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A Auxiliary results

We state four useful auxiliary results that will be used later.

The first one is from [2].
Lemma A.1. Let X be a compact and convex subset of R%. Then for any a € X,y € R%:

(Projy(y) — a,Proj»(y) —y) < 0.

The second one is the envelope theorem [3].

Lemma A.2. Let f : R" x R™ — R be a continuously differentiable function. Let U be a compact
set and consider the problem
max f(z,0). (A.D)

zeU
Let x* : O — R™ be a continuous function defined on an open set O C R™ such that for each
0 € O, x*(0) solves the problem in Equation A.1. Define V : R™ — R where V(0) = f(x*(0),0).
Then V (0) is differentiable on O and:

V V() =V f(z*(6),0). (A2)

The next two concern behavior of (deterministic and random) sequences.

The third one can be found in [1].

Lemma A.3. Let a,, b, be two non-negative sequences such that 22021 a, = 00, fo:l anby, < 00.
If there exists a K > 0 such that |by,+1 — b, | < Kay,. Then, lim,,_,o, b,, = 0.

The last one is Lemma A6 from [5].

Lemma A4. Let {X,,}22 | be a sequence of non-negative random variables on a probability space.
Let {7, }221, {Bn 321 be two non-negative sequences such that > - v, = 0o and Y oo | YnBn <
00. Assume there exists a constant C such that for alln > 1, E[X,,] < 8, and | X, 41 — X,| < Cy,,
almost surely. Then X,, — 0, a.s..

B Problem setup

B.1 Prelude: Single-Agent Online Learning

We start with a brief recap on the standard single-agent online learning problem [6]. In single-agent
online learning, an agent has an action space A C R? that is a convex and compact set and is
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interacting with an unknown environment. On each iteration n, the agent takes an action al, observes
the reward function 7 (+) (that can be time-varying) and recevies the reward 7;(a?). The agent aims to

. e e T .
select actions so as to minimize regret Reg® = max,e 4 3., {r+(a) — r¢(a*)}, where the actions

a'’s are generated by the learning algorithm Alg.

A classical result therein is that provided r;(-)’s are concave functions and the gradient V r¢(a¢) is
available on each iteration', a simple algorithm, known as online gradient descent”> (OGD) achieves
O(V/T) regret that is universally tight [7]. Futher, online gradient descent (OGD) achieves O(log T)
regret if 7;(-)’s are strongly concave with bounded first and second derivatives [4]. In OGD (see
Algorithm 1), Proj . (+) is the Euclidean projection operator: it projects the iterate to the closest point
(in Euclidean distance) in the action space (if it ever steps out of X). +,, is a step-size sequence that
satisfies the usual summability condition: Zzozl 72 < oo, fozl Yn = O0.

Algorithm 1: Online Gradient Descent Learning

Require: An arbitrary a® € R?
1: n <« 0,y° < a°
2: repeat
3yt =y £y Vr(a)
4 a" =Projy(y"t)
5 n<n+1
6: until end

We next list all the algorithms mentioned in the main text for ease of use, as they will be referenced
throughout the results and proofs in this appendix.

Algorithm 2: Multi-Agent OGD Learning

Require: Each agent i picks an arbitrary af € R%
I:n <+ 0,99 « a?
2: repeat

3:  for each agent ¢ do

4 vt =y + 1 Va,ri(a™)
5: aftt = Proj ., (y+h)

6: end for
7

8:

n<n+1
until end

Algorithm 3: Multi-Agent OGD Learning under Asynchronous Feedback Loss

Require: Each agent i picks an arbitrary A? € R%

I n+ 0,V «+ A9

2: repeat

3. for each agent ¢ do
yrrt Y A e Vari(A"),if =1

: Y, if 1" =0
5 AT = Proj, (Y1)
6: end for
7
8

4:

n<n+1
: until end

'In particular, this means that the whole function r(-) need not be observed.

*More specifically, it is called online gradient descent with lazy projection. There is also online gradient
descent with eager projection; we do not discuss that variant due to space limitation. We also point out that
we are technically doing gradient ascent as opposed to descent here, because we are working with rewards as
opposed to costs. But since this point is easily understood, we do not introduce any new terminology for the
same algorithm.



Algorithm 4: Multi-Agent ROGD Learning under Asynchronous Feedback Loss

Require: Each agent i picks an arbitrary A? € R%
I n<+0,Y0 «+ A9
2: repeat
3. for each agent ¢ do

Yn-i—l _ }/Zn + Yn+1
1 yn

i
5: AP = Proj, (Y1)
6:  end for
7
8

Va,ri(A™ .
Vo) et =1

if 1" =0

&

n<n+1
: until end

Algorithm 5: Multi-Agent ROGD Learning under Asynchronous Feedback Loss: Stochastic Rewards

Require: Each agent i picks an arbitrary A9 € R%:
I n+0,Y0 «+ A?

2: repeat
3:  for each agent ¢ do
Va, Ri(A™ 0" .
4: YnJrl _ }/in + ’Yn—&—l%; lf Iin+1 =1
’ Y, if 1" =0
5: AT = Proj, (Y1)
6: end for
7. n<n+1
8: until end

Algorithm 6: Multi-Agent ROGD Learning under Asynchronous Feedback Loss: Noisy Gradient

Require: Each agent i picks an arbitrary A? € R%

I: n+ 0,V «+ A9

2: repeat

3:  for each agent ¢ do

Y+ ~ (V%TL(A ) + gnJrl) if I_nJrl -1

Yn+1 _ i n+1 5 i

’ Yy, if [ =0
5: AP = Proj, (Y1)
6:  end for
7
8

»

n<n+1
: until end

Assumption 1. There exists a constant V' > 0 such that: Ya € X, Vi, |V, Ri(a,w)|2 < V for
II-almost every w.

Assumption 2. E[|V,, R;(a,w)||3] < co,Va € X, Vi.

C Algorithm and energy function

We recall L(y) = ||a*||3 — ||Proj~(y)||3 + 2{y, Projy(y) — a*). To prove Lemma 3.2, we break it
into two steps, which are stated and proved in Lemma C.1 and Lemma C.2 respectively. Further, we
prove a more general case by defining L(a, y) = ||al|3 — [[Proj+ ()3 + 2(y, Projy (y) — a).

Lemma C.1. Foranya € X,y € R% L(a,y) > 0 with equality if and only if Proj . (y) = a.



Proof. Per the definition of the Lyapunov function, we have:
L(a,y) — ||Projy(y) — a3 =
lall3 — IProj, (y)[I3 + 2(y, Projx (y) — a) — {IIProjx(y)H% — 2(Projx (y), a) + ||a||§}

= —2[|Proj» ()Il5 + 2(y — Projx(y), Projx (y) — a) + 2(Proj (y), Projy (y) — a) + 2(Proj(y), a)
= 2(y — Projy(y),Proj(y) —a) >0,
(C.1)

where the last inequality follows from Lemma A.1. Consequently, L(a, y) — ||Proj(y) — a||3 = 0.
And if L(a,y) = 0, we must have ||Proj, (y) — al|3, therefore implying Proj . (y) = a. Similarly,
one can also see here that if L(a,y,) — 0, then ||Projy(y,) — al|3 — 0, thereby implying
PrOjX(yn) - . O

Lemma C.2. Fixanya € X.

1. For any two points y, 7 € R9:
1Projx (y) — 913 — IPrejx (9) — 9113 < lly — 9lI5.
2. Foranyy, Ay € R9:
L(a,y + Ay) — L(a,y) < 2(Ay, Projx(y) — a) + [ Aylf3-

Proof. We first prove the first claim. By expanding it, we have:
IProj (y) — 4ll3 — [IProjy (3) — 4ll5 = Projx(y) —y +y — 33 — [Projx(9) — 33
= lly = 913 + [IProj (y) — ylI3 + 2(Projx (y) — v,y — §) — [[Projx(9) — 4ll3 (€2
= lly = 9113 — { IProj(7) — 513 — IProj (y) — I3 — 2(y — Projx(y),5 — v) }.

Now define the function f(a,y) = |la — y||3. It follows easily that the solution to the problem
max,ex ||a — yl|3 is 2%(y) = Proj(y). Consequently, by Lemma A.2, V (y) = f(z*(y),y) is a
differential function in y and its derivative can be computed explicitly as follows:

VV(y) =V f(@"(y),y) = 2(y — 2"(y)) = 2(y — Proj(v))- (C3)

Futher, since for each a € X, f(a,y) is a convex function in y, and taking the maximum preserves
convexity, we have V' (y) is also a convex function in y. This means that

V(§) =V(y) —(VV(y),§ -y =0
By Equation (C.3) and that V' (y) = f(z*(y),y) = ||Proj(y) — a3, the above equation becomes:

IProjx (7) — gll3 — [IProj (y) — yll3 — 2(y — Projx(y),§ —y) > 0.
Consequently, Equation (A.1) then immediately yields:

IProj.x (y) — 313 — IProj () — 413 < lly — 3ll3-
We now prove the second part. Expanding using the definition of the Lyapunov function, we have:
L(a,y + A) = L(a,y) = [la]l3 = [Projy (y + A) |13 + 2(y + A, Projy(y + A) — a)

~ {llall3 ~ IProj.¢ (413 + 2y, Projx (y) — a) |

= |[Projy (y)|I3 — IProj (y + A)l|3 — 2(y, Proj (y) — a) + 2(y + A, Proj,(y + A) — a)
= |[Projy (y)|I5 — [[Proj (y + A)[[5 + 2(y, Proj (y + A) — Projy(y))

+2(A,Projy(y) — a + Projy(y + A) — Projy (y))

= 2(A,Projy(y) — a) +2(y + A, Projy (y + A) — Projy (y))

+ [IProjy (y)[13 — [Proj (y + A)|13

= 2(A, Proj(y) — a) + |[Projy (y) — (y + A) |13 — [Proj,(y + A) — (y + A) |3

< 2(A, Projy(y) — a) + || A3

(C4)
where the last equality follows from completing the squares and the last inequality follows from the
first part of the lemma. O



D Almost sure convergence to Nash equilibria

Lemma D.1.

anﬂ E[(Var(AY),a* — A")] < c0. (D.1)

t=0

Proof. Per the  gradient update rule in ROGD, we have Y-n+1 =

" Va,ri(A™) n+l _

V' 4 ppgr =, i I nt1 YouriAh) 2

Di Th1s implies that ||Y; =Y|5 < |l t ,a.S.,
{ y i g Thismplies tha 13 < s 13

and consequently

N N 2
i . \ . T )
[y =y = 3o =Yl < D V(AT . (b2

i=1 i=1 =t

Since r;(+) is continuously differentiable in a; (per the regularity assumption in a continuous game),
and each X; is a compact space, ||V,,7;(a)||3 is a bounded function on X. Therefore define:

CmaxfsupmaxHV ri(a)|3, p= ZPQ.
=11

Equation (D.2) implies that (almost surely):
Y™ = Y[ < 941 PComax: (D3)
By the second statement in Lemma C.2 and Equation (D.3), we have:
L(a", Y™ ) = L(a",Y™) € 2pa (Y™ = Y A" —a®) 432, Y™ - Y73
< 27n+1<Yn+1 —Y" A" —a") + 772L+1p0max-

Denote by 1 the indicator function, which evaluates to 1 if the event F happens and evaluates to 0
otherwise. We then take the expectation of both sides of Equation (D.4) and obtain:

E[L(a*, Y™ —E[L(a*,Y™)] < 2E[(Y" — Y™ A" — a*)] + 72, 17Crmax
= 2E|:E[<Y"+1 _ Y7L7A” — a*> | Yﬂ]} + ,yi+1pcmax

(D.4)

N
— 2B [E[Y_ (/" = ¥, A7 = a}) | Y]] + 22 110Coma

i=1

N
= 9B [ SRV - Y7, AT — a7} | V7] + 22 41Ces

1
al Vo, ri(A)
= 2%1[4][2 {E[(O,A? >1{In+170} | Y™ "’EK%—HL AP — a:>1{1f+1:1} | Y"]} +V2+1pcmax
i=1 i
al Vo, 7:(A™)
=2E Z{ (0, A" — [1{1”+1 =0} | Y]+ <’Yn+1#af4? - a?>E[1{1;+1:1} | Yn]} +772L+1pcmax
L i=1 v
= Va,ri(A™) 9
=2E Z{ (0, A} —ai)E1 {I"+1—0}] <%+1ZT A —ai)E[1 {I"+1—1}]} + Y+ 1PCmax
Li=1
r N
Vo, Ti(A™ .
=2E Z<7n+1alpz_()v A? —a; >pi + 7721+1p0max
L i=1 v
N
= 2’}’n+1E Z<Vai7"7;(An), Azl — a:> + 7721+1pcmax
i=1

= 27n+1E|:<vaT(An)7 A" — a*>:| + 7721+1pcmax = _27n+1E|:<var(An)7 a* — An> + 772,+1pcmax7
D.5)



where the first equality follows from the tower property, the fifth equality follows from that A™
is adapted to Y™, the sixth equality follows from the feedback loss process is independent of any
previous iterate and the seventh equality follows from the expectation of an indicator function equals
the probability of the event.

Now telescoping yields:

T
— E[L(a*, Y")] < E[L(a", Y™+ — E[L(a*, V)] = 3" E[L(a®, Y"*1)] — E[L(a",Y™)]

T T
< 72Z’Yn+1E|:<vaT(An), at — An>:| + 22'}/72,,4,_1]701113)(

t=0 t=0
< =2 Z ’yn+1E {<VGT(An), at — An>] +2 Z 'YZ+1pCmaxa
t=0 t=0

(D.6)

where the first inequality follows from that the Lyapunov function is always non-negative (Lemma C.1)
and the last inequality follows since the second inequality is true for any 7" (and we can hence let T’
tend to co. Since the step-size is square summable, we have 2,7 72, ; pCinax < 00, and

—00 > — E[L(a*7 YO)] -2 Z ’7721+1pcmax > =2 Z ’yﬂ+1E |:<VQT(An), a* — An>] .
t=0 =0
This immediately implies >~ ; Vn4+1E {(VJ(A"), a* — A”)] < 00, and hence the claim is estab-
lished. =

Lemma D.2. For every n, there exists a constant C' > 0 such that:

(Vor(A™T) a* — AT — (V,r(A™),a* — A™) < Capyq (D.7)

Proof. The result follows from the following chain of inequalities, where all the equalities and
inequalities hold almost surely:

<Va7“(An+1),a* _ An+1> _ <Va7“(z4"),a* _ A") _

(Var(A™) = Vo (A™) + Vor(A™),a* — A" — (V,r(A™),a* — A™) =

(Var(A™) = Vor(A™),a* — A" +(Vr(A"), A" — A™H) =

<[ Var(A™™) = Var(A™)|lzlla” = A"z + [ Var(A™) |2 A" — A"

< Co| A — AMg]la* — Ao + 3| A" — A"

= Ca|Proj (Y"™) — Projy (Y")||z[la” — A" "l + Cs[||Proj (Y1) — Proj (Y™)|2

= CoC4||Projy (Y"*) — Projy (Y") |2 + Cs][|Projy (Y ") — Proj (Y") |2

= Cs||Proj (Y™ ) — Proj (Y")[|l2 < C5[[Y "1 — Y|

S C15 pCmax’)/n-&-l 9
(D.8)

where the first inequality follows from Cauchy-Schwartz, the second inequality follows from that
V,r is Lipschitz continuous, the second-to-last equality follows from the actions space is compact,
the second-to-last inequality follows from Proj  (-) is a non-expansive map and the last inequality

follows from Equation (D.3). The result then follows by defining C' £ C5+/pCryax- O

Theorem D.3. Let the reward functions be given from a variationally stable game. Then for any
strictly positive probabilities {p;}_,, ROGD converges almost surely to the set of Nash equilibria:
lim,, o0 dist(A™, X*) = 0 a.s., as® n — oo, where A™ is a sequence generated from Algorithm 4.

3Here the point-to-set distance is defined in the standard way: dist(A™, X*) = inf,+cx~ |A™ — a*||2.



Remark 1. As a quick outline here (the details are in appendix), pick an arbitrary Nash equilibrium
a* € X*. Lemma D.1 and Lemma D.2 will together ensure that lim,, o, (V7 (A?), a* — A') =
0, a.s. Since (V,r(a),a* —a) > 0if and only if a ¢ X* and (V,r(a),a* — a) = 0 if and only if
a € X*, it then follows by continuity of V,7(-) that lim,, o (Vo7 (A?), a* — A*) = 0, a.s. implies
lim,, oo dist(A™, X*) = 0 a.s..

Although not mentioned in this theorem, another useful and interesting structural insight to point
out here is that as (V,7(A?),a* — A') converges to 0, if it ever becomes 0 at n, then A* € X*, and
furthermore, the joint action will stay exactly at that Nash equilibrium forever. Why? There are two
cases to consider.

1. First, this Nash equilibrium «¢* is an interior point in X. In this case, V,r(a*) = 0 and
hence V,r(A™) = 0. Consequently, per the ROGD update rule, whether any agent updates
or not does not matter: either the gradient is not received, in which case no gradient update
happens; or a gradient is received, but at this Nash equilibrium, it is 0 and therefore nobody
will want to make any update.

2. Second, this Nash equilibrium a* is a boundary point in X. In this case, V,7(a*) may not
be 0, but it always points outside the feasible action set X'. Consequently, even if an agent
does receive a gradient and hence makes an gradient update, its action will immediately get
projected back to the same point. As a result, even though the Y™ variables can still change,
the joint action A™ will stay exactly at X

Proof. First, setting v, = Yn+1, Bn = E[(Var(A™),a* — A™)] and X,, = (V,r(A™),a* — A™).
Then all the sequences involved are non-negative. And by Lemma D.1 and Lemma D.2, we have:
> Y =00, D one VB < 00, E[X,,] < B, [ Xnt1 — Xp| < Cp,. Consequently, Lemma A.4
implies X,, = (V,7r(A"),a* — A™) — 0 almost surely.

Now fix any sequence { A" }22 . We show that if (V,r(A™),a* — A™) — 0, then dist(A™, X*) — 0.
For suppose not, then there exists a subsequence A™* such that dist(A™*, X*) > e, Vk, for some
€ > 0. Consider the set S = X — N (X*, €), where N'(X*, €) is an e-open neighborhood around
X*. By its definition, a € X is in S if and only if dist(a, X) > e. Further, S is a closed
and bounded set. Therefore, since V,r(-) is a continuous function on X, it has a minimium
(Vgar(a™),a* — a™) achieves a minimum value ¢y,i, on S. In addition, by variational stability and
the fact that (V,r(a),a* —a) = 0 if and only if a € X™*, we know ¢, > 0. Consequently
(Var(A™) a* — A™) > ¢pin, Vk. This contradicts immediately (V,r(A™),a* — A™) — 0. Since
this argument is path-by-path, the convergence is almost sure since (V,7(A™), a* — A™) — 0 almost
surely. O

E Extensions: stochastic rewards and noisy gradients

In this section, we extend the multi-agent learning under asychronous feedback loss setup to situations
where agents realized rewards in each iteration are random (Section E.1). This setting, as we then
establish in Section E.2, is equivalent to an equally interesting setting where the reward function
is deterministic but the gradient is noisy. After discussing these two equivalent setups, we proceed
to establish convergence to Nash equilibria results. We show that in bounded noise support case,
we still obtain almost sure convergence to Nash for ROGD learning under asynchronous feedback
loss (Section E.3). We finally look at the hardest case and establish that in the presence of both
asynchronous feedback loss and unbounded noise support, ROGD learning converges to Nash
equilibria in probability (Section E.4).

E.1 Multi-Agent Learning with Stochastic Rewards

Let (2, F,II) be some underlying probability space, where II is the probability measure. We now
consider the more general setting where agent ¢’s reward is given by:

ri(a) = E[R;(a;w)] = /QRi(a;w)dH(w). (E.1)



Each agent i’s reward function at time n is now the random quantity* R;(-,w""!), where
wh w?, ..., w"! be drawn iid according to II. Further, at time ¢, each agent now only observes the
gradient® with respect to this random reward function: V R;(A™,w"*1). One important feature in
this formulation is that even though the reward functions are independent across time steps (because
they are drawn iid), they can be correlated across agents for the same iteration n: this is because
we have allowed the underlying randomness w to be drawn from a joint probability space €2 shared
by all agents. Of course, this includes as a special case the setting wehre each agent ¢ has its own
independent randomness for its reward function.

ROGD learning under this more general setup is now given in Algorithm 7 below:

Algorithm 7: Multi-Agent ROGD Learning under Asynchronous Feedback Loss: Stochastic Rewards

Require: Each agent i picks an arbitrary A? € R%
1 n+0,Y2+ A?

2: repeat
3:  for each agent ¢ do
V,,R1 An, n+l .
4: yott _ J Y+ ’7n+1%» if [t =1
[ }/;77,7 if IZL+1 =0

50 AT = Proj, (v
6: end for

7 n<n+1

8: until end

We conclude this subsection with two more points.

First, variational stability is a condition on r(a). In the current context, per Equation (E.1), varia-
tional stability can also be interpreted to mean that R;(a;w)’s are variationally stable on average:

Yty (Vari(a), ai—aj) = 370 (Va, E[R(a;w)], ai—af) = B[S (Va, R(a;w), a;—a])] < 0.

Definition E.1. The stochastic game G = (N, X = Hfil Xi, {R;(-,w)}X,), is mean variationally

stable if its corresponding mean game G = (M, X = Hf\il X, {E[R;(-,w)]}Y.,) is variationally
stable.

Second, two assumptions on the stochastic gradient that will be used independently later:

Assumption 3. There exists a constant V' > 0 such that: Ya € X, Vi, |V, Ri(a,w)|2 < V for

II-almost every w.
Assumption 4. E[|V,, R;(a,w)||3] < co,Va € X, Vi.

Remark 2. Assumption 3 means that V,, R;(a, w) has finite support, while Assumption 4 allows for
unbounded support but only assumes bounded second moments. Of course, Assumption 3 implies
Assumption 4 immediately.

E.2 Equivalence to Multi-Agent Learning with Noisy Gradient

We can alternatively consider the extension of multi-agent learning under asynchronous feedback loss
setting given in Algorithm 4 to the setting where the reward function r;(-) is fixed and deterministic
in each iteration, but the received gradient is corrupted by noise. In other words, in each iteration n,
if agent 7 receives a gradient, then instead of receving the exact gradient V,,r;(A™), he receives a
noisy version corrupted by an additive noise. In more detail, this is given next in Algorithm 8:

4Compare this to the previous setting, where agent ’s reward function in each iteration n is ri() =
E[Ri(;0" ).

SHere it is understood that the same regularity conditions be imposed on each R;(-,w) to ensure
r1(+),...,rn(-) form a continuous game. For instance, if we assume each R;(a;w) is continuous in a
and continuously differentiable in a; for IT-almost every w and V,, R(a;w) is Lipschitz continuous in a for
TT-almost every w, then dominated convergence implies that all the regularity conditions on 7;(a) also hold and
one can freely exchange expectation with gradient: Vg, r;(a) = Vg, E[R;(a;w)] = E[V,, Ri(a;w)].



Algorithm 8: Multi-Agent ROGD Learning under Asynchronous Feedback Loss: Noisy Gradient

Require: Each agent i picks an arbitrary A? € R%

I n<+0,Y0 «+ A9

2: repeat

3. for each agent ¢ do

n VaiTi(An) n+1 . n+1 _
Y + P +&; ), if I; =1
Y7, if I =0
5: AP = Proj, (Y1)
6:  end for
7
8

. +1 _
4 Y=

n<n+1
: until end

It turns out iid stochastic reward functions (as described in the previous subsection) corresponds to
martingale difference noise £"*! here, as formalized in the following lemma:

Lemma E.2. ROGD under stochastic rewards as glven m A §0rlthm 7 is eqmvalent to ROGD under
noisy gradient as given in Algorithm 8 with £+ = , "'H, ceey N ) being a martingale
difference sequence. Specifically, Vn.:

1. €™ is a martingale adapted to YO, Y1, ... Y™
2. E[)|€" 2] < oo and E[E" T YO, VL ... Y] = 0.
Furthermore,

1. If Assumption 3 holds, then ||£™||2 < Vi almost surely for all n (for some positive finite
constant V).

2. If Assumption 4 holds, then E[||£"|3] < oo
n+1

Remark 3. This can be quickly seen by noting that &
a R (An n+1) ]E[Va7 R (An n+l)]

in Algorithm 8 corresponds to

in Algorithm 7, which is zero-mean conditioned on all the
past iterates. We leave all the verifcation details to appendix.

E.3 Noise with Bounded Support: Almost Sure Convergence to Nash Equilibria

In this subsection, we work under Assumption 3 (i.e. where the noisy gradient has bounded support).
It turns out that in this case, we can still get almost sure convergence to Nash equilibria. By a
finer-grained analysis utilizing the martingale difference nature of the noise term £”, we obtain the
same control on the variational product sequence (as in Lemma D.1 and Lemma D.2) as given in the
following lemma (the details given in the appendix):

Lemma E.3. Let A°, AL, ... A" be given from Algorithm 7 (or equivalently per Lemma 7, from
Algorithm 8). Then under Assumption 3, the following two statements hold:

1 Y2 o Y1 E[(Var(AY),a* — AY)] < oo
2. (Var(AMh a* — Anth) — (V,r(A"),a* — A™) < Cayy1,a.s.

Consequently, by the exact same reasoning as in Remark ??, we have the following almost sure
convergence result:

Theorem E.4. Let the stochastic reward functions { R;(a,w)}¥| be given from a mean variationally
stable stochastic game. Then under Assumption 3, for any strictly positive probabilities {p; }_,,
ROGD converges almost surely to the set of Nash equilibria (of the corresponding mean game):
lim,, 00 dist(A™, X*) = 0 a.s., as n — oo, where A™ is a sequence generated from Algorithm 7 (or
from Algorithm §).

Remark 4. We mention in passing that even though almost sure convergence to Nash equilibria is
still guaranteed here, there is an important difference here: if A™ ever hits a Nash equilibrium, unlike
in Remark ??, it can still drift away from it due to noisy gradient. Due to space limitation, we do not
expand on this point.



E.4 Noise with Unbounded Support: Convergence to Nash Equilibria in Probability

Finally, we allow the noisy gradient to have unbounded support with only bounded second moments.
In this case, the almost sure inequality in the second part of Lemma F.2 does not hold. However, it
still holds in expectation, as indicated by the following lemma:

Lemma E.5. Let A°, A', ... A" be given from Algorithm 7 (or equivalently per Lemma 7, from
Algorithm 8). Then under Assumption 4, the following two statements hold:

132 0 Y1 E[(Var(AY), a* — AY)] < oo

2. E[(Var(A™H) a* — A" — E[(Var(A"),a* — A™)] < Capyr.
The above then allows us to conclude lim,, o, E[{(v(A™), a* — A™)] = 0. And by a simple application
of Markov’s inequality, we obtain the convergence result in this case (see appendix for details):

Theorem E.6. Let the stochastic reward functions { R;(a,w)}¥| be given from a mean variationally
stable stochastic game. Then under Assumption 4, for any strictly positive probabilities {p; }I\_,,
ROGD converges in probability to the set of Nash equilibria (of the corresponding mean game):
Ve > 0,lim, o Prob(dist(A™, X*) > €) = 0, where A™ is a sequence generated from Algorithm 7
(or from Algorithm 8).

F Proofs to Extensions: to stochastic rewards and noisy gradients

Lemma F.1. ROGD under stochastic rewards as given in Algorithm 7 is equivalent to ROGD under
noisy gradient as given in Algorithm 8 with "1 = (¢7F ;LH, cee ]T\L,H) being a martingale
difference sequence. Specifically, for every n.:

1. €™ is a martingale adapted to YO, Y1, ... Y™
2. E[[¢" o] < oo and E[€" | YO, ¥, ... Y™ =0,
Furthermore,

1. If Assumption 3 holds, then ||£™||2 < Vi almost surely for all n (for some positive finite
constant V).

2. If Assumption 4 holds, then E[||£"|3] < oo.

Proof. Set €71 = 1(V,, Ry(A",w™t!) — E[V,, Ry(A™,w™)]) = L(V,, Ri(A",w"*1) —

Va,ri(A™)) we see that the gradient update in Algorithm 8 (when the gradient is not lost) becomes:

Va1 (A" Vo, Ri(A™, w1
Y =¥ (D gty g TR ey
2 K2

which is exactly the gradient update in Algorithm 7.
Now it remains to check that ¢"+1 = (¢7F! €0t ¢%F1) is a martingale difference sequence
martingale adapted to YO, Y1, ... Y+l
First, it is easy to see that £€"*! is adapted to YO, Y ... Y"1 each ¢7*! is determined by
Yty At and since A7 = Projy, (Y;"T!), A™ is adapted to Y. Consequently, the sequence
YO vl ..., Y™l completely determines £" 1. Next

1
E[Je™* ) = B[ Vo, RilA" ") ~ E[Va, Ri(A" )]

< p%{E[H Va, Ri(A"’w”-H)HZ] + H E[V,, Ri(An7wn+1)]H2} (F2)
< 2RV, R(A" )] < o0,
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where the second inequality follows from Jense’s inequality and the last inequality follows from the
fact that bounded second moments imply bounded first moments (note that under either Assumption 3
or Assumption 4, second moments are bounded). Third,

Bl [ YO, Y] = — B[V, Ri(A" ™) — B[V, Ri(A",w™ )] | YO,V ¥
Di

1
= —{ E[Va, Ri(A", ")) ~ E[V,, Ri(A",w" )]} =0,
pi
(E3)
where the second equation follows from A™ is adapted to Y°, Y'!, ..., Y™ and w™*! is independent

of YO, Y1,..., Y™,

Finally, when Assumption 3 holds and using the fact that E[V,, R;(A",w"*l)] =
Va, E[R; (A", w™1)] = V,, r:(a), we have:

n 1 n n n n
€ o = | W, R4",m) ~ B9, By(amwm )|
1 n n+1 n n+1 1 A
< {Il Va, Ri(A™, 0" ) + | EIVa, Ri(A", ™ ]2} < {V + sup || Vo, ri(a)2 | 2 Vi < oo,
Di Di a€X

(F4)
where the last inequality follows from that V,, r;(a) is continuous function and X is compact.

When Assumption 4 holds, we have

1 2
B[l 3] = - B{| Vo, Ru(4",0™*) ~ E[Va, Ri(A" &™) ]

2 2 2
< (Bl V. Butam )| )+ | BV, R0 )} < 22 B Vi, RA" DI < o0,
2 2 bi
(ES5)
where the second-to-last inequality follows from Jensen’s inequality. O

Lemma F.2. Let YO, Y! ... Y™ be given from Algorithm 7 (or equivalently per Lemma 7, from
Algorithm 8). Then under Assumption 4, the following two statements hold:

LY o Yn+1 E[(Ver(AY), a* — AY)] < oo
2. E[(Var(A™Y) a* — AmTH] —E[(Var(A™),a* — A™)] < Cagi1.

Proof. We start by proving the first statement. Per the gradient update rule in Algorithm 8, we

}/in + ,ynJrl(Va,i;ii(A") + §n+1)’ if In+1
Y, if 1”“

i
Va,ri(A" n 31 1 n n
(= @ 4 etz < 2(773 IV a,ri(A™)3 + 7241 [1€7FH]3), as., and consequently:

have ;" ! = 0 L This implies that || ;" — v ||2 <

lYn+1

n n n ’}/TL n T
ey = S Y||2<2Z{ PV ars( A + €813

=1

(F.6)

% n
S2Z{ p§1 [V, ri(A )||§+ny3+1},

i=1 g

where the last inequality follows from Assumption 3. Since r;(-) is continuously differentiable in a;

(per the regularity assumption in a continuous game), and each X; is a compact space, ||V, 7i(a)]||3
is a bounded function on X. Therefore define:
Chax = sup max |Va,ri(a)||3, p= Z 2
i=1"°
Equation (F.12) implies that (almost surely):
V" = Y73 < 2(pCrmax + NV )yniq = Oy (E7)
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By the second statement in Lemma C.2 and Equation (F.13), we have:
L(a*,Y"™) = L(a",Y") < 291 (Y"1 = Y™ A" —a™) 490 o Y = Y73
S 2771—&-1 <Yn+1 - Yna A" — CL*> + C’Y’Z-‘rl'

Again we use 1 as the indicator function, and take the expectation of both sides of Equation (D.4)
to obtain:

E[L(a",Y" )] - E[L(a”,Y")] < 2E[(Y"*! = V" A" —a")] + Oy

(F.8)

N

= 2E|E[(Y" T =Y, A" = a*) | Y| + Co2y = 2B YV - YL AT - af) | Y| + v

i=1

_ 2E|:ZE[<}/¢”+1 _ )/Zn7A;L _ CL,T> ‘ Ynﬂ + C«,Y72L+1

n * n vﬂ«iri An n n * n
= 2%]E[ {E[<07 AP —a) gy | Y] + E[<"/n+1(¥ HET) AL —al) gy |Y ]} + 0
i=1 7
N Vo, ri(A")
- zvnﬂ*:[z {00, 47 = ) E[L iy | V") + Elfgpgn (0052 4 0, A7 — @)1y | V| + o2,
i=1 ¢
& Vo, ri(A™)
=2E Z { EK’YanZLHa Af - afﬂ{]{"”:l} | Y]+ <7n+1#, Af = aj) ]E[l{lf“:u | Yn]} + C'Y?«LH
L i=1 ¢
& Vi ri(A™)
=2E Z {E[Wnﬂfiﬂﬂa Al —ai) | Y7 E[l{li"“:u] + <7n+1L7 Al = aj) E[l{lf“:l}]} +Cna
Li=1 %
& Vo, ri(A™)
= 28| 3 {pn B AT - a) |V (o) e} | o2,

- pi

N
Vairi An n *
=2E Z<7n+17F )7Ai —a)pi| + Crngs
Li=1 ¢
N
= 2’7n+1E [Z(vairi(A7L)a A? - a’:> + C’Y'rQLJrl
i=1

= 2, nE[(Var (A7), A" = @) + O92y = —20 i E[(Var(47), 0" = 4] + O22,
(F.9)

where in the fourth-to-the-last equality, we have used the fact that £™ is a martingale adapted the
YO Y1 ..., Y™ and hence in particular, E[(¢/1) A7 —a¥) | Y™] = 0, Vi. Now telescoping yields:

T
~E[L(a",Y")] < E[L(a’, YT — E[L(a’, Y*)] = S E[L(a”, Y"*")] — E[L(a", Y")]
t=0

T

T o) 00
< -2 Z’Yn+1E[<VaT(A”),a* _ Anﬁ + 202%214-1 < -2 Z’Yn+1E [(Var(A”),a* _ Anﬂ + QC’Z'yZH,
t=0

t=0 t=0
(E.10)

where the first inequality follows from that the Lyapunov function is always non-negative (Lemma C.1)
and the last inequality follows since the second inequality is true for any 7" (and we can hence let T’
tend to co. Since the step-size is square summable, we have 2,2 Cv2,; < oo, and

—0o > —E[L(a",Y")] -2 Oy, > —2Z'yn+1E[<Var(A"),a* — A
t=0 t=0

This immediately implies Y _,° ) Vn+1E {(VGT(A"), a* — A”)] < 00, and hence the claim.
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Next, for the second statement, using the same chain of inequalities as in Equation (D.8) and by
Equation (F.13), we have:

<va,r,(An+1)7a* _ A’I'L+1> _ <VQT(AH),(L* _ An> —

5[V — Y7y < C5vVCpyr. (E1D)
O

Theorem F.3. Let the stochastic reward functions { R;(a,w)}X._, be given from a mean variationally
stable stochastic game. Then under Assumption 3, for any strictly positive probabilities {p; }I\_,,
ROGD converges almost surely to the set of Nash equilibria (of the corresponding mean game):
lim,, o dist(A™, X*) = 0 a.s., as n — oo, where A™ is a sequence generated from Algorithm 7 (or
from Algorithm 8).

Proof. This follows the exact same reasoning as in the proof to Theorem D.3. O

Lemma F4. Let YO, Y ... Y™ be given from Algorithm 7 (or equivalently per Lemma 7, from
Algorithm 8). Then under Assumption 4, the following two statements hold:

1. 32720 M1 E[(Var(AY),a* — A%)] < co.
2. E[(Var(A™Y) a* — AT — E[(Var(A™),a* — A™)] < Cays.

Proof. Similar to the proof to Lemma F.2, per the gradient update rule in Algorithm 8, we have
ynt YT e (TR ety g 1 =
Y, if I =

1 and hence:
g 0

N N
n n 3 n 771 1 n
N e D | CanE e H%SQZ{ Va7 (A™) 3 + 92 €013

=1 =1

N 2 N
Tnt1
= QZ { ;2 Crax + '7721+1H£zn+1”§} < 2pCmax'7721+1 + 2%%+1 Z Hfzn+1||%
=1

g =1

(F.12)

Taking the expectation of both sides therefore yields Equation (F.12) implies that (almost surely):

N
E[fy"* *Yan] < QPCmax%ZL-s-l +2’Yi+1 Z E[HSZHHHE] < QpC’maX'yZ+1 +2’Y72:,+1B £ C’YZ+17
i=1
(F.13)
where the last inequality follows from Assumption 4 (for some finite positive constant C'). The rest
of the proof then follows similarly as the proof to Lemma F.2. O

Theorem F.5. Let the stochastic reward functions { R;(a,w)}Y_; be given from a mean variationally
stable stochastic game. Then under Assumption 4, for any strictly positive probabilities {p; }I¥_,,
ROGD converges in probability to the set of Nash equilibria (of the corresponding mean game):
Ve > 0,lim, o Prob(dist(A™, X*) > €) = 0, where A™ is a sequence generated from Algorithm 7
(or from Algorithm 8).

Proof. First, setting a, = Yn+1, bn = E[(V,r(A™),a* — A™)] Lemma F.4 implies that and since all
the sequences involved are non-negative, > >~ | a, = 00, » - apb, < oo and [b,41 —by| < Kay,.
Consequently, lim,,—, o by, = lim,—, - E[(v (A ),a* — A")} = 0 by Lemma A.3. Now, fix any ¢, by
Markov’s inequality, we have:

E[(Var(A™),a* — A™))

€

Prob((V,r(A"),a* — A™) > €) < — 0,

when n — oo. Consequently, (V,r(A™),a* — A™) converges to 0 in probability. By the same
argument as in the proof to Theorem D.3 and leveraging the continuity of the reward function r(-),
A™ converges to X* in probability. O
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