✏(d� 1)

2d�1
kQh̃,x̃k

���
⇣
⇤(2)

s�1,+,m

⌘|
Qm̃,ỹ⇤

(2)
s�1,+,yy � t̃(2)m,y

���
2
kxk2kkmk2

=
1 + 4✏(d� 1)

2d

���
⇣
⇤(2)

s�1,+,m

⌘| ✓
Qm̃,ỹ � 1

↵2

⇣
W (2)

d,+,m

⌘|
W (2)

d,+,y

◆
⇤(2)

s�1,+,yy

+
1

↵2

⇣
⇤(2)

s,+,m

⌘|
⇤(2)

s,+,yy � t̃(2)m,y

���
2
kxk2kmk2

1 + 4✏(d� 1)

2d

⇣���⇤(2)
s�1,+,m

���
���⇤(2)

s�1,+,y

���
���
✓
Qm̃,ỹ � 1

↵2

⇣
W (2)

d,+,m

⌘|
W (2)

d,+,y

◆���kyk2
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+
���
1

↵2

⇣
⇤(2)

s,+,m

⌘|
⇤(2)

s,+,yy � t̃(2)m,y

���
2

⌘
kxk2kmk2

1 + 4✏(d� 1)

2d+s

⇣
6(1 + 4✏(s� 1))✏/↵2 + 24s3

p
✏/↵2

⌘
kxk2kmk2kyk2

 2

2d+s

⇣
12✏/↵2 + 24s3

p
✏/↵2

⌘
kxk2kmk2kyk2

72s3
p
✏

22d↵2
kxk2kmk2kyk2. (26)

where the first inequality holds because of (22). The second inequality holds because of triangle
inequality. The third inequality holds because of (23), 1p

↵2
W (2)

d satisfy WDC with constant ✏/↵2

and 1, and Lemma 1.

Third, consider
���m|t̃(2)m,y

⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx�m|t̃(2)m,y t̃

(1)
h,x

���
2

=|m|t̃(2)m,y|
���
⇣
⇤(1)

d�1,+,h

⌘|
Qh̃,x̃⇤

(1)
d�1,+,xx� t̃(1)h,x

���
2

kt̃(2)m,yk2
���
⇣
⇤(1)

d�1,+,h

⌘| ✓
Qh̃,x̃ � 1

↵1

⇣
W (1)

d,+,h

⌘|
W (1)

d,+,x

◆
⇤(1)

d�1,+,xx

+
1

↵1

⇣
⇤(1)

d,+,h

⌘|
⇤(1)

d,+,x � t̃(1)h,x

���
2
kmk2

1 + s

2s

⇣���⇤(1)
d�1,+,h

���
���⇤(1)

d�1,+,x

���
���Qh̃,x̃ � 1

↵1

⇣
W (1)

d,+,h

⌘|
W (1)

d,+,x

���kxk2

+
���
1

↵1

⇣
⇤(1)

d,+,h

⌘|
⇤(1)

d,+,xx� t̃(1)h,x

���
2

⌘
kmk2kyk2

 2s

2d+s

⇣
6(1 + 4✏(d� 1))✏/↵1 + 24d3

p
✏/↵1

⌘
kxk2kmk2kyk2

72sd3
p
✏

2d+s↵1
kxk2kmk2kyk2. (27)

where the first inequality holds because of Cauchy-Schwartz inequality. The second inequality holds
because of triangle inequality along with kt̃(2)m,yk2  1+s

2s . The third inequality holds because of (22),
1p
↵1

W (1)
d satisfy WDC with constant ✏/↵1 and 1, and Lemma 1.

Hence, combining (24), (25), (26), and (27), we get
���
⇣
⇤(1)

d,+,h

⌘|
diag

⇣
⇤(2)

s,+,mm�⇤(2)
s,+,yy

⌘
⇤(1)

d,+,xx� ↵1↵2

`

⇣
m|t̃(2)m,y

⌘
t̃(1)h,x

���
2


⇣ 64✏

2d+s`
+

72s3
p
✏

2d+s`
+

72sd3
p
✏

22d`

⌘
kxk2kmk2kyk2

208s3d3
p
✏

2d+s`
kxk2kmk2kyk2.

5.3 Zeros of t(h,m),(h0,m0)

Lemma 3. Fix 0 < ✏ < 1 and 0 < ↵  1 such that 38(d5 + s5)
p
✏/↵ < 1. Let K = {(h,0) 2

Rn⇥p |h 2 Rn } [ {(0,m) 2 Rn⇥p
��m 2 Rp}. Let

S(1)
✏,(h0,m0)

=

8
<

:(h,x) 2 Rn⇥p\K

������

kt(1)(h,m),(h0,m0)
k2

kmk2
 ✏max(khk2kmk2, kh0k2km0k2)

2d+s`

9
=

; ,

S(2)
✏,(h0,m0)

=

8
<

:(h,x) 2 Rn⇥p\K

������

kt(2)(h,m),(h0,m0)
k2

kh, k2
 ✏max(khk2kmk2, kh0k2km0k2)

2d+s`

9
=

; ,
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where d and s are an integers greater than 1. Let

t̃
(k)
m,y =

1

2a(k)

0

@
a(k)�1Y

i=0

⇡ � ✓̄(k)i

⇡
y +

a(k)�1X

i=0

sin ✓̄(k)i

⇡

0

@
a(k)�1Y

j=i+1

⇡ � ✓̄(k)j

⇡

1

A kyk2
kmk2

m

1

A , (28)

where ✓̄(k)i = g(✓̄(k)i�1) for g given in (8), ✓̄(k)0 = \(m,y), a(1) = d, and a(2) = s. Let

t(h,m),(h0,m0) =

"
t(1)(h,m),(h0,m0)

t(2)(h,m),(h0,m0)

#
where

t(1)(h,m),(h0,m0)
=

↵

2d+s`
kmk22h� ↵

`
m|t̃

(2)
m,m0

t̃
(1)
h,h0

, (29)

t(2)(h,m),(h0,m0)
=

↵

2d+s`
khk22m� ↵

`
h|t̃

(1)
h,h0

t̃
(2)
m,m0

. (30)

Define

⇢(k)
a(k) :=

a(k)�1X

i=1

sin ✓̌(k)i

⇡

0

@
a(k)�1Y

j=i+1

⇡ � ✓̌(k)j

⇡

1

A ,

where ✓̌(k)0 = ⇡ and ✓̌(k)i = g(✓̌(k)i�1). If (h,m) 2 S(1)
✏,(h0,m0)

\ S(2)
✏,(h0,m0)

then one of the following
holds:

•
���✓̄(1)0

���  2
p
✏,

���✓̄(2)0

���  2
p
✏ and

|khk2kmk2 � kh0k2km0k2|  145
ds
p
✏

↵
kh0k2km0k2,

•
���✓̄(1)0 � ⇡

���  12⇡2d3
p
✏/↵,

���✓̄(2)0

���  1.5
p
✏ and

���khk2kmk2 � ⇢(1)d kh0k2km0k2
���  532

d6s
p
✏

↵
kh0k2km0k2,

•
���✓̄(1)0

���  2
p
✏,

���✓̄(2)0 � ⇡
���  12⇡2s3

p
✏/↵ and

���khk2kmk2 � ⇢(1)d kh0k2km0k2
���  532

ds6
p
✏

↵
kh0k2km0k2,

•
���✓̄(1)0 � ⇡

���  12⇡2d3
p
✏↵,

���✓̄(2)0 � ⇡
���  12⇡2d3

p
✏/↵ and

���khk2kmk2 � ⇢(1)d ⇢(2)s kh0k2km0k2
���  3915

d6s6
p
✏

↵
kh0k2km0k2.

In particular,

S(1)
✏,(h0,m0)

\ S(2)
✏,(h0,m0)

✓ A
437 ds

p
✏

↵ ,(h0,m0)
[A

2436⇡ d6s
p

✏
↵ ,

⇣
�⇢(1)

d h0,m0

⌘

[A
2436⇡ ds6

p
✏

↵ ,
⇣
⇢(2)
s h0,�m0

⌘ [A
16767⇡2 d6s6

p
✏

↵ ,
⇣
�⇢(1)

d ⇢(2)
s h0,�m0

⌘,

where A✏,(h0,m0) is defined in (3).

Proof. Without loss of generality, let h0 = e1, m0 = e1, ĥ = cos ✓̄(1)0 + sin ✓̄(1)0 and m̂ =

cos ✓̄(2)0 + sin ✓̄(2)0 for some ✓̄(1)i , ✓̄(2)0 2 [0,⇡]. First we introduce some notation for convenience. Let

⇠(k) =
a(k)�1Y

i=0

⇡ � ✓̄(k)i

⇡
, ⇣(k) =

a(k)�1X

i=1

sin ✓̄(k)i

⇡

a(k)�1Y

j=i+1

⇡ � ✓̄(k)j

⇡
,

r(1) = khk2, r(2) = kmk2, and M = max(r(1)r(2), 1). Using these notation, we can rewrite
t(1)(h,m),(h0,m0)

as

t(1)(h,m),(h0,m0)
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=
↵

2d+s`

✓
kmk2h�

⇣
⇠(2) cos ✓̄(2)0 + ⇣(2)

⌘✓
⇠(1)

h0

kh0k2
+ ⇣(1)

h

khk2

◆
kh0k2km0k2

◆
kmk2

=
↵

2d+s`

✓
kmk2h� cos ✓̄(2)s

✓
⇠(1)

h0

kh0k2
+ ⇣(1)

h

khk2

◆
kh0k2km0k2

◆
kmk2

=
↵

2d+s`

✓
r(1)r(2)

⇣
cos ✓̄(1)0 e1 + sin ✓̄(1)0 e2)

⌘

� cos ✓̄(2)s

⇣
⇠(1)e1 + ⇣(1)

⇣
cos ✓̄(1)0 e1 + sin ✓̄(1)0 e2

⌘⌘◆
r(2).

By inspecting the components of t(1)(h,m),(h0,m0)
, we have that (h,m) 2 S(1)

✏,(h0,m0)
implies

���r(1)r(2) cos ✓̄(1)0 � cos ✓̄(2)s

⇣
⇠(1) + ⇣(1) cos ✓̄(1)0

⌘��� 
✏M

↵
(31)

���r(1)r(2) sin ✓̄(1)0 � cos ✓̄(2)s ⇣(1) sin ✓̄(1)0

��� 
✏M

↵
(32)

Similarly, by inspecting the components of t(2)(h,m),(h0,m0)
, we have that (h,m) 2 S(2)

✏,(h0,m0)
implies

���r(1)r(2) cos ✓̄(2)0 � cos ✓̄(1)d

⇣
⇠(2) + ⇣(2) cos ✓̄(2)0

⌘��� 
✏M

↵
(33)

���r(1)r(2) sin ✓̄(2)0 � cos ✓̄(1)d ⇣(2) sin ✓̄(2)0

��� 
✏M

↵
(34)

Now, we record several properties. We have:

✓̄(k)i 2 [0,⇡/2] for i � 1 (35)

✓̄(k)i  ✓̄(k)i�1 for i � 1 (36)

|⇠(k)|  1 (37)

✓̌(k)i  3⇡

i+ 3
for i � 0 (38)

✓̌(k)i � ⇡

i+ 1
for i � 0 (39)

⇠(k) =
a(k)�1Y

i=1

⇡ � ✓̄(k)i

⇡
� ⇡ � ✓̄(k)0

⇡
a(k)

�3
(40)

✓̄(k)0 = ⇡ +O1(�) ) ✓̄(k)i = ✓̌(k)i +O1(i�) (41)

✓̄(k)0 = ⇡ +O1(�) ) |⇠(k)|  �

⇡
(42)

✓̄(k)0 = ⇡ +O1(�) ) ⇣(k) = ⇢(k)d +O1(3a
(k)3�) if

a(k)
2
�

⇡
 1 (43)

|⇣(k)| = |⇠(k) cos ✓̄(k)0 � cos ✓̄(k)
a(k) |  2 (44)

cos ✓̄(k)i � 1

⇡
for i � 2 (45)

For a proof of (37)-(43), we refer the readers to Lemma 8 of Hand and Voroninski [2017]. Also, we
note that (45) follows directly from (44).

We first show that if (h,m) 2 S(1)
✏,(h0,m0)

then r(1)r(2)  6, and thus M  6. Suppose

r(1)r(2) > 1. At least one of the following holds:| sin ✓̄(1)0 | � 1/
p
2 or | cos ✓̄(1)0 | � 1/

p
2.

If | sin ✓̄(1)0 | � 1/
p
2 then (32) implies that

���r(1)r(2) � cos ✓̄(2)s ⇣(1)
��� 

p
2✏r(1)r(2)/↵. Using

(44), we get r(1)r(2)  2
1�

p
2✏/↵

 4 if ✏/↵ < 1/4. If | cos ✓̄(1)0 | � 1/
p
2, then (31) implies

���r(1)r(2) � cos ✓̄(2)s ⇣(1)
��� 

p
2
�
✏r(1)r(2)/↵+ |⇠(1)|

�
. Using (37), (44), and ✏/↵ < 1/4, we get
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r(1)r(2) 
p
2|⇠(k)|+cos ✓̄(2)

s ⇣(1)

1�
p
2✏/↵

 2+
p
2

1�
p
2✏/↵

 6. Thus, we have (h,m) 2 S(1)
✏,(h0,m0)

) r(1)r(2) 

6 ) M  6. Similarly, we have (h,m) 2 S(2)
✏,(h0,m0)

) r(1)r(2)  6 ) M  6.

Next we establish that we only need to consider the small angle case and the large angle
case (i.e. ✓̄(k)0 ⇡ 0 or ⇡) if (h,m) 2 S(1)

✏,(h0,m0)
\ S(2)

✏,(h0,m0)
. Exactly one of the fol-

lowing holds:
���r(1)r(2) � cos ✓̄(2)s ⇣(1)

��� �
p
✏M/↵ or

���r(1)r(2) � cos ✓̄(2)s ⇣(1)
��� <

p
✏M/↵. If

���r(1)r(2) � cos ✓̄(2)s ⇣(1)
��� �

p
✏M/↵, then by (32), we have | sin ✓̄(1)0 | 

p
✏. Hence ✓̄(1)0 = O1(2

p
✏)

or ✓̄(1)0 = ⇡ + O1(2
p
✏), as ✏ < 1. If

���r(1)r(2) � cos ✓̄(2)s ⇣(1)
��� <

p
✏M/↵, then by (31)

and (45) we have
��⇠(1)

��  2⇡
p
✏M/↵. Using (40), we get ✓̄(1)0 = ⇡ + O1(2⇡2d3

p
✏M/↵).

Thus, we only need to consider the small angle case, ✓̄(1)0 = O1(2
p
✏) and the large angle case

✓̄(1)0 = ⇡ +O1(12⇡2d3
p
✏/↵), where we have used M  6. Similarly, we only need to consider the

small angle case, ✓̄(2)0 = O1(2
p
✏) and the large angle case ✓̄(2)0 = ⇡ +O1(12⇡2s3

p
✏/↵).

Case 1: ✓̄(1)
0 ⇡ 0 and ✓̄(2)

0 ⇡ 0 . Assume ✓̄(k)0 = O1(2
p
✏). As ✓̄(k)i  ✓̄(k)0  2

p
✏ for all i, we

have ⇠(k) �
⇣
1� 2

p
✏

⇡

⌘a(k)

= 1 + O1(
4a(k)p✏

⇡ ) provided 2a(k)
p
✏  1/2. By (44), we also have

⇣(k) = O1(
a(k)

⇡ 2
p
✏) = O1(a(k)

p
✏). By (31), we have

���r(1)r(2) cos ✓̄(1)0 �
⇣
⇠(2) cos ✓̄(2)0 + ⇣(2)

⌘⇣
⇠(1) + ⇣(1) cos ✓̄(1)0

⌘��� 
✏M

↵

where we used cos ✓̄(k)
a(k) = ⇠(k) cos ✓̄(k)0 + ⇣(k). As cos ✓̄(k)0 = 1 +O1((✓̄

(k)
0 )2/2) = 1 +O1(2✏),

⇠(2) cos ✓̄(2)0 + ⇣(2) =1 +O1(8s✏
p
✏+ 4s

p
✏+ 2✏+ s

p
✏) = 1 +O1(15s

p
✏),

⇠(1) + ⇣(1) cos ✓̄(1)0 =1 +O1(4d
p
✏+ 2d✏

p
✏+ d

p
✏) = 1 +O1(7d

p
✏).

Thus,

r(1)r(2) = 1 +O1(12✏+ 6✏/↵+ 105ds✏+ 7d
p
✏+ 15s

p
✏) = 1 +O1(145ds

p
✏/↵). (46)

We now show (h,m) is close to
�
ch0,

1
cm0

�
, where c = km0k2

kmk2
. Consider

����h� km0k2
kmk2

h0

����
2

 1

kmk2

⇣
|khk2kmk2 � km0k2kh0k2|+ (kh0k2km0k2 + |khk2kmk2 � km0k2kh0k2|) ✓̄(1)0

⌘

 1

kmk2
�
145ds

p
✏kh0k2km0k2/↵+

�
kh0k2km0k2 + 145ds

p
✏kh0k2km0k2/↵

�
2
p
✏
�

437
ds
p
✏

↵

kh0k2km0k2
kmk2

.

Similarly,
����m� kmk2

km0k2
m0

����
2


⇣
|kmk2 � kmk2|+ (kmk2 + |kmk2 � kmk2|) ✓̄(2)0

⌘
 2

p
✏kmk2.

Hence,
����(h,m)�

✓
ch0,

1

c
m0

◆����
2

 437
ds
p
✏

↵

����

✓
ch0,

1

c
m0

◆����
2

.

Case 2: ✓̄(1)
0 ⇡ ⇡ and ✓̄(2)

0 ⇡ 0 Assume ✓̄(1)0 = ⇡+O1(�) where � = 12⇡2d3
p
✏/↵. By (42) and

(43), we have ⇠(1) = O1(�/⇡), and we have ⇣(1) = ⇢(1)d +O1(3d3�) if 38d5
p
✏/↵  1. Also, assume

21



✓̄(2)0 = O1(2
p
✏). As ✓̄(2)i  ✓̄(2)0  2

p
✏ for all i, we have ⇠(2) �

⇣
1� 2

p
✏

⇡

⌘s
= 1 + O1(

4s
p
✏

⇡ )

provided 2s
p
✏  1/2. By (44), we also have ⇣(2) = O1(

s
⇡2

p
✏) = O1(s

p
✏). By (33), we have

���r(1)r(2) cos ✓̄(2)0 �
⇣
⇠(1) cos ✓̄(1)0 + ⇣(1)

⌘⇣
⇠(2) + ⇣(2) cos ✓̄(2)0

⌘��� 
✏M

↵

where we used cos ✓̄(k)
a(k) = ⇠(k) cos ✓̄(k)0 + ⇣(k). As cos ✓̄(1)0 = �1 + O((✓̄(1)0 � ⇡)2/2) = �1 +

O1(�2/2) provided � < 1 and cos ✓̄(2)0 = 1 +O1((✓̄
(2)
0 )2/2) = 1 +O1(2✏),

⇠(1) cos ✓̄(1)0 + ⇣(1) =⇢(1)d +O1(
�3

2⇡
+

�

⇡
+ 3d3�) = ⇢(1)d +O1(4�d

3),

⇠(2) + ⇣(2) cos ✓̄(2)0 =1 +O1(4s
p
✏+ 2s✏

p
✏+ s

p
✏) = 1 +O1(7s

p
✏).

Thus,

r(1)r(2) =⇢(1)d +O1(12✏+ 6✏/↵+ 4�d3 + 7s
p
✏+ 28d3s�

p
✏)

=⇢(1)d +O1(30d
p
✏/↵+ 4�d3 + 28d3s

p
✏)

=⇢(1)d +O1(532d
6s
p
✏/↵).

where, in the second equality, we use � < 1. We now show (h,m) is close to
⇣
�c⇢(1)d h0,

1
cm0

⌘
,

where c = km0k2

kmk2
. Consider

����h+
km0k2
kmk2

⇢(1)d h0

����
2

 1

kmk2

⇣ ���khk2kmk2 � ⇢(1)d kh0k2km0k2
���+

⇣
⇢(1)d kh0k2km0k2 +

��khk2kmk2

� ⇢(1)d kh0k2km0k2
��
⌘
✓̄(1)0

⌘

 1

kmk2
�
532d6s

p
✏km0k2kh0k2/↵+

�
2kh0k2km0k2 + 532d6s

p
✏km0k2kh0k2/↵

�
119d3

p
✏/↵

�

 1

kmk2
�
532d6s

p
✏km0k2kh0k2/↵+ (2kh0k2km0k2 + 14skm0k2kh0k2) 119d3

p
✏/↵

�

2436⇡
d6s

p
✏

↵
⇢(1)d

kh0k2km0k2
kmk2

.

Similarly,
����m� kmk2

km0k2
m0

����
2


⇣
|kmk2 � kmk2|+ (kmk2 + |kmk2 � kmk2|) ✓̄(2)0

⌘
 2

p
✏kmk2.

Hence,
����(h,m)�

✓
�c⇢(1)d h0,

1

c
m0

◆����
2

 2436⇡
d6s

p
✏

↵

����

✓
�c⇢(1)d h0,

1

c
m0

◆����
2

.

Case 3: ✓̄(1)
0 ⇡ 0 and ✓̄(2)

0 ⇡ ⇡ . The analysis is similar to case 2. Using (31), we get

r(1)r(2) = ⇢(2)s +O1(532ds
6p✏/↵).

Again, similar to case 2, we can show (h,m) is close to
⇣
c⇢(2)s h0,� 1

cm0

⌘
, where c = khk2

kh0k2
. We

get,
����(h,m)�

✓
c⇢(2)s h0,�

1

c
m0

◆����
2

 2436⇡
ds6

p
✏

↵

����

✓
c⇢(2)s h0,�

1

c
m0

◆����
2

.
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Case 4: ✓̄(1)
0 ⇡ ⇡ and ✓̄(2)

0 ⇡ ⇡. Assume ✓̄(k)0 = ⇡+O1(�(k)) where �(k) = 12⇡2a(k)
3p

✏/↵. By
(42) and (43), we have ⇠(k) = O1(�(k)/⇡), and we have ⇣(k) = ⇢(k)d +O1(3a(k)

3
�(k)) if a(k)2�

⇡  1.
By (31), we have

���r(1)r(2) cos ✓̄(1)0 �
⇣
⇠(2) cos ✓̄(2)0 + ⇣(2)

⌘⇣
⇠(1) + ⇣(1) cos ✓̄(1)0

⌘��� 
✏M

↵

where we used cos ✓̄(k)
a(k) = ⇠(k) cos ✓̄(k)0 + ⇣(k). As cos ✓̄(k)0 = �1 + O((✓̄(k)0 � ⇡)2/2) = �1 +

O1((�(k))2/2),

⇠(2) cos ✓̄(2)0 + ⇣(2) =⇢(2)s +O1(
(�(2))3

2⇡
+

�(2)

⇡
+ 3s3�(2)) = ⇢(2)s +O1(4�

(2)s3),

⇠(1) + ⇣(1) cos ✓̄(1)0 =� ⇢(1)d +O1(
�(1)

⇡
+

3

2
d3(�(1))3 + 3�(1)d3) = �⇢(1)d +O1(5�

(1)d3).

Thus,

r(1)r(2) =⇢(1)d ⇢(2)s +O1(6✏/↵+ 4(�(1))2 + 4�(2)s3 + 5�(1)d3 + 20�(1)�(2)d3s3)

=⇢(1)d ⇢(2)s +O1(6✏/↵+ 4�(1) + 4�(2)s3 + 5�(1)d3 + 20�(2)d3s3)

=⇢(1)d ⇢(2)s +O1(6✏/↵+ 3909d6s6
p
✏/↵)

=⇢(1)d ⇢(2)s +O1(3915d
6s6

p
✏/↵),

where, in the second equality, we used �(1)  ⇡
d2 < 1. We now show (h,m) is close to⇣

�c⇢(1)d ⇢(2)s h0,� 1
cm0

⌘
, where c = km0k2

kmk2
. Consider

����h+
km0k2
kmk2

⇢(1)d ⇢(2)s h0

����
2

 1

kmk2

⇣ ���khk2kmk2 � ⇢(1)d ⇢(2)s km0k2kh0k2
���+

⇣
⇢(1)d ⇢(2)s kh0k2km0k2+

���khk2kmk2 � ⇢(1)d ⇢(2)s km0k2kh0k2
���
⌘
✓̄(1)0

⌘

 1

kmk2
�
3915d6s6

p
✏kh0k2km0k2/↵+

�
4kh0k2km0k2

+ 3915d6s6
p
✏kh0k2km0k2/↵

�
119d3

p
✏/↵

�

 1

kmk2
�
3915d6s6

p
✏kh0k2km0k2/↵+

�
4kh0k2km0k2 + 104ds6kh0k2km0k2

�
119d3

p
✏/↵

�

16767⇡2 d
6s6

p
✏

↵
⇢(1)d ⇢(2)s

kh0k2km0k2
kmk2

.

Similarly,
����m+

kmk2
km0k2

m0

����
2


⇣
|kmk2 � kmk2|+ (kmk2 + |kmk2 � kmk2|) ✓̄(2)0

⌘
 119s3

p
✏kmk2/↵.

Hence,
����(h,m)�

✓
�c⇢(1)d ⇢(2)s h0,�

1

c
m0

◆����
2

 16767⇡2 d
6s6

p
✏

↵

����

✓
c⇢(1)d ⇢(2)s h0,

1

c
m0

◆����
2

.

5.4 Proof of WDC condition

We first state a lemma that shows that the weight W 2 R`⇥n of a layer of a neural network layer
with i.i.d. N (0, 1/`) entries satisfies the WDC with constant ✏ and 1, and we refer the readers to
Hand and Voroninski [2017] for a proof of the lemma.
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Lemma 4. Fix 0 < ✏ < 1. Let W 2 R`⇥n have i.i.d. N (0, 1/`) entries. If ` > cn log n, then
with probability at least 1� 8`e��n, W satisfies the WDC with constant ✏ and 1. Here c, ��1 are
constants that depend only polynomially on ✏�1.

We now state a lemma similar to Lemma 4 which applies to truncated random variable. The proof
follows the proof of lemma 4 in Hand and Voroninski [2017].
Lemma 5. Fix 0 < ✏ < 1. Let W 2 R`⇥n where ith row of W satisfy w|

i = w| · 1kwk23
p

n/`

and w ⇠ N (0, 1
`In). If ` > cn log n, then with probability at least 1 � 8ne��n, W satisfies the

WDC with constant ✏ and ↵. Here c, ��1 are constants that depend only polynomially on ✏�1 and

↵ =
�
�
n+2
2

�
� �

�
n+2
2 , 9n

2

�

�
�
n+2
2

� , (47)

where � is the Gamma function.

The WDC condition with constant ✏ and ↵ can be written as

kW |
+,xW+,y � ↵Qx,yk  ✏

for all nonzero x,y 2 Rn. We note that

W |
+,xW+,y =

X̀

i=1

1w|
i x

1w|
i y

wiw
|
i

and it is not continuous in x and y. So, we consider an arbitrarily good continuous approximation of
W |

+,xW+,y . Let

t�✏(z) =

(
0 z  �✏,
1 + z

✏ �✏  z  0,
1 z  0,

and t✏(z) =

(
0 z  0,
z
✏ 0  z  ✏,
1 z � ✏.

and define

H�✏(xy) :=
X̀

i=1

t�✏(w
|
i x)t�✏(w

|
i y)wiw

|
i ,

H✏(x,y) :=
X̀

i=1

t✏(w
|
i x)t✏(w

|
i y)wiw

|
i .

The proof of Lemma 5 follows from the follow two lemmas. We first provide an upper bound on the
singular values of H�✏(x,y).

Lemma 6. Fix 0 < ✏ < 1. Let W 2 R`⇥n where ith row of W satisfy w|
i = w| · 1kwk23

p
n and

w ⇠ N (0, In). If ` > cn log n, then with probability at least 1� 4ne��n,

8(x,y) 6= (0,0), H�✏(x,y) � ↵`Qx,y + 3`✏In.

Here, c and ��1 are constants that depend only polynomially on ✏�1 and ↵ is

↵ =
�
�
n+2
2

�
� �

�
n+2
2 , 9n

2

�

�
�
n+2
2

� , (48)

where � is the Gamma function.

Proof. First we bound E[H�✏(x,y)] for fixed x,y 2 Sn�1. Noting that t�✏(z)  1z��✏(z) =
1z>0(z) + 1�✏z0(z), we have

E [H�✏(x,y)]

�E
"
X̀

i=1

1w|
i x��✏1w|

i y��✏wiw
|
i

#
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=`E
h
1w|

i x��✏1w|
i y��✏wiw

|
i

i

=`E
h ⇣

1w|
i x�01w|

i y�0wiw
|
i

⌘ i
+ 2`E

h⇣
1�✏w|

i x0wiw
|
i

⌘i
.

We first note that E
h
1w|

i x�01w|
i y�0bib

|
i

i
= ↵Qx,y where ↵ satisfies 0.97 < ↵ < 1. Also, we

have E
h
1�✏w|

i x0wiw
|
i

i
� ✏↵

2 In. Thus,

E [H�✏(x,y)] � ↵` ·m|Qx,yy + ✏↵`In

� ↵` ·m|Qx,y + ✏`In (49)

Second, we show concentration of H�✏(x,y) for fixed x,y 2 Sn�1. Let

⇠i =
q

t�✏(w
|
i x)t�✏(w

|
i y)wi.

We have

H�✏(x,y)� E [H�✏(x,y)]

=
X̀

i=1

⇣
t�✏(w

|
i x)t�✏(w

|
i y)wiw

|
i � E [t�✏(w

|
i x)t�✏(w

|
i y)wiw

|
i ]
⌘

=
X̀

i=1

(⇠i⇠
|
i � E [⇠i⇠

|
i ]) .

Note that ⇠i is sub-Gaussian for all i and that the sub-Gaussian norm of ⇠i is bounded from above by
an absolute constant which we call K. By first part of Remark 5.40 in Vershynin [2012], there exists
a cK and �K such that for all t � 0, with probability at least 1� 2e��Kt2 ,

kH�✏(x,y)� E [H�✏(x,y)] k  max(�, �2)`, where � = cK

r
n

`
+

tp
`
.

If ` > (2cK/✏)2n, t = ✏
p
`/2, and ✏ < 1, we have

kH�✏(x,y)� E [H�✏(x,y)] k  ✏` (50)

with probability at least 1� 2e��K
✏2`
4 .

Third, we bound the Lipschitz constant of H�✏. For x̃, ỹ 2 Rn we have

H�✏(x,y)�H�✏(x̃, ỹ)

=
X̀

i=1

h
t�✏(w

|
i x)t�✏(w

|
i y)� t�✏(w

|
i x̃)t�✏(w

|
i ỹ)

i
wiw

|
i

=
X̀

i=1

h
t�✏(w

|
i x) (t�✏(w

|
i y)� t�✏(w

|
i ỹ))

+ t�✏(w
|
i ỹ) (t�✏(w

|
i x)� t�✏(w

|
i x̃))

i
wiw

|
i

=W |
h
diag (t�✏(Wx)) diag((Wy)+ � (Wỹ)+)

+ diag (t�✏(Wỹ)) diag ((Wx)+ � (Wx̃)+)
i
W

Thus,

kH�✏(x,y)�H�✏(x̃, ỹ)k

kW k2
h
kt�✏(Wy)� t�✏(Wỹ)k1 + kt�✏(Wx)� t�✏(Wx̃)k1

i

kW k2
"
max
i2[`]

|t�✏(w
|
i y)� t�✏(w

|
i ỹ)|+max

i2[`]
|t�✏(w

|
i x)� t�✏(w

|
i x̃)|

#
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kW k2
"
max
i2[`]

1

✏
|w|

i (y � ỹ)|+max
i2[`]

1

✏
|w|

i (x� x̃)|
#

kW k2
"
1

✏
max
i2[`]

kwik2 ky � ỹk+ 1

✏
max
i2[`]

kwik2 kx� x̃k
#

kW k2
h9
✏

p
n kx� x̃k+ 9

✏

p
n
���h� h̃

���
i

where the first inequality follows because |t�✏(z)|  1 for all z, and the third inequality follows
because t�✏(z) is 1/✏-Lipschitz. Let E1 be the event that kW k  3

p
`. By Corollary 5.35 in

Vershynin [2012], for A 2 R`⇥n with rows of A following N (0, In), we have P(kAk  3
p
`) �

1� 2e�`/2, if ` � n. As rows of W are truncated, we have P(E1) � 1� 2e�`/2, if ` � n as well.
On E1, we have

kH�✏(x,y)�H�✏(x̃, ỹ)k

27`
p
n

✏
[kx� ỹk+ ky � ỹk] (51)

for all x,y, x̃, ỹ 2 Sn�1.

Finally, we complete the proof by a covering argument. Let N� be a �-net on Sn�1 such that
|N�|  (3/�)n. Take � = ✏2

54
p
n

. Combining (49) and (54), we have

8(x,y),2 N�, H�✏(x,y) �EH�✏(x,y) + `✏In
�↵`Qx,y + 2`✏In.

with probability at least

1� 2|N�|e��K✏2`/4 � 1� 2

✓
3

�

◆n

e��K✏2`/4 � 1� 2e��K✏2`/4+n log(3·54
p
n/✏2).

If ` � c̃n log(n) for some c̃ = ⌦(✏2 log ✏), then this probability is at least 1 � 2e��̃` for some
�̃ = O(✏2). For x,y 2 Sn�1, let x̃, ỹ 2 N� be such that kx � x̃k2  �, and ky � ỹk2  �. By
(51), we have that

8x,y 6= 0, H�✏(x,y)

�H�✏(x̃, ỹ) +
27`

p
n

✏
2�In

�↵`Qx,y + 3`✏In.

In conclusion, the result of this lemma holds if ` > (2cK/✏)2n and ` � c̃(n) log n, with probability
at least 1�2e��K✏2`/4�2e�`/2�2e��̃` > 1�6e��` for some � = O(✏2) and c̃ = ⌦(✏2 log ✏).

Next, we now provide an upper bound on the singular values of G✏(h,x,m,y).
Lemma 7. Fix 0 < ✏ < 1. Let W 2 R`⇥n where ith row of W satisfy w|

i = w| · 1kwk23
p
n and

w ⇠ N (0, In). If ` > cn log n, then with probability at least 1� 4ne��n,
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2

� , (52)

where � is the Gamma function.

Proof. First we bound E[H�✏(x,y)] for fixed x,y 2 Sn�1. Noting that t✏(z) � 1z>0(z) �
1�✏z0(z) for all z, we have

E [H✏(x,y)]
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Second, the same argument as in Lemma 6 provides that for fixed x,y 2 Sn�1, if ` > (2cK/✏)2n,
then we have with probability at least 1� 2e��K

✏2`
4 ,

kH�✏(x,y)� E [H�✏(x,y)] k  ✏` (54)

Third, same argument as in Lemma 6 provides on the event E1, we have
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for all x,y, x̃, ỹ 2 Sn�1.

Finally, we complete the proof by an identical covering argument as in Lemma 6. We have if
` � c0n log n then with probability at least 1� 6e��`,

8x,y 6= 0, H✏(x,y) ⌫ ↵`Qx,y � 3`✏In.

5.5 Proof of joint-WDC condition

We now state a result that states random gaussian matrices with truncated rows satisfy joint-WDC.
Lemma 8. Fix 0 < ✏ < 1. Let B 2 R`⇥n where ith row of B satisfy b|i = b| · 1kbk23
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c ⇠ N (0, Ip/`). If ` > c((n log n)2 + (p log p)2), then with probability at least 1� 8e��`/(n logn),
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where � is the Gamma function.

The proof of Lemma 8 follows directly from Lemmas 9 and 10. Using Corollary 1, we provide
a concentration result of B|

+,hdiag(C+,mm)diag(C+,yy)B+,x, which is part of the joint-WDC
condition. We note that

B|
+,hdiag(C+,mm)diag(C+,yy)B+,x =
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We now provide an upper bound on the singular values of G�✏(h,x,m,y).
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Lemma 9. Fix 0 < ✏ < 1. Let B 2 R`⇥n where ith row of B satisfy b|i = b| · 1kbk23
p
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b ⇠ N (0, In). Similarly, let C 2 R`⇥p where ith row of C satisfy c|i = c| · 1kck23
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p and

c ⇠ N (0, Ip). If ` > c((n log n)2 + (p log p)2), then with probability at least 1� 4e��`/(n logn),
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|Qm,yy + 4`✏In.

Here, c and ��1 are constants that depend only polynomially on ✏�1 and ↵1 and ↵2 is as in (55).

Proof. First we bound E[G�✏(h,x,m,y)] for fixed h,x 2 Sn�1 and m,y 2 Sp�1. Noting that
t�✏(z)  1z��✏(z) = 1z>0(z) + 1�✏z0(z), we have
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Second, we show concentration of G�✏(h,x,m,y) for fixed h,x 2 Sn�1 and m,y 2 Sp�1. Let
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Note that ⇠i is sub-Gaussian for all i and that the sub-Gaussian norm of ⇠i is bounded from above
by K = K̃

p
n, where K̃ is an absolute constant. By Corollary 1, there exists a c = c̄
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Third, we bound the Lipschitz constant of G�✏. For h̃, x̃ 2 Rn and m̃, ỹ 2 Sp�1 we have
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where the first inequality follows because |t�✏(z)|  1 for all z, and the third inequality follows
because t�✏(z) is 1/✏-Lipschitz and (z)+ is 1-Lipschitz. Let E1 be the event that kBk  3

p
`. By

Corollary 5.35 in Vershynin [2012], for A 2 R`⇥n with rows of A following N (0, In), we have
P(kAk  3

p
`) � 1� 2e�`/2, if ` � n. As rows of B are truncated, we have P(E1) � 1� 2e�`/2,

if ` � n as well. On E1, we have
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for all h̃, x̃ 2 Sn�1 and m̃, ỹ 2 Sp�1.

Finally, we complete the proof by a covering argument. Let N� be a �-net on Sn�1 ⇥ Sp�1 such that
|N�|  (3/�)n+p. Take � = ✏2

2916
p
np

. Combining (56) and (57), we have
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If ` � c̃n(n + p) log(n) log(np) for some c̃ = ⌦(✏2 log ✏�1), then this probability is at least
1� 2e��̃`/(n log(n)) for some �̃ = O(✏2). For (h,m), (x,y) 2 Sn�1 ⇥ Sp�1, let (h̃, m̃), (x̃, ỹ) 2
N� be such that kh � h̃k2  �, kx � x̃k2  �, km � m̃k2  � and ky � ỹk2  �. By (58), we
have that
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In conclusion, the result of this lemma holds if ` > (2c̄/✏)2n2(log n)2 and ` � c̃n(n +
p) log(n) log(np), with probability at least 1 � 2e�`/2 � 2e��̃`/(n log(n)) > 1 � 4e��`/(n log(n))

for some � = O(✏2) and c̃ = ⌦(✏2 log ✏).

Next, we now provide an upper bound on the singular values of G✏(h,x,m,y).
Lemma 10. Fix 0 < ✏ < 1. Let B 2 R`⇥n where ith row of B satisfy b|i = b| · 1kbk23
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Here, c and ��1 are constants that depend only polynomially on ✏�1 and ↵1 and ↵2 as in (55).

Proof. First we bound E [G✏(h,x,m,y)] for fixed h,x 2 Sn�1 and m,y 2 Sp�1. Noting that
t✏(z) �= 1z>0(z)� 10z✏(z), we have
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Second, we show concentration of G✏(h,x,m,y) for fixed h,x 2 Sn�1 and m,y 2 Sp�1 and is
similar to the steps shown in proof of Lemma 9. Let ⇠i =
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|
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|
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with probability at least 1� 2e��̄
✏2

4
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n log n . Here, c̄ and �̄ are absolute constants.

Third, we bound the Lipschitz constant of G✏, and is again similar to the steps shown in proof of
Lemma 9. If ` � n then we have
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for all h̃, x̃ 2 Sn�1 and m̃, ỹ 2 Sp�1 with probability at least 1� 2e�`/2.

Finally, we complete the proof by a covering argument. Let N� be a �-net on Sn�1 ⇥ Sp�1 such that
|N�|  (3/�)n+p. Take � = ✏2

2916
p
np

. Combining (59) and (60), we have
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If ` � c̃n(n + p) log(n) log(np) for some c̃ = ⌦(✏2 log ✏), then this probability is at least 1 �
2e��̃`/(n logn) for some �̃ = O(✏2). For (h,m), (x,y) 2 Sn�1 ⇥ Sp�1, let (h̃, m̃), (x̃, ỹ) 2 N�

be such that kh� h̃k2  �, kx� x̃k2  �, km� m̃k2  � and ky � ỹk2  �. By (61), we have
that

8(h,x) 6= (0,0) and m,y 2 Sp�1, G✏(h,x,m,y)

⌫↵1↵2`Qh,xm
|Qm,yy � 4`✏In.

In conclusion, the result of this lemma holds if ` > (2c̄/✏)2n2(log n)2 and ` � c̃n(n +
p) log(n) log(np), with probability at least 1 � 2e�`/2 � 2e��̃`/(n logn) > 1 � 4e��`/(n logn) for
some � = O(✏2) and c̃ = ⌦(✏2 log ✏).

5.6 Concentration of matrices with sub-gaussian rows

The proof of Lemmas 6 and 7 require results from concentration of sub-exponential random variables
that has a better dependence on the sub-exponential parameters. To this end, we use the following
Bernstein inequality and refer the readers to Jeong et al. [2019] for a proof of the theorem.
Theorem 5. Let a = (a1, . . . , an) be a fixed non-zero vector and let y1, . . . , ym be independent,
mean zero sub-exponential random variables satisfying E|yi|  2 and kyik 1  K2

i (Ki � 2). Then
for every u � 0, we have

P
 �����

mX

i=1

aiyi

����� � u

!
 2 exp

h
�cmin

⇣
u2

Pm
i=1 a2

iK
2
i logKi

, u
kak1K2 logK

⌘i
,

where K = maxi Ki and c is an absolute constant.

We now state a theorem that controls the singular values of a random matrix A. The Theorem is
exactly the same as Theorem 5.39 in Vershynin [2012] with the notable difference in the dependence
of the constants to the sub-gaussian parameters. We use Theorem 5 to get this improved dependence.
Theorem 6. Let A be a N⇥n matrix whose rows ai are independent sub-gaussian isotropic random
vectors in Rn. Then for every t � 0, with probability at least 1� 2 exp(�ct2) one has

p
N � C

p
n� t  smin(A)  smax(A) 

p
N + C

p
n+ t. (62)

Here C = CK = K
p
logK

q
log 9
c1

, c = cK = c1
K2 logK > 0 with c1 is an absolute constant and

K = maxi kaik 2 .

The proof structure of Theorem 6 is exactly the same as the proof of Theorem 5.39 in Vershynin
[2012], and so we provide the proof presented in Vershynin [2012] below.
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Proof. The proof is a basic version of a covering argunemt, and it has three steps. We need to
control kAxk2 for all vectors on the unit sphere. To this end, we discretize the sphere using a N
(the approximation step), establish a tight control of kAxk2 for every fixed vector x 2 N with high
probability (the concentration step), and finish off by taking a union bound over all x in the net.

Step 1: Approximation. Using Lemma 5.36 in Vershynin [2012] for the matrix B = A/
p
N we

see that the conclusion of the theorem is equivalent to

k 1
NA|A� Ik  max(�, �2) =: ✏ where � = C

r
n

N
+

tp
N

. (63)

Using Lemma 5.34 in Vershynin [2012], we can evaluate the operator norm in (63) on a 1
4 -net N pf

unit sphere Sn�1:

k 1

N
A|A� Ik  2max

x2N

����

⌧
(
1

N
A|A� I)x,x

����� = 2max
x2N

| 1
N

kAxk22 � 1|.

So to complete the proof it suffices to show that, which high probability,

max
x2N

| 1
N

kAk22 � 1|  ✏

2
. (64)

By Lemma 5.2 in Vershynin [2012], we can choose the net N so that it has cardinality |N |  9n.

Step 2: Concentration Let us fix any vector x 2 Sn�1. We can express kAxk22 as a sum of
independent random variablies

kAxk22 =
NX

i=1

hai,xi =:
NX

i=1

z2i (65)

where ai denote the rows of the matrix A. By assumption, zi = hai,xi are independent sub-
gaussian random variables with Ez2i = 1 and kzik 2  K. Therefore, by Remark 5.18 and Lemma
5.14 in Vershynin [2012], z2i � 1 are independent centered sub-exponential random variables with
kz2i � 1k 1  2kz2i k 1  4kzik2 2

= 4K2.

We can therefore use an exponential deviation inequality, Theorem 5, to control the sum (65).
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��
,

where the last inequality follows by the definition of � and using the inequality (a+ b)2 � a2 + b2

for a, b � 0.

Step 3: Union bound. Taking the union bound over all vectors x in the net N of cardinality
|N |  9n, we obtain

P
⇢
max
x2N

| 1
N

kAxk22 � 1| � ✏

2

�
 9n · 2 exp[� c1

K2 logK

�
C2n+ t2

�
]  2 exp[� c1

K2 logK
t2],

where the second inequality follows for C = CK sufficiently large, e.g. C = K
p
logK

q
log 9
c1

.
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We now state a corollary of Theorem 6 that applies to general, non-isotropic sub-gaussian distribution.
Corollary 1. Let A be a N ⇥n matrix whose rows ai are independent sub-gaussian random vectors
in Rn with second moment matrix ⌃ . Then for every t � 0, with probability at least 1� 2 exp(�ct2)
one has

k 1
NA|A�⌃k  max(�, �2) where � = C

r
n

N
+

tp
N

. (66)

Here C = CK = K
p
logK

q
log 9
c1

, c = cK = c1
K2 logK > 0 with c1 is an absolute constant and

K = maxi kaik 2 .
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