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A The DEL Algorithm

In this section, we present DEL, our algorithm, and introduce notations used to describe it and in its
regret analysis. DEL pseudo-code is given in Algorithm S1. There, for notational convenience, we
abuse the notations and redefine log ¢ as 1[t > 1] logt. ¢; refers to the estimated MDP at time ¢ (e.g.
using empirical transition rates). For non-empty correspondence C : S — A (i.e., for any z, C(z) is a
non-empty subset of A), let ¢(C) denote the restricted MDP where the set of actions available at state
 is limited to C(x). Then, 92(0) and h;(c) are the (optimal) gain and bias functions corresponding to
the restricted MDP ¢(C), respectively. Given a restriction defined by C, for each (z,a) € S x A, let
5" (z,a;9,C) = (B oyhic))(@) — (BGhye))(@) and Hy(c) := maxg yes hic) (@) = hje) (y).
For ¢ > 0, let §*(z,a;¢,C,¢) := 0if 6*(z,a;9,C) < ¢, and let §*(x, a;¢,C, () := 0*(x,a;¢0,C)
otherwise. For ( > 0, we further define the set of confusing MDPs Ag(¢;C, (), and the set of
feasible solutions Fg (¢;C, ():

(i) KLy (2, a) = 0 Va,Va € O(z; ¢(C));
Ag(0;C, Q) = {1/1 eDdU{g}: p < s (44) I(x,a) € S X As.t. }
a ¢ O(z;¢(C)) and 6*(z,a;9,C,¢) =0

Fo(9;C, Q) = {n eRI*A:Y N n(x,a)KLgjy(z,a) > 1V € Afpw;c,o} :

z€S ac A

For the unstructured and Lipschitz MDPs, we simplify the feasible solution set as Fy,(¢; C, ¢) and
Fiip(9;C, () , respectively, defined as:

5* (x7 a/; ¢7 C7 C)

. N DSXA |,
Funl#iC,0) = {77 SR nle0) ( Hyey +1

) >2 VY(z,a)s.t.a¢ Ox; ¢(C))}

Fiip(#;C, () == {77 e R Lip(a/,d';9,C,¢) > 2V(a',d) st.d’ ¢ O(z'; ¢<C))}

where

2
b0 = 3 St [£5i28 2 (patey s vitwary)] )
+

z€S ac A
B Numerical Experiments

In this section, we briefly illustrate the performance of a simplified version of the DEL algorithm on
a simple example constructed so as to comply to a Lipschitz structure. Our objective is to investigate
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Algorithm S1 DEL(v)

input Model structure ¢
Initialize N1 (z) <+ L[z = Xi], Ni(z,a) < 0, s1(x) «+ 0, p1(y | ,a) < 1/|S|, ri(x,a) < 0
foreach z,y € S, a € A, and ¢ accordingly.
fort=1,....,T do
For each x € S, let C;(z) := {a € A : Ny(z,a) > log® Ny(z)}, &) := 6:(Cy), hi(z) :=
h, (@), G = Teetogt and ve == (1 +7)(1 +logt)
if Va € O(x;¢,), Ny(Xy,a) < log® Ny(X;) + 1 then
Monotonize: A; < A := argmin,c o y;0;) Nie(Xe, a).

elseif Ja € Ast. Ny(Xp,0) < 2l then

Estimate: A; < A := argmin,c 4 N:(X4, a).
else if (M (x,a) € S x A) € Fo(¢t;C, (t). then

Exploit: A; « A 1= argmin,c o4y Ne(Xy, a).
else ’
For each (z,a) € S x A, let §;(x,a) := §*(x, a; ¢, Cy, Cr).
it 7y :=Fo(di;Ci, ) N{n:n(z,a) =ccif §(xz,a) =0} =( then
Let n:(x, a) = oo if §:(x,a) = 0 and n;(z, a) = 0 otherwise.

else
Obtain a solution n; of P(6¢, Ft): infper, D, yesx.a M@, a)di(z, a)
end if
Explore: A; < A" := argmin,c 4. v, (x,.0)<n (X1,0)7 Ne(Xt, @)
end if
Select action Ay, and observe the next state X;, 1 and the instantaneous reward R;.
Update ¢y 1:
Niyi(z) ¢ Ni(z) + 1z = Xt+ﬂ
Nt+1 x, CL <— Nt(x,a ) = (XhAt)},
Ny (z a)pt(y\m a)+1[y=X¢11] . -
Py | z,a) Nt+1(r a) if (xa“? = (X1, Ay) , Vz,yeS,ac A
pi(y | z,a) otherwise

Ne(z,a)re(z,a)+Re - o
’I’t+1 x, a, (— Nt+1(.7/ a) if (x,a? = (Xt7At)
r(x, a) otherwise
end for

the regret gains obtained by exploiting a Lipschitz structure, and we compare the performance of our
two simplified versions of DEL with v = 1 and {; = 0, one solving P(¢¢, Fun(¢¢;Cy, () in step ¢,
and the other solving P (¢, Fiip(¢¢; Ct, Gt))-

The RL problem. We consider a toy MDP whose states are partitioned into two clusters S1, So of
equal sizes S/2. Both states and actions are embedded into R:
e The states in cluster Sy (resp. Sz) are randomly generated in the interval [—(, 0] (resp. [1,1 + ¢])
for some ¢ € (0,1);
e In each state there are two possible actions: s = 0 (stands for stay) and m = 1 (stands for move).

The transition probabilities depend on the states only through their corresponding clusters, and are
given by: for € € (0,0.5),

2029 if(z,y,a) €T
P, a) = { e " S
S

where
Iy ={(z,y,a):a=s, Fi € {1,2},z,y € S;} U{(z,y,a) :a=m, I € {1,2},z € S;,y ¢ S;}.

In words, when the agent decides to move, she will end up in a state uniformly sampled from the
other cluster with probability 1 — ¢; when she decides to stay, she changes state within her cluster



uniformly at random. We take € > 0 to ensure irreducibility. For numerical experiments we take
€ = 0.1 and ¢ = 0.1. The reward is obtained according to the following deterministic rule:

1 if (z,a) :a=mandz € Sy,

S2
0 otherwise. (52)

r(z,a) = {

A reward is collected when the agent is in cluster S and decides to move. The optimal stationary
strategy consists in moving in each state.
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Figure S1: Averaged regret under the two simplified versions of DEL over 48 random samples:
Unstructured (or Un) and Lipchitz (or Lip) refer to the algorithm with F, and Fi;p, respectively.
The shadows and error bars show one standard deviation.

Figure S1 presents the regret of the two versions of our DEL algorithm. Clearly, exploiting the
structure brings a very significant performance improvement and the gain grows as the number of
states increases, as predicted by our theoretical results. Observe that the regret after 7' = 50k steps
under the version of DEL exploiting the Lipschitz structure barely grows with the number of states,
see Figure S1(b), which was also expected.

C Proof of Theorem 1

Notations and preliminaries. Let Nr(z) = S/ 1[X; = 2] and Np(z,a) = S, 1[X; =
x, Ay = a] denote the number of times z and (z, a) have been visited up to step T". For any ¢) € ®
and any initial state x1, we denote by sz and Ezm the probability measure and expectation under
m and v conditioned on X; = x;. The regret up to step 7' starting in state z; under 7 and ¢ is
denoted by R7. ,, (z1). To emphasize the dependence on the MDP 4 of the gap function §*, we further
denote its value at (z, a) by §*(x, a; ).

For any ¢ € ®, using the ergodicity of ¥, we may leverage the same arguments as those used in the

proof of Proposition 1 of [Burnetas and Katehakis, 1997] to establish a connection between the regret
of an algorithm 7 € IT under ¥ and Nt (x, a). Specifically, for any x4,

Ry (z) =Y Y Ej, [Nr(z,a)6"(x,a;9)+0(1), asT—oo.  (S3)
€S ag¢O(y,)

In addition, due to the ergodicity of ¢, we can also prove as in Proposition 2 in [Burnetas and
Katehakis, 1997] that there exists constants C, p > 0 such that forany z € S, 7 € II,

Py [N7(2) < pT] < C - exp(—pT'/2). (S4)

Change-of-measure argument. Let 7 be a uniformly good algorithm, and x; an initial state. For
any bad MDP ¢ € Ag(¢), the argument consists in (i) relating the log-likelihood of the observations
under ¢ and v to the expected number of times sub-optimal actions are selected under 7, and (ii)
using the fact that 7 is uniformly good to derive a lower bound on the log-likelihood.



(i) Define by L the log-likelihood of the observations up to step 7" under ¢ and 1. We can use the
same techniques as in [Kaufmann et al., 2016, Garivier et al., Jun. 2018] (essentially an extension of
Wald’s lemma):

B (L =Y EZ, [Np (2, a)KLy g (2, a). (S5)

x,a

The so-called data processing inequality [Garivier et al., Jun. 2018] yields for all event £ in H7.:

Ej ., [L] > KI(PF, [E],PT,, [€]), where for u,v € [0, 1], kl(u,v) := ulog % + (1 — u) log {=%.
Combine with (S5), this leads to:
> Ej, [Nr(x,0)KLgpy (2, a) > KL(PG,, [€],P],, [£). (S6)
z,ag0(z,4)

Note that in the above sum, we removed a € O(z, ¢) since KLy (2,a) = 0if a € O(z, ¢).

(i) Next we will leverage the fact that 7 is uniformly good to select the event F. We first state the
following lemma, proved at the end of this section. Since II*(¢) N II*(¢)) = 0, there exists z € S
such that for all o > 0,

T | DL Nr(w,a)| =o(T®).
a€O(x,¢p)

Indeed, otherwise 7 would not be uniformly good. Now define the event £ as:

€ = |Nr(x) > pT, Z Np(z,a) <VT|,
ag O (x,¢)

where the constant p is chosen so that (S4) holds under ¢ and . Using a union bound, we have

1-P5, [€] <P§, [Nr(x) < pT)+ P, | Y Nr(z,a) > VT
agO(z,¢)
g|x1 [Zai(’)(m,gﬁ) NT((E, a’)}
VT

where for the first and second terms in the last inequality, we used (S4) and Markov inequality,
respectively. Since  is uniformly good, E¢ |, [>-,¢0(.,¢) N7 (2, a)] = o(T*) for all o > 0, the last
term of (S7) converges to 0, i.e., IP’gl o [€] — 1 as T — oo. Using Markov inequality, it follows that

< C-exp(—pT'/2) +

(87

PY [E] S PL .. |No(z)— > Np(xz,a) > pT = VT

agO(z,¢)
E%ml [Nr(z) — Zai(’)(m,g{)) Nr(z,a)] Ezm [Zaeo(m,¢) Nr(z,a)]
S =
pT — \/T pT — \/T

which converges to 0 because of our choice of z. Combining P}, [€] — 1and P, [£] — 0,
kU(PG ., [€], 7., [€]) o log 1 S L log pT — T

logT T—oo logT Py, [€]1 )~ logT Dla: 2oaco(z,e) N1 (@,a)]
which converges to 1 as 7" grows large due to our choice of z. Plugging this result in (S6), we get:

. 1 x
lim Tlgfoo og T % ) Ef s, [NT(z,a)[KLg|y (2,a) > 1. (S8)

Combining the above constraints valid for any ¢ € Ag(¢) and (S3) concludes the proof of the
theorem.



D Proof of Theorem 2

We first prove the decoupling lemma.

Proof of Lemma 1. We prove the lemma by contradiction. Assume that IT*(¢) N IT*(¢) # () and
IT*(¢) N IT*(vh2) # 0. Let IT* (¢, ¢h1, ¥2) := IT*(¢p) N IT*(th1) N IT*(1ho). It is sufficient to show

(’L) H*(¢a wla ¢2) 7é @ ) and (ZZ) H*(¢7 1/’1#?2) g H*(wO) - (S9)

Indeed, this implies IT*(¢) N II*(¢)) # (. Note that any policy f € IT*(¢) has the same gain and
bias function under ¢, 109, 11, ¥ since the modifications of ¢ are made on suboptimal (state, action)
pairs. Specifically,

fo_ fF _ f _ * fo_pf _pf _ px
Ipo = 91 = Gy = 9o and hiﬁo_hwl_hll&_hﬁb‘ (S10)

To prove (i), the first part of (S9), consider a policy f/ € II*(¢) N IT*(¢)1) and a policy f” €
IT*(¢) N I1*(1)2). Then, from the optimality of f’ under 1)1, it follows that for each x € S,
g:/fl = 91{11 =z 91{11 :gljlc& = 917)2 ’ (Sll)

where for the second equality, we use (S10). Similarly, we have for each = € S,

"

g’Z? = gi{’z =z giz = 91};1 = g;Zl '
Hence g, = g;,, and IT* (¢, 91, ¥o) = I1*(¢) NIT* (¢1) = IT* () N IT*(p2) # 0.

We now prove (ii), the second part of (S9). Let f € II*(¢, 11, 12). It is sufficient to show gf;o and

hf;o (x) verify the Bellman optimality equation for model y. Using (S10) and the optimality of f
under ¢y, forall a € A, if (z,a) ¢ Ua,

ruo (@, 1) + 3 pon Wl F@)R, (1) L v, (@ @) + S pon (la, F(@)), (9)

yeES yeS
(d)
2 Ty (LL’ CL + prl |‘T a‘) (y)
yeS
i (@,0) + 3 pug e, )b, (), (S12)
yeS

where for (a) and (c), we used (S10) and the fact that the kernels of 1y and 1, are the same at every
(z,a) ¢ Us, and for (b), we used the fact that gf;l and hf;l verify the Bellman optimality equation for
1. Similarly, using the optimality of f under 5, it follows that for (z, a) € Ua,

rl/’o €, f +Zp1/)0 |.7J f( )) ( )—Wz €, f +pr2 |.’L‘ f )) (y)

yeES yeS

Z Tapo (xa CL) + Zp¢2 (y|x, a)hiz (y)
yeS

= ryo(2,0) + Y Py (ylz, )bl (y) . (S13)
yeS
Combining (S12) and (S13), for all (z, a) €S x A,
Two z, f + pro ‘Jf f (y) > Typg ('ra Cl) + Zplllo (y|x7a)h1];0 (y) ’

yES yeS

which implies that gf;o and h{bo verify the Bellman optimality equation under model vy, i.e., f €
I (to). =

Proof of Theorem 2. Recall that any policy f € IT*(¢) has the same gain and bias function in ¢ and
¢ since the kernels of ¢ and v are identical at every (x, a) such that a € O(z; ¢). More formally, for

any f € II"(¢),
Bl =B/, g;=gl =g and hi()=hl()=n{().



Next we show that for all 1) € Ag(¢),

" (¢) NII* (¢)) = 0 = 3(, a) such that (By,hy)(x) > g5 + hj(x) . (S14)

We prove (S14) by contradiction. Consider a policy f € II*(¢). Suppose that for all (z,a),
(Bzhé)(m) < gf; + hé(x) Then, for all (z, a),

(Bh}) () = (B (x) = g + hi(x) > max(Byh))()

which implies that gf; and hi verify the Bellman optimality equation under ). Hence, f € II*(¢)
which contradicts to IT*(¢) N IT*(¢0) = 0.

Finally Theorem 2 is obtained by combining the decoupling lemma and (S14). Indeed, due to the
decoupling lemma, we may restrict Ag (¢) to MDPs obtained from ¢ by only changing the kernels in
a single state-action pair. ]

Simplification for null structure. We conclude this section by proving that F,(¢) C Fo(¢). Let
n € Fun(9), recalling that

Fun(0) = {77 € Fo(¢) : n(z,a) (W) >2 VY(z,a)staé¢ O(m;qb)} .

We show that € Fg(¢). To this aim, we need to show that V(x, a) s.t. a ¢ O(x; ¢),

(2, a)KLgjy(2,a) > 1, VY € Ap(z, a; 9).

Let (z,a) be such that a ¢ O(z; ¢), which means a ¢ O(z, h; @), and Y € Ag(x,a;¢). We have,
by definition, (BY,h3)(x) > g; + hj(z). Then,

0" (z,a; ¢) = (Bghy)(x) — (Bghg)(x)
< (Byhg)(x) — (Bghy)(x)

= ry(z,a) —ro(z,a) + Y _(pp(y | w,a) = pyly | w,a)hi(y)
yeS

lgw (- [ 2,a) = qo(- | 2, a)lly + Hllpy (- | 2, a) = ps(- | 2, a)|x

<
< (H + D¢ (2, a) = ¢(z,a)[l1

where we define
[¥(z,a) = oz, a)lly == llap(- [ 2,a) = o (- | 2, a)[lx + [Ipy (- | 2, a) = po(- | 2, a)l1.
Finally, Pinsker’s inequality yields:

5 (2, a: )\ 2
KLojo(z.0) 2 [¥l.a) - st = (S50

This implies that:

77(3% a)KL¢\w(x7 CL) Z

n(x, ) (6*<a:,a;¢>>2 .-
2 H+1 -

where the last inequality is due to the fact that n(x, a) € Fun ().



E Proof of Theorem 3

We prove that Fii,(¢) C Fo(¢). Let n € Fiip(¢p). We show that n € Fp(¢). Let i € Ag(o),
then, from (S14), there exist (z’, a’) such that (Bzh;)(x’) > g5 + hj(z'). Then, using the same
arguments as at the end of the previous section, we obtain:

M)

p(a’,a") = ¥(a’, )1 > Tl

(S15)
Now for all (z,a) € S x A,

Hqﬁ(x’,a’) - w(x/va/)Hl < ||¢(x’,a/) - (;5(3;‘7(1)”1 + |\¢(x7a) - 1/J(337a)||1 + ||¢(gc,a) - w('r/?a’/)lll
< |[¢(w, a) = ¥(x,a)|s + 2Ld(w, &' )* + 2L'd(a, '), (S16)

where the first inequality follows from the triangular inequality and the second follows from Lipschitz
continuity. This further implies that

6* !/ /. ,
o) - vl > | TG oLt a0 + .o |
Hence, using Pinsker’s inequality,
6 (2',d’; 9) ’ ’ na' ?
> | — — @ @
KL, (z,a) > [ . Q(Ld(x,x) + L'd(a,d) ) K (S17)
which implies that:
2
77(3%@) 5*($/5a/;¢) JAYe? / na'
> — > 1.
n(z,a)KLg|y (2, a) > 5 [ i1 2(Ld(:1c7x) + L'd(a,a) ) = 1. (S18)

The last inequality follows from 7 € Fii,. Thus Fiip(¢) C Fa(¢).

Next we derive an upper bound for K¢ (¢). To this aim, we construct a vector 77 > 0 verifying (2b)
for our given structure ®. Then, we get an upper bound of K¢ (¢) by evaluating the objective function

of P(¢, Fa(¢)) at .

To construct 7, we build a sequence (X;);—1,2, .. of sets of (state, action) pairs, as well as a se-
quence (x;);=1,, . (state, action) pairs, such that for any ¢ > 1, X;41 C A}, and (x;,a;) €
argmax, ,)cx, 0° (¥, a; @) (ties are broken arbitrarily).

We start with X1 = {(z,a) : z € S,a ¢ O(x;¢),i.e.,6*(x,a;$) > 0}. Recursively, for each
i=1,2,.., let

B; = {(x,a) € X;: Ld(z,2:)* + L'd(a,ai)a, < (smm} , and

~4(H+1)
Xip1 =X\ B; . (S819)
Let I be the first index such that X7, 7 = (. Construct 7 as
-2
6min . . _ ) )
n(z, a) = 8 (H—_H> if 3¢ € [1, I] such that (z,a) = (x4, a;), (S20)
0 otherwise.

Observe that 7 is strictly positive at only I pairs, and hence

> oo < sty (5 1

(z,a)eSxA min

since §*(x, a; ¢) < H + 1 for all (x, a). Next, we bound I using the covering and packing numbers
of the hypercubes [0, D] and [0, D’]%".



Lemma S1. The generation of X;’s in (S19) must stop after (SipAiip+1) iterations, i.e., I < Syip Ajip.

The proof of this lemma is postponed at the end of this section. To complete the proof of the theorem,
it remains to show that 7 verifies all the constraints (2b) for the Lipschitz structure ®.

Remember that Fii,(¢) C Fa(¢). Fix ¢ € Ag(¢). There exists (2',a’) such that a’ ¢ O(z'; hy;, ¢)
and o’ € O(z'; hy, 1), and such that (S15) holds. Leti € {1,...,I} denote an index such that
(z’,a’) € B;. Note that such an index ¢ exists since (z',a’) € X3 and X741 = (). Thus, we have:

n(x,a) 5*(x,va,;¢) o / na!
> n@aKLyura) = Y TS [ T = 2(Lda.a) + Ld(a,a)™)
(z,a)ESXA (z,a)eSxA
o @i ai) [°(«',a’; 0)
- 2 H+1
> n(as“az) 5*(3)/,&/;@5) _} 0, in 2
- 2 H+1 2H+1

+
6min - 1 6min 2
>4 = =
- O\H+1 2H+1
where the third inequality follows from the fact that (z',a’) € B;. Hence we have verified that

7 satisfies the feasibility constraint for ¢). Since this observation holds for all ¢) € Ag(¢), this
completes the proof of Theorem 3. (]

2

+
2

— 2(Ld(xi, ) + L'd(a,, a/)alﬂ
n

Proof of Lemma S1. A §-packing of a set D with respect to a metric p is a set {z1,...,x,} C D
such that p(z; — x;) > 0 for all different 7, j € {1, ...,n}. The §-packing number I,(5, D, p) is the
cardinality of the largest J-packing. The construction of X; ensures that for different ¢, j € {1, ..., I},

bip((i, ai), (5, a5)) > 6 := 4(?3-11) ;
where for (z,a), (z',a') € R x RY,
bip((2,a), (2',a")) = Ld(z,2")* + L'd(a, a) .
Then, we have:
I<1,(5,8 x A bip) .

To obtain an upper bound of the packing number, we further define the covering number. A J-cover
of a set D with respect to a metric p is a set {x1,...,z7} C D such that for each z € D, there
exists some ¢ € {1, ..., I'} such that p(z,z;) < 4. The d-covering number I.(d, D, p) is the smallest
cardinality of d-cover. Then, we have the following relationship between the packing and covering
numbers.

Lemma S2. Forall § > 0, D, D’ such thatD C D/,
I,(26,D, p) < I.(6,D, p) < I.(5,D’, p) .

The proof of this lemma is provided at the end of the section for completeness. Define the metrics
Eg;x, &(ﬁx, lnax for RY, ]Rd', R? x Rd', respectively, as follows:

1 S 1/ -1
- (5(2)") oo

1 5 1/a/ -1
Eg;x(aval) = (\/E (2L/> ) Ha - a/HOO ’

lax((x,a), (z',a")) :== max {E(l) (x,2") (2 (a,a')} ,

max ’ “max

where || - || is infinite norm. Then, it follows that for any (z, a), (2/,a’) € R? x RY,
lax((@,a), (2',a") <1 = bip((z,a), (2',ad)) < 4.



Hence, we have

I.(0,S x A, liip)
I.(1,8 X A, lrmax)
< I(1,8, 00 VI.(1, A, 02) )

y Ymax ’ ¥max

I<
<

since for any 1-cover &’ of S with metric éﬁnax and any 1-cover A’ of A with metric Emax, their
Cartesian product S’ x A" = {(x,a) : x € §',a € A’} is 1-cover of S x A with metric £y,,x. We

now study 7.(1,S Emax) and I.(1, A, Emax) Recalling S C [0, D]? and using Lemma S2, it follows
directly that

(1 87&‘;2)1)() S IC(lﬂ [O7D]d7€r(§z)1x>
1 S 1/«
=IL|—=(— 0, D]¢ ~
c<ﬂ ) []H)
d
D
= W 1
7a (31)
which implies
d
(1 — .
I(1,8,¢%) ) < min{ |S], ——a t+1 = Siip

L
L

where we used the fact that I.(1, S, eﬁ{;x ) < |S|. Similarly, we have

dl
D/
I(1, A, 02) ) <min{ |A], S+1 = Ay .
max 1 5 1/« p
va (2L’ )
This completes the proof of Lemma S1. ]

Proof of Lemma S2. Consider a -cover X and a 26-packing ) of set D with respect to metric p.
Then, there is no x € X such that y,y’ € B(§,x2) = {2’ € D : p(x,2’) < §} for two different
Y,y € Y. Otherwise, we would have p(z,y) < ¢ and p(z,y’) < ¢ which implies p(y,y’) < 26
from the triangle inequality, and contradicts the fact that y, y" are two different elements of 2d-cover,
i.e., p(y,y’) > 26. Thus, the cardinality of ) cannot be larger than that of X’. Due to the arbitrary
choice of §-cover X’ and a 26-packing ), we conclude that I,(26, D, p) < 1.(9, D, p).

The second inequality in the lemma is straightforward. ]

F Proof of Theorem 4

We analyze the regret under 7 = DEL algorithm when implemented with the original feasible set
Fa(¢;C,C). Extending the analysis to the case where DEL runs on the simplified feasible sets
Fun(9;C, ¢) and Fiip(¢; C, ¢) can be easily done.

ForT > 1, > 0,z € S and a € A, define the following random variables:

Wi (2, ase) = 3 1[(Xe, Ar) = (2,0),E(c), (BY, b)) (x) < (BjhS)(x) — 2]
Wi (2, a58) = 3 1[(Xe, Ar) = (2,0),E(e), (BY, 1)) (x) > (BjhS)(x) — 2]

W (e) =Y 1[-&(e)]



where we use the standard notation -/ to represent the event that &/ does not occur, where we recall
that hj := hg, is the bias function of the restricted estimated model ¢} = ¢;(C;) at time ¢, and where

the event &;(¢) is defined as:

Eile) == {H* ¢y) CI*(¢) and |re(x, a) — ry(z, a)| + |hy(x) — hi(z)| < eVa € S,Va € O(x; ¢;)} .
From the above definitions, we have:
Rp(e) < Y (00 0) By, Wi (5,a:)] (S21a)
(z,a):aO(z;¢)
+ Y SE,, [Wf)(x,a;a)} (S21b)
(z,a):a¢O(z;¢)
+ SEL,, Wi (e)] . (S21c)

The multiplicative factor S in the last two terms arises from the fact that max,, ,) 6* (z,a;0) < S
when the magnitude of the instantaneous reward is bounded by 1. Next we provide upper bounds of
each of the three terms in (S21).

A. Upper bounds for (S21a) and (S21b). To study the first two terms in (S21), we first make the
following observations on the behavior of the algorithm. Let £, £, £ and £ denote the
events that at time ¢, the algorithm enters the estimation, monotonlzatlon exp101tat10n, and exploration

phases, respectively. By the design of the algorithm, the estimation phase generates regret no more
than O(log T/ loglogT) = o(logT), i.e.,

Z 1[EX = o(log T). (S22)
Moreover, when the event &;(e) occurs, we have O(Xy; ¢;) € O(Xy; ¢) and thus the monotonization
and exploitation phases produce no regret. Formally, for (z,a) € S x A such that a ¢ O(x; ¢),

T
D U[(Xe, Ar) = (w,0), E(e), EMUET] = 0. (S23)

Hence, when &; () occurs, we just care about the regret generated in the exploration phase, i.e., for
any (z,a) € S x Asuch thata ¢ O(z; ¢),

Sl [Wq(,)(x a; s)} < o(logT) +ZIP’¢|QC [Z(l)(x,a;e)}
t=1

Egm |:W,1(—‘2)(x’a;€):| < o(logT) + Zpaﬁln [ (x a;e)} ,

where the events Zt(l) (z,a;¢€) and Zt@) (z, a;€) are defined as:
zM (@, a58) == {(Xes Ay) = (2,0), E(e), EF, (BY, i) (x) < (B3hS)(x) — 26}
2 (@, a5¢) = {(Xe, Ar) = (x,0),E(e), EF, (BE hy) () > (Byhs)(z) — 2} .

The following lemma is proved in Section F.1, and deals events Zt(l) (z,a;¢).

Lemma S3. For structure ® with Bernoulli rewards and an ergodic MDP ¢ € ®, consider m =
DEL(%) for v > 0. Suppose that (i) ¢ is in the interior of ®; (ii) the solution n*(¢) is unique for
each (x,a) such that a ¢ O(x; ¢); and (iii) continuous at ¢. Then, for any (x,a) € S X A such that

a ¢ O(z; 9),

1
L Zt 1 ¢\zl [Zt( )(x,a;a)}
lim lim sup

<L+ (@, a:0) -
i lim su log T < @+ (2, a:9)
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The following lemma is proved in Section F.2, and deals events Zt(Q) (x, a;e). Its proof relies on the

following observation. When Zt(z) (z, a; €) occurs for sufficiently small ¢, the facts that & (&) holds
and that (Bf h})(z) < (Bjhj)(z) — 2e imply that ¢;(x, a) does not estimate ¢(z,a) accurately.
The lemma then follows from concentration arguments.

Lemma S4. For structure ® with Bernoulli rewards and an ergodic MDP ¢ € ®, consider m =
DEL(y) for v > 0. Then, there exists e2 > 0 such that for any (z,a) € S x A such that a ¢ O(z; $)
and € € (0,e2),

T
Zpgm {Zt@)(x,a;e)} =o(logT) asT — occ.
t=1

B. Upper bound for (S21c¢). The last term in (S21) is concerned with the regret generated when
& (e) does not occur. It is upper bounded in the following lemma proved in Section F.3. To establish
this result, we use a similar argument as that in Proposition 5 of [Burnetas and Katehakis, 1997].
Intuitively, we show that by the design of the algorithm, the restricted bias function h} is monotonically
improved so that it eventually converges to the optimal bias function i with high probability. In
this analysis, we provide a more sophisticated concentration inequality than the one in [Burnetas
and Katehakis, 1997]. This concentration inequality is particularly important to bound the regret
generated in the exploitation phase.

Lemma S5. For structure ® with Bernoulli rewards and an ergodic MDP ¢ € ®, consider m =
DEL(%) for v > 0. Suppose ¢ is in the interior of @, i.e., there exists a constant (y > 0 such that for
any ¢ € (0,¢p), ¥ € @ if ||¢ — || < (. Then, there exists 3 > 0 such that for any € € (0,¢3),

7 [SEr(e)] = 0o(1/T) as T — oo. (S24)

We provide the proof of Lemma S5 in Section F.3. Now, we are ready to complete the proof of
Theorem 4. Combining Lemma S3, (S23) and (S22), we get

g W(l) a:
Y AR 1L

2€S a¢O(x;¢) =70 Tooo logT 2€S acA

=1 +7)Ko(d).

Similarly, combining Lemma S4 with (S23) and (S22), it follows that for sufficiently small ¢ €
(0, min{eq, £3}),

G (2) )
. IE¢|961 [ers Za¢(9(:c;¢) SWT (LL', a; 5)}
lim sup

=0.
T—o0 logT

From Lemma S5, we have that for sufficiently small € € (0, min{es,e3}),

Fis 3
limsup — 2 [W})(E)} —0
Ty logT

Therefore, recalling the decomposition of regret bound in (S21), we conclude the proof of Theorem 4.
O

F.1 Proof of Lemma S3

To establish the lemma, we investigate the event Zt(l) (z, a; €) depending on whether F; is empty or
not, and on whether ¢; is a good approximation of ¢. To this aim, for any given ¢ > 0 and ¢ > 0,
define the event B;(C) := (), a)esx.a Bi(x, a; ¢) where for each (z,a) € S x A, Bi(,a;() :=

{l|¢(x,a) —p(x,a)|| < (}. Fix (x,a) € Sx Asuchthata ¢ O(z; ¢). By the continuity assumption

11
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made in Theorem 4, we have:

qusm [ tl (z,a58), Fr # 0, ¢ < C(5)>Bt(gt)}
T
¢|ZL’1 [Z Xt7At (mva)7Nt(x7a) < nt(xaa)’yta}—t 7’& ®7<t < C(g)aBt(Ct)]‘|

T
Ed)z, [Z [(Xt, Ar) = (z,a), Ni(z,a) < (0" (7, a;¢) + €)v]

< (' (z,a;0) +€)n +2

where the second inequality is from the continuity of *(¢), and the last inequality is from a simple
counting argument made precise in the following lemma [Burnetas and Katehakis, 1997] (Lemma 3
therein):

Lemma S6. Consider any (random) sequence of Z; € {0,1} fort > 0. Let Ny := Zg‘rzl 17, = 1].
Then, for all N > 0, Zthl 1[Z; = 1, Ny < N] < N + 1 (point-wise if the sequence is random).

Proof of Lemma S6. The proof is straightforward from rewriting the summation as follows:

V]
]].[Zt = ].,Nt = ’I’L}

2

MH

T
Y 1[Z=1,N, < N] =
t=1

=Rl
z L
3
I
I

[
M=

]l[thl,Nt:ﬂ]SN—i—l

1t

n 1

where the last inequality is from the fact that Zthl 1Z; =1,N; =n] < 1. O

Since lim7_, o0 lo"’ﬁ = (1+~) forall z € S, we obtain:

. . ]Eg\zl {Z?:l 1 |:Zt(1) (xva;s)vft # (Z)vé-t < 4(6)7Bt(gt):|:|
lim lim sup

=1 * 10).
£—0 T—soo logT ( +7)n (‘T7a7¢)

Hence, to complete the proof of Lemma S3, it suffices to show that

ZPW { W (2, a5¢), Fr = (0} —0(1) (S25)

ZPWI [ (@, 05¢), Fy # (Da_‘Bt(Ct)} = o(logT) (S26)

since 3,y 7 (6> ¢(2)] = O(1).

To prove (S25), observe that on the event Zt(l) (x, a; e) for sufficiently large ¢ > e, ie., G < e, for
b € O(x; ¢}), we have

5 (x, a; ¢1,Cr) = (BY, hi)(x) — (BY, hy)(x)
(B, hi)(z) — (B}, )( )+
—|(Bg ) () — (Bhy) (x )\+25
—(|re (e, b)*”¢(9€,b)\+|ht( ) = hg(w)]) + 2¢
€> G

v

I \/

I\/ I\/

where the first, second, and fourth inequalities are from that on the event Zt(l) (z,a5¢), (BF, hy)(z) <
(Bjhy)(z) —2e, O(x:¢)) € O(x; ¢), and |re (2, b) — re(, b)| + [hy(x) — hi ()] < e, respectively,

12



and the last one is from the choice of ¢ such that (; = 1/(1+ loglogt) < e. Therefore, when
Zt(l)(:c, a; €) occurs for sufficiently large ¢ > e,
5t(x,a) > Ct > 0. (S27)

If F; is empty, from the design of DEL algorithm, 6;(x,a) > 0 implies that n;(z,a) = 0
and thus (x,a) is not selected in the exploration phase. This concludes the proof of (S25) as

SEL P, [Go> ] < e = 0(1),

To show (S26), observe that when Zt(l) (z,a;¢) and F; # ) occur, for t > e combining (S27) and
Lemma S7 given below, we get:

2
SH) . (S28)
t

ne(z,a) <25A (

Lemma S7. Consider a structure ®, an MDP ¢ € ®, a non-empty correspondence C : S —»
A and { > 0. If Fo(¢;C,() is non-empty and there exists (x,a) € S x A such that

0 (x,a;9,C,¢) > 0, then n*(x,a;¢,C,() < 254 (%)2 where n*(x,a; ¢,C, ) is a solution
Ofp(é*(¢7c7c)a]:¢’(¢7c7<))

Proof of Lemma S7. Using the same arguments as those used in Theorem 2 to show that F,(¢) C
Fa (), one can easily check that Fu,(¢;C, ¢) C Fa(¢;C, (). Note that the diameter of bias function

with Bernoulli reward is bounded by S. Now for (x,a) € S x A such that §*(z, a; ¢,C, () > 0, we
have

6" (x,a;0,C,¢) > ¢ (S29)

Hyey+1
5% (x,a;9,C,Q)

2
5 (2, a:6,C,C) = 0 and (, a) = 2 (%) otherwise. Then 1) € Fan(¢5C,¢) C Fa(6:C,C). We
deduce that the optimal objective value of P(6*(¢,C, (), Fa(¢;C, ()) is upper-bounded by

> w(@,a;¢,C,00"(w,0;0,C,0) < Y n(x,a)8" (x,05¢,C, Q)

2 2
which then implies that 2 ( ) <2 (%) . Now let 7 be defined as n(z,a) = oo if

(z,a)ESXA (z,a)eSx.A
2
<o5A8 D"
¢
Using the optimality of n*(¢,C, () and (S29), we conclude that for (z,a) € S x A such that
2
6" (2,:6,C,C) > 0.7 (w,06,C,¢) < 254 (S£1) . O

From (S28), we deduce by design of DEL that, if Zt(l) (z,a;¢) and F; # 0 occur, for ¢t > e, then:

Nt(xaa’) < nt(xaa’)’yt
S+1

t

2
§25A< ) Y <

where

1 2
;=852 A(1 +7)(1 +loglogt)?*(logt + 1) > 25A (S: ) V. (S30)
t

Hence defining B;(x, a) := {(X, A¢) = (z,a), Ne(z,a) <7, —B(¢)}, we get:

€

M=

T
Z]Pgm [Zfl)(x,a; E)vft 7é ®a _‘Bt(<t)} S

t=1

Pghj |:Zt(1)(x7a;5)aft % @, _'Bt(ct)at > ees] +e°

o
Il

1

B

Py, [Bi(z,a)] + O(1).

o
Il

1

13



Using p > 0 in (S4), we check that

T r T
<D P, [minNi(y) pt7l3£(w7a)] +> P, [glelg Ni(y) < pt}

¢
LY =1

T
< ZPgm min Ny (y) > pt,Bé(m,a)] +o(log T)

=1 _yES
T -
logt
= Fs i Ne(y,b) = ————, Bi(z, logT). S31
B ; dlz1 _(y,br)nelng t(y,0) = (1 + loglog )2 t(z a)} +o(logT) (S31)

Here, the second inequality stems from (S4) and a union bound (over states). The the last inequality
follows from the following lemma:

Lemma S8. Under DEL algorithm, we have

T
E logt
t=1 hnel‘rsl W ze 7(2;71)][)]['161‘&,4 b < (1 +loglogt)2} o(logT) (832)

Proof of Lemma S8. For (z,a) € S x A and ¢ sufficiently large, we claim the following:
logt
(1 + loglogt)?

Using the above claim, we can complete the proof. Indeed:

1 [Nt(x) > pt, Ny(z,a) < = 0. (S33)

T
logt
1 |min N,(y) > pt, min  Ny(y,b) < —8°
; [2161‘191 )z p (y,b?lelng «(v:0) (1+loglogt)2]

[M]=

logt
Z 1 {minNt(y) > pt, Ne(z,a) < og}
yeS

2
t=1 (z,a)eSx A (1 +loglogt)

M=

logt
Y o1 [Nt@:) > pt, Ny, ) < ——28
(z,a)eSxA (

t

1
where the first inequality stems from the union bound.

Next we prove the claim (S33). Fix (z,a) € S x A and consider sufficiently large t. Suppose
Ni¢(x) > pt and let tg = [pt/2]. Then, since N;,(x) < %o, it follows that
Ni(x) = Ny () > pt — |pt/2] > pt/2.

Let t; = min{u € N : u € [tg, t], Ny(x) — Ny, (x) = | pt/4]} denote the time when the number of
visits to state z after time ¢, reaches |pt/4]. Since N¢(x) — Ny, (x) > pt/2 > | pt/4], there exists
suchaty € [tg, t]. From the construction of ¢1, it follows that for all u € [t1,t], | pt/4| < N,(z) and

Ni(z) — Ny, () = (Ne(2) — N () — (N, (2) — Ny (2))
> pt/2 — |pt/4] > pt/4. (S34)

Let My, +(z) := {u € [t1,t] : Xy =z, ~ED™} be the set of times between ¢; and ¢ when the state is
z and the algorithm does not enter the monotonization phase and hence checks the condition to enter
the estimation phase. For u € Ay, ;(x), the condition for the algorithm to enter the estimation phase
and select an action with the minimum occurrence is:

log| pt /4]
1+ loglog| pt/4]

e A: Ny(z,b) < (S35)

. . log| pt/4 log N,
since from the construction of ¢y, for any u € [t1,t], we have 7 +1§§;1L£ g{pi 7 < 7 H(‘jgglog g\fu)(m).
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Now assume that the number of times the algorithm enters the monotonization phase in state z
between t; and ¢ is bounded by O(logt). From (S34) and (S35), we deduce the desired claim (S33).
Indeed, with the observation (S35), the fact that monotonization happens a sublinear number of times

implies that the algorithm estimates all actions more than 7 Hlsggng ;{ﬁg 71 > a +1:>Og Tog t)2) times.

Actually, the fact that monotonization happens a sublinear number of times and (S34) imply that

1 .
Ny ()] > A% for sufficiently large ¢.

Using the following lemma, we bound the number that the algorithm enters the monotonization phase
between t; and ¢:

Lemma S9. For any action a € A and three different u, v, u" such that u < v’ < v”, suppose that
the event EM N {(Xy, Ar) = (z,a)} occurs for all t € {u,u’,u"}. Then, when N, (x) > e,

Ny ()
Ny (x) — Ny(z) > log No(2)"

Proof of Lemma S9. Observe that selecting action b in the monotonization phase at time ¢ means
that

Ny(z,a) € [log® Ny(z),log? Ny(z) + 1) (S36)

From the fact that u < v’ < u”, we have Ny (z,a) > N,(x,a) + 2 and thus using (S36):
log? Ny (2) + 2 < Ny(z,0) + 2 < Nyv(2,a) < log? Nyw () + 1.

We deduce that log” N, (x) — log® N, () > 1, and conclude that for N, (z) > e,

N, (z)
Nu// (1‘) - Nu(z) Z m

210gt

since the function log t is concave with derivative , 1.e., in order to increase log;2 tby 1, ¢

-1
should be increased by more than (@) . (]

From Lemma S9, it follows that for sufficiently large ¢,

50 Y 1NiGe) 2 ot €8 (Ko, ) = 0] < Amax {3,305() — N o) (2o )
beA u=ty 1

)
< Amax {3,3(t — |pt/4]) <2logtﬁ/4 >}

< 24Alogt. (S37)

For the first inequality, we apply Lemma S9 with the fact that as u increases, N, (z) increases and

210}\%71\([;)(@ decreases. The second inequality is from the definition of ¢; and (S34). The last inequality

holds for sufficiently large . We have completed the proof of Lemma S8. ]

We return to the proof of Lemma S3. Lemma S8 establishes (S31). Next we provide an upper bound
of (S31). To this aim, we use the following concentration inequality Combes and Proutiere [2014]:

Lemma S10. Consider any ¢, m, € > 0 with Bernoulli reward distribution. Define H, the o-algebra
generated by (Zs)1<s<i. Let B C N be a (random) set of rounds. Assume that there exists a
sequence of (random) sets (B(s))s>1 such that (i) B C Us>1B(s), (ii) for all s > 1 and all t € B(s),
Ni(z,a) > es, (iii) |B(s)| <1, and (iv) the event t € B(s) is H¢-measurable. Then for all { > 0,
and x1,2,y €S, a € A,

1
B3 [t € Bln(r.0) ~ro(r.)| > ( <
t>1
1
Zpgm[t € B,|pi(y | z,a) —pe(y | x,a)] > (] < =
t>1
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Proof of Lemma S10. Combes and Proutiere [2014] provides a proof of the first part. Now the
occurrence of a transition under action a from state x to state y is a Bernoulli random variable, and
hence the second part of the lemma directly follows from the first. ]

Let By (z,a) := {min(y pyesx.a Ne(y,b) > W,B (z,a)}. If at time t < T, we have the

s-th occurrence of By (x, a), then it follows that s < ~; (since « is selected in state x at time ¢, and
Ni¢(x,a) < +;), and thus

logt 1
min  Ne(y,b) > o8 >

/
(y,b)ES X A (1 +loglogt)? — 16S3A(1 + ’y)(l + loglog t)4%

>
- 1683A(1+7)( +loglogT)4S’

where the last inequality follows from ¢ < T and s < ~y;. Thus since —8;((;) holds when B} (x, a)
occurs, we deduce that the set of rounds where B} (x, a) occurs satisfies

{t : B{(z,a) occurs} C Us>1 Uy pyesxa {t : s-th occurence of By (z,a), Ny(y,b) > es,
||¢t(y7b) - ¢(y7 b)” > CT}v

where € := 1653A(1+110g og7yT- Now we apply Lemma S10 to each pair (y,b) with ¢ = (r, and
conclude that:

1653 A(1 + loglog T)*
(1+loglog T) =165*A%(1 + loglog T)® = o(log T')

ZIPWI B/ (z,a)] < (SA)

(¢r)?
where the factor SA in the inequality is from the union bound over all (y,b) € S x A. This proves
(S26) and completes the proof of Lemma S3. |

F.2 Proof of Lemma S4

Let €2 1= ming o)esxAago(ag)(Byhy) (@) — (B3hy)(x) > 0. Fix (z,a) € S x A such that
a ¢ O(x;¢), and € € (0,e2/5) so that

(Bghy)(z) — (Bihy)(w) < —be. (S38)

When Zt(2) (x,a; €) occurs, we have

(B, h3)(x) — (Byh3)(x) = (BY,h3)(x) — (BY,hi)(x) + (BY, hi)(x) — (Bh) ()
> (BY, h)(x) — (BY, h)(x) — 22

S pily | a) (ki (y) — Bi(y)) | — 2

yeS
> 3¢ (S39)

where the first inequality stems from the fact that (B§ hi)(z) > (Bjh%)(x) — 2 when Zt(Q) (x,a;¢)

occurs, and the last inequality follows from the fact that &, () holds when Zt@)(

Let ¢ = Then, recalling the definition of the event B;(x, a; () := {||¢¢(z,a) — ¢p(z,a)|| < (Y,
when Bt(gc a; ¢) occurs, we have

(Bh)(@) — (BY, 1) (2)] < lre(,a) = ro(w,a)l + He Y pely | 2,0) = poly | z,a)]
yeS

Z, a;€) occurs.

< Iri(z,@) = ro(@, a)| + S*max|pi(y | #,a) = po(y | 2, a)

< 8%||¢(x, a) — (a0
< (S40)
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where for the second inequality, we used 0 < Hy < S.
Now, we can deduce that the events Zt(z) (z,a;¢€) and B;(x, a; ¢) cannot occur at the same time, i.e.,
- 2
. [Zt( )(x7a;5),8t(x,a; ()} =0. (S41)
Indeed, when Zt(Z)(:c, a;€) N B(x, a; ¢) occurs, (S39) and (S40) imply
(Bghy)(x) — (Byhy) () = (BY,hy)(x) — (Byhg)(z) — (BGAy)(x) — (BE,hy)(2))
> (Bg,hg) () — (Byhg)(2) — [(Bghg)(x) — (Bg, hg) ()]
> —4e > —be
which contradicts (S38) for our choice of € , i.e., € € (0,£2/5).

Hence, to complete the proof it is sufficient to show that

Z%m (X1, Ay) = (x,a), =Bi(z,a; )] = O(1) (S42)

as we have the following bound
mexl [3(2) z,a; 5l =

< D PG, [(Xe, Ar) = (2,a), —Bi(, a; )]
1

t=

ol [ (z a;ff)ﬁl?t(lna;()l

ﬂlIMH

where the equality follows from (S41). (S42) is obtained by applying Lemma S10 with {(X, A;) =
(7,a)}, 1 and & for B, € and ¢, respectively. This complete the proof of Lemma S4.

|
F.3 Proof of Lemma S5
Recall that:
Ei(e) = {II*(¢}) C II*(¢) and |r(x,a) — r¢(x,a)| + |hj(x) — hj(x)] < eVa € S,Va € O(x;¢)} .

Hence when &;(g) occurs, (i) the estimation of the bias function in the restricted MDP ¢(C;) is
accurate and (27) the restricted MDP includes the optimal policies of ¢. We first focus on the accuracy
of the estimated bias function, and then show that the gain of the restricted MDP ¢(C;) is monotone
increasing and that it eventually includes an optimal policy for the (unrestricted) MDP.

Estimation error in bias function. We begin with some useful notations. Let K := A° be the

number of all the possible fixed policies. Fix § € (0 ) For sufficiently large ¢t >

1
P KH1 -—
divide the time interval from 1 to ¢ into (K + 1) subintervals Z}, 7%, ..., Z% such that Z} := {u €
N:i <w<ij,} whereif :=1landif :=t+1—(K+1- )LK_HJforke{l LK+ 11

Then, it is easy to check that for each k € {0, ..., K'},
T3] = iZH — iy > Bt.

> ft,and for k € [1, K], i}, — i}, = | ] >

Indeed fork = 0,4 — 'O:t—KL J@n

> ftast >

KJrlJ — K+1

Fremt +1 i.e., each subinterval length grows linearly with respect to ¢.

/6’
K 1
Fork € [0, K],z € Sanda € A, let Ny(z) := N;r  (2) — Ny (x) and Ni(z,a) := N;r  (2,0) —
Nit (z,a). Using p > 0in (54), for ¢ > 0, define an event Dy(() as

Dy(¢) =Dy N E(C) (543)
where we let
D, := {Ni(z) > ppt,Va € S,Vk € [0, K]}

1€)== {I¢, — #(Cu)l < ¢ Vu € [if, 1]}
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When D; () occurs, then in each subinterval, each state is linearly visited, and after the first subinter-
val, the estimation on the restricted MDP is accurate, i.e., $(C;) ~ ¢+(C:). Note that & (¢) bounds
the error in the estimated gain and bias functions. Hence, we establishy the correspondence between
¢ in D¢(¢) and ¢ in & (¢) using the continuity of the gain and bias functions in ¢:

Lemma S11. Consider an ergodic MDP ¢ with Bernoulli rewards. Then, for € > 0. there exists
Co = Co(e, d) > 0 such that for any ¢ € (0, (), policy f € Ilp and MDP 4, if ||¢ — ¢|| < ¢ and
Y K @, then 1 is ergodic, gf; - g{;| <ceand ||hf; - héH <e.

The proof of Lemma S11 is in Section F.3.1. Observe that on the event Dy ((), for u > i}, every state

is visited more than pft, i.e., log2 Ny(z) > log2 ppt > 1for all z € S and sufficiently large ¢, and
thus, for all (z,a) € S x A such that a € C,(x), ¢, (x,a) is indeed the estimation of ¢(z, a), i.e.,
@, = ¢y (Cy) < ¢(Cy). Then, using Lemma S11, it follows that there exists constant ¢y > 0 such
that for ¢ > o and ¢ € (0, min{¢o(¢/2, ¢),€/2}),

Dy (¢) C {¢!, is ergodic Vu € [i%,t]} N &/ (¢) (S44)
where
£1(e) 1= {Ira, (@, F(@)) = (@, f(@))] + B, (x) = W (@)| < & Yu € [i5,8),Vf € p(C,), Vo € S},
and where for restriction C : S — A, we denote by IIp(C) the set of all the possible deterministic
policies on the restricted MDP ¢(C).

Monotone improvement. Based on (S44), we can identify instrumental properties of DEL algorithm
when D;(¢) occurs:

Lemma S12. For structure ® with Bernoulli rewards and an ergodic MDP ¢ € ®, consider
7w = DEL. There exists (1 > 0 and t1 > 0 such that for any ¢ € (0,(1) and t > t1, the occurrence
of the event D¢(() implies that

I*(¢y,) CI($(Cu)),  and gy > gu, Vu € [if, 1] (S45)
where we denote by g;, := g;;(cu) and b}, = hZ(cu) the optimal gain and bias functions, respectively,
on the restricted MDP ¢(C,,) with true parameter ¢.

The proof of Lemma S12 is presented in Section F.3.2.

Define the event
My = {g;k§6+1 > gfz Vk € [1, K] org%H = g;}c = gy, for some k € [1,K]} .

Then, by selecting ¢ as in in Lemma S12 and (S44), we can connect the events M; and D;(() to the
event & (¢) as follows: for ¢ € (0, min{¢o(e/2, ¢),£/2,(1}) and sufficiently large ¢ > ¢4,

M NDe(C) C Eile). (S46)

On the event M, there must exists k& € [1, K + 1] such that g7, = g7 since the number K of
k

subintervals is the number of all the possible policy IT*. In addition, for such a k € [1, K + 1], on the
event Dy((), it follows from Lemma S12 that for all u € [i},t], g5, = g} < g5 < g, 1.e.. 9 = g},
k

and thus IT*(¢(C;)) C II*(¢). Therefore, when both of the events M; and D;(() occur,
I (¢) 2 II*(4(Cr)) 2 11°(61)

(again thanks to Lemma S12). Then, we indeed get M; N Dy(¢) C &i(e): the ergodicity of ¢
guaranteed from (S44) implies that the optimal bias function h} of ¢; is unique, and the event £’ ()
in (S44) always occurs on the event D;(¢). Thus the estimated bias function h; is close to hj;.

Using (S46) and (S43), for small enough ¢ € (0, min{(o(e/2, ¢),£/2,(1}) and for large enough
t > 0, we get

Pjla, [2E(E)] < +PF 1, [FD(O] + PG, [Di(C), ~M]
< O(1) +P5,, [FD)] + Py, [Dp, ~EL(Q] + Py, [De(C), ~Me]  (S47)
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where the first and last inequalities are from (S46) and (S43), respectively. To complete the proof of
Lemma S5, we provide upper bounds of each term in the r.h.s. of (S47). the first term can be easily
bounded. Indeed, using (S4) and a union bound, we get for ¢ sufficiently,

P D)<Y > PR, [N(z) < pBt] = o(1/t) (S48)

€S ke(0,K)

where the last equality is from (S4) conditioned on X;: for each k.

Lemma S13 below deals with the last term.

Lemma S13. For structure ® with Bernoulli rewards and an ergodic MDP ¢ € ®, consider
m = DEL. Suppose ¢ is in the interior of ®, i.e., there exists a constant {y > 0 such that for any
¢ €(0,0), ¥ € @if||ld— | <. There exists (o > 0 such that for ¢ € (0, (2),

Pye, [D7(C), ~M71] = 0o(1/T) asT — oco.

We provide the proof of Lemma S13 in Section F.3.3. There, the assumption that ¢ is in the interior
of ® plays an important role when studying the behavior of the algorithm in the exploitation phase.

To bound the second term in the r.h.s. of (S47), we use the following concentration inequality:

Lemma S14. Consider any m and x1 € S. There exist Cy, co,ug > 0 such that for any (x,a) €
S x Aand u > wuy,

]P)g\acl H(bt(xa a) - ¢(I, a)| > ngt(xv a) = u] < Coe™ ™",

Proof of Lemma S14. The proof is immediate from Lemma 4(i) in [Burnetas and Katehakis, 1997],

which is an application of Cramer’s theorem for estimating Bernoulli random variables. Let ¢;(x, a)
be the estimator of ¢(z, a) from ¢ i.i.d. reward and transition samples when action a is selected in
state . From Lemma 4(i) in [Burnetas and Katehakis, 1997], there are positive constants C(z, a),
¢(x, a), and ug(z, a) (which may depend on (x, a)), such that for u > wug(z, a),

Pgml“(bt(z?a) - QS(I,a)‘ > CaNt(xaa) = u} < PHQAﬁu(IE,CL) - ¢(z’a)‘ > d

o(z, a)efc‘)(z’a)“.

We complete the proof by taking Cp := max(, q)esx.4 Co(, a), co := ming, gyesx.A co(z,a), and
Up = MaAX (3 q)eSx.A Uo(ﬂf, Cl). u

Now observe that:

¢\11[D£ﬁ5 (9]
¢|I1[ b || bu(z,a) — é(z,a)|| > ¢, for some u € [i}, ],z € S,a € Cy(x)]

< Z S 3 B Db lldu(,a) — ¢lz,a)] > (]

u=il TES a€Cy(x)

< Z Z Z Pyis, llu(z, a) — d(z,a)|| > ¢, Nu(z,a) > log? Ny (), pBt < Ny(zx) < u]

u=il TES a€Cy(x)

<Y YD > Y Py llIdu(,a) — é(x,a)|| > ¢ Nulw, a) = ]

u=it €S a€Cy(x) u'=pPBt u'’=log? u’
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where the second inequality follows from the definition of C,, () and the fact that on the event D,
ppt < Nt(x) < N,(z) for u € [}, t]. Then, applying Lemma S14, we have

¢\,31[,D£,_‘5 )] < Z Z Z Z Z Coefcou”

u=i! TES a€Cy (x) u'=pBt v/’ =log? v’

e—colog?(pBt)

< SACt?
- 0 1—e ¢
_ SACo 2~ co(log? (pp)+log t(log t+2log(pf)))
1—e ¢
SAC X )
=T 6*060 e—C0log” (pB) §2—2¢o log(pB)—co logt _ o(1/t). (S49)

Combining Lemma S13, (S48) and (S49) to (S47), we complete the proof of Lemma S5.

F.3.1 Proof of Lemma S11

Define two strictly positive constants:

Gr(9) == min{%(;’a) Vo e §,Va € Ast. ry(z,a) > 0}

Cp(o) = min{w Va,y € S,Va e As.t. pg(y | z,a) > O}.

Then, it is straightforward to show that ¢ < ¢ if ||y —¢|| < min{¢,(¢), (,(¢)} sinceforany z,y € S
and a € A, py(y | x,a) > 0 implies that py(y | =,a) > ps(y | z,a)/2 > 0, and rg(z,a) > 0
implies that r (z, a) > r¢(z,a)/2 > 0. Therefore, for sufficiently small (o < min{¢,(¢),,(¢)},
the above observation and the assumption that 1) < ¢ ensure the mutual absolute continuity between
¢ and 1 and thus the ergodicity of .

Now, we focus on the continuity of gain and bias functions for given policy f. For notational
convenience, let g p (resp. gw) and hf (resp. e ) denote the (column) vector of gain and bias
functions, respectively, under ¢ (resp. 1/)). Let Pq{ (resp. Pj; ) and rf » (resp. r ¢) are the transition
matrix and reward vector w.r.t. policy f under ¢ (resp. 1), respectively. Then, we can write the policy

evaluation equations of stationary policy f under ¢ and 1) as vector and matrix multiplications, c.f.,
[Puterman, 1994]:
945 = P f
f_ frf
hy = rf b + Pyhy.

Similarly gw Pw gw and hf = rw — 91/1 Pf hf . Since both ¢ and v are ergodic, by forcing
hé(ml) = h{; (1) = 0 for some z; € S, the blas functions h£ and hf; can be uniquely defined. Let
D7 = P(ZJ: . Pi and d/ := hi — hf;. Then, || Df|| < S¢ where | - || is the max norm. Noting that
the ergodicity of ¢ and 1 further provides the invertibility of 1 — Pdf and I — Pj . A basic linear
algebra, c.f., Lemma 7 in [Burnetas and Katehakis, 1997], leads to that for any € > 0, ||df | <eif
€

1Dl < ——
12— PD- (I + )

where the upper bound is independent of ). From the above continuity of hf; (and thus that of
gi) with respect to ¢ at ¢, we can find (o(f, e, ¢) > 0 such that for any 1, |g{2 — gf;\ < ¢ and

Ihd, = KL < eif [ — |l < Co(f.e,¢) < min{(,(8),(,(¢)}. Noting the arbitrary choice of
f € Ip, we conclude the proof of Lemma S11 by taking (o (e, ¢) = minsem, Co(f, ¢, @). O
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F.3.2 Proof of Lemma S12

Lete; := min{|g£—gf;/\ cff € HD,Q(J; # ggl} > 0. Let ¢; := min{{o (5%, ¢), 55 } and consider
t sufficiently large, i.e., t > to. For ¢ € (0, (1), assume that the event D,(() occurs.

Proof of the first part of (S45). Then, for any u € [i},¢] and f € IIp(C,), it follows from (S44)
that forany z € S,

9], — g1l = 1(BS, b, )(@) — (BIRD) ()]
< Iro, (2, f(2)) = rola, F@))] + Y 10, () = ()]

yeS
€1 €1
28~ 9o S50
25 2 (850)
where the last inequality stems from the definition of £/(5%) in (S44). Then, for any u € [if, 1],
fell*(¢),),and f' € IIp(Cy), we have:

<S5

€1 / &1 ’
gf; 29!2;—5 Zg;’;;—g Zg;;f — &

where the first and last inequalities stem from (S50), and the second inequality is deduced from the
optimality of f under ¢/,. Noting that f, f’ € TIp(C,), it follows that g(J;(C )= g(J; > g£ = gg(c )-

Hence f is optimal under ¢(C,,) (the choice of f' € II(C,,) is arbitrary). This completes the proof
of the first part in (S45).

Proof of the second part of (S45). Fix u € [i!,t]. Assume that
Ip(Cuyr) NII*(¢),) # 0. (S51)
Then, from the first part of (S45), we deduce that:
Ip (Cutr) NTI*(¢,) € Tp(Cutr) NI (A(Cu))-

Combining this with the assumption (S51), we get that II5(C,41) N II*(¢(C,,)) # 0, which implies
that g; ., > g, It remains to prove (S51).

Let x = X,,. We first show that:
Cusr () N O(w: 4],) # 0. (S52)

If the algorithm enters the monotonization phase, i.e., the event £™ occurs, then it selects action
a=A, €Cy(z)NO(z; ¢,). We deduce that:

Ny(z,a) >1log®(Ny(x)), Nujpi(z,a) = Ny(z,a)+1, and Nyii(z) = Ny(z)+1
Thus, using the fact that log?(n) 4+ 1 > log?(n + 1), we obtain
Nui1(z,a) > log?(Ny(z)) + 1 > log*(Ny () + 1) = log?(Nyi1(x)). (S53)
We have shown that a € Cy,11(z) and thus a € Cyy1(z) N O(z;¢),) # 0.

In case that the event EM™ does not occur, there must exist an action a € O(x;¢),) such that
N, (x,a) > log®(N,(z)) + 1. Hence, as for (S53), we get:

Nu+1(xa Cl) > Nu(xa a) > IOgQ(Nu(.’E)) +1=> 1Og2(Nu($> + 1) = 10g2<Nu+1(‘T))
which implies a € Cyy1(z) N O(z; ¢l,) # 0.

Now (S52) implies (S51) (since for any y € S such that y # x, C,,(y) = Cu+1(y)). This completes
the proof of the second part in (S45) and that of Lemma S12. |

F.3.3 Proof of Lemma S13

We will show that for small enough ¢ > 0,
Pg\wl [Dt(<)7 ﬁ~/\/lt] = 0(1/t)
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where we recall
M, = {gi,;c+1 > g Yk € 1, K] orgi =9 =95 for some k € [LK]} )
For z € S and restriction C : S — A, define
AF(2;0,C) :={a € A: (BEhje))(x) > (Bie)hie)) ()}

as the set of actions that improve the optimal policy of the restricted MDP ¢(C) at state x. If
9i(c) < Y- then there must exist a state 2 with non-empty At (z;0,C). Leteg := min{(Bihi)(m)—
(B(’;hf;)(x) cfe€llp,x€8,ae At (x;0,{f}) # 0}. Note that e5 > 0.
Define an event

M = {EP AT (Xy; ¢,Cu) # 0,3u € [it, 1]}
Then, we obtain

P o, [De(Q), ~ M) < PG, [De(Q)y m M, ~MG] + PG, [De(C), My

We first focus on the last term in the above. Let ¢ < min{(o(5%, ¢), 5%, Co} Where (o is taken from
the assumption that ¢ is in the interior of ®, and ¢ > %6652/3 so that ¢, < e2/3 for any u > il > f3t.

Boundmg P%., [De(C), Mi]. Suppose that for u € [it,t] and 2 € S, the events D;(¢) and { X,

EX A (25 ¢,Cy) # 0} occur. From Lemma S12, it directly follows that O(z; ¢,) € O(z; ¢, Cy,)
By the definition of the improving action set, O(x; ¢, C,) N A* (z; ¢, C,,) = 0 and thus O(z; ¢),) N
AT (x;¢,C,) = 0. Construct 1, such that for each (y,b) € S x A,

[ uly,b) ifbe O(x; L),
Yu(y,b) = {¢(y, b)  otherwise.

Note that ¢, (C,,) = ¢!, and thus ||1),, — ¢|| < ||, — #(Cu)|| < o. This implies ), € D since ¢ is
an interior point of ®. For any a € A*(x;¢,C,) # 0, we get 8*(x, a; 1y, Cu, Cu) = 0 as:

0" (2, a5 ¢, Cu) = (B, hy,)(x) — (BY, 1) (z) = (B, I,)(2) — (Bhy,)(x)

2 * * a g *

< 552 + (B¢(cu)h¢(cu))(x) —( cbhd)(cu))(x)
2 1

g 562 — &9 = —552 S <u (854)

where the second equality is from the construction of 1), and the fact that O(z; ¢, ) N AT (z; ¢, Cy) =
0, ie., a ¢ O(x;¢,); and the first and second inequalities are from (S44), the definition of e.
We have obtained that ¢, € ® and 6*(z, a; ¢y, Cy, () = 0 for some a ¢ O(z; ¢,,)). Therefore,
Yy € Ag(duy;Cy, Cu). Recalling the entering condition of the exploitation phase, we establish the
following relation:

Dy(() NM; C {Z > Nu(@,a)KLy, jy, (,0) >y, Fu € [iﬁ,t]}

rES acA
C {Z Z Ny(z,a)KLg, 4(2,a) > vy, Fu € [zﬁ,t]}
TES acEA
where the last inclusion follows from the construction of ¢, i.e.,

Z Z Ny(z,a)KLg, |y, (7, a) Z Z Ny(z,a)KLg, |y, (7, a)

z€S acA z€S ag O (xz;91,)

:Z Z Ny(z,a)KLg, 4(2, a)

z€S agO(w;4),)

< Z Z Ny(z,a)KLy, |4(7, a).

z€S acA

As a consequence, applying the following lemma, P7,_ [D:(¢), M}] is bounded by o(1/t):

Pl
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Lemma S15. Consider any m and ¢ with Bernoulli rewards. Then, for any v > 0 and p € (0,1), as
T — o0,

Z [Z ZNt z,a)KLy, |4(2,a) > (14 7) logtl =o(1/T). (S55)

t=pT zeS acA

Proof of Lemma S15. The proof is an application of Theorem 2 in [Magureanu et al., 2014], which
says that for 7/ > SA + 1 and sufficiently large ¢ > 0,

1\2 SA
P [Z S Ny, a)KLy, g 2, 0) > w’] <o (%jfgt) SATL (s56)

z€S a€A

Then, putting (1 + ) logt to 7/, we obtain

P [Z 37 Nilz,a)KLg, p(x,a) > (1+7) 1ogt]

t=pT re€S ac A

T SA
< Z o~ (147) log t (1+7)*(logt)? SA+
- SA

t=pT

T SA .
< 3 esan (1+7)*\"" (logt)®54
- SA tity
t=pT
Using that (logt)354 /17 = O(1/t'17/2) for t > pT and f,?r L/tH92dt < 1/(pT)H /2 =
o(1/T), we conclude the proof of Lemma S15. O
Bounding P7,  [D;(¢), ~M;, ~Mj]. From Lemma S12, on the event D¢((), it is true that gj; is
non-decreasing in u € [i}, ], i.e., gi’2 < g;}; . Hence,
: -
Dy(() N=M; C Di(¢) N (Uszle)
where
k . k% *
My = {gii =Y, < 9o}

Then, it suffices to show that for any k € [1, K], P} [Di(¢), M, = Mj] = o(1/t).

For given k € [1, K], assume that the event {D;({), M¥, = M}} occurs. Fix z € S such that
AT (x; ¢, Cit) # 0. Since g}, < g, suchax € S must exist. In addition, using the second part of
k

Lemma S12 and recalling (S51) with the fact that the ergodic MDPs ¢(C,,), ¢(Cy.+1) have unique
bias functions, it follows that g} = g»,; and h; = h’_ | Yu € I}. Therefore,

At (2:6,Cit ) = AT (2:0,Cu) # 0 Vu € I (S57)

which implies =&, Vu € Z} due to the occurrence of =M. Recall Nf(z) := = Ny, (z) = Nyt (2)
and N} (z,a) := N, ( a) — Njt (z,a). Then, for any a € A, we can write

Nk+1 Z, a Z Xu7A ( )’_‘g;pt]

E‘u

[(XuvAu) = (mva)’gglm UESSI] + Z ]1[(Xu>Au) = (xaa)vgzpr]

u€L} u€T}

<O(logt) + > 1[(Xy, Au) = (z,a), E] (S58)

u€T}

e

where the last inequality is obtained since by Lemma S9, the number of times the algorithm enters the
monotonization phase is O(logt) (c.f., (S37)), and since by design, the algorithm limits the number
of times we enter the estimation phase to O(log ¢/ loglogt).
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Define Ny (z,a) i= 3, ez 1[(Xu, Au) = (z,0), EF] and

t
k — ) ter Pﬁ
£hea) = { NPT (w0) =
It is enough to show that for a ¢ A™ (2 ,Cyt ),
Pj ., [Di(Q), Mf, =M, LE(z,a)] = o(1/t) . (S59)
Indeed, it follows from (S58) that on the event {D;(¢), My, ~Mj, =Ly (x,a) Va ¢ AT (z;¢,C )},

Z le+1($7@) = N/i-s-l(x) - Z N1i+1(33a a)

aGA*(rWNCii) G¢A+(I;¢,Citk)

>ppt— Y. Ni(xa)

A A+ (@36,C,y)

>pBt— > NS(x,a) — O(logt)
ag At (2:6,C1)
> pfpt — @ — O(logt)

which implies that for sufficiently large ¢, there exists a € A" (z;¢,C;: ) such that Ni (2, a) >
1 2 2 . . i . .

sppt > log”t > log Nizﬂ(x), ie,a € Ciiﬂ’ and thus i, > 9i which contradicts to the
occurrence of the event Mf, ie.,

Pg|w1 [Dt(C)v lefca _‘Mﬂ < Z Pgm [Dt (C)7 va _‘M;a ‘Cf (Z‘, a)] .
A AT (@:9,C,t)

Bounding P}, [Dy(C), My, ~Mj, Lf(x,a)]. It remains to prove (S59). Fix (z,a) € S x A such
thata ¢ A (z; qb?Cii) # (). Assume that the event {D;({), M¥F, =M}, L¥(x,a)} occurs. Let

u
py— 1 t . Xpr pﬂt
t3 :=min< u € T} : Z 1[(Xo, Ay) = (2,0), £ = 5
'U:’Lk
From the assumption, t3 € Z;. With a similar argument as that used to derive (S49), we can guarantee

|‘¢u($,a) —¢(m,a) (1/t),1e,
Pgm [Dt(C)vaa _'M;Sa Ef(:v,a), H(bu(z’a) - d)(xva)” > C Ju € [t37ﬁc+1]]

1k+1

Bt
< Y B [Iu(00) - 600l > 6. Nl 2 25
u=ppt
iz“ Bt pBt
< ) Coem™ir < Cote 5 = o(1/t) (S60)
u=ppt

where for the first inequality, we use union bound with the fact that ¢35 > z}; > pptand N, (z,a) >

f&t, and the second inequality is from Lemma S14.

Assume, further, that ||¢, (2, a) — ¢(z,a)|| < (, Yu € [t3, i}, ,,]. Then, similarly as in (S54), from

the assumption of the correctness of the estimated bias function and (S44), we can deduce that for

u € [ts, i§€+1], 0* (2, a; ¢y, Cy) > Cy and thus 6*(z, a; ¢y, Cu, Cu) > . Hence, in the exploration

phase, when F,, = 0, n,(z,a) = 0 due to the design of the algorithm, while when F, # 0,
2

Nu(z,a) < 25A (S +1) due to Lemma S7. Therefore, recalling the definition of +; in (S30), for

any u € [ts, i} ], on the event {£,”, X, = x},

S+1
Cu

2
(@, )y, < 2SA ( ) Y <71 = O(log? t)
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which implies that for sufficiently large ¢ > 0 such that v, = O(log® t) < i—it < Ny(z,a) = Q(2),
L&, (Xu, Au) = (z,a)] = 0 for all u € [t3,i} ] due to the design of the exploration phase.
Hence, it follows that

Blay [Pe(Q), M, =M, LE (2, a), [|¢u(z, a) — ¢z, a)l| < ¢V u € [ts, i ]] = 0.

Combining the above with (S60), we have completed the proof of (S59) and thus the proof of
Lemma F.3.3.

O
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