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Abstract

We consider black box optimization of an unknown function in the nonparametric
Gaussian process setting when the noise in the observed function values can be
heavy tailed. This is in contrast to existing literature that typically assumes sub-
Gaussian noise distributions for queries. Under the assumption that the unknown
function belongs to the Reproducing Kernel Hilbert Space (RKHS) induced by
a kernel, we first show that an adaptation of the well-known GP-UCB algorithm

. . . . = [ p2te .
with reward truncation enjoys sublinear O (T 2<1+<¥>) regret even with only the

(1 + a)-th moments, o € (0,1], of the reward distribution being bounded (O
hides logarithmic factors). However, for the common squared exponential (SE)
and Matérn kernels, this is seen to be significantly larger than a fundamental

Q(TP%O ) lower bound on regret. We resolve this gap by developing novel Bayesian
optimization algorithms, based on kernel approximation techniques, with regret
bounds matching the lower bound in order for the SE kernel. We numerically
benchmark the algorithms on environments based on both synthetic models and
real-world data sets.

1 Introduction

Black-box optimization of an unknown function f : R? — R with expensive, noisy queries is a
generic problem arising in domains such as hyper-parameter tuning for complex machine learning
models [3l], sensor selection [14], synthetic gene design [15]], experimental design etc. The popular
Bayesian optimization (BO) approach, towards solving this problem, starts with a prior distribution,
typically a nonparametric Gaussian process (GP), over a function class, uses function evaluations
to compute the posterior distribution over functions, and chooses the next function evaluation
adaptively — using a sampling strategy — towards reaching the optimum. Popular sampling strategies
include expected improvement [25]], probability of improvement [40]], upper confidence bounds [33]],
Thompson sampling [11]], predictive-entropy search [17], etc.

The design and analysis of adaptive sampling strategies for BO typically involves the assumption of
bounded, or at worst sub-Gaussian, distributions for rewards (or losses) observed by the learner, which
is quite light-tailed. Yet, many real-world environments are known to exhibit heavy-tailed behavior,
e.g., the distribution of delays in data networks is inherently heavy-tailed especially with highly
variable or bursty traffic flow distributions that are well-modeled with heavy tails [20], heavy-tailed
price fluctuations are common in finance and insurance data [29], properties of complex networks
often exhibit heavy tails such as degree distribution [37]], etc. This motivates studying methods for
Bayesian optimization when observations are significantly heavy tailed compared to Gaussian.

A simple version of black box optimization — in the form of online learning in finite multi-armed
bandits (MABs) — with heavy-tailed payoffs, was first studied rigorously by Bubeck et al. [8], where
the payoffs are assumed to have bounded (1 + «)-th moment for o € (0, 1]. They showed that for
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MABs with only finite variances (i.e., @ = 1), by using statistical estimators that are more robust than
the empirical mean, one can still recover the optimal regret rate for MAB under the sub-Gaussian
assumption. Moving further, Medina and Yang [24] consider these estimators for the problem of
linear (parametric) stochastic bandits under heavy-tailed rewards and Shao et al. [34] show that almost
optimal algorithms can be designed by using an optimistic, data-adaptive truncation of rewards. Some
other important works include pure exploration under heavy-tailed noise [43]], payoffs with bounded
kurtosis [23]], extreme bandits [[10], heavy tailed payoffs with o € (0, co) [38].

Against this backdrop, we consider regret minimization with heavy-tailed reward distributions in
bandits with a potentially continuous arm set, and whose (unknown) expected reward function is
nonparametric and assumed to have smoothness compatible with a kernel on the arm set. Here, it
is unclear if existing BO techniques relying on statistical confidence sets based on sub-Gaussian
observations can be made to work to attain nontrivial regret, since it is unlikely that these confidence
sets will at all be correct. It is worth mentioning that in the finite dimensional setting, Shao et al. [34]
solve the problem almost optimally, but their results do not carry over to the general nonparametric
kernelized setup since their algorithms and regret bounds depend crucially on the finite feature
dimension. We answer this affirmatively in this work, and formalize and solve BO under heavy tailed
noise almost optimally. Specifically, this paper makes the following contributions.

o We adapt the GP-UCB algorithm to heavy-tailed payoffs by a truncation step, and show

that it enjoys a regret bound of ON(WTT 2 ) where yp depends on the kernel associated
with the RKHS and is generally sub-linear in 7". This regret rate, however, is potentially

sub-optimal due to a Q(Tl%a) fundamental lower bound on regret that we show for two
specific kernels, namely the squared exponential (SE) kernel and the Matérn kernel.

e We develop a new Bayesian optimization algorithm by truncating rewards in each direction
of an approximate, finite-dimensional feature space. We show that the feature approximation
can be carried out by two popular kernel approximation techniques: Quadrature Fourier
features [26] and Nystrom approximation [9]. The new algorithm under either approximation

scheme gets regret O('yTTl%a ), which is optimal upto log factors for the SE kernel.

e Finally, we report numerical results based on experiments on synthetic as well as real-world
based datasets, for which the algorithms we develop are seen to perform favorably in the
harsher heavy-tailed environments.

Related work. An alternative line of work uses approaches for black box optimization based on
Lipschitz-type smoothness structure [22} [7, 2| [33]], which is qualitatively different from RKHS
smoothness type assumptions. Recently, Bogunovic et al. [3]] consider GP optimization under an
adversarial perturbation of the query points. But, the observation noise is assumed to be Gaussian
unlike our heavy-tailed environments. Kernel approximation schemes in the context of BO usually
focuses on reducing the cubic cost of gram matrix inversion [39, 41} 26| 9]. However, we crucially
use these approximations to achieve optimal regret for BO under heavy tailed noise, which, we
believe, might not be possible without resorting to the kernel approximations.

2 Problem formulation

Let f : X — R be a fixed but unknown function over a domain X C R? for some d € N. At every
round, a learner queries f at a single point x; € X, and observes a noisy payoff y; = f(x¢) + ;.
Here the noise sequence 7y, > 1 are assumed to be zero mean i.i.d. random variables such that

the payoffs satisfy E [|yt\1+o‘ |}'t,1} < v for some @ € (0,1] and v € (0,00), where F;_1 =
o({x,y;) Y2} ;) denotes the o-algebra generated by the events so fa Observe that this bound
on the (1 + «)-th moment at best yields bounded variance for y;, and does not necessarily mean
that y; (or ;) is sub-Gaussian as is assumed typically. The query point z; at round ¢ is chosen
causally depending upon the history {(zs, ys)}i;ll of query and payoff sequences available up to

round ¢ — 1. The learner’s goal is to maximize its (expected) cumulative reward Zthl f(z¢) over a
time horizon T or equivalently minimize its cumulative regret Ry = ZZ;I (f(x*) = f(x+)), where

'If instead the moment bound holds for each 7; then this can be translated to a moment bound for each y:
using, say, a bound on f(x).



x* € argmax, ¢y f(«) is a maximum point of f (assuming the maximum is attained; not necessarily
unique). A sublinear growth of Ry with T implies the time-average regret Ry /T — 0 as T — oo.

Regularity assumptions: Attaining sub-linear regret is impossible in general for arbitrary reward
functions f, and thus some regularity assumptions are needed. In this paper, we assume smoothness
for f induced by the structure of a kernel on X. Specifically, we make the standard assumption of a
p.s.d. kernel £ : X x X — R such that k(z,z) < 1forall z € X, and f being an element of the
reproducing kernel Hilbert space (RKHS) H,(X') of smooth real valued functions on X'. Moreover,
the RKHS norm of f is assumed to be bounded, i.e., || f||,, < B for some B < co. Boundedness
of k along the diagonal holds for any stationary kernel, i.e., where k(z,2’') = k(z — 2’), e.g., the
Squared Exponential kernel ksg and the Matérn kernel Kyjaer:

r2 21— (/20 Y V2
b = (5 ) o ’“Matérﬂw')‘r(u)(z) ” (z)

where [ > 0 and v > 0 are hyperparameters of the kernels, r = ||z — 2’|, is the distance between x
and z’, and B, is the modified Bessel function.

3  Warm-up: the first algorithm

Towards designing a BO algorithm for heavy tailed observations, we briefly recall the stan-
dard GP-UCB algorithm for the sub-Gaussian setting. GP-UCB at time ¢ chooses the point
x; = argmax,cy pr—1(2) + Bror—1(x) where p(x) = ki(x)" (K + M) ~'Y; and of (z) =
k(z,z) — ki(z)T (K; + M)~k (z) are the posterior mean and variance functions after ¢ obser-
vations from a function drawn from the GP prior GPx (0, k), with additive i.i.d. Gaussian noise
N(0,\). Here Y; = [y1,...,u]7 is the vector formed by observations, K; = [k(u, )]y vex, is
the kernel matrix computed at the set X; = {x1,..., 2}, ke(x) = [k(21,2), ..., k(zs,2)]T and
I, is the identity matrix of order ¢. If the noise 7, is assumed conditionally R-sub-Gaussian, i.e.,

E [67’“ | .7-",5,1] < exp (@) for all v € R, then using 8,411 = O (R In|I; + )\*1Kt|) ensures

O(\/T) regret [[L1]], as the posterior GP concentrates rapidly on the true function f. However, when
the sub-Gaussian assumption does not hold, we cannot expect the posterior GP to have such nice
concentration property. In fact, it is known that the ridge regression estimator p; € Hy(X) of f is not
robust when the noise exhibits heavy fluctuations [[19]. So, in order to tackle heavy tailed noise, one
needs more robust estimates ji; of f along with suitable confidence sets. A natural idea to curb the
effects of heavy fluctuations is to truncate high rewards [8]. Our first algorithm Truncated GP-UCB
(Algorithm [I)) is based on this idea.

Truncated GP'UCB (TGP'UCB) algorithm: Algorithm 1 Truncated GP_UCB (TGP'UCB)

At each time ¢, we truncate the reward y; to zero if Input: Parameters A > 0, {b;}i>1, {5 }e>1

itis larger than a suitably chosen truncation level b;,  get Tio(z) = 0 and 02 () = k(z, x)Vo € X

i.e., we set the truncated reward iy = y:1|,1<b.- fort —=1.2.3...do ’

Then, we construct the truncated version of the Play x; :’ argmax, . y fir—1(2) + Broe—1(z)
. Iy PP : . _ _

posterior mean as /i (x) = k()" (K¢ + M) ~'Y; and observe payoff y;

where Y; = [, ..., 9:]7 and simply run GP-UCB Set §; = y¢1yy,|<p, and Yy = [J1, ... e

with i instead of p;. The truncation level b; can ~ - T 5

be adapted with time . We choose an increasing Comp2u te e () _Tkt(x) (K j_l ML) Y

. X and o7 () = k(z)" (K¢ + ML)~ Hhe(2)
sequence of b;’s, i.e., as time progresses and confi-

dence interval shrinks, we truncate less and less — -
aggressively. Finally, in order to account for the bias introduced by truncation, we blow up the

confidence width /3; of GP-UCB by a multiplicative factor of b, so that f(x) is contained in the
interval i1 (x) & Bto¢—1(x) with high probability. This helps us to obtain a sub-linear regret bound
for TGP-UCB given in the Theorem ] with a full proof deferred to appendix B.

end for

Theorem 1 (Regret bound for TGP-UCB) Let f € Hy(X), ||fll,, < B and k(x,x) < 1 for all
€ X. Let E ||y,|"T® |.7:,5,1} < v < oo for some « € (0,1] and for all t > 1. Then, for any

b€ (O, 1], TGP-UCB, with bt = ’Uﬁtz(lia) Clndﬁt_;,_l =B+ % bt\/h’l |It + )\_1Kt‘ + 2111(1/5),




enjoys, with probability at least 1 — 0, the regret bound

Rr=0 (B Tyr +voa /v (7 + lﬂ(l/(S))Tz(ﬁi)) ;

where yp = yr(k, X) = maxac y; /=7 3 In |l + A7 K 4.

Here, 7 denotes the maximum information gain about any f ~ G Px (0, k) after T noisy observations
obtained by passing f through an i.i.d. Gaussian channel A/(0, \), and measures the reduction in the
uncertainty of f after 7" noisy observations. It is a property of the kernel £ and domain X, e.g., if X

is compact and convex, then y7 = O ((InT)***) for ksg and O (T T In T) for kmaem [35)-

Remark 1. An R-sub-Gaussian environment satisfies the moment condition with o = 1 and v = R?,
so the result implies a sub-linear O(7"3/*) regret bound for TGP-UCB in sub-Gaussian environments.

4 Regret lower bound

Establishing lower bounds under general kernel smoothness structure is an open problem even when
the payoffs are Gaussian. Similar to Scarlett et al. [31]], we only focus on the SE and Matérn kernels.

Theorem 2 (Lower bound on cumulative regret) Let X' = [0, 1] for some d € N. Fix a kernel
k € {ksg, kmarem}, B >0, T € N, a € (0,1] and v > 0. Given any algorithm, there exists a function
[ € Hp(X) with || f||,, < B, and a reward distribution satisfying [|yt|1+a |.7:t_1} < v for all

te[T):={1,2,...,T}, such that when the algorithm is run with this f and reward distribution, its
regret satisfies

1. E[Rr] = Q <u+ <ln (uféBlfT“T))ﬁ T+> ifk = ksp,

v da v+da
2. E[RT] =0 (v v(ita)tda Bv(ita)tda Tu(1+a>+da) if k = Epatern.

The proof argument is inspired by that of Scarlett et al. [31]], which provides the lower bound of
BO under i.i.d. Gaussian noise, but with nontrivial changes to account for heavy tailed observations.
The proof is based on constructing a finite subset of “difficult” functions in H(X'). Specifically,
we choose f as a uniformly sampled function from a finite set {f1,..., far}, where each f; is
obtained by shifting a common function g € Hj,(R?) by a different amount such that each of these
has a unique maximum, and then cropping to X = [0, 1]%. g takes values in [-2A, 2A] with the
maximum attained at z = 0. The function g is constructed properly, and the parameters A, M
are chosen appropriately based on the kernel k, fixed constants B, T, o, v such that any A-optimal
point for f; fails to be A-optimal point for any other f;/ and that | f;||,, < B for all j € [M]. The

reward function takes values in {sgn (f(z)) (5%)* ,0}, with the former occurring with probability

1
(22)™ | f(z)|, such that, for every = € X, the expected reward is f(z) and (1 + «)-th raw moment
is upper bounded by v. Now, if we can lower bound the regret averaged over j € [M], then there
must exist some f; for which the bound holds. The formal proof is deferred to Appendix C.
Remark 2. Theorem [2|suggests that (a) TGP-UCB may be suboptimal, and (b) for the SE kernel, it
may be possible to design algorithms recovering O(ﬁ ) regret bound under finite variances (o = 1).

5 An optimal algorithm under heavy tailed rewards

In view of the gap between the regret bound for TGP-UCB and the fundamental lower bound, it
is possible that TGP-UCB (Algorithm [I) does not completely mitigate the effect of heavy-tailed
fluctuations, and perhaps that truncation in a different domain may work better. In fact, for parametric
linear bandits (i.e., BO with finite dimensional linear kernels), it has been shown that appropriate
truncation in feature space improves regret performance as opposed to truncating raw observations
[34], and in this case the feature dimension explicitly appears in the regret bound. However, the main
challenge in the more general nonparametric setting is that the feature space is infinite dimensional,



which would yield a trivial regret upper bound. If we can find an approximate feature map ¢ : X —
R™ in a low-dimensional Euclidean inner product space R™ such that k(z, y) ~ @(x)” $(y), then
we can perform the above feature adaptive truncation effectively as well as keep the error introduced
due to approximation in control. Such a kernel approximation can be done efficiently either in a
data independent way (Fourier features approximation [28]]) or in a data dependent way (Nystrom
approximation [[12]) and has been used in the context of BO to reduce the time complexity of GP-UCB
[26,9]]. But in this work, the approximations are crucial to obtain optimal theoretical guarantees. We
now describe our algorithm Adaptively Truncated Approximate GP-UCB (Algorithm [2)).

5.1 Adaptively Truncated Approximate GP-UCB (ATA-GP-UCB) algorithm

At each round ¢, we select an arm x; which maximizes the approximate (under kernel approximation)
GP-UCB score fi;_1(x) + B¢G¢_1(x), where fi;_1(x) and 62, (z) denote approximate posterior
mean and variance from the previous round, respectively and 3; is an appropriately chosen confidence
width. Then, we update i;(x) and 57(z) as follows. First, we find a feature embedding ¢, € R™,
of some appropriate dimension m;, which approximates the kernel efficiently. Then, we find the rows

ul, ... ul of the matrix f/t_1/2<i>tT, where ®; = [@, (1), ..., @i(x)]T and V; = ®Tdy + I,

» Yy
and use those as the weight vectors for truncating the rewards in each of m, directions by setting

T = 23:1 Wi 7Yr L, .y, |<b, for all i € [my], where b; specifies the truncation level. Then, we

find our estimate of f as f; = \7;1/ ®[71,...,7m,|T. Finally, we approximate the posterior mean

as jir () = P¢(2)76, and the posterior variance as (i) 52(x) = Mgy (2)TV, '@, (x) for the Fourier
features approximation, or as (ii) 67 (z) = k(x,x) — & (x)T @ (x) + Mgy (x) TV, gy () for the

Nystrom approximation. Now it only remains to describe how to find the feature embeddings ¢;.

(a) Quadrature Fourier features (QFF) approximation: If % is a bounded, continuous, positive
definite, stationary kernel satisfying k(z,z) = 1, then by Bochner’s theorem [4], k is the Fourier
transform of a probability measure p, i.e., k(z,y) = [z p(w)cos(w” (z — y))dw. For the SE

. . d__Zlel3 . . .
kernel, this measure has density p(w) = (ﬁ) ez (abusing notation for measure and density).

Mutny and Krause [26] show that for any stationary kernel & on R? whose inverse Fourier transform
decomposes product wise, i.e., p(w) = Hle pj(w;), we can use Gauss-Hermite quadrature [[18]]
to approximate it. If X = [0, 1]¢, the SE kernel is approximated as follows. Choose /m € N and

m = m¢?, and construct the 2m-dimensional feature map

y v(w;) cos (?wfpx) ifl1<i<m,

Plz)i = N . ‘ (1)

V(wi—m) sin (Twifmx) ifm+1<i<2m.
d times
—_—
Here the set {w1,...,wn} = Am X -+ X A, where A, is the set of /m (real) roots of the m-th
d 2771,—1m!

Hermite polynomial H;, and v(2) = [[;_, o Gy forall z € R?. For our purposes, we will
have ATA-GP-UCB work with the embedding ¢ (z) = ¢(z) of dimension m; = 2m for all ¢ > 1.

Remark 3. The seminal work of Rahimi and Recht [28]] that develops random Fourier fea-
ture (RFF) approximation of any stationary kernel is based on the feature map @(z) =
ﬁ [cos(wlz),...,cos(wkz),sin(wlx),...,sin(wl x)]T, where each w; is sampled independently
from p(w). However, RFF embeddings do not appear to be useful for our purpose of achieving
sublinear regret (see discussion after Lemma[T)), so we work with the QFF embedding.

(b) Nystrom approximation: Unlike the QFF approximation where the basis functions (cosine
and sine) do not depend on the data, the basis functions used by the Nystrom method are data

dependent. For a set of points X; = {x1,...,x:}, the Nystrom method [42] approximates the
kernel matrix K; as follows: First sample a random number m; of points from X; to construct
a dictionary Dy = {x;,,...,x;,, };i; € [t], according to the following distribution. For each

i € [t], include z; in D, independently with probability p; ; = min{g57_;(z;),1} for a suitably
chosen parameter ¢ (which trades off between the quality and the size of the embedding). Then,

i
compute the (approximate) finite-dimensional feature embedding ¢, (z) = (K 11){ 2) kp, (x), where



Kp, = [k(u,0)]uvep,. kp, () = [k(zi,, x), ..., k(z;,, ,2)]" and AT denotes the pseudo inverse
of any matrix A. We call the entire procedure NystromEmbeddmg (pseudocode in appendix).

Algorithm 2 Adaptively Truncated Approximate GP-UCB (ATA-GP-UCB)
Input: Parameters A > 0, {b; };+>1, {8:}+>1, ¢, a kernel approximation (QFF or Nystrém)
Set: jig() = 0 and 63(x) = k(z,x) forallz € X
fort=1,2,3...do
Play x; = argmax,c y fit—1(x) + S:6¢—1(z) and observe payoff y;
Set G (z) = {@(w) if OFF approximation
NystromEmbeddmg({(xi, Gi—1(x:))}i—1,q) if Nystrém approximation

Set étT = [@e(z1), ..., @t(xt)] and V, = @Ti)t + Al,,,, where m; is the dimension of @,

Find the rows u?, ... u , of V 1/2<I>T and set 7; = Zj—:l Wi rYr Lju, oy, <b, Toralli € [my]

Set §, = Vt 1/2[7"1, ... ,Tm,,l and compute [i;(z) = t(x)Tét
Set 52(x) = (1) gy (2) TV, gy () ) if OFF approximation
t (i) k(x,x) — G(x)T Gy () + A3e (2) TV, @y () if Nystrom approximation

end for

Remark 4. 1t is well known (\-ridge leverage score sampling [1]]) that, by sampling points proportional
to their posterior variances o2 (), one can obtain an accurate embedding @; (), which in turn gives
an accurate approximation 57 (z). But, computation of o7 (x) in turn requires inverting K;, which
takes at most O(t3) time. So, we make use of the already computed approximations 7 ; (z) to

sample points at round ¢, without significantly compromising on the accuracy of the embeddings [9]].

Remark 5. The choice (i) of 67(x) in Algorithm [2|ensures accurate estimation of the variance of
z under the QFF approximation [26]. But, the same choice leads to severe underestimation of the
variance under the Nystrom approximation, specially when x is far away from D;. The choice (i7) of
52 (z) in Algorithm [2|is known as deterministic training conditional in the GP literature [27] and
provably prevents the phenomenon of variance starvation under Nystrom approximation [9].

5.2 Cumulative regret of ATA-GP-UCB with QFF embeddings

The following lemma shows that the data adaptive truncation of all the historical rewards and a good

approximation of the kernel help us obtain a tighter confidence interval than TGP-UCB.

Lemma 1 (Tighter confidence sets with QFF truncation) For any § € (0,1], ATA-GP-UCB
l—a

with QFF approximation and parameters by = (v/ ln(ZmT/(S))“%“ t20+) and fi41 = B +

m/A VT (In(2mT/8)) = t77%7, ensures that with probability at least 1 — 6, uniformly
overallt € [Tlandz € X,

£ (@) = fie-1(2)] < Bidi1(x) + O(Be[*t), 2
where the QFF dimension m is such that sup,, ,c v |k(z,y) — 3(x)T3(y)| = em < L.

Here, the scaling tﬁ of the confidence width 3; is much less than the scaling tm of TGP-UCB,
which eventually leads to a tighter confidence interval. However, in order to achive sublinear cumula-
tive regret, we need to ensure that the approximation error &,,, decays at least as fast as O(1/7) and
feature dimension m grows no faster than polylog(7"). This will ensure that the regret accumulated
due to the second term in the RHS of [2|is O(1), as well as the contribution from the first term is

o(r e ), since sum of the approximate posterior standard deviations grows only as O(v/mT). Now,

the QFF embedding (1)) of ksg can be shown to achieve ¢,,, < d29~1 \/ﬁiﬁ"’ (%) =0 ( (fjldz ;)

[26]]. The decay is exponential when /m > 1/1? and d = O(l Now, setting m = © (log4/e ( )),

we can ensure that e/, >3 = O(1) and m = O ((InT)?), and thus, in turn, a sublinear regret bound
ﬂ The following theorem states this formally, with a full proof deferred to Appendix D.2.

2For most BO applications, the effective dimensionality of the problem is low, e.g., additive models [21} 30].
? Under RFF approximation €., = O(y/1/m) [36]. Hence, ATA-GP-UCB does not achieve sublinear regret.



Theorem 3 (Regret bound for ATA-GP-UCB with QFF embedding) Fix any § € (0,1]. Then,
under the same hypothesis of Theorem for X =10,1)% and k = ksg, ATA-GP-UCB under QFF
approximation, with parameters b, and [3; set as in Lemmal[l} and with the embedding & from|[I|such

that m > 1/12 and m = © (10g4/e (T6)), enjoys, with probability at least 1 — 6, the regret bound
T(nT)%\\ ™=
Rr=0 (B, /T(InT)d+! 4 vTis <ln (“?5)» VInT (1nT)dT1+1a> .

Remark 6. When the variance of the rewards is finite (i.e., @ = 1), the cumulative regret for ATA-
GP-UCB under QFF approximation of the SE kernel is O((In T')**+/T), which now recovers the
state-of-the-art regret bound of GP-UCB under sub-Gaussian rewards [26, Corollary 2] unlike the
earlier TGP-UCB. It is worth pointing out that the bound in Theorem [3is only for the SE kernel
defined on X = [0, 1]¢, and designing a no-regret BO strategy under the QFF approximation of any
other stationary kernel still remains a open question even when the rewards are sub-Gaussian [26].

5.3 Cumulative regret of ATA-GP-UCB with Nystrom embeddings

Now, we will show that ATA-GP-UCB under Nystrom approximation achives optimal regret for
any stationary kernel defined on X C R? without any restriction on d. Similar to Lemma |1} ATA-
GP-UCB under Nystrom approximation also maintains tighter confidence sets than TGP-UCB. As
before, the confidence sets are useful only if the dimension of the embeddings m; grows no faster
than polylog(t). Not only that, we also need to ensure that the approximate posterior variances
are only a constant factor away from the exact ones. Then, since sum of the posterior standard
deviations grows only as O(y/T~yr), we can achieve the optimal O(Tlﬁ) regret scaling. Now for
any € € (0, 1), setting ¢ = 61=< In(27/§) /2, the Nystrom embeddings @, can be shown to achieve
my <615 (1+ %) gy and {5207 () < 67(z) < %507 (x) with probability at least 1 — § [9],
which helps us to achieve an optimal regret bound. The following theorem states this formally, with a
full proof deferred to Appendix D.3.

Theorem 4 (Regret bound for ATA-GP-UCB with Nystrom embedding) Fix any 6 € (0,1], ¢ €
(0,1) and set p = }—fi Then, under the same hypothesis of Theorem ATA-GP-UCB under Nystrom
approximation, and with parameters ¢ = 6pIn(4T/5)/e2, by = (v/ 1n(4mtT/§))1%a t705% and
Bir1 = B(1+ —2A=) + 4/ m /1 vTHe (In(4m,T/5)) T+= tﬁ, enjoys, with probability at least

V1—e
1 — 6, the regret bound

Rr=0 <pB (1 + %) Trr + ”; v (m (Wln?/m))” WyﬂlA) .

Remark 7. Theoremsandimply that ATA-GP-UCB achieves O (vﬁ (InT )dTﬁ) regret bound
for ksg, which matches the Iower bound (Theorem [2)) upto a factor of 14% in the exponent of In 7',

as well as a few extra InT factors hidden in the notation O. For the Matérn kernel, the bound is
~ 1 2v+(2+a)d(d+1) L .
O(THQ 2v$d(dt1) ), which is sublinear only when w < and the gap from the lower

bound is more significant in this case. It is worth mentioning that a similar gap is present even for
the (easier) setting of sub-Gaussian rewards [31]] and there might exist better algorithms which can
bridge this gap. When the variance of the rewards is finite (i.e., « = 1), the cumulative regret for
ATA-GP-UCB under Nystrém approximation is O(y7+/T'), which recovers the state-of-the-art regret
bound under sub-Gaussian rewards [9, Thm. 2]. For the linear bandit setting, i.e. when the feature
map @ (z) = x itself, substituting v = O(dInT'), we find that the regret upper bound in Theorem
HM]recovers the (optimal) regret bound of [34, Thm. 3] up to a logarithmic factor.

5.4 Computational complexity of ATA-GP-UCB

(a) Time complexity: Under the (data-dependent) Nystrom approximation, constructing the dictio-
nary D, takes O(t) time at each step ¢. Then, we compute the embeddings @;(x) for all arms in

“This holds, for example, Matérn kernel on R? with v = 3.5 when variance of the rewards is finite (o = 1).
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Figure 1: (a)-(e) Time-average regret (Rt /T for TGP-UCB, ATA-GP-UCB with QFF approximation (ATA-
GP-UCB-QFF) and Nystrom approximation (ATA-GP-UCB-Nystrom) on heavy-tailed data. (f) Confidence sets
(pt £ o¢) formed by GP-UCB with and without truncation under heavy fluctuations.

O(m3 + m?|X|) time, where |X| is the cardinality of X'. Now, construction of V; takes O(m?t)
time, since we need to rebuild it from the scratch. Then, \7[1/ %is computed in O(m3) time. We can
now compute ji;(x) and 52 () for all arms in O(m?t + m, |X|) and O(m? |X|) time, respectively,
using already computed @;(x) and f/t_l/ ?. Thus per-step time complexity is O (mi(t+ ]X])), since
my < t. For continuous X', one can approximately maximize the GP-UCB score by grid search /
Branch and Bound methods such as DIRECT [6]. In fact it can be maximized within O(e) accu-
racy by making O(s~%) calls to it, yielding a per-step time complexity of O(m?(t + ~%)). Since
my = O(%) and ~; is poly-logarithmic in ¢ for SE kernel, per step time complexity is O(t +e79).
For Matérn kernel, the complexity is O(t(t +e~%)),1 < p < 2. Similarly, under (data-independent)
QFF approximation, the per-step time complexity is O(m? 4+ m?(t + e=%)) = O(t + %) since
m = O((InT)%) for the SE kernel.

(b) Space complexity: Note that under Nystrom approximation, at each round ¢ we need to store

all previously chosen arms, the matrix f/[l/ ? and the vectors @t(x). Hence, the per-step space
complexity of ATA-GP-UCB is O(t + my(m; + %)) = O(m¢(my + e~%)) for small enough e.
Under QFF approximation, the complexity is O(m(m + e~%)).

6 Experiments

We numerically compare the performance of TGP-UCB (Algorithm [I)), ATA-GP-UCB with QFF
(ATA-GP-UCB-QFF) and Nystrom (ATA-GP-UCB-Nystrom) approximations (Algorithm [2)) on both
synthetic and real-world heavy-tailed environments. (Our codes are available here.) The confidence
width ; and truncation level b, of our algorithms, and the trade-off parameter ¢ used in Nystrom
approximation are set order-wise similar to those recommended by theory (Theorems [T} [3] and [).
We use A = 1 in all algorithms and € = 0.1 in ATA-GP-UCB-Nystrom. We plot the mean and
standard deviation (under independent trials) of the time-average regret Ry /T in Figure Il We use
the following datasets.

1. Synthetic data: We generate the objective function f € H(X') with X set to be a discretization
of [0, 1] into 100 evenly spaced points. Each f = Y%, a;k(-, z;) was generated using an SE kernel
with [ = 0.2 and by uniformly sampling a; € [—1, 1] and support points z; € X with p = 100. We
set B = max,cx |f(z)|. To generate the rewards, first we consider y(z) = f(z) + 7, where the
noise 7) are samples from the Student’s ¢-distribution with 3 degrees of freedom (Figure[T]a). Here, the


https://github.com/sayakrc/Bayesian-Optimization-under-Heavy-tailed-Payoffs

variance is bounded (o = 1) and hence v = B2 + 3. Next, we generate the rewards as samples from
the Pareto distribution with shape parameter 2 and scale parameter f(x)/2. f is generated similarly,
except that here we sample a;’s uniformly from [0, 1]. Then, we set B as before leading to the bound

of (1 + «)-th raw moments v = % We plot the results for o« = 0.9 (Figure|l|b). We use
m = 32 features (in consistence with Theorem [3)) for ATA-GP-UCB-QFF in these experiments. Next,
we generate f using the Matérn kernel with [ = 0.2 and v = 2.5, and consider the same Student’s-¢
distribution as earlier to generate rewards. As we do not have the theory of ATA-GP-UCB-QFF for
the Matérn kernel yet, we exclude evaluating it here (Figurec). We perform 20 trials for 2 x 10*

rounds and for each trial we evaluate on a different f (which explains the high error bars).

2. Stock market data: We consider a representative application of identifying the most profitable
stock in a given pool of stocks. This is motivated by the practical scenario that an investor would
like to invest a fixed budget of money in a stock and get as much return as possible. We took
the adjusted closing price of 29 stocks from January 4th, 2016 to April 10th, 2019. We conduct
Kolmogrov-Smirnov (KS) test to find out that the null hypothesis of stock prices following a Gaussian
distribution is rejected against the favor of a heavy-tailed distribution. We take the empirical mean of
stock prices as our objective function f and empirical covariance of the normalized stock prices as
our kernel function & (since stock behaviors are mostly correlated with one another). We consider
a = 1 and set v as the empirical average of the squared prices. Since the kernel is data dependent,
we cannot run ATA-GP-UCB-QFF here. We average over 10 independent trials of the algorithms

(Figure [T]d).

3. Light sensor data: We take light sensor data collected in the CMU Intelligent Workplace in Nov
2005 containing locations of 41 sensors, 601 train samples and 192 test samples in the context of
learning the maximum average reading of the sensors. For each sensor, we find that the KS test
on its readings rejects the Gaussian against the favor of a heavy-tailed distribution. We take the
empirical average of the test samples as our objective f and empirical covariance of the normalized
train samples as our kernel k. We consider aw = 1, set v as the empirical mean of the squared readings
and B as the maximum of the average readings. For ATA-GP-UCB-QFF, we fit a SE kernel with
12 = 0.1 on the given sensor locations and approximate it with m = 162 = 256 features (Figuree).

Observations: We find that ATA-GP-UCB outperforms TGP-UCB uniformly over all experiments,
which is consistent with our theoretical results. We also see that the performance of ATA-GP-UCB
under the Nystrom approximation is no worse than that under the QFF approximation. Not only that,
the scope of the latter is limited due to its dependence on the analytical form of the kernel, whereas
the former is data-adaptive and hence, well suited for practical purposes.

Effect of truncation: For heavy-tailed rewards, the sub-Gaussian constant R = oco. Hence, we
exclude evaluating GP-UCB in the above experiments. Now, we demonstrate the effect of truncation
on GP-UCB in the following experiment. First, we generate a function f € H;(X) and normalize it
between [0, 1]. Then, we simulate rewards as y(x) = f(z) + 1, where ) takes values in {—10, 10},
uniformly, for any single random point in &X', and is zero everywhere else. We run GP-UCB with
B; = Int and see that the posterior mean after 7 = 10* rounds is not a good estimate of f. However,
by truncating reward samples which exceeds t'/* (truncation threshold in TGP-UCB when o = 1) at
round ¢, we get an (almost) accurate estimator of f. Not only that, the confidence interval around
this estimator contains f at every point in X', which in turn ensures good performance. We plot the
respective confidence sets averaged over 50 such randomizations of noise (Figure [I|f).

7 Conclusion

To the best of our knowledge, this is the first work to formulate and solve BO under heavy-tailed
observations. We have demonstrated the failure of existing BO methods and developed (almost)
optimal algorithms using kernel approximation techniques, which are easy to implement and perform
well in practice, with rigorous theoretical guarantees. It is worth noting that using a Bernstein type
concentration bound in each direction of the approximate feature space, we are able to obtain the near
optimal regret scaling for ATA-GP-UCB (Algorithm [2). Instead, if one can derive a Bernstein type
bound for self-normalized processes which depends on the (1 + «/)-th moments of rewards, then one
may not have to resort to feature approximation to get optimal regret. Further, instead of truncating
the payoffs, one can also consider building and studying a median of means-style estimator [§]] in the
(approximate) feature space and hope to develop an optimal algorithm.


https://www.quandl.com/data/EOD-End-of-Day-US-Stock-Prices
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Appendix

A Preliminaries

First, we review some useful matrix identities.

Lemma 2 [[]6] Lemma 12] Let A = B = 0 be positive definite matrices. Then A~' o (A — B) =
In %, where X oY :=37" | 370 | X; ;Y j for any two matrices X, Y € R"*™.
Lemma 3 For any linear operator A : Hj(X) — R? and its adjoint AT : R* — H;,(X), and for
any A > 0,
(ATA+ Myy) AT = AT(AAT + 21) 71, 3)
and
Iy — AT(AAT + M)A = NAT A+ Ny) ™t (4)

Proof The proofs follow from the fact that (AT A + A3 ) AT = AT(AAT + \I,) forany A > 0. &

Next, we review some relevant definitions and results, which will be useful in the analysis of our
algorithms. We first begin with the definition of Maximum Information Gain, first appeared in [33]],
which basically measures the reduction in uncertainty about the unknown function after some noisy
observations (rewards).

For a function f : X — R and any subset A C X of its domain, we use f4 := [f(z)],ca to denote
its restriction to A, i.e., a vector containing f’s evaluations at each point in A (under an implicitly
understood bijection from coordinates of the vector to points in A). In case f is a random function,
fa will be understood to be a random vector. For jointly distributed random variables X and Y,
I(X;Y) denotes the Shannon mutual information between them.

Definition 1 (Maximum Information Gain (MIG)) Let f : X — R be a (possibly random) real-
valued function defined on a domain X, and t a positive integer. For each subset X C D, let Y4
denote a noisy version of f 4 obtained by passing fa through a channel P [Ya|fa]. The Maximum
Information Gain (MIG) about f after t noisy observations is defined as

= I :Y4).
V=, max (fa;Ya)

(We omit mentioning explicitly the dependence on the channels for ease of notation.)

Letk : X x X — R be a symmetric positive semi-definite kernel and for any A C X, let K 4 denotes
the induced kernel matrix.

Lemma 4 (MIG under GP prior and additive Gaussian noise [35]) Ler f ~ GPx(0,k) be a

sample from a Gaussian process over X and Y 4 denote a noisy version of f 4 obtained by passing
fa through a channel that adds iid N'(0, \) noise to each element of f 4. Then,

1
=~ (k, X) = |+ 21K,
v = Ye(k, X) W25 n|l+ Al

Srinivas et al. [35] proved upper bounds over ~y; for commonly used kernels. The bounds are given in
Lemma

Lemma 5 (MIG for common kernels [35]) Let X' be a compact and convex subset of R and the
kernel k satisfies k(xz,2") < 1 for all x,2’ € X. Then for

e Linear kernel: v; = O(dInt).

e Squared Exponential kernel: v, = O ((Int)41).

d(d+1)
o Matérn kernel: v, = O (t2“+d(d+1) In t).
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Note that, MIG depends only sublinearly on the number of observations ¢ for all these kernels and it
will serve as a key instrument to obtain our regret bounds by virtue of Lemma 4] and [6]

Now, observe that any kernel function k : X x X — R, X C R? is associated with a non-linear
feature map ¢ : X — H(X) such that k(x,y) = (©(x), p(y))n. where (-, -)3 denotes the inner
product in the RKHS #(X) and ||-||;, denotes the corresponding norm. Observe that for any
h € Hp(X), h(z) = (h, o(x))y by the reproducing property. For a set {z1,...,z;} C X define the
operator ®; : H(X) — R such that for any h € Hy,(X), ®:h = [(p(z1), h)2s, - - -, (o(xt), B) 1)L
and denote its adjoint by ®7 : RY — H,(X). By reproducing property ¢;h = [h(z1), ..., h(z;)].
For any A > 0, define V; = ®7®, + A3, where Iy; : H(X) — Hi(X) denotes the identity
operator. For a positive definite operator V' : H;,(X') — H(X), define the inner product (-, )y :=
(-, V)3 with corresponding norm ||-||,,. Observe that, under this definition, the posterior variance

o7 (z) = (@)l

Lemma 6 (Sum of predictive variances and MIG) If k(z,z) < 1 forall x € X, then

t

203—1(%) <2(14+ N

s=1

Proof Observe that V; = V;_1 + cp(xt)go( )T, Therefore by Sherman—-Morrison-Woodbury matrix

identity, we have V, ! = V, 7} — f+z;f;)¢(mt) = )1 This, in turn, implies that
(@) p@)) - @ le()ly,-, le@Iy,-,
le@Iit, -+ = @2~ - > lp@lf (1- el e
Vit Vio} 2 = v, 2 = 5
14 el N R P A By P
where (a) follows from Cauchy-Schwartz inequality. Since V;_1 = Ay, we have ||<p(;1ct)||%/_11 <
X ||‘P($t)HH = +k(w¢, ;) < . This implies that || (x )||v L < (145 1) lo(z H%/tfl and therefore
2 LY »
op () <1+ VAL (z) forall z € X. %)

Observe that p(z:) TV, Y o(zy) = Vit e o(a) ()T = V! o (Vi — V;_1) since for any a € R™
and B € R"*", a” Ba = B e aa”. Then from Lemma we have %O’?(Lﬂt) In v, MI 1 and thus, in
turn,

)\Za zs) < In l"‘;(‘jzln;x1q>tT<I>t+IH|:1n|A1<1>tq>tT+It|:1n|A1Kt+It|. (6)
Combining [5]and[6] we get
Za ) ( )Zo— () < (1+ NI | AT K, + 1
Now the result follows from Lemmal[4l [ |

B Analysis of TGP-UCB

The following lemma states a self-normalized concentration inequality for RKHS-valued martingales.
Lemma 7 (RKHS-valued martingale control [13]) Ler {z;};>1 be an Re-valued discrete time

stochastic processes such that zy is predictable with respect to a filtration {G }>0, i.e., z is Gi_1-
measurable for all t > 1. Let {w}4>1 be a real-valued stochastic process such that for all t > 1, wy

14



is (a) Gy-measurable, and (b) R-sub-Gaussian conditionally on G;_1 for some R > 0. Then, for any
0 € (0, 1], with probability at least 1 — §, uniformly over all t > 1,

th:_legp(zT) . < R\/2< In |Z| ln(l/é)).

where Zy = Z 4+ 3" _ o(2:)p(2:)T and Z = Hy,(RY) — Hy(R?) is a positive definite operator.

Observe that 3" _ w,¢(2,) is Gi-measurable and E [Zi:l ump(zT)\gt,l} = Zi;ll wrp(zr).
The process (23:1 chp(zT)) . is thus a martingale with respect to the filtration (G;);>o with
> >

values in the RKHS H,(X'), whose deviation is measured by the norm weighted by Z; *, which is
derived from the process itself. Hence, the name self-normalized concentration inequality. Now, we
will show that f lies in the confidence sets constructed by TGP-UCB with high probability.
Lemma 8 (Confidence sets of TGP-UCB contains f) Let f € Hy(X), || f|ly < Band k(x,z) <
1 foral v € X. Let E [|yt|1+°‘ |]-"t_1} < v < oo for some a € (0,1] and for all
t > 1. Then, for any 6 € (0,1], TGP-UCB, with by = vﬁtmlﬂ” and 111 = B +
% VTR LT VIn|I; + ALK | + 21n(1/6), ensures, with probability at least 1 — 6, uniformly
overall x € X andt > 1, that

(@) = 1 (2)] < Bror1 ().

Proof First, we define ay(x) = k¢ (2)T (Ky + M) =L fi, where f; = [f(21), ..., f(x;)]T is a vector
containing f’s evaluations up to round ¢. By reproducing property, oy (x) = < (z), ®T (@, 0T +
;) 1@, f)3;. Then, we have

F(@)—au(@) = (p(@), (B — DT (@07 + ML) ' Dy) flz 2

where (a) follows from[d] By Cauchy-Schwartz inequality, we have for any = € X

If(z) —as(z)] < A HVt_1/2<p(x)HH HVt—1/2fHH

@ (®)
< APe@lly- 1l < B ow(w). (7

Here in (a) we have used the fact that V,”! < A~'Iy, and hence, ’ Vt_l/QfHH <A V2 flly

(b) follows from | f||,, < B. Now, let i)y = y; — f(x;),t = 1,2,... denotes the truncated

noise and Nf = [M1,...,m]7 denotes the vector formed by the first ¢ of those. This implies
ﬁt(l‘) = at($> + kt(I)T(Kt + )\It) 1Nt. Thus

()T (K + ML) TN, = (p(), 87 (2,07 + M) " Ny @ ((x), BT Ny,

where (a) uses equation By Cauchy-Schwartz inequality, we have for any x € X

kt(x)T(Kt +)\It)_1]/\}t @?Nt

=T el

t

< o)y Laoi(@) ®)

t

Now, by triangle inequality, we have

@) = (@) < (&) = )| + ks @) (s + ML)

Hence from equation [7]and[8] we get

@) = o)l < (B 4372 4R, ) outo) ©
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Now, we define &; = 7y — E [1);|F;—1]. Then, we have
t t t
éth = Z n-e(xr) = Z Erp(zr) + Z E [0 |Fr-1] o(2-). (10)
=1 T=1 T=1
Observe that §; = §; — E [4¢| Fz—1], and hence |&;| < 2b;. This implies that &; is zero-mean 2b;-sub-
Gaussian random variable conditioned on F;_. Further, observe that &; is F;- measurable and x; is

Fi—1- measurable. Hence, Lemmaimplies that for any 6 € (0, 1], with probability at least 1 — 4,
forallt € N:

IN

1
2bt\/2 (2 In | I + A~10T | + ln(1/6)>

S el
T=1

Vvt—l

= th\/z (;mut +F ALK + ln(1/6)> (11)

Now for any a € R?,

t 2
Z arp(zr)
=1

where (a) follows from and (b) follows from the fact that ®;®7 (®,®] + A\I;)~ < I;. There-
2
fore HZ’;ZIE M| Fro1] o(z4) - < S _ E[fi;|F-_1]>. Further, observe that E [7};| F;_1] =

2 [ytﬂlyt\SbJ}-t—l} — f(z) = -E [ytﬂ\yt|>bt|]:t_1]. This implies
2 ¢

(@)

®)
= ||<I>Ta|}v L= a7 (BT B+ A y) 0T a Z T, @7 (8,87 +M) " ta < a3,

vt

t ¢
A~ 1 1+
ZE (07| Fr—1] p(2r) < ZE [yﬂ']lly7|>bf|]:7’ 1 Z p2a [|y‘r “F 1} <v? Z bzo‘.
=1 - = =1 7' T=1"T
Now setting b, = v THE A , we get
! 1 t 1 1
Z]E [0 | Fr—1] () < wpTHa / e dr < V2uTEa I
=1 V;l 0
(12)

Combining [O][10} [TT]and [12] we have that for any & € (0, 1], with probability at least 1 — §, uniformly
overallt > landx € X:

|f(z) = pie(2)| < <B +1/2/ ) vTHa e (1+ 2\/; In|l; + ALK + 1n(1/5)> o(x)
< <B + 32/ ) vTHa IS \/; In|I; + \~1K,| + 1n(1/5)> ou(x).  (13)

Further observe that | f(z) — fio(z)| = |f(z)| = [(f.k(z, ))u| < |flly kY (z,2) < Boo(x).
Now the result follows by setting B,41 = B + vrta tamre /I [T, + A1 Ky| + 21n(1/3), for
allt > 0. |

Now, we will prove Theoreml For for any § € (0, 1], we have, with probability at least 1 — §,
uniformly over all ¢ > 1, the instantaneous regret of TGP-UCB (Algorithm [I)) is

reo= f@) - f(z)
B @)+ Brora(at) — f(z)
S P () + Buora () — flar)
(2 28,011(z¢).
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Here (a) and ﬁ) follow from [13] and (b) is due to the choice of TGP-UCB(Algorithm ). Since

In |It + )Fth| < 7, we have §; < B + 34/2/A v THa {20 Vv +1n(1/6),
o . . @) (®)
which is an increasing sequence t. Further, see that Zthl or—1(xy) < /T Zthl o (zy) <

V/2(1 4+ A)yrT, where (a) is due to Cauchy-Schwartz inequality and (b) is due to Lemma@ Hence,
for any 0 € (0, 1], with probability at least 1 — §, the cumulative regret of TGP-UCB after T rounds is

from Lemma

Rr=0 (B Tz + v /o0 (77 + 1n(1/5))T72<2¢‘2>) .

C Regret lower bound: proof of Theorem 2|

Our analysis builds heavily on that of the optimization setting with f € H;(X) and with Gaussian
noise studied in [31]], but with important differences. Roughly speaking, we use the same construction
of f asin [31], but we construct the rewards differently to capture the heavy-tailed scenario. We now
proceed with the formal proof.

C.1 Construction of the ground-truth function

e Let g() be a function on R? with the following properties:

1. The RKHS norm of g is bounded: ||g||,, < B.

2. |g(z)| < 2A with a maximum value of 2A at x = 0 and g(z) < A when ||z|| > w
for some w > 0 and A > 0, to be chosen later.

e Letting g(x) be such a function, we construct M functions f1, ..., fas first by shifting ¢
such that each f; has its maximum at a unique point in a uniform grid, and then by restricting
them to the domain X' = [0, 1]¢. Using a step size w in each dimension, one can construct a

grid of size M = L(l)dj of the domain X, and hence M such functions f;. In this process

w

we ensure that any A-optimal point for f; fails to be A-optimal point for any other f;.

o Finally, we choose f as a uniformly sampled function from the set { f1,..., fas}.

It remains to choose g, w, and A so that the above properties are satisfied.

e For some absolute constant { > 0 we choose g(z) = hQ(%) h(%) where h is the inverse

1
Fourier transform of the multi-dimensional bump function: H(w) = e 1121 12 4y.
Note that since H is real and symmetric, the maximum of A is attained at x = 0, and hence
the maximum of g is g(0) = 2A, as desired. Further, since H has finite energy, h(z) — 0
as ||lz||, — oo. Hence, there exists an absolute constant ¢ such that h(z) < $h(0) when
llz]| ., > ¢, and thus g(z) < A for ||z||,, > w, as desired.

e It now remains to choose w and A to ensure that ||g||,, < B, for a given B. Note that, while
a smaller A ensures a low RKHS norm, a smaller w increases it. Hence, as long as A is very

small, we can afford to take w << 1, so that there is no risk of having M = 0. For % << 1,
(ml

< . . _
glly; < B can be achieved with w NNCEEE Ty
2A

. QA (872) (W H4/2)/2 1/v ,
for the SE kernel, and with w = ¢ (W) for the Matérn kernel for some

¢ > 0. We consider A as arbitrary for now, but later this will be chosen to ensure that % is
sufficiently small.

it is shown in [[31]] that the condition |

d
e From the choice of w, we see that M = © ((ln %) 2) for the SE kernel, and M =

d
(C] ((%) ”) for the Matérn kernel. Note that the assumption of sufficiently small % in

ensures that M >> 1, i.e. there are enough number of functions to sample from.
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C.2 Construction of the reward distribution

For any given o € (0,1], v > 0 and x € [0, 1]%, we define the reward distribution as

o) {Sgn (£@) (55)* with probability (22)*|£(z)], (14)
0 otherwise.

1

Note that |14] is a valid probability distribution as long as A < lvT+a. Then, E[y(z)] =

2
1ta 1 ol fz

@) sgn((f(@) = f(@) and E [Jy(@)]""] = (5) 7 (22)% |f(@)] = 4L < o for any

a € (0, 1]. Thus, we ensure that the (1 + «)-th absolute moment of the rewards are upper bounded

by v.

C.3 Preliminary notations and lemmas
Now, we introduce the following notations, also used in [31]:

e y,, denote the reward function when the underlying ground truth is f,, form =1,..., M.
fo denotes the function which is zero everywhere, and ¥ the corresponding reward function.
P,,(Yr) (resp. Po(Yr)) denotes the probability density function of the reward sequence
Yr ={y1,...,yr} when the underlying function is f,, (resp. fo). Pm(y|z) (resp. Po(y|x))
denotes the conditional density of the reward y given the selected point = when the underly-
ing function is f,, (resp. fo).

o £, (resp. Ep) and PP, (resp. Pp) denote expectations and probabilities (with respect to the
noisy rewards) when the underlying function is f,, (resp. fo). E[-] = &5 Zf\le E,.[‘] (resp.
P,.["]) denote the expectation (resp. probability) with respect to the noisy rewards and f
drawn uniformly from {f1,..., fas}-

o {R,,}M_, denote a partition of X into M regions such that each f,,,m = 1,..., M has

m=1 -
its maximum at the center of R,,,. v}, = maxer; |fm(z)| denotes the maximum absolute

value of fp, in the region R; and DJ, = maxer, D (Po(:|2)||Pm(-|2)) denotes the

maximum KL divergence between Py(-|x) and P, (-|x) within R;. N; = ZZ;I Liser;y
denotes the number of points within R ; that are selected up to time T'.

Next, we present some useful lemmas from [31]].

Lemma9 /31l Lemma 3] Under the preceding definitions, we have E,,[N;] < Eo[N;] +
Dir(Po||Py) forallm =1,....,Mandj=1,..., M.

Lemma 10 /31l Lemma 4] Under the preceding definitions, we have Dgi(Pol|Py) <
S Eo[N,|D, forallm =1,..., M.

Lemma 11 /31| Lemma 5] The functions f,, constructed in Sectionare such that the quantities

vl satisfy:
(a) Zf\n/lzl vl = O(A) forall j=1,...,M and (b) Z;\il vl =O(A) forallm=1,..., M.

C.4 Analysis of expected cumulative regret

Observe that Ey[f(74)] < )2, Pp[zs € R;Jvd,. This implies

T M M M
£ (32 sto0| < bl < 3 ool 7,3 mai 0t ).
t=1 j=1 j=1 §’=1
where the last inequality follows from Lemma[9] Now averaging over m = 1,..., M we obtain the
following:

5)
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‘We can bound the first term as follows

ED I IEIVERS 3 pEENGEII )ZEo 20(22). o

m=1j=1 j=1m=1

where (a) follows from part (a) of Lemma , and (b) follows from 3%/ j=1 N; = T In order to
bound the second term, first we note that yo(x) = 0 for all x € X. Therefore, we have

1 @  (2)° )
Dit. (Po(-12) || P (-]2)) = In : <
° L) @ 1 (22)F )
© (%)ﬂﬁn( z)|
- (2A) STy

—

2 2(2)

Here (a) holds because In(z) < z — 1 forall x > 1, (b) holds as | f(z)| < 2A and (c) holds for
A<i(3)5" vT#a . Observe that this choice of A is compatible with|14] This implies that for all

i=1,....,M,

. o (A" 1/1\ ™

DI <2 () vhif A< () v (17)
v

Now, we can bound the second term as follows:

—
[l

1+
(2A)2e /T
O|A——F—1/— . 18
< ot VI (19
Here ﬁ follows from part (b) of Lemma [T} (b) follows from Jensen’s inequality, (c) follows

from |17)if A < 1 (1) T yTe, (d) follows from part (a) of Lemma and (e) follows from
Z;V; N; = T. Substituting andingives

T lta _a
1 (A= [T 1/1\T
E t:E - f(l't) S CTA (M + UT M) for A S 5 (2> v ita, (19)

Since f(z*) = 2A, the expected cumulative regret

T a

C C (QA) e /T 1 /1\ e o

— > E—— [ Y — < — | = T+a
E él flz)| >TA <2 s for A < 5 | 3 v+

Since M — oo as % — 0, we have £ < 1 for sufﬁmently srnall =. Hence, we have

E[Ry] =T

M 2
2A) 2« T
E[Rr] > TA(‘;’C( L M)
V32a
1 1 M\ ™% .
> TA fOrA < B (n’lll’l{27 m}) Vite, (20)

19



Now, if M < 2C2T, then

- 1 M 1+« 1
IE[RT]:Q@H%MWTH%) for = <4C2T) vTHe <AL

C.4.1 Application to the squared exponential kernel

d
For the SE kernel, we have from the choice M = © ((ln 2) 2) along with the upper and lower

N\ Tia
bounds on A in that A = © ((71, (ln %) 2) " vlJrla). This, in turn, implies that In g =

da
In w In (@( ) (In §) 2“*“). Since d = O(1) and 1 € (0, 1], the second term behaves as

v1+a

O(Inln £), whichis © (3 In £) for sufficiently small 5 . This, implies thatIn £ = © (m BTJ“) ,

vIta

d da
T 2 1 T 2(1+a) a
and thus, in turn, M = © ((m BT?) > and A = © <v1+a (m BT?) T 1+a>.
v1ta v Ita

Note that the choice of M ensures that M < 2C?T and the choice of A ensures that % is in-
deed sufficiently small as long as Ve < C'BT7a for some sufficiently small constant C”
1

_a\ 20+
Now, substituting M in 21} we obtain E[Ry] = Q <v1+1a (ln BTT’“) T1+a> =

vI+a

1+a \ Z0+a)
Q <v1ia (ln B“1T> Tlia> , since, generally, d = O(1) and 13 € (0, 1.

C.4.2 Application to the Matérn kernel

d
For the Matérn kernel, we have from the choice M = © ((%) ”), along with the upper and

d\ Tia
lower bounds on A in that A = © <(% (%) ”) i vlia). This, in turn, implies that A =

v/(14a) da/(1Fa _ _va/(1+a) d/(14a da/(14+a)
® (U vtda/(1+a) Bv+da/(0+a) T u+da/(1+a)) and M = 6 (’U u+da/(1+a)Bu+da/(1+a)Tu+d(x/(l+a))

Once again, we see that the choice of M ensures that M < 2C2T and the choice of A ensures that

% is indeed sufficiently small as long as v < C'BTT+= for some sufficiently small constant C".

L . ) v/(+a) da/(1+a)
Now, substituting M in , we obtain E [Ry] = Q (v TFdal(ite) Brrde/(Tte) T THa '+dﬂ/(1+ﬂ>) =

v da vtda
0 (’U v(i+o)+da Bv(+a)+da T v(i+a)+da ) .

D Analysis of ATA-GP-UCB

D.1 Construction of tighter confidence set using data adaptive truncation

The following lemma helps us to show that (14 a/)-th norm of u; € R is ¢ e , where ul i € [my]

are the rows of \7;1/2@?.

Lemma 12 Let A € RPX9. Let¢; € RP,i = 1,...,q be the i-th column of A(AT A + \I,)~'/2.
Then for any 3 € [1,00), we have ||c; 5 < p% Soralli € [q].

Proof Let the singular value decomposition of A be ULV”, where U and V' are unitary matrices.
This implies A(AT A+ \1,)7"/2 = US(ETS + M) ~Y/2VT. Now, the i-th column of A(AT A +

>In our setting, B and v are constants that do not scale with 7" and the condition is trivially satisfied.
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M) "% is given by ¢; = US(STS + AI)~/2V ¢, Therefore,
leill, = HUE(ETE n AI)*“V%H2 - HE(ETE ¥ )\I)’l/QVTeiH2

IN

=T+ )J)‘l/2H2 Ve, < 1.

Now the result follows from the fact that for any a € RP, [|a||, < 1 the maximum value of ||a|| 5 for
any 8 € [1,00) is p *3% with the maximum attained at [\f7 cey ﬁ]T. |
Now, we will show that the data adaptive truncation of ATA-GP-UCB helps us to achieve tighter
confidence sets than TGP-UCB.

Lemma 13 (Effect of data adaptive truncation) For any 6 € (0,1], ATA-GP-UCB with b, =
1 11—«
(v/In(2mT/6)) ™= t20+a), ensures, with probability at least 1 — 0, that uniformly over all t € [T,

‘/tili)tTft — U] . S 4\/mt Uﬁ (ln(2mtT/5))1+% tz(lllo‘;),
12
where fi = [f(x1),. .., f(z¢)]T is a vector containing f’s evaluations up to round t.

Proof The proof is inspired from Shao et al. [34], with some changes. Fix any ¢ € N. Let
u? € Rt § = 1,...,m; denotes the i-th row of l~/t_1/2<l>tT where V, = i)tTi)t + A,,,. Let
r, = u;fFYt = Zj—:l u; +Y- denotes the sum of weighted historical rewards in the ¢-th dimension
of the feature space with the weight vector u; and 7; = Zt 1 U TyT]l‘ul Ly.|<b, denotes the
corresponding truncation. Let 7/ . = o({z1,..., ¢} U{y1,...,y-}),7 =0,1,2,... ¢ denotes the
o- algebra generated by the arms played up to trme t and rewards obtained up to trme 7. Observe that
0 C .7-}’71 C Fio C ... and define 7} = ¢0- Then, E [Yi|F{] = frand u;, i = 1,...,my are F-
measurable. Therefore, we have E [r;|F)] = ul fi = S0 wi  far) = S0 E [ui,fyfl}"t/ﬁ_l]
for all ¢ € [my]. This implies
7 ~ E |7
t

t
= Z ui,'ry'r]l|ui,.,y7l§bt - Z E [ui,7y7|-’r{77—_1]

T=1 T=1
!
= E :uiaTyTIllui,Tyrlet - E E [uiﬂ'yT (ﬂlUi,TyTlet + IllUi,TyT|>bt) |]:t,-r—1l
T=1 =1

t
< Z (ui,ryr]lluiyfyﬁgbt —-E [ui,TyT]l|ui,.,.yT|§bt|]:£,7—71})

T=1

t
+ ZE Uui,‘ry7-| ]1|Ui,7—y7l>btl]:£’-r,1] .

T=1

b, “E [|ui77yT| R TR b 1] < b7 ui | TR [|y7|1+a |]-"{7T_1]. Now since the noise

Now, we will bound the second term first. Observe that E [|u; +yr| Lju, .y, |50, Fr 1] <

variables are sampled independent of the arms played, it holds that E {|y7l1+°‘ |]-"t’7T_1] =
E {|y7l1+°‘ |.7-"T_1} and therefore

1
ZE [ui ryr | Ly, ryrl>bf|}—t'r 1 <Ub Z|Uﬂ'l e

T=1
Now, we will bound the first term. For that, we define Mt,T = WirYrLju; Ly <b, —

E [Ui,ryr]l\u1,,y4§1>,, ‘ ]—'{’771] ,7 = 1,2,...,t. Ttis easy to see that (M, ,),>1 is a martingale
difference sequence with respect to the filtration (F; ;);>0 and [M; ;| < 2b; almost surely. Fur-
ther, V[MT ‘ ]:ff,rfll = V[ui,TyTﬂlui,ryrlet ’ ]:t,‘rfl] <E [ ’L,TyTILluiTTy‘rlet | ]:t,rfll <
btlioé |“i,f|1+aE |y'r|1+a | }—t/;r—l < vblia l“i,'r|1+a
have that for any v € [0,1/2b,] and ¢ € (0, 1], with probability at least 1 — 6,
¢

Z (Uz’;yr]ﬂu”ymgbt —-E [ui,ry‘f']l|ui,7y.,|§bt])
T=1

. Then by Bernstein’s inequality [32]], we

t

1
< > In(2/6) + (e —2) Y vby~* w7

T=1
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Now setting v = 1/2b,, we obtain that for any ¢ € [m,] and § € (0, 1], with probability at least 1 — 6,

t
7 —Elri| 7]l < 2bIn(2/6) + 20b;* Y fug .|
T=1

= 20, 1n(2/6) + 20, |lu;|| 10

1+«

(a) 1—a

< 2b:1n(2/0) + 2vb, “t 7=

(b) 1 a —a

< doTe (In(2/0)) e ¢t (22)
Here (a) follows from Lemma and (b) holds for b; = (v/In(2/ 5))1%‘ #2017+ . Now observe that
V20, = [ P )T and VO PRT S = [ fo e ud ST = B F Bl | F
This implies

Hf/t_lci’tTft _ét’

g = [ R =T = | L G- E AL

i=1

Therefore, by taking an union bound over all ¢ € [m;] and setting § = §/m; in we obtain that for
any t € Nand § € (0, 1], with probability at least 1 — 4,

’ V.ol fi -6,

Now the result follows by taking another union bound over all ¢ € [T'] and setting 6 = /7. |

< dymy v (In(2m,/8)) Tt
v

D.2 Analysis of ATA-GP-UCB under quadrature Fourier features (QFF) approximation
D.2.1 Error due to Fourier feature approximation

Definition 2 (Uniform Approximation [26]) Let k : X x X — R, X C R? be a kernel, then a
feature map ¢ : X — R™ uniformly approximates k within an accuracy €, if and only if,

sup |k(z,y) — &(2)"3(y)| < em. (23)
z,yeX

Lemma 14 (QFF error) [26] Theorem 1] Let X = [0,1]%, k = kg and @ be as in Then,

1 e \m
< 4241 (—) )
Em = V2mm \412

Lemmaimplies that QFF embedding (1) of ks satisfies €, = O <(‘ﬂi) where m = m?. We

le)Fn

can achieve exponential decay only when 7 > 1/1%, and in that case O ((d + In(d/z,,))?) features
are required to obtain an ¢,,,-accurate approximation of the SE kernel. In contrast, Sriperumbudur
and Szab6 [36] show that for any compact X C R, the uniform approximation error using RFF
is e = O,(y/dIn]X|/m), ie. atleast O(dIn|X|/e2,) features are required to obtain an &,,-
accurate approximation of k. In most of the BO applications either d = O(1), or there are enough
structure (e.g. generalized additive models) such that effective dimensionality of the problem is low.
In that case O(1/¢2,) and O((In(1/,,)?) features are needed to obtain &,,-accuracy with RFF and
QFF approximations, respectively.

Now, recall that the posterior mean and variance of a GP prior GPx(0, k) with iid Gaussian
noise A'(0, \) are given by () = ki(2)T (K; + M) 7Y, and 02(z) = k(z,z) — ki(2)T (K, +
M) "'k (), respectively. Let aiy(z) = ke (z)” (K; + M) ™! f; denotes the expected posterior mean
and Ay (x) = ky(2)T (K; + M) 7! f; denotes the approximation of ay (), where ky(x) = ®,5(x)
and K, = ®,®7. Define k(z,y) = ¢(x)T@(y). Then, the approximate posterior variance under
QFF approximation is 52(z) = A3 (2)TV, '@, () = k(z, ) — ke(2)T (K, + M)~ k(). Now,
we will show that the error introduced by uniform approximation reflects in the approximation of the
posterior variance and the expected posterior mean.
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Lemma 15 (Error in posterior mean and variance approximations) Let f € H(X), ||f]l,, <
Band k(z,x) < 1forallx € X. Let ¢ : X — R™ be a feature map such thatholdsfor some
em < 1, and p(2)T¢(y) < 1forall v,y € X. Thenforall x € X andt > 1, we have

(i) |ow(z) — a(x)| = O(Bemt?/N) and (i) |ow(x) — 64(x)] = O(eL/?t/N).
Proof This proof is inspired from [26]], with some notable changes. First, observe that

k’t(x)T(Kt + )\It)_lft — l;t(x)T(I%t + AIt)_lft

(%) (kt(x) - %t(ﬂ?))T (Kt + ML)~ fr

+ ’fft(x)T ((Kt +AL) T — (K + /\It)_l) ft‘

bae) = Rao)| | 12 A, + |

/%t(gc)H2 H ((1{1t FAL) - (K, + )\It)‘l) f,

2

< Jrele) = ke[ 160+ AL el + [[Rea)| [ 6+ A2 = (o AR I

where (a) uses triangle inequality, (b) uses Cauchy-Schwartz inequality and (c) uses the definition

of operator norm. By our hypothesis, | f||, < Bt'/2, ‘ l;t(x)H < t'/? and ‘ ki(x) — l%t(x)H <

2 2
emtt/?. Now
|+ A = (R A = ||+ AR (R + M) = (K 4+ AL ) (R + A1) |

- H(Kt + /\It)_l(f(t - Kt)(f(t + /\It)_luz

a) - ~
2 o ]

< emt/N
where (a) follows from the sub-multiplicative property of operator norm and (b) follows from the
facts that HKt - K, ’ < \/Zl<ij<t(k(xi,xj) - E(Ii,l’j))z < &mt, and that for any p.s.d. matrix
5 <ij<

A e R |[(A4+ ML) 7|, = Amax{(A + M) ™'} = 1/Amin{A + AL} < 1/A. Therefore, for all
x € Xandt > 1, we have

loy(z) — dy(z)| < (sth SN+ emt®? /)\2) Bt'/? = O(Be,t?/)\).

Now, since ‘k(x,y) - l;(x,y)‘ < e, forall z,y € X, we have ky(z) = ki(x) + a¢(z) where
lat(x)||., < €m. This implies
|07 () = 7 ()]

k(@)™ (R + ML)~ = (K + ML) ™) kt(x)‘ +2

];t(ﬂ?)T(Kt + A_[t)_liﬂt(x) — kt({)ﬂ)T(Kt + )\It)_lkt(x)‘

< é&mt

ar(2)T (K, + )Jt)*lkt(x)’

+|a(@) (R + ML) ()|
S et ||+ AR = (K 4 AL 7| e @) + 2 llar @, [ (Ks + ML) 7| k(@)1

||+ A7 a1

(b)
< et emt? N F 28t N F 2L/ N = O(ept?/N?) for g,y < 1.

Here (a) is due to Cauchy-Schwartz inequality and definition of operator norm. (b) uses ||k (z)||,
12, flaw(@)ly < emt™2, |[(Ko+ )™ = (Ko + ML) Y| < emt/A% and || (R +A0) |

2 2
1/X. Now, the result follows from the fact that for any a,b > 0, (a + b)'/? < a'/2 + b1/

H INIA

Now, we are ready to prove Lemma ]
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D.2.2 Proof of Lemmalll

Under the QFF approximation, we have ¢, = ¢ and m; = m for all ¢ > 1. Hence, we have
fi(x) = @(x)70; and ay(x) = @(x)T O (2,07 + M)~ f; = p(2)TV, '@ f;, where the last
equality follows from 3] Now, by Cauchy-Schwartz inequality,

Gale) = )| < ||V 9T fu = B 6@y, = A7 [V 9T £ - 6y

Vt 5}(1‘)
Hence, from Lemma|13| we have, for any § € (0, 1], with probability at least 1 — ¢, uniformly over
allz € X and t € [T, that

| () — fie ()] < 4y/m/X vTHe (In(2mT/8)) = tﬁ&t(x). (24)
By triangle inequality,
[f (@) = fu(@)] < |f (@) — ar(@) ] + (@) — au(@)] + | () — fu(a)]-
Now, from[7] |f(z) — ax(z)| < Boi(z) and thus, in turn, from Lemma [T3] |f(z) — as(z)| =
Boy(z) + O(Be}r{Qt//\). Also, from Lemma |y (z) — ay(x)| = O(Bemt?/)). Now combining

these with |24} we obtain, for any 6 € (0, 1], with probability at least 1 — §, uniformly over all z € X
and ¢ € [T, that

() = ()]

IN

(B +4y/m/A vTs (In(2mT/6))Tie t—2611‘1>) G1(x) + O(Be2t/\) + O(Bemt?/N)
- (B +ay/m/x vTE (In(2mT/8)) 5= t—z&:;)) G4(z) + O(Be/242 /)

for &,, < 1. Further observe that | f(z) — jig(x)| = | f(2)| < Bk'/?(x,x) = Boo(z) < Béo(z) +

Bel/?. Now the result follows by setting B;11 = B + 4/m/A VT (In(2mT/8)) T+ #2077 for

allt > 0.

D.2.3 Proof of Theorem[3

For any 6 € (0,1], we have, with probability at least 1 — 4, uniformly over all ¢ € [T, the
instantaneous regret

re = f(x*) - f(ﬁft)

@) + Budra () + O(BE2P/N) — flan)
(b)
< ua(en) + B () — [lae) + OB /)

©
< 2B464_1(xy) + O(BeX/ %2 /X)),

Here (a) and (c) follow from LemmalT]and (b) is due to the choice of ATA-GP-UCB (Algorithm 2).
Now Observe that (3;)¢>1 is an increasing sequence in ¢. Further,

b

T
T 6% (x) < V2(1+ NTir = O(VmTInT).

Here (a) follows from Cauchy-Schwartz inequality, (b) from Lemmal6] and (c) from Lemma

noting that k is a linear kernel defined on R?™. Hence for any 6 € (0, 1], with probability at least
1 — 9, the cumulative regret of ATA-GP-UCB after 7" rounds is

T
0 (BT\/Tm In T) +30(BY?2/))
t=1

—~
=

Rr

- 0 (B\/Tm T + muTs (In(mT/8)) ™ (InT)Y2T s + Bg}w/?Tfﬁ) .
From Lemma (14{if 2 > 1/1* and d = O(1), we have &, = O((e/4)™). Further if m > log, . (T°),
then 4/ 2T3 = O(1). Now choosing m = © (log4/e(T6)), we can ensure that m = O((In T)d)ﬂ

SFor the RFF approximation, we have €,, = Op(1/y/m) if d = O(1). Now in order to make the last term

/2T behave as O(1), we have to take m = O(T'?) features which will eventually blow up the first two
terms by the same order. Hence, we will never achieve sub-linear regret bound using RFF approximation.
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Therefore for any 6 € (0, 1], with probability at least 1 — ¢, the cumulative regret of ATA-GP-UCB
under QFF approximation after 7" rounds is

Br=0 <B\/W+ 0T (In (T(nT)*/5)) ™ \/ﬁ(lnT)dTlia) :

D.3 Analysis of ATA-GP-UCB under Nystrom approximation
D.3.1 Construction of dictionary and its properties

Given the kernel matrix K, we define an accurate dictionary as follows.

Definition 3 (c-accurate dictionary [9]) For any ¢ € (0,1), a dictionary Dy C {x1,..., 3¢} is
said to be c-accurate with respect to the kernel matrix K if

|0+ an= 12 = s Y (AT <

where Sy is the selection matrix associated with the dictionary Dy such that [St];; = 1//Pt. if
x; € Dy, and 0, elsewhere.

The following lemma states two more equivalent condition for a dictionary to be accurate.
Lemma 16 Let Vp, = ®1'S2®, + \Iy. Then, the following are equivalent:

L4 AD R0 SR+ M) <

2. |[(@F @y + Aly) 72T (I — SP)P (T By + Myy) 72|, <&

3 Q1-e)V;=2Vp, 2 (14+e)Vs.

Proof Let ®; = UXV” be the singular value decomposition of ®;. Then & (®] &, + Al3)~ /2 =
US(STS 4+ M)~ VT, (@F®, + M)~ /20T = V(SIS + AL 'S7UT and K, = USSTUT.
Therefore

(@F @+ M) /20T (1 — S @T 0, + M) 2|

= |lvETs £ an)22TUT (1, - SHUS(ETS + AIH)*/?VTHH

= |[@T2 + x5 122 TUT (1, - SHUD(ETS + )\]H)_l/QHH

= | =T an T AEST) U (1 - SHUEET) RS + )|

= |u®s? £ L) V2(=sT)V20T(1, - $2UEsT)V2(exT + /\It)‘l/QUTHQ

= (& + ADV2RY (1, - S KA (K, + AI)—W)

b

2
which proves that 1 <= 2. Now, Observe that

|(@F @0+ ALY (1 — ST, + ML) | <

= —ely =< (DFD, 4+ M) V2O D, — BTS2, (BT D, + Ny ) Y2 < ey
= —ely <V, VAW, = Vp, )V Y2 < ey
— <V, <XV, —Vp, XV,
= (1-e)V;<XVp, 2 (1+e)V,
which proves 2 <= 3. ]

An e-accurate dictionary can be obtained by including points proportional to their A-ridge leverage
scores defined as follows.
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Definition 4 (Ridge leverage score [1) For a set of points {z1,...,x} and a constant X\ > 0, the
A- ridge leverage score of the point x;,i € [t] is defined as

lii = el Ky(Ki + M) " tey,

where e; € Rt is the i-th standard basis vector.

Ridge leverage score (RLS) can be interpreted in many ways and it is well studied in the literature.
Here we observe that

el Ky (Ki+AL) " te; = ef @07 (0,0] + A1) te; = e] ©(®] B4+ AI3) '@l e; = ||¢(xi)\|2vfl :

Therefore [, ; = +07(x;),1i.e., the RLS of z; is proportional its posterior variance o7 (z;) under the GP
prior G Py (0, k). However, the exact computation of \-ridge leverage scores in turn requires inverting
the kernel matrix K; which requires O(¢®) time. This motivates the need for a fast approximation of
RLS such that it can be used to construct an e-accurate dictionary. Calandriello et al. [9] show that,
instead of using the exact ridge leverage scores (or, equivalently, posterior variances) if we use the
approximate variances from the previous round to sample points in the current round, then we will
be able to obtain an accurate dictionary. Not only that, the dictionary size will grow no faster than
the maximum information gain of the underlying kernel. Now, we present the NystromEmbedding
procedure which is used in Algorithm 2}

Algorithm 3 NystromEmbedding
Input: {(z;,61-1(2i))} -1, @
Set: Dt = @
for:=1,2,3...,tdo
Sample z; ; ~ B (min{q&f_l(xi), 1})
If 2, = 1,set Dy = Dy U {x;}
end for +
. 1/2
Return () = (KDt ) kp,(x)

The following lemma states the properties of the dictionaries D; constructed using Algorithm [3]

1+

1= and

Lemma 17 (Properties of the dictionary) For any ¢ € (0,1) and 6 € (0,1], set p =
q= w. Then, with probability at least 1 — 6, uniformly over all t € [T),

1
(1-e)VixVp, = (1+e)V; and my <6p (1 + )\) qvt-

Lemma|[I7]is a restatement of [9, Theorem 1] and it is presented in this form for the sake of brevity
and completeness. Now, we will show that using the Nystrdm embeddings @; (), we can prevent the
variance starvation which generally arises due to approximation.

D.3.2 Preventing variance starvation with Nystrom embeddings

Recall that the posterior mean and variance of a GP prior G Px (0, k) with iid Gaussian noise A/(0, \)
are given by (1) = ky(2)T (K + M) 7Y, and 02 (x) = k(x,x) — ki(2)T (K; + M) " Yke(2),
respectively. Let ay(x) = k¢ (z)T (K; 4+ M)~ f; denotes the expected posterior mean and &;(z) =
ki (2)T (K + M)~ f, denotes the approximation of v, (z), where k() = ®;p(z) and K; = ©,®7 .
Then, we have ay(z) = (p(z), V; @7 f,)3 and &y (z) = $¢(2)TV, ' ®F f,. Now, we can rewrite
the posterior variance as o7 () = \ [|p(x) H?/'fl’ whereas the approximate posterior variance under
Nystrém approximation is given by 62(z) = k(z,z) — ¢(x)T G(x) + gy (2)TV, 13 (x). This
choice of 57 () helps us to negate the variance starvation which arises due to feature approximation.
Now, we will justify this choice of 7 () by showing that it can be derived by projecting ¢(z) to a
smaller RKHS. The idea is inspired from Calandriello et al. [9].

Projection to a smaller RKHS: For any dictionary D; = {zi,,..., %, },i; € [t], de-
fine the operator ®p, : Hi(X) — R™ such that for any h € Hp(X), ®p,h =
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[{e(xiy)s hYa, - - - <<p(x¢myt),h>7{} and denote its adjoint by ®, : R™ — H;(X). Let
p1(x) = Pyp(x) be the projection of () to the subspace spanned by the columns of the operator
@7, , where the projection operator P; : Hy(X) — Col(®7, ) is given by P, = ®F, (p, ®7,, )T Pp,.
It is easy to see that PT = P, and P? = P;. Now, for any set {x1,...,7;} C X define the operator
®; : Hp(X) — R such that for any h € Hy,(X), Beh = [(Fe(x1), h)3is - - - (Be(xe), h)3]T, and
denote its adjoint by ®7 : Rt — H,(X).

Lemma 18 (Approximate posterior variance and mean under projection) Let ‘7,5 = @tTff)t +
Ay for any A > 0. Then, we have

57 (x) = Me@)[p—  and ai(x) = (o), V; 'O i)

Proof Since Kp, = ®p,®7,, we have the projection P, = &F (Kp,)"®p,.
T
Now, observe that (p(@),o(w)r = ((Kp))iepe@) ((Ki))ienely) =
T ~
(B ko, @) (K2 ho, (1)) = @l@) @uly).  Also, note that B = P&l
This implies ip(z) = ®Pp(z) = [(@(a1).p@)p, - (plxe), o(@)p)” =
[@e(x1)T <pt( ) ey @) T @e(x)]T = @4pi(x). Further, the (4,5)-th entry of @t@T i
given by [:07);; = (Pp(:), Pro(a;))m = (e(@:),0(x;))p, = @u(2:)Ti(x;) and hence’

3,07 = <I>t<I>T. Then, we have
Me(@), (7D, + AT) ()2
D (plw), (I — BT @] + A1), ()

k(z,z) —

M@

—
S]
N

—~
=
=

1(2) 7T (04 ®] + ML) ' 4y ()
v ) — (@) T B 0y (B Oy + Ay, ) ' ()
k(z,z) — G(z)" e () + AGe(2) TV, Gy (2) = 67 ().

Here (a) follows froml ) is due to ®(z) = ;3 (z) and &,37 = &, BT, and (c) follows from
[Bl Now observe that

(@), Vo fidn = (o(@), (BF Dy + Al3) " @] fi)ne
o(x), T (B0 + AI) " fi)w
Q5 ()T DT (8,87 + AL) LS,
()
)"V,

=
A

Il
=
8
As)

—
5]
N
—~

- t
L (x T(<I>Tc1>t+)\l el
Vo] fr = au(w).

|
Y

xT

|
:

t

Here (a) and (c) follow from and (b) is due to ;o (z) = ;3 (z) and &, 0T = &, 7. [ |

Lemma 19 (Accuracy of approximate posterior variance) For an e-accurate dictionary (Defini-
tion[3)), we have

1-¢ -
ot @) <5 () <

Proof From Lemma u we have 62(z) = A(go(x),ffflcp(x))y. Now, observe that V, =
P,®T®, P, + Ay = P,V,P;+ \(I3 — P;). From Lemma|16, we have (1—¢)V; < Vp, < (1+¢)V;
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for any e-accurate dictionary D;. This implies that

~ 1
Vi = T EPtVDtPt + Ay — P)
1 A
- PoTS20,P, + 5 P, 1+ Ay
1—¢ 1—¢
@ 1
< LEey,
1—¢

where (a) follows from P,®!'S; = ®]'S; and P, < I. Therefore, we have

5 @) = T Mel@), Vi () = 103 ().

Similarly, we can show that V; > ]1-_7_72‘/1» and thus, in turn, 57 (z) < Lizaf (). [ |

Now, we will show that the confidence sets formed by ATA-GP-UCB (Algorithm [Z)) under Nystrom
approximation is tighter compared to that of TGP-UCB.

D.3.3 Confidence sets of ATA-GP-UCB under Nystrom approximation

First, we define the following two events. Fix any € € (0,1) and ¢ € (0, 1]. Let E; ¢ denotes the
event that the dictionary D, is e-accurate, i.e,
(1—-e)V; xVp, X (1+e)V,,
and Es ; denotes the event that the size of the dictionary D is at most 6p(1 + %)q%, ie.,
1
my < 6p (1 + A) aes

where p = }f; and ¢ = %ﬁwé). Then from Lemma we have P [ﬁle(ELt N Eg,t)] >1-9.
Let Gy = o ({4, (2i,5)i=1 }i—1) ,¢ > 1 denotes the o-algebra generated by the arms played and the

outcomes of the NystromEmbedding procedure(Algorithm up to time ¢. See that (G;);>1 defines a
filtration, and both £ ; and F ; are G; measurable.

Lemma 20 (Tighter confidence sets with Nystrom embedding) Fix any § € (0,1], ¢ € (0,1)

and set p = %i Then, ATA-GP-UCB under Nystrom approximation, and with parame-

ters ¢ = 6pln(4T/8)/e?, by = (U/ln(ﬁlmtT/(S))ﬁt2‘(11:+%c) and Br11 = B(1 + \/11:) +

4/my /A Ve (In(4m,T/5)) 7= t2(111i>, ensures, with probability at least 1 — 6, uniformly over

allt € [T) and x € X, that
[f (@) = A1 (2)] < Bror-1(x),
where my is the dimension of the Nystrom embedding o, constructed at round t.

Proof From Lemma we have a;(z) = (p(z), ‘7;1(/15? ft)#- Therefore,
f@) = @@ = |e@,f - T8

f=Vel )

< x)||o-
< le@lig .

= )\_1/2 (EI\)?EI\)t+)\IH)f_EI\)$(I)tf vt &t(x)

_— - 5

©  y\-12 N — @0 (Iy — P f ﬁ_lat(x)

(© . S22

SN U L R Sl L T MU Y] I e
(@ L1 |12 5

< (Wl #2772 (TR 1 = POl 1) 91t2)
(e)

<

B (1 T2 @, (I — Pt)||H> ().
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Here (a) is by Cauchy-Schwartz inequality, (b) uses the fact that ®, = ®,P;, (c) is by trian-

gle inequality, (d) follows from ‘ ‘A/t_l/ZfHH < A~Y2||f|l;,, and (e) follows from the fact that

~ ~ 2 ~ o~ ~ ~ o o~ o~
Hvﬁ/zcthHH — Amax (@t(¢$¢t+AIH)—1q>tT) — Ao ((I)ttth(@t(th—s—)\It)—l) < 1, and
that || f||,, < B. Now see that Col(®7, ) = Col(®{S;), and hence P, = & S;(S;®,®] S¢)" S, 9.
Therefore

Ly — Py = Iy — OTS,(Si0®T S, + M)~ S0y @ A@T 20, + ML)~ = AV,

where (a) follows from Now given a filtration G; such that E ; is true, we have I, — P, < ﬁV[l,
and hence [|®(I — P)[|3, = Amax (Pe(Irr — P)®T) < 12 Anax (9o (®F @ + My) 10T ) =

2 Amax (@4 @F (@7 + ML) ™) < ;2. Therefore, given a filtration G; such that Ey , is true,

1—¢

< 1 -
|f(z) — as(x)] < B (1 + m) G (x). (25)
Now, we have fis(z) = @ (x)70; and du(x) = @(x)TV, '®Tf,. Also observe that

Mige(@)lIf - = 62(@) + @e(2)" @e(z) — k(@) = 53 (x) — (p(@), (In — P)p(a))u < 57 (),
since by definition P; < I3. Then, by Cauchy-Schwartz inequality

Galw) = ()| < |

Now, Lemmaimplies that for any ¢ € (0, 1], with probability at least 1 — ¢, uniformly over all
te[T]andz € X,

G (z) — fie(2)] < 4/me/X v (In(2m,T/8)) T ¢354 6, (z). (26)
By triangle inequality,

Vool f - 6

. &t(fﬂ)

- - <)\71/2H‘771&)T _d
Ne@lig o < a7 |78 g -6

|f (@) = ()| < |f(2) — au(@)] + [au(z) — ()]

Now, combining and for any ¢ € (0, 1] and given a filtration (G;);>1 such that E; , is true for
all t € [T, we have, with probability at least 1 — ¢, uniformly over all ¢ € [T] and z € X,
1 1 P e 2 —
uua—munS(B(L*v>+4Vm#AW“%m@mJMD“a“@“>@uy
1—¢

From Lemma |17} the event E1 ; is true for all ¢ € [T] with probability at least 1 — §. Now taking
an union bound, we obtain that for any § € (0, 1], with probability at least 1 — §, uniformly over all
te[T]andx € X,

1 o _l-a

F(2) — fin(x)] < (B (1 + ) 4 4/ma A v (In(4mT/8)) T t2<11+a>) 5u().
V1i-¢

Further observe that | f(x) — jio(z)| = |f(2)| < Bk'/?(x,z) < B(1+4 1//1 — €)&o(x). Now, the

result follows by setting 5,41 = B <1 + ﬁ) +4y/me/A vTFE (ln(4mtT/5))1+La #2077 for all

t>0. |

Now we are ready to prove the regret bound of ATA-GP-UCB under Nystrom approximation.

D.3.4 Proof of Theorem[d]

For any 6 € (0,1], we have, with probability at least 1 — 4, uniformly over all ¢ € [T, the
instantaneous regret

reo= f@*)— fa)
(@) + B (@) — Fm)
S () + Bubra () — flar)
(2 261611 (x¢)
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Here (a) and (c¢) follow from Lemma|20} and (b) is due to the choice of ATA-GP-UCB (Algorithm
. From Lemma given a filtration (G;);>1 such that the event Es ; is true for all ¢ € [T, we have

my = O (’s’—z% 1n(T/5)>. This, in turn, implies that

=0 <B (1 + \/1176) + 2/ n(T5) v (m <%1H(ZW>)* tm) '

Further, given a filtration (G;)>1 such that the event E ; is true for all ¢ € [T'], we have

(b)

T T T

(a) (c)
> Gialw) < pY ora(w) < py| T ob (@) < pv/20+ Ny = 0 (/T ).
t=1 t=1 t=1

Here (a) follows from Lemma 16} (b) follows from Cauchy-Schwartz inequality, and (c) follows
from Lemma@ Now from Lemma|I7] with probability at least 1 — 4, both E'; ; and E> ; are true for
all t € [T]. Hence, by virtue of an union bound, we obtain that for any ¢ € (0, 1], with probability at
least 1 — 6, the cumulative regret of ATA-GP-UCB under Nystrom appproximation after 7" rounds is

Rr=0 <pB (1 + \/117€> Tryr + p; vTHE (111 (W))M \/WWTTJQ> :

E Addendum to experiments

Compared to this paper’s setting, Bubeck et al. [8] makes weaker assumptions (i.e., no regularity
structure on arms’ rewards) and shows a more general but weaker regret bound (especially if the
number of arms is very large) which is not surprising — more structure allows for lower regret.
Our results show how smoothness in the arms’ rewards (which is common in practice) can be
exploited to achieve better regret. Numerical comparisons of the Robust-UCB algorithm (with
truncated mean estimator) of Bubeck et al. [8]] with our algorithms on the lightsensor data indicate
that ATA-GP-UCB-Nystrom performs much better than Robust-UCB, suggesting that it is indeed able

™ S-TGPUCH to capture the smoothness structure present in the data. The-
—4— ATA-GP-UCB-QFF oretically if there are only K arms, the cumulative regret
e i Nvetin|  Of ATA-GP-UCB will be better than that of Robust-UCB as

: long as v < K T+a . This holds if K ™= > (InT)? for SE

°
&

ge Regret

c'; . o 1 . .
gow ~ kernel and if K 7+« > T'T+v for Matérn kernel (on R). This
z o b is typically true if K is large and in fact, for a continuous set
| ——6 o o = of arms the analysis of Robust-UCB yields a trivial regret up-
Hoss v ——0—0

per bound of infinity. This introduces additional challenges
ogl o .7 that require a different set of ideas and is quite representative
Rounds of real world problems, e.g., hyperparameter tuning in ML.
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