Appendix
A Ridge Regression Solver RidgeReg
In the reduction from PCP to PCR stated in Section 2, a blackbox solver RidgeReg(A,\,s) is needed

as the case of Frostig et al. [7], Allen-Zhu and Li [8]. We formally define it as follows.

Definition 5 (Ridge Regression Solver). Given s € RY, and exact solution x* = (AT A+uI)~'s, an
algorithm RidgeReg(A,u,s) is an e-approximate ridge regression blackbox solver if for all € >0, it
returns a solution X satisfying ||x —x*|| <e||s||.

Theorem 9 (Blackbox Solver for Ridge Regression). There is a blackbox solver for ridge regression
with runtime O(nnz(A)++/nnz(A)d-sr(A)r,,).

An algorithm achieving the aboveboard theoretical guarantee can be found in Shalev-Shwartz and
Zhang [22], Frostig et al. [14], Lin et al. [15].

We remark that when depending on structural properties of A (denoting the maximum row sparsity
of A as s(A) such that s(A) <d), the running time for ridge regression can be further improved into
O((n++/n-sr(A)k,)-s(A)) through direct acceleration Katyusha [23] or accelerated coordinate
descent methods [24]. Using a leverage-score sampling idea [25], one can obtain an even more
fine-grained running time O((n+/d-st(A)x,)-s(A)) that improves the previous in most settings.
Because these algorithms have running time highly depend on structure of A, we didn’t use them for
computing runtime when treating ridge regression solver as a blackbox.

B Proofs for Results in Section 2

Proof of Lemma 1. Note that ATA =VAVT where A =diag()\;,"-,\q) and each column of V
is v;,i € [d]. We can write v = Zie[d] o;V; , and therefore P v = Zie[k] a;v;. This also implies

FIATA-XND)=Vf(A=A)VT where f(A—I)=diag(f(A1—A),,f(Aa—A)).

Now we define k1,ko € [n] to divide the eigenvalues A; and corresponding v; into three settings,
(D) XN > A1 +7) forall i < k1, 2) A € (A1 —=7),A\1++)) for all k1 < i < ko, and (3)
Ai <A(1—7) for all i > ko. Since by assumption 0 < A < A; € [1/2,1] and «y € (0,1), it holds that
Ai—A€[Av,1] when i <kj). Similarly, \; — A € [-1,—\y] when i < kg and A\; — X € (—Avy,\vy) when
k1 <i<ks. Consequently, | f(A;—A) —sgn(A; — )| <2¢,YA; & (A(1—7),A(1+7)) and we have that
FOu—A)—sgn(h— A <290 € (M1 =) A1),

Noticing v=3V(f(A—AI)+I)V v, and thus we have

V—V=

V(f(A-AD)+D)V v-VV v= %V(f(A—)\I) ~-)V'vy

DN =

The result then follows by the following, which shows that all conditions in (1) are satisfied

P4y (=) < [[eVar, 0k, 0, 0] T < e v,
TP )V V00,00, 41,0 T | eV,
1P =Py )=V <[ V0,05 11,0001 = [(P sy =Pa—pa)vl-

B.1 Analytic Expression of Zolotarev Rational

Here, we give a more detailed discussion of the explicit expression of Zolotarev rational function r;
stated in (5). The analytic formula of TZ is as follows [10]:

:L' +co;
=Czx
H$2+C2z 1

Here, all the constants depend on the explicit range |z| € [y,1] we want to approximate uniformly.
C'is computed through solving 1—7] (y) = —(1—r] (1)) , and coefficients {c;}?*, are computed
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through Jacobi elliptic coefficients, all as follows:

det 2
 OMliep 302+ (T, ol
coefficients Tl 32y e T
def gsn (zkﬂ,v)
¢ =AU LN 1,2, 2k).
7 ’y an(;}i .’Y e{ }
1 def
v =V 1— 27
K def r7/2 do
. =Jo —
numerical constants ot de}y Zsin?0”
u = F(¢yy f
" 0 /1— 7'2sm29

sn(u;y) = sm(F‘ (uyy')); en(uyy ) = COS(F_I(U;’}//)).
B.2 Properties of Zolotarev Rational

To prove Theorem 5, we first state the following classic result about the approximation error of r} in
Lemma 4.

Lemma 4 (Approximation Error). The approximation error of 1} satisfies:

2 2 2
— 2kt
|m1\reu[%~f,( }|sgn( z)—r)(z)]=Crp Sfor some Cy, € [ p=CFF1) '] =) Cl2, 1_p_1] .

def 1=\/F pdet T
“Jo Jma e B T = Vs

wherep:efexp(lrl (( )))>1K )=

This lemma is simply a restatement of equation (32) in Gonchar [26]. We refer interested readers to
detailed derivation and proof there.

It is also crucial to our derivation of Theorem 5 and Lemma 2 that we bound the coefficients in rg
and p in Lemma 4. The following lemma provides the key bounds we use for this purpose.

Lemma 5 (Bounding Coefficients). The coefficients defined above have the following order / bounds
(all constant are independent of \,y,k and any other problem parameters):

(1) There exists constant 0 < 1 < oo, such that K (p) < 51 (log(1/v)+1),

(2) Coefficients c; are nondecreasing in i, Vi € [2k]. Also, there exists some constants 2 > 0,35 < 00,

such that ¢1 > Ba kz: cor, < B3k? Vi€ [2k].

Proof of Lemma 5. (1) The elliptic integral has taylor series [27] as follows:

i [ dt _ase (e ) o,

n=0

Using the Stirling formula n!~+v/27n(n/e)™, 3 constants Cy,Cs < oo such that,

T — am) \? ., o p2n
K(u)=22(2;(n)!)2> z SCI;%

n=0
oo 2t (4) 0 ,—t
gCQ/ K dt<C’2/ <t
Lt st
@ CoE1(v7)
where we use (i) p? < (1—/7)?<1—,/7 <exp(— \f) and (ii) change of variable ¢ < /7t and
definition of exponential integral that F; (2) = [ ¢ dt

By the convergence series of exponential integral [28], this can be written for z >0 as

o~ (=2)

Eq(2) :Cg—log(z)—z E
k=1 ’

where C'5 finite is the Euler-Mascheroni constant. Using this, we have
K(p) <CaEr(y/7) Slog(1/7), as y—0,
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where < is hiding constant C' multiplicatively and this yields (1).
(2) By definition of elliptic integral we have,

) 71'/2 d9 Sn2 iK' : !
K'= ————— and =+ # for all i € [2k].
0 \/1—~2sin%¢ cn (2k+1§’7/)
Notice by equivalent definition for each i € [2k] we have,
sz K[ do
%17/) =tan¢ where ! = / =
Cn(gkﬂﬂ) 2k+1 Jo \/1—~2sin%0

Consequently, we know c¢; is monotonously decreasing in ¢ as ¢ itself is monotonously decreasing.

Also, since 72 =1—~2, we have \/1—+'2sin? = \/cos20+~2sin?6 which — 1 when 6 — 0 and
—~ when 8 — 7/2. From that we know

2k [T/? do

1 /“/2 9 /¢ d9
< < ;
2k+1Jo  \/1—~72sin%0 " Jo \/1—72sin?0 ~ 2k+1Jo  \/1—~2sin%0

and thus
!/
L T g T K
2k+1 2 2 2k+1
Using monotonicity for tan(¢) on ¢ € [0,7/2], tan(¢) > ¢ and sin(¢) > ¢/2 for all p € (0,7/2), we
know 382,05 € (0,00) such that

where by definition 7K' € (0,7/2).

sn2( K’ ;,7/)
> 80/ (2k+1)% > By /K
cn (2k+177)
sn?(ZEC ) ok 1\? | Bsk?
2(2kK’ .. 1 =3 / < 2
n?(5:5557") 1K v
By definition of K’ we know K’ >©(1), yielding that ¢; > 3272 /k? and cor, < B3k2. O

Now we use these results to prove Lemma 2 and Theorem 5.
Proof of Lemma 2. This is a restatement of (2) in Lemma 5. O

Proof of Theorem 5. We apply Lemma 4 and simply need to show that Cjp~2+1 < 2¢. Since
w' €10,1] we have K (u') > fol(l—tQ)*l/zdt:w/Q. Therefore, by (1) in Lemma 5 we have that for
some constant 3> 0 we have p>exp(8/(log(1/y)+1)) and Lemma 4 then yields that
2
C —2k+1 < < .
KPS BT exp(B(2k 1 1))/ (log(1/) +1) — 1
The result follows as k> Q(log(1/¢)log(1/7)). O

C Proofs for Results in Section 3

Proof of Lemma 3. First we show that M is invertible. Otherwise, if z 7 0 lies in the nullspace of
M then z (M +M)z=0. By definition of M we also have z T (M +M)z > 2y/z||” >0, given
p>0. This leads to a contradiction.

Consequently, letting v = [0;v /%] we have that z* =M~ !¥ and therefore

I —-L(ATA-)) .
H Z
0 I

! 0 I i
(0 pesarn ) Cantace 20

0
<|:I+M12(ATA—CI)2:| _1v/,u2> '
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Taking the second half of the equations and write z* = [x*;y*] gives
vy =[(ATA—cI)?+p*1] v
This is to say optimal solution y satisfies (AT A—cI)?+4*T)y =v.

As a result, if we have a solver that with high probability > 1 — § in time 7 (¢/,4) gives an ¢€'-
approximate solution z = [X,y] of system Mz =¥ measured in Ly norm, i.e. ||X—x*||3+|y —y* |3 <
€2, then as long as €2 <€2||v||%, we’ll get

Iy —y*|I? <ellv],

giving an e-approximation solution of squared ridge regression ((AT A —cI)?+4*I)y =v in time
T (]| v]|,0) with probability 1—4. O

C.1 Proofs for Results in Section 3.1

Using the idea of variance-reduced sampling [12]: At step ¢, we sample i; € [n with probability
i, =Li, /(3 ;e[ Li) independently and conduct update

21 =2 — - (M, 2~ M, 7 +pi, (Mzg—¥)). (11)

Tt
For the above update, when variance is bounded in a desirable way, we can show the following
expected convergence guarantee starting at a given initial point zg:

Lemma 6 (Progress per epoch). When the following variance bound on sampling holds

1 ~ * *
> — Mz, —Mizo+pi-(Mzo—9)||* <25 (|2 —2"||* + | 2o —2"||*]

i€[n] ¢

the sampling method (11) with a fixed step-size 1 gives, after T iterations, gets

T-1 2 1 2 Q2
1 . 57 +1°S
TE Z,—7 <2r T 7

t=0

E —
~ np—n?S? =0

z*||%.

Proof. For a single step at t as in (11), denote the index we drew as i; € [n],

Zip1—2" || =z —2"||* —2— (M, 2, — M, 2o +p;, (Mzo—V), 2, —2"
[ |2 =z~ 2p7?<M M;, 2o +p;, (Mzo—¥) 2, —2")
Tt
,'72
+]T2||ant—Mitzo+pit(Mzo—{’))\|2~
2t

Taking expectation w.r.t ¢; we sample we get,

i, l|ze1—2"|° = ||ze—2"|* = 2n(Mz, — V.2, 2" )+ i MLz, — Mo +p; (Mzo—¥)||*.
i€[n]” "
(12)
We bound the second and third terms on RHS respectively. For the second term we use the fact that
(M+M")/2= I by assumption and get

—(Mz;—V,2;—2") = —(M(z;—2"),2; —2") < — ||z, — 2" ||*. (13)
For the third term using condition of bounded variance
1 - * *
Z;||Mizthiz0+p,;~(Mz07v)||2§282[||thz 12+ |zo —2"|?]. (14)
i€[n] ¢

Combining (12), (13) and (14) we get,

Ei, 2041 —2"||* =llze — 2" || — 2npll 20 —2" | *+20* 5*[|| 20 — 2"[|* + [l 20 — 2|’
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and equivalently,
(@275 20— 2" |2 <120 — 2" |12~ i, |1 —2° | +20° 5|20 — 2" |

Taking expectation of ¢;_1,---,ig respectively, averaging over t =0,1,---,7—1 thus telescoping the
first terms on RHS, and then rearranging terms, we get

1T—l 2 ) 1 252 )
E fzzt—Z* ZHZt—Z | 7252|| zo—z"||".
t=0

tO

In the general setting, the variance bound S satisfies the following.

Lemma 7 (Variance bound for general case). When |M;|| < L;,Vi € [n], the variance bound (11)
holds with S = Zie[n] L; ie.

2
1 N * *
E _Mizt—Mizo—l—pi-(Mzo—v)HQ§2< E Li> [||zt—z > +|z: —2 ||2]

i€[n]*" i€[n]
Proof. Note that

1 A
> = [IMize—Mizo+p; - (Mzo—v)||?
ie[n)""

i 1

. > (,||(Mz'Zt—MiZ*)+(MiZ*—Mizo)+pi'(MZ0—MZ*)2)
ie[n] N

(i) 1 . .

< Z <|M 7 —2 )||2+2pi\|EMz‘(Z —2)+M(zo—z )||2>

7/LZ

< Z(|M zi—2 >|2+;Mi<z*—zO>||2)

1€[n]
<2() Li)*[llze—2" >+ | zo—2"||],
1€[n]
where we use (i) Mz* = v by linear system condition, (i) ||z +z'||? < 2|z|? + 2||Z||?, and (iii)
E||lz—Ez||* <E||z/*. O

As a result, we can now prove the guarantee of AsySVRG(M,V,z¢,¢€,0) as shown in Theorem 6 .

Proof of Theorem 6. Note we choose ) = p1/(45%) and T = 852 /u? as specified in Algorithm 2.

Using Lemma 6 we get
2

2 2
§||ZO*Z [

=
E T;Zt*Z*

For the rest of the proof, we hide constants and write n=©(u/S?) and T'= 0(5?/1?) to make a
constant factor progress.

Leveraging this bound we can construct the asymmetric SVRG solver by using the above variance-
reduced sampling Richardson iterative process repeatedly. After T'=©(S?/u?) iterations, we update

z(()q) T tT 01 zgq D and repeat the process, initalized from this average point. Consequently, after

Q=logs([lzo—2"[|*/¢) = O(log(|lz0—2"] /¢))
epochs, in expectation this algorithms returns a solution z(()Q'H) =] Z OlziQ)] /T satisfying

Elz° " —2*|? <e.
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S

For runtime analysis, notice within each epoch the computational cost is one full computation of
Mz as nnz(M) and T computations of M;z upper bounded by 7 for each. As a result, letting
S=3_ie[nLi the runtime in total to achieve ||z—z"[| <eis

o (metwn+ 75 Vg (1201,

Replacing now € by e and through Markov inequality argument that

1 %
E[|z? " —2* |2

+1 *
P(lag® "~z >e) < -

<4

i

we transfer this algorithm to output the desired solution in e-approximation with probability 1—4.
O

Now we turn to discuss the acceleration runtime. Inspired by approximate proximal point [14] or
Catalyst [15], and using exactly the same acceleration technique used in Palaniappan and Bach [13],
when nnz(M) < T (3¢, L;)?/u?, we can further improve this running time through the procedure
as specified in Algorithm 3.

Algorithm 3: AsySVRG—accelerated(M,v,z,e,0)
Input: M, ¥, z, € desired accuracy, J probability parameter
Parameter: 7, [ =O((74p)/ 1)

Output: z/ ™! as the final iterate from the outerloop
Initialize z(!) <z, for i< 1 to I do

20D
AsySVRG(rT+M.72() +¥,20) (L2)%|]20) — (rL+ M)~ (120 +9)|*.6/(1 +1))

To prove the accelerated rate, we first describe the progress per outerloop (from z(9) to z(*+1))
in Algorithm 3. For the ease of analysis, we first introduce two properties of M as given in (8).

Lemma 8 (Properties of M). Let M € R%*¢ satisfy %(MT +M) = I, then the following properties
hold true:

L) < [

2. [(rM~1 1)1 <1, Vr >0,

Proof. For the first property, note that
(T4+M) "I+ M) =T+ (M+M ")+ M "M = (142u)I (15)

and therefore

—12_ -1 -1 L
T4V = A (M) TIA+M) ™D <

where we used that < (1+2u) "1 (I+M) T (I+M) by (15).

For the second property, when 7=0 it obviously holds, so it suffices to prove for 7> 0. By condition
we have

MT((MT+M ) M=M+M" =2uI
multiplying on the left by [M~!] T and the right M~ yields that
MM = 2uM T M -0
Now given M/ satisfying 7M~! + [fM~!]T = 0 and using property 1 for TM ! gives the

result. O
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Lemma 9 (Progress per Outerloop). Let M be as in (8). Further, suppose for some z*) z()) 5 € R?,
7>, €0, and 25 = (TI14+ M)~ (720 +%) satisfy

12t 27| <ef| 2"~z .

def —1.A
Then for z* = M™% we have

20— M9 < ( 120 M9

1
i_i_
)
Proof. From the definition of z} we have
7t M =T+ M) (72O 45— I+ M)M ) =7 (7 T4+ M) "1 (2" - M%) .

Since 7(7I+M) ! =(I+77'M) and 1 ([r~'M]+[r~'M] ") = (/7)1 by the assumptions on M
we have that | 7(7I+M) ! < (142u/7) /2 by first property in Lemma 8 and therefore

R 1 . L
27 M <y [ g I M7 2@ -M~v (16)

METIED)

where the last inequality follows from the fact , / +21u 7 <3 +u}(27) for all y <7. Further we have
that

20 —z* = (714 M) ((rT+M)2’ —72° —MM 1) = (tM 1+ 1)1z —M 1) .

by the second property of Lemma 8 we have that || (M~ +1)~!| <1 and

120 — (714+M) " (720 +9) || <[]z —M Y| . (17)
As ||z —M~19|| <||z(V) —z% ||+ ||z + M~ the result follows by (16) and (17). O
Proof of Theorem 7. The acceleration runtime can be achieved through a standard outer acceleration
procedure:
Denote the whole optimizer z* satisfying Mz* =v, S ="
T-S%/u?, we choose 7=S+/T /nnz(M) > .

Using a similar derivation as in Theorem 6 we know after T'=O(-(nnz(M)+7 (S+7)2/(u+7)2)),
we have z("+1) satisfying with probability at least 1—4/(I+1)

ien Li as usual. When nnz(M) <

2
| . 2 \* '
26D — (rT+ M)~ (r2 D +9) |2 < (,ﬁ@) 2 — (T M)~ (72 +9) %

Starting the induction from 7 =0 and using Lemma 9 (since we have 7 > p) recursively, it implies
with probability at least 1—(i+1)/(I+1)-9,

. 1 9 .
26+ g7 < 2N 10 g,
1+up/21  p+27

i+1
R T . - I T |
14+p/27  p+21

Note as we choose I =O((7+)/p) we have with probability 1—4 after I outerloops,
12D — 2% <e,

which takes a total runtime of

~ T 7)? ~ iefn)Li
O((M) (nnz(M)Jr'T(SJr ) )> =0 (Vnnz(M)T%).

I (p+7)?
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C.2 Proofs of Results in Section 3.2

To solve the particular asymmetric system we consider the step

Ziy1 =Z¢— g (M,;zt 7M1'Z0 eri(MzO 7\7))

(2

a2 _1gal el (18)
here M; = Tanzt pl@ia —eppEl)) |12, Vi
where M; = | | T el ™E s i< |lag |, Vie [n].
(@i )l 1Azl

Through a more fine-grained analysis, AsySVRG(M,v,zg,€,d) with particular choices of 1, T', M,
and {p; }ie[n]> can have a better runtime guarantee and be accelerated using a similar idea as in the
general case discussed in previous subsection. This is stated formally using the following variance
bound in Theorem 8.

Lemma 10 (Variance bound for specific form). For problem (10), the variance incurred in (18) is
bounded by S=O(||A||gv/A1/p), i.e. there exists constant 0 < C' < oo that

! L ClAPA
Z *_”Mizt—Mizo—Fpi-(Mzo—v)||2 < w

i€[n] ¢

[z 2" + ]|z — 2" *]

Proof. For arbitrary A € R??, set p; =|a;||?/||A||%, we have

1
Z;”MiAW
1€[n] ¢
1
_AT<ZpMZMi)A
1€[n] ¢
G) AT l p?I—I—ﬁ(aiaiT—picI)Q 0
=4 Z i ( 0 L (a;a) —picl)?+p?1 A
i€[n] K
(i) AT I+ 5 (|AFATA-2cATA+cT) 0 A
- 0 I+ 5 ([ARATA-2cATA+c)
@0 AR CllA[[F A
< (= E A< SR AR,

where we use (i) the specific form of M as in (18), (ii) specific choice of p; =||a; ||2/||A||§, (iii) the
assumption that AT A < \;T and c€[0,\,].

Note then similar to proof of Lemma 7, we have

1 2 2 .
> — M (2 —20) +pi(Mzo—v) [ < > <||Mi(zt_Z*)||2+”Mi(Z —Zo)ll2>
h i h i Pi
i€[n) i€[n]
_2C] Al

ST (I|ze—2"|* +llz0—2"]*).

O

Proof of Theorem 8. Using Lemma 10, the conditions of Lemma 6 are satisfied with S =
VC||A||zv/A1/ . Consequently we have

T—1 2
1 *
— Zy—Z
2

t=0

E

T—1 1 2 2 2
1 o7+ CllAl[EA 1/ p 2
<E| =Y |z —z*|?| < 2L lzo =27, (19)
[Tt_o ' n—12C| Al A/ 12
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-

For the non-acceleration case: Note we choose n=p?/(C||A||Z\1), and T=C||A||Z\1/p? as in
Eq. (19) yields
2

E

1 2
—Zzt—z* <Z\lzo—2z"|>
Tt:O 3

Hereinafter, we hide constants and write n=0(u2/(|A|2)1)) and T=O(||A||2 A1 /1?) to make a
constant factor progress.

Then similarly as in Algorithm 2 and Theorem 6, we argue after Q = O(log(||zo —z*||/€) batches, in
expectation we’ll return a solution ZSQH) = [ZtT:_Ol ng)] /T
E|z§? "~z <e.

For runtime analysis, notice within each batch the computational cost is one full computation of
Mz and O(T') computations of Mz, which together is O(nnz(A)+d-||A||ZX1/u?). So the total
runtime to achieve ||z(9*1) —z*|| <e with probability 1—§ is

O((nnz(A)+d- | A3 A1 /1) log((|z0—2" [ /5)) = O(nnz(A) +d-sr(A)N2 /).

For the acceleration case: The standard technique of outer acceleration used in Theorem 7 is applied
to get a better runtime under this case, and is used to prove Theorem 3.

O

C.3 Squared System Solver Using SVRG

For the squared ridge regression solver, we first give its simple pseudocode using Lemma 3 and
AsySVRG for completeness.

Algorithm 4: RidgeSquare(A,c,u?,v,e,0)

Input: A data matrix, c€[0,\], 1> 0, v, X initial, € accuracy, § probability
Output: x e-approximate solution as in Definition 3.
Initialize z°.
I “L(ATA—dI) -
= m ¢ = 2
Set M <i(ATAcI) I ) and v=(0,v/p?) .

Call [x,y] + AsySVRG(M,V,zg,¢||v]],9).

4 Return x+y

This is essentially a corollary of Theorem 8.

Proof of Theorem 3. Set
M< I —%(ATA—CI)
B %L(ATAfcI) 1
We know an e-approximate squared ridge regression solver would suffice to call
[x,y] + AsySVRG(M,¥,z,e||v]|,9).
once and set its output as y through Lemma 3. This together with Theorem 8 gives us the total

runtime of O (nnz(A)+d-sr(A)A?/?) unaccelerated and O (« /nnz(A)d-sr(A))\l/u) accelerated
(when nnz(A) <d-sr(A)A?/u?). In short, we have the guaranteed running time within

O(nnz(A)+y/anz(A)d-sr(A)M /1.

) and v= (O,V/MQ)T, ce[0,M].

O

Theorem 4 also implies immediately a solver for non-PSD system in form: (ATA —cI)x = v,
c € [0,\1] with same runtime guarantee whenever all eigenvalues \; — c of (AT A — cI) satisfy
|\ —c| > p>0,Vi. This is done by considering solving (AT A —cI)?x= (AT A —cI)v. We state
this formally in the following corollary for completeness, which is equivalent as showing Corollary 1.
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Corollary 2. Given c € [0,\1], and a non-PSD system (AT A — cI)x = v and an initial point
Xo, for arbitrary ¢ € R satisfying (AT A — cI)? = p?I, i > 0, there is an algorithm that uses
AsySVRG(M,¥,2¢,0(e||v||),8) to return with probablity 1—§ a solution X such that ||[Xx— (AT A —
) tv|| <e||v|, within runtime O(IIIIZ(A) +d-sr(A)X} /). The runtime can be accelerated to

O()\l v/nnz(A)d-sr(A)/p) when nnz(A) <d-st(A)N}/p.

Proof. Tt suffices to show that we can solve (AT A —cI)?x= (AT A—clI)v to high accuracy within
the desired runtime for any given v.

By Theorem 3, whenever (A" A —cI)? = 4T, we can solve ((ATA—cI)?+p2I)x=(ATA—cI)v
to e-approximate accuracy within runtime O(nnz(A)+/nnz(A)d-sr(A)A; /).

Now we can consider preconditioning (AT A — cI)? using (AT A — cI)? + 121 by noticing that
(ATA—cI)?+ T~ 5 (AT A—cI)? under the condition.

As a result, it suffices to apply Richardson update
gD gy [(ATA—cI)?+p%1] - ((ATA—CI)2X(t) - (ATA—cI)v) )

with n=1/2. Since it satisfies 1< [(AT A—cI)?+ 1] “'(ATA—cI)2 <1, it achieves ¢ accuracy
&) — (AT A—c)=2v]| <c|}v]| in

0 1og( = ATAD Y

ellvl]

iterations, with each iteration cost O(nnz(A) +d-sr(A)A?/p?) using the unaccelerated subroutine,
and O(\/d~sr(A))\1/u) using the accelerated subroutine when nnz(A) < d-sr(A)A?/u?. This
leads to a total unaccelerated runtime of O(nnZ(A) +d-sr(A)A?/p), and accelerated runtime

O()\m /nnz(A)d-st(A)/p) when nnz(A) <d-sr(A)A}/p?. O

In the end of this section, we remark that all proofs and results are stated without the condition A\ <1
to give a clearer sense of the runtime dependence in general setting. When applied to our specific
case of solving squared systems, due to renormalization we have A €[1/2,1] and A<~ \/A;1=1/k
which lead to running times formally stated in Theorems 1 to 3 and proved in Appendix D.

C.4 Direct Methods Runtime

We first state the results and corresponding proofs of using direct methods stated in the beginning
of Section 3. Consider the squared system ((ATAfcI)2 +,u21)x =v for given A ¢ R"*? v cR?,
1>0and c€[0,\].
The following theorem gives a bound of the running time of solving this system using accelerated
gradient descent [29, 30].
Theorem 10 (Direct AGD Runtime). Consider iteration

X1 =X¢—" [((ATA—CI)2+ﬂ2I)Xt —v] +0(xt—%X¢—1)-
Choosing v= Aliizu, ,B= )\11712# under above condition, the total running time to get an e-approximate
solution is O(nnz(A)\1 /).

Now we turn to analyzing SVRG directly applied to the squared system as follows
(ATA—cD)?+p°T)x=v. (20)
We take the step

Xip1 =X — pi (MLijx; —M5x0 +pij (Mxo—v))
i
2>
AR
and pi; o |[ai|*|ay ||, Vij € [n].
Such update gives the following variance bound.

a1 a1
A

T

i

2n

[

def
where M;; = a;a aja] —2c a;a; +(c?+u?)
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Lemma 11 (Variance bound for solving squared system directly). For problem (20), the variance
incurred in (21) is bounded by S =O((A2||A ||+ (A2 +12)2)/u?), i.e. there exists 0 < C < oo that

2 A 2
cl HFHQ HALE) )[||Xt_X*||2+||XO_X*||2]7

1
D — M — My xo+pi; (Mxo—v)||* <

z‘,je[n]p”

where C < oo is a numerical constant and || A||% < d>.

2 2 2
Proof. Notice that Vi);; = [a;a; aja; —2c¢ H"X‘ll‘z aza; +(c?+u?) Ha’HH ‘\ll': Py — |‘a"‘|‘kll‘|?“ v, by
bounding directly and summing up all terms 4,5 € [n], we get

1 *
> —IMx =My

ijemt

=(x—x*)" z —MTM (x—x")

i,j€n ]pj
|A[|% ( T,..T lagll®  , lladllPllal? 2 o 2
= a;a; aja; —2c aa;, +—————(c"+p*) ) (x—x")||
= 2 [Pl o 2 AT
A a; 2 a; 2
:(x—x*)T( Z (H ||||ga a a;a; aja, Trac?||aj|Paa) + (2 4p )27H ”A|:|4JH
1,jE€[n] aj F

_2c||A||F(ajajTaia- +aiaiTajajT)—|—(c +u%)(a a]TaZa —i—azaTa]aJT)

el ) aial) ) o)
=(x=x")"(|A[(ATA)(ATA)+42 (AR (AT A)+(?+4%)%T
—4(ATA)ATA)+2(P+12) (ATA)(ATA) —de(+ %) (ATA)) (x—x7)

(i)
<(x—x) (A ENTHAAN AR+ (® +12)?T+2(P +42) AT ) (x—x7)
SCMNANEHAEMANZ+ (P +p?) (P +p+227)) [[x—x*||?

(i)
SORIA R+ +41%)) [x—x"%,

where we use ATA <)\ Iand ce [0,A1] in (i) by condition, and (ii) holds for some constant 0 < C' <
oo. Then we conclude from the fact that ||x+x'||? <2||x[|?+2|x’||? and E||x—Ex||*> <E|x||? that

CORIAE+A+42)?)

|2 |2
2 [t ="+ [0 —x"[|"]-

1
D — My —Myxo+pi; (Mxo—v)||* <
ij€m "

O

Theorem 11 (Direct SVRG Runtime). For problem (20), t@e SVRG algorithm applied with (21)
returns with probability >1—§ an e-approximate solution in O(nnz(A) +d-sr(A)2\}/u?) time. An
accelerated variant of it improves the runtime to O(nnz(A)4nnz(A)3/*d"/*sr(A)Y/2 )\, /).

The proof is a direct combination of Lemma 6 with the proving technique for Theorem 8. We omit it
here as the procedure and argument are basically the same.

From that we can get a direct SVRG solver of squared system ((A " A —cI)?+4?T)x = that outputs
e-approximate solution with high probability with running time O(nnz(A)+d-sr(A)2A}/ut).

Because of the high complexity of above methods (either not nearly-linear in AGD or squaring
problem dimension, i.e. having sr(A)?)\}/u* as condition number in SVRG), a new insight is
required to better solve such systems. The technique we develop for this purpose is to ’decouple’ the
squared matrix at the cost of asymmetry, formally introduced by the following reduction.
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D Proofs for Main Results

In this section, we prove our main theorems for new algorithms on PCP and PCR problems stated in
Section 1.3. As a byproduct of the results, we can also use some variant of the Zolotarev rational to
approximate the square-root function, and thus build efficient square-root-matrix-and-vector solver
(see Theorem 4 and Algorithm 7).

To begin with, we introduce a helper lemma useful for analyzing the approximation property of the
theorem.

Lemma 12 (Accumulative Error from Products). If there are procedures C;(v),i € |k] that carries
out a product computation C; - v in € accuracy, i.e. ¥i € [k],||C;(v) — C;v|| < €||v||, and that
ICil| < M Vi€ [k] for some M >1. When e < M /2k, we have

k
ICk(Chr(-Ca(v) — [ [Civl < 2ekM* | v]].
=1

Proof. By induction, for k=1, this is true since ||C1(v)—Cyv|| <¢||v||. Suppose this is true for 1,
ie. ||Ci(Cici(-+Ci(v)))— T C;v| <2eiM*~||v|, then for i+1, we have
j=1

i+1
ICi 41 (Ci(+CL(¥))) = [ [Cv Il SIICis1 (Ci(+Cr(¥))) = Ciia Ci(-+Ca (V)|
j=1
+[|Ciza(C Hc v
<e|Ci(--CoVDIHCigalllICa(- HCJV”
<e(M||v||+2ei M| v||)+2ei MY || v||
. 2€1
<eM'(2i+1+ 57|V
<2e(i+1)M*||v|,
where the last inequality uses the condition 2e: < 2ek < M. O

D.1 PCP Solver

Given a squared ridge regression solver RidgeSquare(A,\,co;—1,v,€,0) (see Section 3), using the
reduction in Section 2 we can get an e-approximate PCP algorithm ISPCP(A v, \,v,¢,0) shown in
Algorithm 5 and its theoretical guarantee in Theorem 1.

Algorithm 5: ISPCP(A,v,\,7,€,0)
Input: A data matrix, v projecting vector, A threshold ~ eigengap, € accuracy, d probability.
Parameter: degree k (Theorem 5), coefficients {c; }? i k. ,C (Eq. (5)), accuracy €, (specified
below)
Output: A vector v that solves PCP e-approximately.
Vv
for i< 110k do
Vi (ATA — )\I)QV‘FCQiV
v+ RidgeSquare(A,\coi—1,V,€1,0/k)
Ve C(ATA-ADV, Ve 2 (v4V).

Proof of Theorem 1.
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Choice of parameters: We choose the following values for parameters in Algorithm 5:

k=0(log(1/€)log(1/Ay))
M= /ng4/62’72)‘2

€

= 8Bak3MF—1

€1

The other coefficients {¢; 1221 ,C' are as defined in Eq. (5). Further we use constants /32,33 as stated
in Lemma 5.

Approximation: Given A >0,y € (0,1), from Theorem 5 and the definition of & and r,?v (x) we get
that max|;|cay,1/5g0(2) —r,’c\"’(x)| <2e.
Using Lemma 1, we know for such 7“,2‘7, v= %(r,’c\"’(ATA—/\I) +1I)v satisfies the conditions in (1),
ie.

LIP iy (V=v) <e/2|v];

2[[(I=P )Vl <e/2[lv[;

3P 144 =Py ) V=Y (P 144) =P a—a) V-

Now if we have an approximate solution v’ satisfying ||v/ — V|| < ¢/2||v||, we check the three
conditions respectively. For the first condition we have
1P in (7 =)< [P (& =P opn G
S|V =vl+e/2llv]
<e/2|[vl|+e/2| v
<e|vl],
while the third inequality uses the fact that P14,y is a projection matrix.
For the second condition, we have
[I=Pa )V SII=P 1y )V =V) [+ TPVl
<[V =l +e/2]lv]
<e/2||v|+e/2|v|
<ellvll,
where for the second inequality we use the fact that I—P;_ )y is also a projection matrix when
P(1_)x is a projection matrix.

For the last condition, we have

1P (142) = Pla-ppn )T =) NP (11) ~ P ) =D+ (P 144) ~ Pra—pn) )|
SV =¥+ (P 144) =P a—y2) V|
SHP a4y =Pa—pa)vii+elvl,
where for the second inequality we use the fact that P ;) —P_,) is a projection matrix.

Consequently, it suffices to have such ¥ that |[¥ —¥| <e/2|v|| when ¥ =1 (7 (ATA—AL)+I)v,

note that
k

W (ATA=M))v=CATA-AD] ]

(ATA M) +co 1
(ATA A2 teo 1

Suppose we have a procedure C;(v),i € [k] that can apply C;v for arbitrary v to ¢’-multiplicative
accuracy with probability >1—4/k, where here

(ATA — )\1)2 +021‘I
(ATA—)\I)Q—f—CQi,lI '

Ci=
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Also we assume matrix vector product is accurate without loss of generality.?> Note that

(ATA-AI)2 4yl
(ATA7>\I)2+621_1I

<MVie[k],

with M = B3k*/B2v>\2. Here we use constants (32,33 as stated in Lemma 5. Now we can use
Lemma 12 with the corresponding M to show that

Using a union bound, with probability > 1—¢ it holds that

k
ICk(Chr (Cr(v)) = [ [Covll <2¢ kEM*||v |,
i=1
whenever ¢/ <M/ (2k).
Now we choose
- .M € . M € 9 €
& =min(or, o), e =min(gr, oy )/ (Bsk )ZWv

consider the following procedure as in Algorithm 5,

v+ RidgeSquare (A,)\,C%,l 7(ATA—)\I)Qv—i—cziv,el,é/k) Vie [k].
v C(ATA-A)v.

The above choice of €; guarantees RidgeSquare (A, \,c2;—1,(ATA—AI)*v+cy;v,e1,0/k) for all
i € [k] can be abstracted as C;(v) with é;-accuracy and corresponding success probability. Using a

union bound or successful events and also the fact that ||C'(A T A — AI)|| <2, we can argue that with
probability >1—4, the output v/ of ISPCP(A,v,\,7,¢,0) satisfy

IV vl <de kM Hv| <e/2|v].
As a result, the output of the algorithm satisfies conditions (1) as desired.

Runtime: The numerical constants C,{c;}?*, are precomputed. So the runtime will then be a total
runtime of computing matrix vector products for 2k+ 1 times, calling k = O(log(1/€)log(1/Av))
times RidgeSquare (A,)\702i_1,(ATA7>\I)2V+CQiV,€1,6/k)) for i € [k]. We bound the two terms
respectively.

Computing matrix vector products takes time O(knnz(A))=0O(nnz(A)) since k=O(1).

Using Theorem 3, since log(1/e1) =0O(log(1/€)+logk+klog(M))=O(log(1/€) +k) = O(1), the
total runtime for solving squared systems is O(k(nnz(A)+d-sr(A)/(v2A?))). Further, it can be
accelerated to O(k+/nnz(A)d-sr(A)/(\y)) when nnz(A) <d-sr(A)/(v2\?).

Combining these bounds it gives a running time of Algorithm 5 of

O(nnz(A)+d-sr(A)

72)\2)'

When nnz(A) <d-st(A)/(y2\?), it can be accelerated to O(y/nnz(A)d-st(A)/(\y)). O
Since we assume \; €[1/2,1] here, k=1/\. We can write it as
O(nnz(A)—!— nnz(A)~d-sr(A)n/7)

by noticing the preprocessing for A is just setting A< O(A/A1).

3If in the finite-precision world, we assume arithmetic operations are carried out with Q(log(n/e)) bits of
precision, the result is still true by standard argument with a slightly different constant factor for the bounding
coefficient.
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D.2 PCR Solver

Previous work as shown that solving PCR can be reduced to solving PCP together with ridge
regression solver. This reduction was first proposed in Frostig et al. [7] and used in subsequent
work [8]. The idea is to first compute v* =P (A T b) using PCP and then apply (A T A)fv* stably
by some polynomial approximation. More specifically, it is achieved through the following procedure.

So(—ApCP(ATb)
s1 < RidgeReg(A \;sp), Vm=1,2-k—1; (22)
Sm+1 ¢ S1+A-RidgeReg(A A s, ).

Here RidgeReg is a Ridge Regression Solver defined in Definition 5 and ISPCP is the e-approximate
PCP algorithm specified in Algorithm 5. Such a reduction enjoys the following guarantee:

Lemma 13 (Reduction: from PCR to PCP). For fixed )\, e € (0,1) and v € (0,2/3], and A with singu-
lar values no more than 1, given an O(¢/k?)-approximate ridge regression solver RidgeReg(A,\,")
and an O(~ye/k?)-approximate PCP solver Apcp(-). Running the procedure for k=0 (log(1/ev))
iterations and outputting the final sy, gives an e-approximate PCR algorithm.

For completeness, we give the following Algorithm 6 for e-approximate PCP solver and give the
proof for its theoretical guarantee as stated in Theorem 2.

Algorithm 6: ISPCR(A ,b,\,7,€,0)

Input: A € R"*9 properly rescaled, b € R? regressand, A > 0 eigenvalue threshold, v € (0,2/3]
unitless eigengap, ¢ desired accuracy, ¢ probability parameter.
Output: A vector x € R™ that solves PCR e-approximately.
Set k<« O(log(1/ev)), €103z )2+ 0 (5%2)
X< ISPCP(A,A b\ v,e1,0/4)
X+ RidgeReg(A )\ X, €e2,0/4)
fori<1tok—1do
| Compute x=\-RidgeReg(A,\x,e2,6/2(k—1))+xo

Proof of Theorem 2.
Approximation: It follows directly from Lemma 13.

Runtime: The total running time consists of one call of ISPCP and k = O(log(1/ev)) calls of
RidgeReg, with particular parameters specified in Algorithm 6 this leads to a runtime

O(nnz(A)+d~sr(A)#)—i—k;-é(nnz(A)—&-d-sr(A)%) — O(nnz(A)+d-sr(A)

and an accelerated runtime

1
,y2>\2)))

O(Pyl—)\«/nnz(A)d-sr(A))

when nnz(A) <d-sr(A)/(y\)2, which proves the result by noticing x =1/ for rescaled A.

D.3 Square-root Computation

Here we prove Theorem 4. The approach is very similar for developing the PCP solver as in Ap-
pendix D.1. We first introduce a rational function that when applied to any given PSD matrix M well
approximates the square-root of itself for matrix pI <M <1I. Note this will immediately generalize

to the case when I <M < AI by first getting a constant approximation X of \in O(nnz(M)) time
and then preprocessing M < M/ \.
Lemma 14. Given any uI <M <1 and € € (0,1), there is a rational function r(x) with degree
k=0(og(1/e)log(1/n)) satisfying

1(r(M) =M2)v | < e M/ 2v [ yv eR™.
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In short, such a rational function can be denoted as 4 () and expressed as:

_ sn2( K T
7 (x)=Cux H m with ¢; difuz(i%;,l'\/ﬁ/),i €[2k]. (23)
ie[k]a:+622_1 en? (g7 Vi)

c
- pte 1+c 9
(\/ﬁnle k] M+L2fl1 )+(H76 1+L2L2l1 )

coefficients
e s (V) Vie{1.2. .2k
Ci Mcn?(%+1 VN 1€{1,2,,2k}.
Vi’ =VI-p,
K’ d:f /2 do

0 V31— p,sm@

gb \/— dcffo \/m
sn(us/i7)  Zsin(F (usn/i7)); en(us/i7) 2 cos(F = (uin/i7)).

numerical constants ast o

It is easy to check that fk (z) can be related to the rational function defined in Section 2 through

formula 7 (z%) =z -1 ( ), where -/ (x) is defined as in (5) By Theorem 5, with the same order

of k> Q(log(1/e )log(l /1t)). A formal proof also utilizes such relationship between the rational
functions.

Proof. Consider a modified rational function of Zolotarev rational as follows:

‘ sn? iK' : 7
CmH T ith ci‘éfu—(%*} VI i€ [2k], (24)
1T 21 Cn2(2’,€}_ﬁ_1;\/;7)

def 7 def 71'/2 a0
with coefficients C' as the corresponding C' in 7 ( ) V' = /T—pand K e
sn(w;v/) = sin(F = (usy/1)), en(usy/i') = cos(F =1 (u;+/i7)) with definition u = F(¢;/i) =
¢ do
Jo /1—wsin20’

Note this rational actually satisfies the condition that 7} (z?) =z 7‘,{( ). By Theorem 5, it holds
that when k> Q(log(1/¢)log(1/1))

-1y " () —x-sgn(x)| < e|z| ¥|z| € [/, 1]. 25)

Now if we write M = VAV T where A =diag(\;,-,\,) satisfying 1> \; > - \,, > 11 and that

n
each column of V is v;,i € [n]. We can write v=_ a;1;, and thus get M'/2v =" a;/ A,
i=1 j

Now we consider what we can get from substituting « in 7}/ () with M. By applying Eq. (25) and
substituting 2 with M, we get

(M)v—vVMyv|| <e|[MY?v|| vveR".
k

Now we give the following pseudocode in Algorithm 7 for SquareRoot(M,v,¢,d), which with
probability 1 — & outputs a solution x satisfying ||x — M'/?v|| < ¢[|M'/?v||. In the pseudocode,

27



B W N =

we use LinearSolver(M, ¢, x,€,d) to denote any solver that with probability 1 — § gives as e-
approximate solution X of x* = (M+cl)~!v satisfying ||x—x*|| <¢||v].

Algorithm 7: SquareRoot(M,v,e,0)

Input: M € R™*"™ data matrix, v € R™ vector, € accuracy, J probability.
Parameter: Smallest eigenvalue p, largest eigenvalue A, degree k (Lemma 14), coefficients
{ci}#*,,C (Eq. (24)), accuracy €; (specified below)
Output: A vector x satisfying || x — MY 2v|| <e|M/?v|.
X<V
fori<— 110k do
X Mx+co;x
L x < LinearSolver(M,co;—1,X,61,0/k)

x<+ C-Mx.

Proof of Theorem 4.

Without loss of generality, we can assume A =1, otherwise one can consider M/ instead.

Choice of parameters: We choose the following values for parameters in Algorithm 7:

k=Q(log(1/€)log(1/p))

M = B3k Bops
€
A Bk M1

Other coefficients {c;}2,,C are as defined in Eq. (5). Here we use constants (3,33 as stated in
Lemma 5.

Approximation: Given ¢ >0, >0, from Lemma 14 we set k> Q(log(1/¢)log(1/p)) thus 7} ()
as defined in Eq. (24) satisfies | MY/ ?v —ri!(M)v|| < ¢/2|M*/?v||. Now it suffices to get a x
satisfying || x—r4 (M)v|| <e/2|M/2v]|.
Suppose we have a procedure C;(v),i € [k] that can apply C;v for arbitrary v to ¢’-multiplicative
accuracy with probability >1—4/k, where here

M+CQiI

Ci= %
M-+cg;_11

Also we assume matrix vector product is accurate without loss of generality.* Note that

M—i—CQl
M+C2z 1

‘gM,Vie[k],

with M = B3k* /B2 1. Here we use constants [33,(33 as stated in Lemma 5. Now we can use Lemma 12
with the corresponding M to show that: Using a union bound, with probability >1—4 it holds that

k
ICk(Chr(-Cr(v)) = [Civll < 2¢'kM* v,
i=1
whenever ¢’ < g—,ﬁ
Now we choose
M \/ue Ve o &
G =min(gr grape1) @ =i Gr g/ Bk = gt

*If in the finite-precision world, we assume arithmetic operations are carried out with Q(log(n/€)) bits of
precision, the result is still true by standard argument with a slightly different constant factor for the bounding
coefficient.
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consider the following procedure as in Algorithm 5,

x < LinearSolver(M,cy;_1,X,€1,0/k);Vi € [k].
x+ C-Mx.

The above choice of €; guarantees procedures LinearSolver(M,cq;_1,x,€1,0/k) for all i € [k] can
be abstracted as C;(v) with € -accuracy and corresponding success probability. Using a union bound
of successful events and the fact that ||C'-M]|| <2, we can argue that with probability 1 —d, the output
x of SquareRoot(M,v,e,0) satisfy

4€1]€Mk71

e —rj; (M)x|| < 4érkM*H|v]| < M2y <e/2 M2,

By Definition 4, using the above choice of parameters we conclude this justifies the correctness
argument in the theorem.

Runtime: Given the The numerical constants C, {c;}?*, are precomputed. So the runtime
will then be a total runtime of computing matrix vector products for k£ + 1 times, calling
k = O(log(1/€)log(1/up)) times LinearSolver (M,co;—1,x,€1,0/k) for ¢ € [k]. We bound the
two terms respectively.

Computing matrix vector products takes time O(nnz(M)) since k=O(1).

Running time of LinearSolver(M,cq;_1,x,€1,0/k) depends on the particular solver we use. Based
on the assumption and the fact that co;_1 € [Q2(11),0(1)],Vi € [k], we can upper bound each solve by
O(T).

Adding it together gives running time of Algorithm 7 in

O(nnz(M)+T).

Replacing M with M /), u above with /) and A with 1 due to preprocessing gives the final
statement. O

E More on Experiments

In this section we give a more detailed description and theoretical justification for rlanczos and
slanczos. Also we show its relationship and difference with our proposed algorithm ISPCP.

E.1 Details for rlanczos

Lanczos method is well known for being efficient and stable [17]. As verified in theory and practice,
running Lanczos algorithm on (AT A+AI)~1(A T A —\I) almost always beats the optimal universal
approximation of sgn(z) by stably applying polynomial / chebyshev. This is because Lanczos can
search for the best polynomial to approximate sgn(z) based on the distribution of AT A’s eigenvalues.

Based on that, we also combined the well-studied rational Lanczos algorithm [21] with the known
Zolotarev rational expression, to search in the rational function space rog+1(x) € Pagr1/qor(x)
where go5, () has exactly expression as in the denominator of 7} (x). Theoretically, this should
always beat directly applying Zolotarev rational by allowing more freedom to cater to the distribution
of eigenvalues of AT A.

The two methods rational and rlanczos are quite close in practice. (see Figs. 2 and 3) In general for
low accuracy regime, rlanczos slightly improve on rational ISPCP. But ISPCP is more stable and
can get to more accurate solutions. This also shows the strength of ISPCP proposed in the paper.

E.2 Details for slanczos

For slanczos, the idea is to incorporate the squared system primitive with lanczos method on polyno-
mial directly, i.e. searching for function in form

f( (z—\)(z+)\) )

(z=A)2+y(z+ )2
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and replace < AT A.

Note here we introduce shift-and-rescaling (A" A+ AI)"! (AT A —\I) so that all eigenvalues of
AT A satisfying \; € [0,A\(1 —~)U(X(1+7),00) are mapped to range [—1,—7/2]U[y/2,1]. So
for now let’s consider |z| € [y/2,1]. One observation is that there is this squared primitive in form
z/(x*+7) can map |z| € [y/2,1] to [©(1),0(1/,/7)].

Lemma 15. Take r(z) =z /(2® +~). Then 7(z) = 2,/yr(x) maps x € [y/2,1] to (2\/7/3,1) and
re€[—1,—v/2] to (—1,-2,/7/3).

Proof. We only consider x € [y/2,1] and a exactly symmetric argument works for the other side.
Now consider 1/7(x) = x+/x, we have when x € [y/2,1], 1/r(x) € [2\/7,2+ ], thus showing
r(x)€[1/(2+7),1/(2y/7)] € (1/3,1/2,/7). Multiplying by coefficient we have 7(x) € (2,/7/3,1)
whenever z € [y/2,1], which completes the proof. O

Remark 1. For such a rational primitive 7(x) since we know there is optimal O(log(1/¢)/./7)-
degree chebyshev polynomial f(x) that maps [\/¥,1] to [1 —€,1] and [-1,—/7] to [-1,—1+¢],
thus we are able to run only O(l/\ﬁ) suboracles of ridge regression of solving (AT A — )2+
Y(ATA+N))x=v.

Formally combining this with the squared system solver we develop in Theorem 3 leads to the
following theoretical guarantee:

Theorem 12 (Runtime for slanczos). slanczos can be converted into an e-approximate PCP / PCR
solver with runtime guarantee

0 (nnz(A)/ﬁ—k \/nnz(A)d-sr(A)m/y) .

This guarantee implies the method slanczos would work better than both polynomial, chebyshev
in [7, 8], and rational methods including ISPCP and rlanczos (see Appendix E.1) for certain regimes
of parameters.

As the runtime of slanczos is not almost linear, we don’t state it formally in the main part of paper.
Also, as nnz(A) /d-sr(A)?k? or simply n/d gets larger, it gets worse compared with the two purely
rational methods. This also is verified by our experiments shown in Fig. 3 - when we fix d,y and
increase the magnitude of n, rational and rlanczos start outperforming slanczos.
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