502
503
504
505

506
507

508

509
510
511
512

513

514
515
516

517

519
520

521

522
523

524

525

526

527

528
529

530

531
532
533

534
535

536
537

Supplementary Material for: Globally optimal score-based learn-
ing of directed acyclic graphs in high-dimensions

Appendix A contains some background and preliminary material that is important for the proof. We
then use Appendix B to outline the main ideas and postpone detailed proofs of the various technical

results to Appendices C-D. The reader interested in skipping directly to the proofs of the main
theorems can find them in Appendices B.5 (Theorem 3.1) and B.6 (Theorem 4.1).

A Preliminaries

We begin by reviewing the connection between the equivalence class D (X), Cholesky factors of
>, and permutations. This material is essential and forms the basis for our proof technique. We
then give some details on the regularizers used, and conclude with some important definitions on
neighbourhood regression problems and introduce the concept of a model selection exponent.

A.1 Permutations

Denote the class of permutations on p elements by S,. For each 7 € S,, define the associated
permutation operator P, on matrices: For any matrix A, P, A is the matrix obtained by permuting
the rows and columns of A according to , so that (PrA)ij = ar(iyn(s)-

Cholesky representation Fix m € S,. Write I' := ¥~! and use the (modified) Cholesky decom-
position to write P,I' = (I — L)D~*(I — L) where L is strictly lower triangular and D € R% .

Define B(r) := P,—: L and Q(r) := P,—1D. The following result is well-known, but is restated
here for completeness:

Lemma A.1. For any ¥ = 0, the equivalence class of 3 (cf. (4)) is D(X) = {E(ﬂ) cmESy

Thus we can always write an arbitrary element of © (%) as B(r). The permutation 7 represents a
valid topological sort for B(7). The columns of B(r) will be denoted by 3; (), and the jth diagonal
element of () will be denoted by &7 (). It follows from these definitions and (2) that

X; = B;(m)TX +&j(m), where &;(m)~ N(0,&3(r)), (15)
forj =1,...,p. Note that supp(gj(w)) C Sj(m)forallj =1,...,p, where
Si(m) = {k:n (k) > ()} (16)

consists of the nodes X, that come after X; under the ordering X ;) < Xy41)fori=1,...,p—1.

Minimum-trace permutations In Section 2.1, we defined the notion of a minimum-trace DAG

Emin. By Lemma A.1, we know that Emin = E(w) for some m € S,, where 7 is not necessarily
unique. This motivates the following definition:

Definition A.1. The set of minimum-trace permutations is defined to be

Il := arg min tr S~2(7r) 17
TES,

Given my € Ty, m is called a minimum-trace permutation and the corresponding DAG B (mp) is
called a minimum-trace DAG. This definition does not require that By;, is unique, and allows for the
pOSSibility that B(Wl) 75 B(TFQ) for 71, my € Ily.

Estimated permutations Recall that D is the space of p X p real matrices that represent DAGs
when interpreted as weighted adjacency matrices. For each m € S;, define
D[r] = {B € D : P, B is lower triangular}. (18)

ADAG B = [f1]| --- | Bp] € Dis in D[x] if and only if supp(3;) C S;(m) forall j =1,...,p. In
other words, for each node X, the permutation 7 defines a unique set of candidate parents given
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by (16), and B € D[x] if and only if the parent set of 5; comes from S; () for all j. By definition,
B(m) € Dn] for every 7 and hence supp(3;(m)) C S; () for all j.

Recall the estimator B defined via (1). The following definition formalizes the collection of permuta-
tions that are topological sorts for B:
Definition A.2. The collection of estimated permutations is

I={reS,:BeD}

An arbitrary element of IT will be denoted by 7. An equivalent definition of I is the set of permutations
m such that P, B is lower triangular.

A.2 Regularizers

We study both the ¢; and MCP regularizers as given by Condition 2.1. Here we summarize some
properties of these regularizers for later use.

Lemma A.2. Suppose p) is either {1 or MCP. Then p), satisfies the following conditions:

(a) px is concave and nondecreasing;

(b) px(0) = 0;

(c) There are constants p, p, > 0, independent of A, such that px(z) = min{p, )\:E,BO)\Q}.
Lemma A.3. Suppose p) is either {1 or MCP. Then p) is additionally right-differentiable at zero
and satisfies 0 < p (04) < oo.

An elementary consequence of Lemma A.1 is that p) is subadditive. Lemma A.1(c) says that p) can
be bounded below by a capped-¢; penalty: It is always true that a concave, nondecreasing function
can be bounded below by a capped-¢; penalty, and Lemma A.1(c) simply normalizes this capped-¢;
penalty in terms of A.

For completeness, we summarize below both regularizers under consideration along with the constants
involved in the previous lemmas.

— The minimax concave penalty (MCP) proposed by Zhang [72]:
2 )\2
pa(z;y) = A(93 - 2%)1(96 <Ay)+ 771(95 > A). (19)

The MCP has p\(0+) = A, p, = 1/2,and p, = 7/2.
— The ¢, penalty, px(z) = Az, has p)(0+) = A, p, = L,and p € [0, 00).

Finally, since several of the results proved in this supplement do not require the incoherence condition
¢(G) < 1, we will also make use of the following weaker version of Condition 2.1:

Condition A.1 (Regularizer). The regularizer py is chosen to be {1 or the MCP.

A.3 Neighbourhood regression

The core of our analysis is the regression decomposition (15) which we interpret as a neighbourhood
regression problem and is used to learn the parent set of a node and hence the DAG structure. In this
section we formalize these notions and introduce the concept of a model selection exponent, which
quantifies the difficulty of a neighbourhood regression problem.

A.3.1 Penalized least-squares estimators

We are interested in the population SEM coefficients given by the following:
Definition A.3. For any S C [p|;, let

B;(S) == arg min E[Xj — ﬁTX]z.
B ERP, supp(8) C S

14
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We call 3;(S) the SEM coefficients for X; and denote the support set of 3;(S) by m;(S) :=
supp(f;(5))-

Note that §;(5) = ZgéZsj. Every positive definite matrix 3 defines a collection of p2P~* SEM
coefficients given by {3;(S) : S C [pl;,j € [p]}. We will be interested in estimating /3,(.S) via
penalized least-squares (PLS):

Definition A.4. Suppose y € R™ and Z € R™*™. Let S C [m] and consider the set defined by

~ _ 1
Oy, Z;S) := arg min 2—||y—Z9||§+p)\(9), (20)
0cR™ , supp(f) C S <M

i.e., the set of global minimizers of the support-restricted PLS problem above. Let &) Ay, Z) =
O.(y, Z; [m]) correspond to the case where there is no support restriction.

The support-restricted PLS problem 5) Az(y, Z; S) allows us to properly define a neighbourhood
regression problem. Let x; denote the jth column of X.

Definition A.5 (Neighbourhood regression). The neighbourhood regression problem for node X;
given a neighbourhood S C [p]; is defined to be the (possibly nonconvex) program given by

@)\(xj, X;S). An arbitrary solution to this program will be denoted by gj(S), ie. Bj(S) €
Learning B reduces to controlling 5) A(x;,X; S) for specific choices of S for each j (Lemma B.1).

Thus, in the sequel, we no longer need to consider individual permutations, and instead will restrict
our attention to subsets S, called candidate sets.

A.3.2 Model selection exponents

Given some n X m matrix Z and m-vector %, define a set of “bad” noise vectors as follows:

A(Z,058) :={weR": supp(/ﬂ\) # supp(6™) 21
for some 6 € ©,(Z0* +w, Z; S) }-

For a random vector w € R" (e.g. w ~ N,,(0,021,,)), we then have the following model selection
failure event:

A(w, Z,60%;S) .= {w € A(Z,0%;59)}. (22)

As usual we use the shorthand A(w, Z, 6*) = A(w, Z,0%; [m]).

Definition A.6. Given a regularizer p), the model selection exponent for the regression problem
y = Z0* + w is defined to be

O\ (Z,0%,0%) ;= —logP [A(w, Z,6%)],
where P is taken with respect to the distribution of w ~ A/, (0, 02 1,).

A larger exponent corresponds to better model selection performance. Let 02, —:=
maxi <j<p var(X;) and note that 02, < 7ax(3). Define

max —

Uy = U,(X):= inf inf  ®,(X, 6, o?). (23)
0<o<omax [|flo < d(X)
.(6) > (%)

This quantity measures “how difficult” the model selection problems defined by the fixed matrix X
are, and encodes what is usually proved in the regression literature: An upper bound on the probability
of model selection failure given the maximum sparsity level d, minimum signal strength 7, and
the maximum variance o2, . This probability generally depends on the regularization parameter \,
which in turn may depend on any of these quantities.
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A.3.3 Example model selection exponents

To illustrate, let us derive a model selection exponent for the MCP, defined in (19). Huang et al. [27]

consider PLS estimators © A(y, Z; S) as defined in (20), applied to the data from a linear regression
model y = Z60* 4+ w, and provides conditions for model selection consistency. Adapting their result
to our setup and notation, we have the following bound on model selection exponent for the MCP:

Lemma A.4. Suppose X 9 Np(0,X). Take px = px(-;7) as in (19) and assume X is positive
definite with bounded eigenvalues. Assume that

1. d(¥) < k4 min{p,n,n/logp},

2. () > (1+ )\ for somey > k5 > 0.

Then for any X > kg-+/(d + 1)logp/n, it follows that Ee~Y>(X¥) < 3exp (—2min{dlogp,n}).
Here, k; = k;(X) (j = 4,5, 6) are constants depending only on {7min(2), "max(X) }.

This lemma is a straightforward consequence of Theorem 4.2 in [27] and Proposition 2 in [73].
Briefly, [27] show that the least-squares MCP estimator correctly recovers the support of a linear
model as long as the so-called sparse Riesz condition holds. We then use [73] to bound the probability
that X satisfies this condition. For the special case 5,(.S) = 0 (which is not covered by [27]) we can
invoke Proposition D.4.

In a similar manner, analogous bounds can be derived for other regularizers using existing results, see
e.g. [27, 36, 66]. For example, using Corollary 1(a) in [36], a similar bound for ¢;-regularization can
be derived under the additional assumption that ((G) < 1 as long as n 2 dlog p.

B Outline of proofs

We seek control over the following event:

B := {supp(B) # supp(B(#)) 37 € II}. (24)

We will do this by reducing the analysis of Btoa family of neighbourhood regression problems.
There are two key steps: (i) Showing that Bis equivalent to solving a series of p random regression
problems given by © A(x5,X; 8;(7)) (cf. Definition A.5), and (ii) Controlling the neighbourhood
problems O (x5, X;8;(m)) forall @ € Il

The second step (ii) highlights the main technical difference between Theorems 3.1 and 4.1:

e To prove Theorem 3.1, we first prove a uniform concentration result for the score Q(B), and
use this to show that IT C IIy. That is, any estimated permutation must be a minimum-trace

permutation. As a result, the random permutations 7 € II are confined to live in a small set,
which makes controlling the neighbourhood problems simpler. As a result we are able to

bound P(supp(B) # supp(B(#)) directly, which implies bounds on the desired quantities
with 7 replaced by a minimum-trace permutation 7.

e To prove Theorem 4.1, we no longer assume we can restrict to a superstructure, and hence
uniform score concentration (i.e. over the full space D) is no longer readily viable. As a

result, we must obtain uniform control over the neighbourhood problems 0, (x;, X; S) for
all S and j. The challenge is that there are superexponentially many regression problems, so
a naive union bound over this family would yield overly pessimistic bounds on the order
p/n. To deal with this, we will exploit a lattice property of these problems.

The proofs of Theorem 3.1 and 4.1 will be broken down into several steps. First, we establish
some basic properties of the objective function and the probability space in order to reduce the
neighbourhood regression analysis to a family of maximal sets denoted by M (.S) (Definition B.2).
Then we introduce the lattice property (Lemmas B.2 and B.3) that is central to our proofs, and exploit
this to provide a uniform bound on the probability of false selection for any neighbourhood problem
(Proposition B.5).

16



650

651
652
653

654

655

656
657

658
659

660

661
662

663
664

665

666

667
668
669
670

671
672

674
675

676

677

679

680

681

682
683

684
685

B.1 Reduction to neighbourhood regression

Recall that the jth column of B is denoted by Bj and denote the sample version of €; () by boldface,
i.e. €;(m) := x; — XB;(m). The first step above is justified by the following result. The symbol L
is used here to denote independence of random variables.

Lemma B.1. Suppose X " N,(0,X) and X > 0. Then the following statements are true:
(a) Foranyj € [pland w € Sy, €;(m) 1L Xg, ().

(b) B is a global minimizer of Q(B) if and only ifgj € @,\(xj, X; S;(7)) for each j € [p] and
7 ell

The proof of this lemma, which is a simple consequence of how the least-squares loss and the
regularizer factor, is found in Appendix C.3. This allows us to formally establish the equivalence

between the DAG problem and neighbourhood regression: In order to construct B, it suffices to

solve a neighbourhood regression problem for each column of B, given by © A(x5,X;9;(7)). A
key observation is that through the independence established in Lemma B.1(a) and a conditioning

argument, we can reduce the regression problem given by © (x4, X;8;(7)) to a fixed design problem.
The details are outlined in the proof of Proposition B.5.

B.2 Invariant sets and monotonicity

As a consequence of Lemma B.1, we have (cf. (24))
B C {supp(B;(S)) # supp(8;(S)) 3 € [p]. S C [pl;}- (25)

In order to further reduce the total number of estimators we must control, we will introduce the notion
of an invariant set. First, recall the definition of 3;(S) (cf. Definition A.3) and for any j € [p] and
S C [d]; define the error (or noise) for the associated neighbourhood regression as the following
residual:

ej(S) = X; — B;(S)" X.

The support set of 3;(S) is denoted by m,;(S) := supp(3;(S)) and the error variance by w? () :=
var(e;(5)).
Definition B.1. For any S C [p];, define a collection of subsets by

Ti(S) :=A{T C [ply : B;(T) = B;(9)} ={T C [pl; : my(T) = m;(S)},

where 3;(.S) and m;(S) are defined in Definition A.3. If T’ € 7;(S), we call T' an invariant set of S
for j, or S-invariant for short.

In other words, for any j, 7;(.S) is the collection of candidate sets 7" C [p]; such that the projection
of X, onto {X;, ¢ € T} is invariant. With some abuse of terminology, let us refer to m;(1) =
supp(B;(T')) as the support of neighbourhood T (for node j). An equivalent description of 7;(S) is
the set of neighbourhoods 7" whose support (for node j) is the same and equals m;(S).

The following lemma illustrates a crucial property of invariant sets:

Lemma B.2. 71,7y € T;(S) = Ty UT: € T;(S).

This justifies the following definition:
Definition B.2. The unique largest element of 7;(S) shall be denoted by M;(.S). Formally,

M;(8) = JTi(8) = T < [ply = Bi(T) = B;(S)}-

The name “S-invariant set” comes from the fact that for any 7' € 7;(.S), we have the following useful
identities:

S
3
B
i
»
&z
i

B;(T) = B;(M;(9)), (26)
&;(T) = &;(M;(S)). (27)

™
<
3
—~
n
S—
=
]
(O]
<
—
N
i
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The reason for introducing invariant sets is that it is generally sufficient to study the neighbourhood
problem for M (.S) in the sense that once we have model selection consistency for each estimator

in© A(x5,X; M;(S)), the same is guaranteed for estimators based on every other neighbourhood
in 7;(.S). In fact, we have the following result, which says that model selection properties of the
S-restricted estimators are monotone with respect to those sets S that contain the true support.

Lemma B.3. Suppose that Z € R™"*™ is fixed and consider the regression problemy = Z0* +w
Sfor some 0% € R™. If supp(0*) C S C U, then we have the following inclusion: A(Z,6%;S) C
A(Z,0%;,U). In particular, A(w, Z,0%; S) C A(w, Z,0%;U) where A(Z,0%; S) and A(w, Z, 6*; S)
are defined in (21)—(22).

We are interested in the model selection failure of Bj (S) for 5;(S), which can be stated as
{ supp(B;()) # supp(8;(5))
for some 3;(S) € B (x;, X; 5) } = AE;(5), X, 8;(5):8)  (28)

in the notation introduced in (22).

Corollary B.4. Suppose X N,(0,%). Forany S C [p];, we have
A(25(9), X, 8;(8): 8 ) © A(E5(M;(9)), X, B;(M;()); M; (5)).

Lemma B.4 is a deterministic statement about the events defined in (28), and proves that in order to
control the neighbourhood regression problem for some set S C [p];, it suffices to control the strictly
harder problem given by M (.S).

B.3 A bound on false selection

For any X > 0 and fixed node X, define the following collections of subsets:
m;(X) :={m;(S): S C[pl;}, (29)
M;(E) :={M;(S): S Cpl;} (30)

Note that |m;(2)| = |M;(X)|. Aslong as it is clear whether the argument is a set S or a matrix %,
this should not cause any confusion with m;(.S) and M;(S).

For any neighbourhood S C [p];, recall that the associated error variance is given by wjz-(S ) =
var(g;(S)). With some more abuse of notation, let

®;(9) == ®a(Xsg, (B;(9))s, wi(9)). 31)

Note that we must restrict the SEM coefficients 3;(.S) to the subset S in order for this exponent to be
well-defined. Since supp(5;(S)) C 5, this does not change anything. The following general result
gives a uniform upper bound on the probability of false selection for any neighbourhood problem in
terms of the maximal sets M (T").

Proposition B.5. Fix j € [p| and X > 0. Then we have
P (supp(F;(S)) # supp(5;(8)), IS C pl;) < D Eem LD,
Tem; (%)
where m;(X) is defined by (29) and ®;( - ) is defined by (31).

The proof of this result can be found in Appendix C.7. The following result—which is proved in the
course of proving Proposition B.5—will also be useful when proving Theorem 3.1:

Corollary B.6. Fix j € [p], S C [p]; and ¥ > 0. Then we have
P (supp(B;(T)) # supp(5;(T)), 3T € Tj(S)) < Be (),
where ®;( - ) is defined by (31).

Proposition B.5 says that to control the probability of false selection uniformly for all 2°~! neigh-
bourhoods S of the node j, it suffices to control a much smaller class of problems given by the
neighbhourhoods M (T') for each support set T' € m;(X).
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B.4 Uniform support recovery

The following result is a key ingredient in the proofs of both Theorem 3.1 and 4.1. It establishes an
upper bound on the probability of false selection, uniform over all .S and j.

Theorem B.1. Suppose X " N, (0,%) with X > 0. Then
P (supp(F5(5) = supp(35(5). Vi € Ul 8 € o) > 1= (5 ) mem X3,
Proof. For any T' € m;(X), Lemma B.3 applied with S = M;(T") and U = [p] yields
©;(M;(T)) > ®x(X, B5(T), w;(T)).

Recalling d(X) and 7, (X) in Definition 4.1, we have ||5;(T)|lo < d(X2) and 7..(5,(T)) > 7.(X), as
well as w?(T) < o7, The previous expression combined with (23) implies:

max*

®;(M;(T)) > U\(X, %) forall T € M;(X). (32)

Combining Proposition B.5, (32) and a union bound over j € [p],

P (supp(5;(S)) # supp(B;(S)), 3j € [p], S € [pl;)

S Y Eexp(—;(M;(T))

<
J=1Tem; (L)
< o) Bew(-m(x.3) (3)
since there are at most (%) subsets in m;(X). O

B.5 Proof of Theorem 3.1

Define ¢(B) = ||X — XB||%/(2n). There are two terms that we need to control: (i) The fluctuations

|¢(B) — E4(B)| and (ii) The population loss E((E) The fluctuations (i) are controlled by the
following proposition, which is proved in Appendix C.8, and may be of independent interest due to
its uniform control of an unbounded, subexponential empirical process:

Proposition B.7. Let ((B) = | X — XB||%/(2n) and let v1(G) and v2(G) be defined by (8) and
(9). Assume v, < 1. Then there is a constant k(¥; s), depending only on ¥ and s, such that

[0(B) —EU(B)| < 71 [1 + 6k(5;5)v2|EB)  forall B € D¢ (34)
with probability at least 1 — o, where
(9PN e\
N 1 -
a=2p7 (22) T4 () (35)

For (ii), we have the following lemma:
Lemma B.8. For any m € S,, we have

E{(B) > EL(B(n)) = tr Q(x) forall B € D,[x], (36)
where equality holds if and only if B = E(w)

Lemma B.8 implies, in particular, that E¢ (E ) > EUB®7)).

By Condition 3.1(a), we have E(wo) — By, and ﬁ(wo) = Quuin for all 7y € TI,. For any two
permutations 7/, € S, and 1 > 0, define a function

h(x' w5 m) = (1 =) tr Q') = (141) r Q(x) — pa(B()). (37)
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so that we have, recalling (7),

x(n) == inf sup h(7’,7; 7).
7/ @11y €Iy

Recall that s is the maximum degree of G and define o = 2p~(9v1p/s) ™% + (2p/s)~%. Since
~v1 < 1 (and hence n 2 slogp), Proposition B.7 and Lemma B.8 together imply that for any 7 € Tl

and 7 € II, we have with probability 1 — «

(1 —43)ELB(7)) + px(B) < UB) + pa(B)
< U(B(m)) + pa(B(r))
< (1+93)BUB(m)) + pa(B(m))

where 73 := 71 [1+6k(3; 5)72). Observing that E¢(B(7)) = tr Q(r), we thus have i (7, m; ~3) < 0,
where h is given by (37).

We now show that II C II. Indeed, suppose 7 ¢ Il for some 7 € TI. Then by Condition 3.1(b),
x(v3) = x(n) > 0, whence

sup h(7,m; v3) > inf sup h(x', 7w y3) = x(73) > 0,
wellp w' ¢y wEllpy

which contradicts h (7, 7; vv3) < 0. Thus 11 C I,.
By Lemma B.1(b) it suffices to show that

P (supp(B;(S;(7))) # supp(B;(S;(7))) 35 € [p]) = O(e7*1°87). (38)

Since the minimum-trace DAG is unique, for any m, 7’ € I, it follows that m;(S;(7)) =
supp(gmin,j) = m,;(S;(n’)) and hence M, (S;(m)) = M;(S;(n’)). Using Il C II, we have
P (supp(B;(S; (7)) # supp(8;(S;(7))) 35 € [p])
< P (supp(B;(S;(mo)) # supp(8;(S;(m0))) 35 € [p], Imo € To)
P (supp(B3;(S;(m0)) # Supp(Bumin,) 35 € [p], 3o € Io)

p ~
Z Ee—@j(Mj(supp(ﬁmm,j)))7
j=1

IN

where we used Corollary B.6 in the last line. Finally, apply known bounds (see Appendix A.3.3) to

deduce ©; (M, (supp(gmin’j))) 2 klogp whenever n 2 klog p, which is implied since & < s and
we have assumed already that n 2 slogp. (If £;-regularization is used, this is where we also need to
assume ((G) < 1 in Condition 2.1.) This implies the desired results with probability

1—2pt (977117)—8 B (27]9)—9 B O(e—klogp) —1_ O(e—l~clogp)7

S S

where we used k£ < s to simplify the probability bound. This completes the proof.

B.6 Proof of Theorem 4.1

The support recovery claim follows immediately from (25), Theorem B.1, and known bounds on
the support recovery properties of penalized regression (see Section A.3.3 for discussion). Thus it

remains to control py(B) and py(B(7)) by px(B(m)).

The first step is the following lemma, which is a version of the standard basic inequality adapted to
the current setting:
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Lemma B.9. Let E(r) := X — XB(n). Foranyw € S, and 7@ € ﬁ

%HX(E() B)|% + pa(B) < *II ol HE( )1
+ % tr (E(%)TX(B(%) - é)) (39)
+ pa(B(m)).

The proof of Lemma B.9 can be found in Appendix C.10. Lemma B.9 helps to reduce the analysis to
three terms:

(B.9a) The difference in residuals |E(n)||%/(2n) — [|[E(T HF/(Qn) explains the origin of the
minimum-trace permutation: We would like to make |E(7)||%/(2n) as small as p0551ble
in order to minimize this difference. By standard concentration arguments, ||E(xw Z/n

is close to its expectation, tr Q(r). Hence, we choose 7 to minimize tr (7). The details
of this argument are in Appendix D.3; the explicit upper bound we use is detailed in
Proposition D.8.

(B.9b) The quantity tr(E(7)7X (B(7)— B))/n can be bounded using the Gaussian width condition
(Definition D.1). There is a subtlety regarding whether to decompose this along rows or
columns; see Lemma D.6.

(B.9¢) The penalty on B can be replaced with p,(B(7)) by showing that px(B) > px(B(7))
(Lemma D.7).

Once we have establish control of these three terms (the details of which are found in Appendix D),
we can prove the following bound in terms of the constants § (cf. Definition D.1) and ay (cf.
Condition 4.1):

Proposition B.10. Assume n > 8 (d + 1) log p. Under Condition A.1 on py, further assume

(X)) > TA(21(1_7+3?) for some § € (0,1/3).

Let By = E(ﬂ'o) be a minimum-trace DAG satisfying Condition 4.1. Then
25 ~ (4) ~ ) 2

SoBE) < pB) £ 5 (143 ) (Bl 0)

with probability at least 1 — ¢; e ¢ ™in{n, (d+1)logp} _ ( )Ee YA (X0 70xi0),

The proof of Proposition B.10 follows from a series of standard concentration arguments (Ap-
pendix D), and can be found in Appendix D.4.

Finally, the desired bounds on p ,\(E) and px(B(7)) follow from Proposition B.10 by taking § =
(a1 —2)/(3a1 + 2) € (0,1/3), and using Proposition D.3 to complete the probability bound.

C Proofs of technical results

C.1 Proof of Lemma 2.1

Consider the following program:

P P
min Z 9:? subject to Z log z? =C. 41

j=1 j=1
The solution to this program is given by z7 = eC/Pforall j = 1,. .., p. In other words, the minimum

is attained by a constant vector. It is straightforward to verify that log det ﬁ(w) = logdet ¥ and
hence logdet Q(m) = > log w3 (m) is constant for all 7 € S,. Thus for any 7 € S, the vector

(@2 (7), ..., ~2( )) € R is feasible for (41), which implies that tr €(7) is minimized whenever
wi(m) = -+ = @2(). Finally, uniqueness of B() follows from Theorem 1 in Peters and Bithlmann
[47]
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C.2 Proof of Lemma A.1

We need the following simple lemma, which follows since P, A = PAPT for some permutation
matrix P:

Lemma C.1. A= MNMT < P,A= (P,M)(P,N)(P;M)T.

Recall the modified Cholesky decomposition of A (also called the LDLT decomposition): A = LDLT
for a lower triangular matrix L, with unit diagonal entries, and a diagonal matrix D. When A is
positive definite, the pair (L, D) is unique and we refer to it as the Cholesky decomposition of A.

Let us denote the set of all pairs (B, ©2) satisfying 3~ 1 — (I—B)Q1(I — BT) (equivalently, (3)) as
D’. Next, note that B € Difand only if P, lj is lower triangular for some permutation 7. Lemma C.1
implies that (B, ) € @' iff (I — P, B, P,Q1) is a Cholesky decomposition of P>~ for some 7.

Now, (I — P, B(w), PxQ(m)~1) is also a Cholesky decomposition of Pr¥™~ 1, Since the Cholesky de-

composition is unique for positive definite matrices, we have (B,Q) € D' iff (B, Q) = (B(r),Q(r))
for some 7, which gives the desired result, since D (X)) is the projection of D’ onto its first coordinate.

C.3 Proof of Lemma B.1

The first conclusion (a) follows from elementary properties of conditional expectation and the identity
E(X; | Xg,(x) = B;(m)"X

To prove (b), fix 7 € I and let §; = S;(7). If B\j € O©,(x;,X;5;) for each j, then evidently
B = [B1] --- | Bp]| minimizes Q(B) over D[7] (cf. (18)). For the reverse direction, recall that
X, is the n x |.S;| matrix formed by extracting the columns in S;, and similarly for (3;)s,. For

any B € D[] we have (8;)s: = 0 for each j, so we can write fix 7 € II and let S; = S;(7). If

ﬁj € (:),\(xj,X, S;) for each ], then evidently B = [ | - - - | Bp] minimizes Q(B) over D[7]. For
the reverse direction, recall that X g, is the n x |S;| matrix formed by extracting the columns in S},
and similarly for (3;)s,. For any B € D[] we have (8j)se = 0 for each j, so we can write

1
{55 lxi = XBil3 +p2(8))}

NE

1
5% = XBIE + pa(B) =
1

BN
I

{51 = X, (83)s, I8 + o ((51)s,) }

[
M=

1

ECH
I

Then B € minp(,) Q(B) if and only if

1 .
BJ € argmm 5 |x; — X815+ pa(B) subject to Bs: = 0.

In other words, B\j €0 A(x5,X;.S;) for each j. Since 7 € II was arbitrary, the desired claim follows.

C4 Proof of Lemma B.2
The proof relies on the following property of L? projections: For any two sets S, R C [p];, we have
BJ(SUR):BJ(S) <~ EJ(S)J.LX,, Vi € R. 42)

To lighten the notation, let S* = m;(S). Note that 3;(S) = ;(S*) since supp(3;(S)) = S*. It
follows from (42) that £;(S*) AL X; for¢ € S\ S*. Similarly, since supp(5;(T%)) = S*, we have
€;(S*) AL X; fori € T}, \ S* and k = 1, 2. It follows that

Ej(S*) 1 X;, Vi e (Tl \S*) U (T2 \ S*)

hence the application of (42) in the reverse direction yields

Bi(T1 UTz) = B;(S" U (T \ S) U (T2 \ §7)) = B;(S7) = B;(9).
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C.5 Proof of Lemma B.3

It suffices to show
A(Z,0%;,U)¢ C A(Z,0%;5)°.

Suppose w € A(Z,0%;U)C, i.e., supp(6) = supp(6*) := S* for any 6 € O (20" + w, Z;U). We
wish to show that for any 6 € ©,(Z6* 4+ w, Z; S), it must also be true that supp(¢) = S*. Let
1 *
F(0) = 5-112(0" = 0) + wl3 + pa(0)

~

denote the objective function in Definition A.4 of 5) Ay, Z; S) with y = Z6* 4+ w. Since supp(d) C
S C U, 0 is feasible for the U-restricted problem, whence

~ ~

F(0) < F(9)

forany 6 € O, (Z0* +w, Z; U). But  is also feasible for the S-restricted problem since supp(6) =
S* C S, so that

F(@) > F(0) = F(0) = F().

Since the value F'() is by definition the global minimum of F for the U-restricted problem and
supp(#) C U, 6 must be a global minimizer of F for the U-restricted problem, i.e., § € ©,(Z6* +
w, Z; U), whence supp(0) = S* as desired.

C.6 Proof of Corollary B.4

By Lemma B.3 and the fact that S C M;(.S), we have
A(%5(8), X, 8,(8): S) € A(Z5(9), X, B;(S); My(S) ). (43)
Using (26) and (27), we have the following identity:
A(E1(8),X,8,(9): M;(S) ) = A(&5(M; (9)), X, 8 (M;(8)): M5 (9)).
Plugging this into (43) yields the desired result.

C.7 Proof of Proposition B.5
Throughout, for simplicity, let
Ag = A(€;(59),X, 8;(5);9).

Fix S C [p]; and let 0% = B;(5), s* = |m;(S)| = [|0*]o and ¢* = &;(S) so that Ag =
A(e*, X, 6*; S). Note that A(e*, X, 6*; S) represents the following model selection failure:

supp(é) # supp(6™) 36 ¢ @),\(XO* +%,X;5).

Since supp(6*) C S, we can restrict X and 6* to S, so that the above is equivalent to
supp(0) # supp(fs) 3 b e @A(XSQE + &%, Xg).

which is the same event as A(e*, X g, 0%). To summarize, Ag = A(c*, Xg, 0%).

Since * is independent of X g by Lemma B.1(a), by conditioning on X g we are dealing with a fixed
design regression problem with Gaussian noise £* = €;(5) ~ N, (0, w7 (S)I,,). We obtain

P(Ag) = E[P (A(e*, Xs,6%)) | xs)]
< IEeXp[—fl),\(Xs,Hg,w?(S))} (44)
= Eexp(—®;(5)),
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where the last line uses (31). Now we have
{supp(B; (1)) # supp(B;(T)), AT € T} = |J Ar =Auys), (45)
TeT;(5)

where the first equality is by (28) and the second follows from Corollary B.4. Note that this is the key
step where the reduction occurs. Hence, combining (45) with (44) we have

P( U As)=P( J Aus)

Sclpl Sclpl
o U Au)
Tem;(X)
< Y PAumy) <Y Eexp(—®;(M;(T))),
TGWLj(Z) TEMj(Z)

which is the desired probability bound.

C.8 Proof of Proposition B.7

We work with the column decomposition of the loss
1 2
4(8) = —IX(e; — B3,

EG(8) = 5(es = 6)S(e; — ),

where e; € R? is the jth standard basis vector. The overall loss can be written as

n

UB) = £;(B))

Jj=1

where 3; is the jth column of B. Let us also define so that

J(B)= LIXB3, and, EJ(8) = 6758

so that £;(3) = 3.J(e; — B) and E(;(8) = LEJ(e; — B). It is easier to work with J. Let X7 be the

2
ith row of X. Then, J(38) = i ?:1(XZT5)2_
Let K = D¢ and K; denote the set of 3; for B € K. Define
B,/ (s) = {z € R?: |jz|| < s, z; = 0} (46)

Note that 3; € By (s) for every B € D¢ and in particular Bj(ﬂ') € By (s) if B(r) € Dg. Finally,
define

12| (25+2)
K(X;8) i= —————= 47)
= o)
where
Yls) = Y, 48
=l = gmax 1S5 (43)
Tmln( ) S:\12|:s Tmm( S) ( )
Proof of Proposition B.7. For any 3 € K, we have
lej = BII = 1+ 18] (50)
For any ¢ < 1, applying Lemma C.5 we have that on the event By (defined in (53))
1€;(8) —EL;(B)] < tJ(B) + 372 (1 +[1BII3) € || (2s) for all 8 € K; (51)
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fails with probability at most 2(22)*e~¢"#*. A further union bound over j = 1,...,p gives that

16;(8) — EL;(B)] < tJ(B) + 3y (1 + 18I13) € [l 26,

. (52)
forall 5 € Kj and all j € [p]

fails with probability at most

3e 3e X ep\ —¢c12s
w(32) e rs) < w() e (2) Y e,
se se 2s

where we invoked Lemma C.4 to bound P(5,). Take t = ¢ and let N = p'/*3ep/s so that the first
term in the bound is

AR

T = 2(—) e—ene’,
€

Take ¢

2
62:7flogN§1
cn

which gives the following bound,

S

T <2(:N) S =2 (30 2

S

where we note that with our choices, we have t = € = 7 as defined in (8).

Note that for any 8 € K;, (1 + [|8]]2)r"TD(S) < 2¢;(8), which implies 1 + ||3|?

min

20;(8 )/r(s+1 (3). Plugging this upper bound into (52) and summing over j gives (34), where

min

(E s) is defined by (47). The proof is complete. O

Below we prove the various technical lemmas required in the previous proof.
Lemma C.2. We have

P (\J(b’) —EJ(B)| >t J(ﬁ)) < 2exp [—g n-min(t2,t)], > 0.

Proof. Note that X7 8/,/EJ(B) ~ N(0,1) iid for each i = 1,...,n. Then,

JB) _1~( XTB \2
EJ(B)_n;( EJ(@)) o

and the claim follows from x? concentration. O

Let By be the following event:

Bas = {gn.s(e) <o vRISIYS, ve> 0} (53)
where
1
Gn,s(€) = sup — || Xull2, and (54)
lulla<e, lullo<s VT
125y := S 1Zs]- (55)

Lemma C.3. For any ¢; > 0, with probability at least 1 — (ep/s) ™ %e™" °/2,

1
gn,s()<5||2|‘1/2(1+0 sog;i/s)_'_L) Ve > 0.

vn
where C' = \/2(c1 + 1) + 1.
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Proof. Note that g,, s(¢) = € gn,s(1) which is obtained by the change of variable u — cu. We have

1
gns(1) = max sup ——[Xgulla.
e S:|8|= 3||u\|2<1\/ﬁ

Let Ws = Xs35"/? so that Wg ~ N(0, I,.). Then
P (|[Ws]| > Vs + v +t) < exp(—t2/2).

We also have | Xgulls = | S5 *Wsullz = |5 W]l ||ul2. Thus,

gns(1) < max 857 max 1w

s:|s|= S:|S|=s /0

and hence

P ( ax, =Wl > NERSE ) = (2) etz

Taking t = \/2(c; + 1)slog(ep/s) + u, the above probability is bounded by

(P72 < tepfsyrtenpsyerensz = (epps) o
Letting C' = /2(c; + 1) + 1 and noting that || A'/2|| = ||A|'/2, the result follows.

Lemma C.4. Let Bog be defined as in (53). Then P(BS,) < (ep/(2s)) =125,

Proof. Apply Lemma C.3 with s replaced with 2s and « = 0, and note that
2slog(ep/(2s)) = 2slog(ep/s) — log 2] < 2slog(ep/s),

we observe that Ba; fails with probability at most (ep/(2s)) 125,

Define the L7 balls
By(r) :=={z e RP : ||z||, < r}.
Lemma C.5. Foranyt < 1: On the event Bag,

|J(B) —EJ(B)| < tJ(B) + 372 ||BlI3¢ IS]25), Sforall B € By(s)

fails with probability at most 2 ( 36”) e—ont®,

Proof. Write (56) in the form g(8) < 0 and observe that g is homogeneous of order two: g(r3) =
r2g(B) for any r € R and 3 € RP. Thus, it is enough to establish the bound for 3 € By(1). The

general case is then obtained by applying the bound to 8/||5]|2.

Let N; C By(s) N Ba(1) be an e-net for By(s) N Ba(1) in £ norm. Then, [N;| < (¥)(3/¢)*. For

any 3, 8" € Bo(s) N Ba(1), using
ll? = llyl12] < [zl = Iyl el + yl) < Iz =yl + vl

we have on event B,

|7(8) = 7 (8]

1 1
2Ix Q—fx”‘
Sz - Lixsz

< LIX(B — ) IX(B + B

< n2: (118 = Bll2) - gn2s (18 + B2)

< VRISIG 18 ~ Bl - VI SI G215 + Bl
< 2%l 2518 = B'll2;

A
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where we have used || 3+ '|l2 < ||8]| + [|8’|| < 2. A similar bound holds for the expectation EJ(3),
ie.

[EJ;(8) — BJ;(8)] = [I5V/2815 - 122/26'|1
<|IBY2(8 = B)ll2 - 528 + 8')ll2
< IS8~ B'll2 - ISIEH 18 + Bl
< 2|Sll(20) 18 = Bl
It follows that for any f(-), with v = 2(y5 + 1),
sup  (|J(8) ~EJ(B)] — £(8))

B €Bo(s)NB2(1) (57)
<El@2sy e + sup ([J(B) —EJ(B)| = f(B))-
BeEN;
We now have, for any ¢ > 0,
P({ sw [lJ(8) ~EJ@)| ~EI(B)| = 7Sl a0 | N Bay)
B EBp(s)NB2(1)
<P ({ sw [|7(8) ~EJ(B)| - tEJ(8)] = 0} N Bs,)
BEN,
< 2|Nj|exp [—cn -min(#?, t)} .
Noting that |V, | < (%)S (g)s and v < 3, completes the proof. O

C.9 Proof of Lemma B.8

We will need the following lemma, whose proof is a straightforward calculation:

Lemma C.6. Let D be a diagonal matrix and A = (a;;) = (I — L)(I — L)T where L is a strictly
lower triangular matrix. Then tr(AD) > tr(D) with equality if and only if A = I (i.e. L =0).

We now prove Lemma B.8. Write P for the permutation matrix corresponding to . Now suppose
that B € D [n], so that PBPT = L and PB(w)PT = L are strictly lower triangular matrices. Then

tr (1 — B(m))™(I — B)(I — B)"(I — B(n))""Q(r)]
tr [P(I — B(m))" (I — B)(I — B)T(I — B(m))~"Q(m) PT]

1 -7
2
Tt [(I - L)"Y(I - L)(I - L)T(I - L)"T PQ(m) PT].

Note that (I — z)_l(l: L) is lower triangular, so that (1 — L)"*(I—- L)Y(I —L)"(I - L)~T:=Ais
of the form A = (I — L)(I — L) for some strictly lower triangular matrix L. In particular, restricted

to D, [w], E[¢(B)] is of the form tr(AD) for the diagonal matrix D := PQ(7) PT. Inequality (36)
then follows from Lemma C.6.

Finally, if there is equality in (36), then Lemma C.6 implies that (I — L)~*(I — L)(I — L)T(I —
LyT=1or

(I-L)I-L)" = (-L)"(I-L),
and the desired claim follows from the uniqueness of the Cholesky decomposition.

C.10 Proof of Lemma B.9

Observe that for any m € Sy,

Q(B) < Q(B(m)). (58)
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Moreover, we have the following alternative expression for Q:

1 ~ Py
Q(B) = %HX(B(%) — B) + E(7)||% + px(B), forany7 € II. (59)

Thus, using (58) and (59),
0<Q(B(m) - Q(B)

— %HE(W)H% - %IIX(E(%) —B)—E@)|% + pr(B(x)) — pr(B)
= S IBmIE — 5 IBE)E - 5- IX(BG) - Bl

1 ~ - ~
+ = tr (E®)TX(B(7) - B)) + pa(B(m)) — px(B).
Since (58) holds for any 7, this completes the proof.

D Auxiliary results

This section provides some additional results which are needed to prove Proposition B.10. This
involves several steps: 1) Bounding the estimation error || B—B(7)||, (Section D.1), 2) Controlling the
terms (B.9b) and (B.9¢) (Section D.2), and 3) Controlling (B.9a), which invokes the minimum-trace
permutations Iy (Section D.3). After dealing with these prerequisites, we prove Proposition B.10 in
Appendix D .4.

Forany ¢ € (0,1), A > 0, o > 0, and m € S, define the following event:
1 2 1 ~\ (12 7
G000, Asm) = 3 5 IEBmI5 — o E@)E < dopa(B(m)) o (60)

The idea is to show that on this event (along with (74) and (75)), the desired conclusions hold. In
Appendix D.3, we provide an explicit bound on the probability of G(dg, A; 7).

D.1 Uniform deviation bounds

The purpose of this section is to control the estimation error || B — B(7)||,» via Proposition D.2, which
is needed in the proof of Lemma D.7. This lemma—which is also proved in this Appendix—is a key
prerequisite in the proof of Proposition B.10.

We start by establishing a general bound on the /,. (r = 1, 2) estimation errors for a fixed design
regression problem with a general regularizer py. The objective here is to derive conditions under
which we can guarantee such bounds for a fixed design problem, and then show that these conditions
hold uniformly for all neighbourhood problems. The conditions we will need are familiar from the
literature: A Gaussian width condition and a restricted eigenvalue condition.

For the rest of this subsection, we let Z € R™*™ and w € R"™ be a fixed matrix and fixed vector,
respectively.

Definition D.1 (Gaussian width). We say that the Gaussian width (GW) condition holds for (w, Z)
relative to p, if there is a numerical constant 6 € (0, 1) such that

1 1 .
", Zu)| < 8| 5| Zull3 + paw)|, Vi€ R,

in which case we write (w, Z) € GW,, (§). If this inequality is strict for all u # 0, we write

(w, Z) € GW} (9).

We will be interested in the case where both w and Z are allowed to be random but independent.
In this setting, for Gaussian designs considered in this paper, the GW condition holds with high
probability for the ¢; penalty (this follows from a standard Holder inequality argument), and has
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similarly been shown to hold for penalties induced by ¢, norms for 0 < ¢ < 1 [49]. Zhang and Zhang
[74] provide a version of this condition that applies to general nonconvex regularizers.

Before we proceed, let us note the following key relation between model selection consistency and
the GW condition:

Lemma D.1. Consider the setup of Lemma B.3, namely, the regression problemy = Z0* + w but
with 0* = 0. Then

Aw/b, Z,0) = {(w,Z) e GW;, (6)}.
Proof. If (w,Z) € GW,_ (), then for any u # 0,
i||Z 12— 2w Zu+ 6pa(u) > 0
5 1Zully = —w" Zu+ 6pa(u
1 1
ol /i Zull + pa(a) > o /3.

The latter inequality implies

{0} = arg min Iw /6 = Zul|3/(2n) + pa(u),

that is, 0 is the unique global minimizer of the right hand side. Recalling the definition of
A(w/8,Z,0) in (22), we obtain the desired result. O

Thus, in order to ensure the GW condition for (w, Zg), it suffices to show that the corresponding
regression problem is model selection consistent when the true coefficients are all set to zero and the
noise variance is inflated by a factor of 1/62. [74] refer to this property as null-consistency.

For any set A C [m] and £ > 0, define the following “cone”:
Cpr(A,€) :={u € R™ : px(uac) < Epa(ua)} (61)

This definition also depends on the ambient dimension m; when we wish to emphasize this we will
write C) (A4, §). The term “cone” here is used in an extended sense, in analogy with the /; cone
found in previous work.

Definition D.2 (Generalized restricted eigenvalue). The generalized restricted eigenvalue (RE)
constant of Z with respect to p) over a subset A is

2
”Zu”g :ueCpA(A,g),u;«éO}. (62)
2

¢2(Z,A; €) = inf{

nluf

In the sequel, we often suppress the dependence of the generalized RE constants on A and &, writing
¢2(Z,A) = ¢2 (Z, A; €). Note that the usual restricted eigenvalue is equivalent to the special case

px = Al - [l1 [3].

Consider the usual linear regression set up, y = Z6* + w, where §* € R™ and we define S* =
supp(0*). The following general result establishes that the two conditions (w, Z) € GW ,(J) and

¢%(Z,5*) > 0 are sufficient to bound the deviation f— 6%
Theorem D.1. Assume (w,Z) € GW , (0) for some py satisfying Condition A.1 and 6 € (0,1). Let

£ =¢&(8) == (1+0)/(1 = 6) and assume ¢* = ¢2(Z, S*; £) > 0. Then any € O\(Z6" +w, 2)
satisfies

16— 6"]l2 < Calpa, &, ) - 116" ", (63)
16— 6%[l1 < Ci(px, &, 0) - [167]]o- (64)
Remark D.1. The constants in the previous theorem are given by
2 281+
CQ(pkvfa(b) = gg)\v Ol(p)\af7¢) = E(&f)A
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Proof. Recall that S* := supp(6*). To lighten notation, for any vector u let u1 := g, Uz := U(g+)e,
and also A := § — 0*. Then invoking the subadditivity of p, (this is a consequence of Condition A.1),

pA(0) = pr(07) = pa(A +6%) — pA(67)
= pA(A1 +07) + pa(A2) — pa(67)
> —pa(A1) + pa(Az). (65)

It is straightforward to derive

1 ~ 1 1 1
— |y — Z0|2 — —|ly — 20%||2 = — || ZA|2 — —(w, ZA).
Sy = ZB13 — o lly — 2673 = S| ZAP -~ (w, ZA) (66)

Since (w, Z) € GW,,, (4), we can invoke the GW condition with u = A,
1 1 1
——(w, ZA) > ——|(w, ZA)| > =5 —||ZA|]> = 6pA(A). 67
~{w, Z8) 2 ——|(w, Z8)| 2 ~0 5| ZAIP ~ 5pr(A) (67
It follows that

-~

1 ~ 1
0> —|ly— Z0||3 — —|ly — 26" | — pa(0F
>y = 203~ o-lly — 20°13 + pr(B) — pa(60°)

v

1 1
%HZAHQ - EW, ZA) — pr(A1) + pa(A2)

1—-6
WHZAH2 —6pa(A) = pa(A1) + pa(ADs)

= L0 A — (14 pa( A1) + (1 - ) (Aa)

v

= (1 0)[ 5 12817 + pa(82) — €nr ()] (68)

where the first inequality by optimality of 5, the second by (66), and the third by (67). The next
line follows from an an application of px(A) = pr (A1) 4+ pr(Asz). Since § < 1 by assumption, it
follows that px(Az) < €pa(A1) which implies A € C,(S*,£(9)).

Recalling the definition (62) of ¢2(Z, S*), we conclude that 5-|| ZA||3 > %2 |Al|3 which combined
with (68), dropping py(Az), gives

2
0> ?HAH% —&pa(Ar).
Combining with the following (note ||A1|lo < ||6*||0),

wy1/2
pa(A1) < P01 1 < A 0116712 (©9)
and re-arranging proves (63). For (64), since A € C,(S*,£()), we construct a set M C [p] with
|M| = |S*| = ||0*||o such that A € C(M,£(5)). Then
[AlL = 1AMl + [Awelly < (T4 Anmll
wp1/2
< (L1715 1 A
26(1+9)
#?

The GW condition is quantified by the constant § € (0, 1), and the restricted eigenvalue condition
depends on the free parameter £ > 0; these two are linked via the relation £(6) = (1 +9)/(1 — )
and play subtle roles in the proof. A slightly modified version of this result first appeared in Zhang

and Zhang [74], under different assumptions. The particular version presented here is important to
derive uniform bounds for all permutations, which we discuss next.

< - PA(0H)1167[lo- O

In analogy with (23), define the following model selection exponent:
Ua(X,02,.;06) = o= inf  ®5(X, 0, 0%/6%). (70)

max’
S 0 X Omax
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We often suppress the dependence on § and write ¥ (X, o2, ). Note that, in view of Lemma D.1,
(X, 02, describes the conditional probability, given X, that (cw, X) violates a GW condition,
where w ~ N, (0, I,) is independent of X. More precisely,

sup P [(ow,X) ¢ GWS (0) | X] = sup exp[—®A(X, 0, 0°/5°)]

Px
0<0<0max 0<o<omax

= exp[*ilb\ (X; O—rznax)} .

‘We also recall the relation

1446
=£(6) = ——. 71
E=E0)= 15 an
Proposition D.2. Assume that > = 0 and p) satisfies Condition A.1. Suppose X 9 N,(0,%),
0 € (0,1), and define £ by (71). Then there exist constants cy, c1,ce > 0 such that the following
holds: If

Orax(1+€)?

n > COT@)dlogp,
then with probability at least 1 — ¢y exp(—can) — p(g)Eexp(—wA (X, 02,..:0)),
1B5(S) = B;(S)llz < Coalox, & ranin (2)) - 1B;(S)lly”, 72)
185(S) = B ()t < C1(pr, & mmin(X)) - 118;(5) llos (73)

uniformly over all j € [p] and S C [p];.

For future reference, inspection of the proof shows that the conclusion of Proposition D.2 holds on
E(0,\) NR(J), where

£6,3) = { (8:(8), Xs) € GW;, (9), j € o). 5 < [o]; ], 74)

R(8) = {#2(Xs,m5(S)) = rin(%) > 0, Vj € 5], S © [p]; }. (75)

For regularizers that satisfy the lower bound in Condition A.1(c) we have the following control on
the exponent 1 (X, 02, ):

Proposition D.3. Assume that X & N,(0,X), and that py satisfies Condition A.1(c). Then there
exist constants ¢ > 0 and C' = C(p, p,) such that for any 6 € (0,1), if

(d+1)logp

A > OO Lomax |24 (76)

then Eexp(—1x(X,02,,.;6)) < cexp(—min{2(d + 1) logp,n}).

The proof of Proposition D.3 follows from an argument similar to that in [74] and is omitted for
brevity. In order to prove Proposition D.2, we need the following two intermediate results, providing
uniform control on RE constants and GW conditions. Recall £(d, \) as defined in (74).

Proposition D.4 (Uniform GW control). Forany ¢ € (0,1) and A > 0,

PEGA] > 1 (5 Bex [0n(X.oBusid)].

Proof. Fix § € (0,1). By analogy with (31), for any neighbourhood S' C [p];, let
§(S) = ®a(Xs, 0, wF(5)/0%) > (X, 0haxi 6), (77)

? max?

where the inequality follows from (70) and wf-(S) < 02,... We follow the proof of Proposition B.5,

but with 5;(S) replaced with 0, and €;(.S) replaced with €;(.5)/d. To simplify, let £ = (6, A),

Fl = {(gj(S),xS) € GWS, (5)},
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and note that & = (]_, Nscipl, (F%)¢. According to Lemma D.1, we have

Fh = A(;(9)/6.X,0;8) = A(8;(5)/6,Xs,0)

where the second equality is by the same argument in the proof of Proposition B.5. Since €;(S)/0 ~
N (0, [w]z(S )/6%]1,,) independent of X g, we conclude, using Definition A.6, that

P (F% | Xs) = exp[—&;(9)],

hence ]P’(]—'g‘) < Eexp[-¥a(X,02,,)], VS C [p];, using the inequality in (77). The events }"g are
monotonic in .S according to Corollary B.4. (The division of €(S) by ¢ does not change anything in
that proof.) It follows that

U URU U FHu

Jj=1 5C|p]; Jj=1 T em;(X)

Taking the union bound, and using |m;(¥)| < (%) and

’ max

P[Fl ] S Eexpl-oa(X,00)), VT € my(),

finishes the proof. O

Proposition D.5 (Uniform RE control). Assume X i Ny(0,%), ¥ = 0, and py satisfies Condi-
tion A.1. There exist universal constants cg, c1,co > 0, such that if

max( + é‘) d

n > cy , (E)

(X)logp

then with probability at least 1 — ¢1 exp(—can),

o bl i 00 2 e

The proof of this proposition follows from the results in Raskutti et al. [48] and is omitted. Recalling
the definition of R(¢) in (75), combined with m;(S) = ||3;(S)|lo < d (cf. Definition 4.1), Propo-
sition D.5 implies that R(d) holds with probability at least 1 — ¢; exp(—can). Let us show how
Proposition D.2 follows.

Proof of Proposition D.2. Recall the definitions of £(4, A) in (74) and R(J) in (75). Propositions D.4
and D.5 guarantee that

P(RO)NEGN) 2 1~ e expl-can)  p( )| Bexp(-x(X.o2usi )

Thus, it suffices to deduce (72) and (73) whenever we are on the event R(§) N E(4, A). The case
B;(S) = 0 follows from Proposition D.4 and Lemma D.1, and the case 3;(.S) # 0 follows from
Theorem D.1 applied to the corresponding neighbourhood regression problems. O

D.2 Some intermediate lemmas

Recall the definitions of £(d, A) and R(4) in (74)—~(75). We start with the following extension of GW
bounds:

Lemma D.6. Let A := B — B(7). On £(6, \), we have
1 T 1 oo -
tr (E(w) XA) < 5{%||XAIIF +pa(A)]. (78)

n
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Proof. Let A, := j3; — B3;(7) be the jth column of A. Then

% tr (E(%)TXA)

1
< =D IER), XA)l. (79)

Jj=1

According to (74), on £(6, A), we have (£;(5), Xs) € GW;_ (4) forall S C [p];. In particular,

o~

applying with S = S;(7) and using u = A in the Definition D.1 of GW, we have
1, . ~ 1 < ~ .
~1(8,(7), XA,)| < 0| = IXA 18+ pa(B))], v
Summing over j and plugging into (79) yields (78). [
For any matrix A = (a;;) € RP*P and S C [p] x [p], let Agy denote the p x p matrix formed by
zero-ing the elements outside of 5, i.e.
A5, (Za ]) € Sa
Aigy)ij =13 Y
Aol {0, (i,4) & 5.
In analogy with Condition 4.1 on signal strength, let us define
)\2 S Tmin(z) }
pA(T) @

where we often suppress the dependence on X. Note that we can write Condition 4.1 equivalently as
T« > Ta(a).

a(a; ) := inf {7‘ : (80)

~

The next lemma is used to lower bound p (B). The ¢, case is easy to prove; for completeness we
prove this for /; and MCP.

Lemma D.7. Assume that py satisfies Condition A.1, is right-differentiable with p (0+) = X\, and

T > 7')\<1 3551), Sor some 61 € (0,1) 81
where & = £(0) is defined by (71). Then, on R(5) N £(J, \),
pa(B) = 51pA(B®) + o ((B = BE) upp(5e))- (82)

Proof. To lighten the notation, let A = B — B(7), 81 = supp(B(7)), Ay = A¢gyy, and Ay =
A(sey. We have

(A1) S N|A < AIB@E) 62141 2. (83)

Since we are on R(d) N £(J, A), Proposition D.2 yields the ¢5 deviation bound (72), which we use
with S = 5;(7). Plugging into (83) and using || A1 ]2 < [|All2,

pA(A1) < ACo(pr, & Fmin(2)) - |B@E) lo- (84)

Trivially, we have px(B(7)) > pa(7:)|| B(F)|lo, so that by (84)
A CV2 (p)\a 57 Tmin(z))
PA(Tx)

where the last inequality follows from (81). Finally, note that
pA(B) = px(B(7)) + pa(A2) — pa(Ay)
> 01pa(B(T)) + pa(Aa).
where the first inequality is by arguments similar to those leading to (65) and the second is by (85). [J

pa(Ar) < pA(B(@) < (1-61)pA(B(T)), (85)
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Remark D.2. [62] use a slightly weaker beta-min condition in which only a constant fraction of the
edges of each DAG are assumed to be sufficiently large. Lemma D.7 and the ensuing arguments carry
through under such an assumption: Under Condition 3.5 in [62], we can use

pA(B(®)) = (1 —m)pa (1) | BGE) o,

between (84) and (85) and obtain a bound similar to (82), with only the constants modified.
The conclusion of Lemma D.7 is stronger than what we need in the sequel. We only use the weaker

inequality py(B) > 61px(B(7)) implied by (82).

D.3 A bound on the sample residuals

In this section, we prove the following result, which is used in the proof of Proposition B.10:

Proposition D.8. Assume n > 4(C +1)(d+ 1) log p for some C > 0 and let 7o be a minimum-trace
permutation such that

pA(B(mo)) _ 1 \/50<0+ 1)(d+1)logp.

tr Q(mo) do n (86)
Then for any 5o > 0, P(G (80, A\;m)) > 1 — 2e~Cld+Dlogr ¢
P <1||E<w W — 5 IBGE) I > dopa(Bln >>) < gD ogy,
om ollFE =5, F 0P 0 =
Define two functions by
hp(u) == s + 2u ! — e 2 (87)

—\ H, =—4 —.
n \/nJrl—i—TH—l7 (u) n  \/n

These functions bound the deviations in the normed residuals €;(7), and will be used repeatedly in
the sequel. We note that

Hy,(u) 4 hp(u) < ou u>n"12 (88)

Vol
Lemma D.9. Suppose w ~ N, (0,0%1,,). Then for any 0 < u < n/v/n + 1,

02(1 - hn(u)) < %HwII% < 02(1 + Hn(u)) (89)

with probability at least 1 — 2e~4’/2,

Proof. For z ~ N, (0, I,), we have the following useful bounds [see, e.g., 24, Corollary 1.2]:

D <E|zl|, = \@r(”gl) < n.
vn+17 ) -

Gaussian concentration implies that for any « > 0, both
{Iwly <otn/VaFi-w}, and {[wl,>o(v/n+u)}

hold with probability at most e~*"/2. Thus,

n 2 2 2 a2
P 02( —u) <|lwl|; < o?(vVn+u >>1—26“/2. 90
( ) < W <ot (Vi) 2 ©0)
Re-writing (90) using (87) yields the desired result. O
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Lemma D.10. Suppose X 9 Np(0,%). Then forany m € S, and 0 < w < n/v/n+ 1,

%trﬁ(ﬂ')(l () < %HE(W)H% < %t ) (14 Ha(w) ©1)

u?/2

with probability at least 1 — 2p(5)e™

Proof. Note that forany 7 € S,
12
fHE IE = ;Z I8 (m)ll5 = Z I8 (S5(m)I5 (92)

Thus it suffices to bound the deviations in [[€;(.9)]|, for S C [p];. Consider the following events

G,(S) = {“?f) (1-mw) < mE ) < 22 (1 +Hn<u>)}

and let G := j_, Nscpp), 95(5). By Lemma D.9, we have P(G;(5)) = 1 - 2¢="*/2, for all

S € [pl;. By a monotonicity argument (cf. (27)), we have G = (]_, ﬂSEmj(Z) G;(M;(9)).
Applying the union bound and using (13),

P(G°) < 2p (Z)e“z/? (93)

Summing the inequalities defining G;(.S; (7)), over j, we conclude that (91) holds on G. The proof is
complete. O

Consider the (random) collection of permutations

1 ~
Sg = Sg((so;u) = {71' €S, 3 tr Q(m) [1 + Hn(u)]
1~ ~
—5 1 0(7) [1 - hn(u)} < (5Op)\(B(7T))}.
Lemma D.11. For any 7 € S)(do;u) and 0 < u < n/v/n+1, we have
1 1 . ~ P\ _.2
P (5o [ — o BRI > dopa(B(r) ) < 20(1 )+

Proof. Lemma D.10 implies that

S IBIE — - [B@EE < 2 tr0m)[1+ By ()] = 3 @) [1 = ()

N | =

with probability at least 1 —2p(?)e~"*/2. Since 7 € SY, the right-side is bounded above by dop \B(m)
by definition, which establishes the claim. O

Lemma D.12. 1 — h,,(u) > 0 for all v # 0, n > 0.

Proof. Since (u + /n)? + 1 > 0, re-writing this inequality yields

u? 2u 1 2u 1
— 41> —=+-> +

n vn o on~ n+1l n+1

SN L~
n vn+1 n—+1
Comparing with (87) yields the claim. O
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1105

Proof of Proposition D.S. Lemma D.11 implies that for a choice
1106 u=+/2(C +1)(d + 1) log p, we have

1 1 ~ = Z) - (o}
P (55 IB@IE - 5o IBEIE > dopa (Bl ) < 2p(h)em(Eerrens

< 267C(d+1) log p

1107 forany m € Sg. Thus the claim will follow if we can show that my € Sg. Note that

tr () {1 n Hn(u)} — r Q(R) [1 - hn(u)}

1108

1109
1110

1111

1112
1113

1114

1115
1116

1117
1118

1119
1120

1121

1122

1123
1124

< tr 8mo) [Hn(U) + hn(u)]

)
2 i )\/50(C’+1)(d+1)logp
n

(< Sopa(B(mo)),

of

where (i) follows from tr Q(WO) < tr Q( ) and Lemma D.12, (ii) follows by using (88) with
u = \/ 2(C 4+ 1)(d + 1) log p, and (iii) follows from assumption (86). Hence, my € SO and the proof

is complete

D.4 Proof of Proposition B.10

O

Proof. Recall the definition of G(dg, A; 7) in (60). Fix some 7 such that B (mp) = Binin satisfies
Condition 4.1 with ag > 0. Taking (arbitrarily) C' = 1 and §y = 10/a> in Proposition D.8, we have

P [9(507 A; wo)c] < 9¢—(d+1)logp,

Combined with Propositions D.5 and D.4, we obtain

P (G(60, As m0) N E(S,

A) N R(6))

> 1 e expl-camingin, (4 1logp)) = () Eexp(- (X, 2usi )

Thus, we may assume we are on G (g, A; mo) N E(d, A) N R(). Since we are on 8(5 A), we can

combine Lemma D.6 with Lemma B.9 (apphed with 7 = mg) to deduce (recall A:=DB-— B( )

S IXBIE + pa(B) < - IXAI + pr(B)

+ 5 [B(mo) %~ 5 IB@)I + or (Bmo)).

Dropping the prediction loss terms (those involving ||X3H2F) and using that we are on G(dp, A; 7o)

to bound 5 [|E(mo)||% — 5 || E(7)|?
pr(B) <

%, we have after rearranging,

< (14 80)pa(B(m0)) + dpa(B(7)) + dpa(B).

Letd; =25/(1 —4),sothat /(1 —6,) =

Since pa(B(7)) < (1/61)px(B

P,\(B) <

Rearranging we get

PA(E) <
We have [1 — §(1 4+ 61)/6:]7"

) the bounds in (94) imply that

(1 + 8o)pa(B(mo)) + %pA(B) +pr(B).

[1—6(1461)/61] (14 60)pr(B(mo)).

(14 d0)pr(B(m)) + dpa(B — B(7)) (94)

(146)/(1 —30) (cf. (71)). Furthermore, since § < 1/3
by assumption, §; < 1, so that Lemma D.7 implies px(B) > d1px(B(7)) which gives (i) in (40).

(14060) = 251+ ;—8), using dp = 10/ag and §; = 25/(1 — ) as

before. This proves (ii) in (40).
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