7 Supplementary Material

7.1 Proof of Proposition 1
The claim in (2) follows from Proposition 2.1.2 in [4]. The proof for the claim in (3) is similar to the
proof of Proposition 2.1.2 in [4], and we mention it for completeness.

We prove the claim in (3) by contradiction. Suppose that (x — x*) T V2 f(x*)(x — x*) < 0 for some
x € C satisfying Vf(x*) T (x — x*) = 0. By the mean value theorem, for any ¢ > 0 there exists an
« € [0,1] such that

fE +e(x=x7))
= f(x") + eV (x —x*) + E(x - x)VfF(x* +ae(x —x*) T (x —x), (35)
Use the relation V f(x*) T (x — x*) = 0 to simplify the right hand side to
F(xX* 4 e(x —x%)) = f(x) + E(x — x V(X" + ae(x — x*)) T (x — x7). (36)

Note that since (x — x*) T V2 f(x*)(x — x*) < 0 and the Hessian is continuous, we have for all
sufficiently small € > 0, (x — x*)V2f(x* + ae(x — x*)) T (x — x*) < 0. This observation and
the expression in (36) follows that for sufficiently small € we have f(x* + e(x — x*)) < f(x*).
Note that the point x* + €(x — x*) for all € € [0, 1] belongs to the set C and satisfies the inequality

VF(x*)T((x* +e(x—x*)) —x*) = 0. Therefore, we obtained a contradiction of the local optimality
of x*.

7.2 Proof of Proposition 2

First consider the definition G(x;) = maxyec{—V f(x;) " (x — x;)} which is also known as Frank-
Wolfe gap [31]. This constant measures how close the point x; is to be a first-order stationary point.
If G(x:) < ¢, then x; is an e-first-order stationary point. Let’s assume that G(x;) > €. Then, based
on the Lipschitz continuity of gradients and the definition of G(x;) we can write

Fxeg1) < F(xe) + V() T (X1 — %) + gHXtH — x¢|?

L 2
= f(xe) 0V F(x)T (v = %) + TnHVt —x?
n?D?L
2 )
where the last inequality follows from ||v; — x;|| < D. Replacing the stepsize 7 by its value ¢/ DL
and G(x¢) by its lower bound e lead to

< f(xe) = nG(x) + 37

62
f(xer1) < fxe) — DL

This result implies that if the current point X; is not an e-first order stationary point, by following
the update of Frank-Wolfe algorithm the objective function value decreases by €2 /2D? L. Therefore,
after at most 2D2L( f(xo) — f(x*))/e? iterations we either reach the global minimum or one of the
iterates x; satisfies G(x;) < e which implies that

Vf(xt)T(x —X¢) > —¢, forall x € C, (39)

(38)

and the claim in Proposition 2 follows.

7.3 Proof of Proposition 3

First note, that based on the projection property we know that
(x¢ — NV f(x¢) —X41) " (x — xp41) <0, forall x € C. (40)

Therefore, by setting x = x; we obtain that

NV f(xe) " (X1 — %) < =[x — x40 (41)
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Hence, we can replace the inner product V f(x;) " (x;11 — X;) by its upper bound —||x; — x;41/|%/n
L
F(xep1) < F(xe) + VF(x0) T (X1 — Xe) + 3 lI%er1 — xq|”

_ 2
< f(xi) — % :7<t+1|

L
= f(xt) — §||Xt+1 —x?, (42)

where the equality follows by setting 7 = 1/L. Indeed, if x;11 = x; then we are at a first-order
stationary point, however, we need a finite time analysis. To do so, note that for any x € C we have

L
+ §||Xt+1 - x?

(x¢ =V f(xt) = xe31) | (x = x111) < 0. (43)
Therefore, for any x € C it holds
Vf(xt)T(x - Xt+1) > L(Xt - Xt+1)T(X - Xt+1)7 44)

which implies that

Vf(xt)T(X —X¢) > vf(xt)T(Xt-H —x¢) + L% — Xt+1)T(X —X¢41)
> —K|xt41 — x¢|| = LD|[x¢ — x¢41|

> —(K + LD)|lx¢ — x¢41], (45)
where K is an upper bound on the norm of gradient over the convex set C. Therefore, we can write
min Vf(xe)T(x = x¢) > —(K + LD)||xs = X1, (46)

Combining these results, we obtain that we should check the norm ||x; — x¢41 || at each iteration and
check whether if it is larger than e /(K + LD) or not. If the norm is larger than the threshold then

2L
< - 47
f(xee1) < fxe) 2K + LD)? (47
If the norm is smaller than the threshold then we stop and the iterate x; satisfies the inequality
Vi) (x—x¢) > —¢,  forallx €C. (48)
Note that this process can not take more than O(%) iterations.

7.4 Proof of Proposition 4

The Taylor’s expansion of the function f around the point x; and M -Lipschitz continuity of the
Hessians imply that

1 M
Fxeq1) < Flx) +VF(xe) T (ko1 — %) + §(Xt+1 —x¢) V2 F(x) (X041 —xe) + §||Xt+1 —x*.
(49)
Replace x;11 — x; by the expression o(u; — x;) to obtain

2 3
f(xe41) < f(xt)+UVf(Xt)T(ut—Xt)+%(ut—Xt)TV2f(X)(ut—Xt)+MTUHUt—XtHg- (50)

Since, u; is a p-approximate solution for the subproblem in (13) with the objective function value
q(uy) < —py, we can substitute the quadratic term (u; — x;) " V2 f(x)(u; — x;) by its upper bound
—py. Additionally, the vector u, is chosen such that V f(x;) " (u; — x;) = 0 and therefore the linear
term in (50) can be eliminated. Further, the cubic term ||u; — x;||® is upper bounded by D? since
both u; and x; belong to the convex set C. Applying these substitutions into (50) yields

o2 o3 M D3
o*py | *MD?

Fxerr) < flxe) = — 5 (51
By setting o = py/M D? in (51) it follows that
3.3 3.3
P P
f(XtJrl) < f(xt) - IM2D6 + 6M2D6
3.3
[

Therefore, in this case, the objective function value decreases at least by a fixed value of O(p3~3).
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7.5 Proof of Theorem 1

Then at each iteration, either the first oder optimality condition is not satisfied and the function
value decreases by a constant of O(e?), or this condition is satisfied and we use a second-order
update which leads to a objective function value decrement of O(p®~3). This shows that if have
not reached an (¢, y)-second order stationary point the objective function value decreases at least by
O(min{e?, p>y3}). Therefore, we either reach the global minimum or converge to an (¢, y)-second

f(x0)=f(x*)

order stationary point of Problem (1) after at most O (min (.77

written as O((f(xo) — F(x*)) (€72 + p~37?)).

) iterations which also can be

7.6 Proof of Theorem 2

In this proof, for notation convenience, we define ¢’ = ¢/2 and ' = /2.

First, note that the condition in Assumption 4 and the fact that VF(x, ) and V2F(x, 0) are the
unbiased estimators of the gradient V f(x) and Hessian V2 f(x) imply that the variance of the batch
gradient d; and the batch Hessian H; approximations are upper bounded by

2 2
E(ld - Vi) < -, E[IH, - V20l < > 53
g H

Here we assume that b, and by satisfy the following conditions,

32412 M?*D8® 16D?*? 81D*¢?
by = max{ T > } , by = OGRS 54)
We further set the parameter r as
2,12
P
" T ’MD? (55)

Now we proceed to analyze the complexity of Algorithm 2. First, consider the case that the current
iterate x; satisfies the inequality d, (v; — x;) < —¢' and therefore we perform the first-order update
in step 4. In this case, we can show that

FOxesn) < £06) + V00 (ke = x0) + 5 e =
2

= 70x) + 19 £ ) (v = x0) + L = )

7]2LD2
2

< f(xe) +nd] (vi —x¢) +n(VF(xe) = de) T (ve — %) +

772LD2
2 )

< f(xe) =né' +nD|V f(x¢) — def| + (56)
where in the last inequality we used d;'— (vi — x¢) < —€' and the fact that both v; and x; belong to
the set C and therefore ||x; — v¢|| < D. Consider F; as the sigma algebra that measures all sources of
randomness up to step ¢. Then, computing the expected value of both sides of (56) given F; leads to

Dv  n*LD?
nv..n

VoA

where we used the inequality E [X] < y/E [X?2] when X is a positive random variable. Replace the
stepsize 7 by its value €’/(D? L) and the batch size b, by its lower bound (16 D?1?)/(€'?) to obtain

E[f(xi41) | Fi] < f(x0) —ne' + (57

6/2

E[f(x¢41) | Fe] < f(xe) — 1021 (58)

Hence, in this case, the objective function value decreases in expectation by a constant factor of
O("?).
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Now we proceed to study the case that the current iterate x; does not satisfy the inequality d, (v; —
x¢) < —¢' and we need to perform the second-order update in step 8. In this case, we can show that

Fxea1) < F(xe) + VF(xe) T (X1 — %) + %(Xtﬂ —x¢) V2 F(x)(xe11 — %¢) + %thﬂ —x?

2 3 3
< 70 + 0V £ e) (= 30) - G = x0) O F () ) + T

6
2
< f(xe) +0d] (ue —x¢) + o (Vf(xe) —de) T (ug — x¢) + %(ut —x;) Hy(u; — xy)
2 3 3
+ 2 —x) (V00 = Ho) g =) + T 59

Note that uy is a p-approximate solution for the subproblem in step 6 of Algorithm 2, with the objective
function value less than —p’. This observation implies that the quadratic term (u; —x;) " Hy(u; —x;)
is bounded above by —p'. Further, the linear term d, (u; — x;) is less than r according to the
constraint of the subproblem. Applying these substitutions and using the Cauchy-Schwartz inequality
multiple times lead to

0.2 / 2D2
Mo
2 2

o3 M D3

f(xe41) < f(xe) +or +0oDl|d; — Vf(x)]| — IH, — V2 f(x)|| +

(60)

Compute the conditional expected value of both sides of (60) and use the inequalities in (53) to obtain

oDv  o?py  o?’D?*¢ oPMD?
E F) < +or+ - + + : 61
[f(Xt+1) | t] = f(Xt) or \/@ D) 2\/@ 6 ( )
By setting the stepsize o = py’ /M D? in (61) it follows that
3473 ro~ 'y 2,12
E[f(xt41) | Fe] < f(xe) — P+ + 21 : (62)

3L2DS  MD3 = MD2/b, 2M2D%/by'

Moreover, setting r = w”j\%; and by = 8;2% 4,‘52 , and replacing b, by its lower bound %
lead to
33
E[f(xeq1) | Fe] < fxe) — GM2DE (63)

Hence, in this case, the expected objective function value decreases by a constant of O(p3+/3).

By combining the results in (58) and (63), we obtain that if the iterate x; is not the final iterate the
objective function value at step ¢ 4 1 satisfies the following ineqaulity

. Fle ) 6/2 03’7/3 64
[f(xt+1)| t]—f(Xt)_mln{4LD276M2D6}' (64)

Let us define 7" as the number of iterations we perform until Algorithm 2 stops. We use an argument
similar to Wald’s lemma to derive an upper bound on the expected number of iterations 7' that we
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need to run the algorithm. Note that

E[f(xo) = f(xr)] = E | Y (f(xe-1) — f(xt»]
t=1
=E|E lZ(f(Xt—l) —fx)|| T
=Y "E D (f(xim1) = f(x0) | P(T = k)
k=1 t=1

> E[(f(xim1) — f(xi) P(T = k)
ok 2 3 13
>33 min {7 5m hpips | P =W
6/2 3.3 o0
= min{4LD2, GQIZDﬁ}ZkP(T — k)
k=1

) 6/2 p3 ,Y/B

= mln{4LD2, GMZDG}E[T]. (65)
The first equality holds by simplifying the sum, for the second equality we use the fact that E [X] =
E[E[X [ Y]], in the third equality we use the expression E[E [X | Y]] =3 E[X |Y =y|P(Y =
y), in the fourth equality we exchange sum and expectation, and the inequality is true based on the
result in (64). Note that to derive this result we also have assumed that the sequence of function
differences f(x;_1) — f(x) are independent of each other and also independent of the total number
of iterations 7.

Based on the result in (65), we can write that E [T] < E[f(xo) — f(xr)] /min {%, J;#DSG}.
We further know that f(xr) > f(x*) which implies that

. 4LD?* 6M?DS
E[T] < (f(x0) — f(x ))maX{EQ?W)} (66)
Using Markov’s inequality we can show that
(f(x0) = F(x")) e { 4£27, 3" }

PT<a)>1- - (67)

a

Seta = M max { 46,?2 , G%i{? } to obtain that

(f(x0) = f(x7)) max { 4£5%, 61250 |

>1-6. (68)

< 5 2

Therefore, it follows that with high probability the total number of iterations 7" that Algorithm 2 runs
is at most O(max {72, p=39'73}).

Now it remains to show that the outcome of Algorithm 2 is an (¢, v)-SOSP of Problem (33) with high
probability. Let’s assume that x; is the final output of Algorithm 2. Then, we know that x; satisfies
the conditions
d] (x —x;) > —€ forallx €C, (69)

and

(x —x) Hy(x —x;) > - forallx € C, d/ (x —x;) <7 (70)
First, we use the condition in (69) to show that x; satisfies the first-order optimality condition with
high probability. Note that for any x € C it holds that

Vi) (x = %) =d/ (x = %) + (Vf(xe) —di) T (x = %)
> d (x —x;) = DIV f(x¢) — dy. (71)
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Now compute the minimum of both sides of (71) for all x € C to obtain
min{V £ (x,) " (x = x;)} > min{d/ (x = x;) = DI|Vf(x:) — |}
= min{d/ (x = x,)} = D||Vf(x:) — i
> —€ = D[V f(x¢) — dell, (72)

where the equality holds since D||V f(x;) — d¢|| does not depend on x, and the last inequality is
implied by (69). Since E [||V f(x;) — d;|?] < /b, we obtain from Markov’s inequality that

2

v
P([Vf(x:) —de]| <€') > 1—@- (73)
Therefore, by combining the results in (72) and (73) we obtain that
2
. T v
P <r§161£1{Vf(xt) (x—x¢)} > —(€ + De”)) >1- by (74)

Now by setting €’ = ¢’/ D it follows from (74) that with probability at least 1 — v2D? /b,e’? the final
iterate x; satisfies
Vix) T (x —x) > —2¢  forallx € C. (75)

Replacing €’ by €/2 leads to
Vix) T (x—xp) > —¢ forall x € C. (76)
It remains to show that with high probability the final iterate x; satisfies the second-order optimality

condition.

First, consider the sets A; = {x | Vf(x;) " (x —x;) =0} and B; = {x | d] (x — x;) < r}. We
proceed to show that with high probability A; C B;. If y satisfies the condition

Vi) (y — %) =0, (77)

then it can be shown that

d (y —x¢) S VF(x) (y = %) + (de = V(x0) " (y — x¢)

< Dlld; = Vf(x)|- (78)
Since E [||V f(x;) — d¢|?] < v?/b, we obtain from Markov’s inequality that
r v2D?
B(I9500) — il < 35) 21 -5 (19)
Therefore, by combining the results in (78) and (79) we obtain that
2D2
P(d(y—x)<7) 21— " (80)
g

This argument shows that if y € A, then it also belongs to the set By, i.e., y € By, with high
probability. This result shows if an inequality holds for all x that satisfy d, (x — x;) < r, then with
high probability that inequality also holds for all x that satisfy the condition V f(x;) " (x — x;) = 0.

Now, note that if x; is the output of Algorithm 2, then for any x € C satisfying d, (x — x;) < rit
holds that

(x — %) T V2 f(xe) (x — x¢) = (x — %) THy(x — x¢) — (x = x¢) T (Hy = V2f (%)) (x — %)
> — — D*|[H, — V2 f(x,)|. &1

Further, define the random variable X; = |[H; — V2 f(x;)||. As we know that E [X7?] < &2 /by, it
follows by Markov’s inequality that P(X; < a) > 1 — £2/(bga?). Therefore, we can write that

2
B(JH, — V2f(x))| <) > 1 — ﬁ (82)
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Hence, by using the results in (81) and (82), we can show that with probability at least 1 — % for
any x € C satisfying d; (x — x;) < it holds

(x — %) T V2 f(x)(x — %) > — — D%y (83)

By setting 7" = +'/D? it follows that x; satisfies the condition
(x —x) ' V2f(x)(x —x;) > =29 forallx € C,d] (x —x;) <7, (84)
with a probability larger than 1 — f:{g,i Further, with probability at least 1 — ”be; we know that

A; C B;. These observations imply that if x; is the output of Algorithm 2 it satisfies

(x = x) ' V2f(x)(x = %) > =27/ forallx € C,Vf(x)) (x —x;) =0, (85)
with probability at least 1 — bi? ,42 — li;?;’ where we used the inequality
P(ANB)=P(A)+ P(B)— P(AUB)
> P(A)+ P(B) — 1. (86)

the final iterate satisfies

£2p* L2 D2
buy2  bgr2

By setting 4/ = ~y/2 we obtain that with probability at least 1 —
the condition

(x —x) ' V2f(x)(x —x;) > —y forallx € C,Vf(x;)' (x —x;) =0. (87)

’/2 D2 52 D4 ”2 D2
bgé’Q bH’le bg’l“2
(e,7)-SOSP of the stochastic optimization problem in (33). This observation and the conditions on
the batch sizes in (54) implies that the output of Algorithm 2 is an (e, ~)-SOSP of the stochastic

optimization problem in (33) with probability at least 1 — %6 — ﬁ — g—i > 0.92. (Note that p < 1).

Indeed, by increasing the size of batches b, and by all the results hold with a higher probability.

Therefore, with probability at least 1 — the output of Algorithm 2 is an
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