Bayesian Optimization with Gradients

Supplementary Material

Jian Wu!  Matthias Poloczek?® Andrew Gordon Wilson!  Peter I. Frazier!
!Cornell University, 2University of Arizona

A The Computation of d-KG and its Gradient: Additional Details

In this section, we show additional details in Sect. 3.3 of the main document: how to provide unbiased
estimators of d-KG(z(%%) ) and its gradient. It is well-known that if (™) and K™ are the mean
and the kernel function respectively of the posterior of (f(z), V f(z))? after evaluating n points,
then (f(x),0TV f (z))) follows a bivariate Gaussian process with the mean function /1("™) and the
kernel function K& (™) as follows

T
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Analogously, the (y(z), OTVy( )T is also subject to noise,
(y(@), 0" V()" | F(@),079f(2) ~ N ((£(@), 07V F(2) ", diag(5*(2)))

where 62(1) = (é (091%)%> o?(z). Following Wu and Frazier [44], we express /1("T9) (z) as

lnta) () = A (z) + f((n)(z,z(qu)) (f((n)(z(l:q),z(qu))

Hiagla*(z0), 62 (0)) (07T (0 — 40 (00))

Conditioning on z(1*%) and the knowledge after n evaluations, we have (y,07 Vy)(z(}9)
is normally distributed with mean (" (2(1:9)) and covariance matrix K™ (z(19) »(1a))

diag{62(zM),---,5%(2(9)} where the function (y,07Vy) : R? — R? maps the sample to its
function and the directional derivative observation at direction 6. Thus, we can rewrite /i("*9)(z) as
Ao () = ﬂ(n)(x) + &M (2,6, Z(1¢Q))Z2q’ (A1)

where Zs, is a 2¢-dimensional standard normal vector and
N . -1
5 (2,0, 219) = R0)(g, (La) (D(m(Z(nq))T) _ (A2)

Here B(”)(z(lm) is the Cholesky factor of the covariance matrix K(”)(z(1:Q),z(1:Q)) +
diag{62(z(M),--- ,5%(2(9)}. Now we can follow Sect. 3.3 of the main document to esti-
mate d-KG(z(1:9) ) and its gradient.

B Proof of Proposition 1 and Proposition 2

Proof of Proposition 1. Recall that we start with the same posterior /i("). Then

EKGED) = mini{ (@) — By [minE, [y(2)y(=10), Vy(z)] \z“:ﬂ,
TEA _' z€EA

= Iwnelfxl“g )( )_En " [mm]En [y )y( H(L: Q) ), Vy(z (1:9) )} |y(z(1:q))} ‘ Z(qu)] ,

> min @) = By [min B [B, [o0)ly(:00), Ty(:00)] 0] [ 0]
e

zeA

= mln,ug )( )—E, %}QE” [y(x”y(z(l-@)} ’ Z(l-q)] 7

= KG(z(1), (B.1)
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where recall that y(x) is the observed function value at x, and Vy(x) are the d derivative observations
at z. The inequality above holds due to Jensen’s inequality.

Now we will show that the inequality is strict when z* (y(z(1:9), Vy(2(1:9))) depends on Vy(z(19)),
where 2*(y((19), Vy(2(19)) € argminge 4 E,, [y(z)|y(249), Vy(2(1:9)]. Equality holds only
if there exists a set S; such that: (1) P(y(z(%?) € S;) = 1; (2) for any given y(21'9) € S,
mingep En [y(2)|y(21:9), Vy(2(19)] is a linear function of Vy(z(1:9) for all Vy(z(19)) in a set
Ss (allowed to depend on y(z(1'9))) such that P(Vy(2(19) € Sy | y(2(19))) = 1.

By (3.3), we can express it (z) as
En [y(@)ly(z(0), Vy(z1)]
= A"
= j(z) + K (2,2 U 21y (k(xu:n) U 210 g(1m) | ,(La)y

-1
+diag{02(x(1’") U Z(l:q))}) ((y’ vy)(x(l:n) U Z(l:q)) _ [L(x(lzn) U Z(l:q))) )

Then condition (2) holds only if K (2 (y(z11:9), Vy(z(19))), 2(:m) U 2(1:0)) s constant for all
Vy(2(1:9) (in a conditionally almost sure set S, allowed to depend on y(2(19))), which holds only
if 2*(y(2(19)), Vy(2(1:9))) are the same for all Vy(2(19)) € S,. Thus, the inequality is strict in
settings where Vy(2(1:9)) affects 2*(y(2(19), Vy(2(1:9)). O

Next we analyze the Bayesian optimization problem under a dynamic programming (DP) framework
and show that d-KG is one-step Bayes-optimal.

Proof of Proposition 2. Suppose that we are given a budget of NV samples, i.e. we may run the
algorithm for N iterations. Our goal is to choose sampling decisions ({z*,1 < ¢ < Ng¢} and the
implementation decision zV9*1 that minimizes f(2V9!). We assume that (f(x), V f(z)) is drawn
from the prior GP(ji, K), then (f(z), V f(2)) follows the posterior process GP (N9 K (N9) after
N iterations, so we have Eyo(f(zV71)) = ("% (2¥9+1). Thus, letting IT be the set of feasible
policies 7, we can formulate our problem as follows

inf ET i ~(Naq) .

i g™
We analyze this problem under the DP framework. We define our state space as S™ := (ﬂ(”Q), K (”q))

after iteration n as it completely characterizes our belief on f. Under the DP framework, we will
define the value function V" as follows

n e 3 m 3 ~(NQ) mn __
V"(s):= ;relfHE |:Ig'cn€l£/,61 ()| —s} (B.2)

for every s = (u, K). The Bellman equation tells us that the value function can be written recursively
as

V'(s) = min@Q"(s2)
where
Q"(S,Z) = E Vn+1(Sn+1)|Sn = s, Z((nq+1):(n+1)q) _ Z]
At the same time, we also know that any policy 7* whose decisions satisfy
Z™ " (s) e argmin, c,, Q" (s, z) (B.3)
is optimal. If we were to stop at iteration n + 1, then V"1 (S" 1) = ming e, 3"V (2) and (B.3)
reduces to

ZTr*m(s) € argming,,E {migﬂg(n—kl)‘ﬂ(x) | " — svz((nq-&-l):(n-‘rl)Q) — Z]
S

= argmax,.,. { min i{"? (z) — E |min 3" () ‘ §n = g, g((nat)i(n+1)a) — z] },
€A TEA

which is exactly the d-KG algorithm. This proves that d-KG is one-step Bayes-optimal. O
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C Proof of Theorem 1

Recall that we define the value function in Eq. (B.2). Similarly, we can define the value function for a
specific policy 7 as

V7™ (s) = E | min AN (z)|s" = s . (C.1)
S

Since we are varying the number of iterations N, we define V9(s; IV) as the optimal value function
when the size of the iteration budget is N. Additionally, we define V(s; 00) := limyn 00 VO(s; N).
Similarly, we define V%™ (s; V') and V™ (s; 00) for a specific policy 7.

Next we will state two lemmas concerning the benefits of additional samples, which will be useful in
the latter proofs. First we have the following result for any stationary policy 7. A policy is called
stationary if the decision of the policy only depends on the current state S™ := (™), K (")) (not on
the iteration n). d-KG is stationary.

Lemma 1. For any stationary policy  and state s, V™" (s) < VTrtl(s),

This lemma states that for any stationary policy, one additional iteration helps on average.

Proof of Lemma 1. We prove by induction on n. When n = N — 1, by Jensen’s inequality,

VIR = B [min ™ @) | Syei = 5]

IN

H%Ein]E7r [/]gNQ)(z) | Sno1 = s}
VTN (s).

Then by the induction hypothesis,

Vvrn(s) = ET [V”’”+1(S"+1)|S" = 3]
< E7 [V”’”+2(S"+1)|S" = 3]
= VTH(s),
where line 2 above is due to the induction hypothesis and line 3 is due to the stationarity of the policy
and the transition kernel of {S™ : n > 0}. We conclude the proof. O

The following lemma is related to the optimal policy. It says that if allowed an extra fixed batch of
samples, the optimal policy performs better on average than if no extra samples allowed.

Lemma 2. For any state s and z € A, Q" (s, z) < V" F1(s).

As a direct corollary, we have V"(s) < V" *1(s) for any state s.

Proof of Lemma 2. The proof of Lemma 2 is quite similar to that of Lemma 1. We omit the details
here. O

Recall that V (s;00) := limy_so V°(s; N).The lemma below shows that V (s; 00) is well defined
and bounded below.

Lemma 3. For any state s, V (s; 00) exists and

V(s;o0) > U(s):=E |:IQ'CI1€1§ f(z)]S° = s} . (C2)

Proof of Lemma 3. We will show that V?(s; N) is non-increasing in N and bounded below from
U (s). This will imply that V°(s; o0) exists and is bounded below from U (s). To prove that V°(s; N)
is non-increasing of N, we note that

VO(s; N) = VO(s; N — 1)

VO(s;N) —Vi(s; N)

0,

IN
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by the corollary of Lemma 2. To show that V9(s; N) is bounded below by U (s), for every N > 1
and policy T,

E™ [mgnﬂ(qu)(:rﬂSO = 5} = E7 {minER{ [f(2)]]S° = 5}

x

> ET {]ET;V [mmin f(xﬂ 150 = s}
= E” [rrgnf(x)\So = s}

- E [mzinf(a:)|50 - s} — U(s).

Thus we have V9(s; N) > U(s). Taking the limit N — oo, we have V (s, 00) > U(s).

Similarly, we can show that V™0(s; IV) is non-increasing in N and bounded below from U (s) for any
stationary policy 7 by exploiting Lemma 1. This implies that V™ (S°; 0o) exists for each stationary
policy. O

For a policy m, V™ (s, 00) = U(s) means that the policy 7 can successfully find the minimum of the
function if the function is sampled from a GP with the mean and the kernel given by s. The following
lemma is the key to prove asymptotic consistency. Recall that in Theorem 1, we assume that A is
finite. When A is finite, we have

Lemma 4. If a stationary policy m measures every alternative © € A infinitely often almost surely in
the noisy case or ™ measures every alternative x € A at least once in the noise-free case, then T is
asymptotically consistent and has value U (s).

Proof of Lemma 4. We assume that the measurement noise is of finite variance, it implies that the

posterior sequence ﬂqu) converges to the true surface f by the vector-version strong law of large

numbers if we sample every alternative infinitely often in the noisy case or at least once in the

noise-free case. Thus, limy 0o V% = f a.s., and lim y_, o0 Mingep qu) (7) = mingey f(x) in
probability. Next we will show that min,ca ﬁqu) (z) is uniformly integrable in N, which implies

that mingca ﬁqu) (x) converges in L;. For any fixed K > 0, we have

..~ (vg)
min iy~ (2)

E

1 minmemiw(wnzm]

BN ()1

IA
=

max
TEA

{maxzen ﬁiN(’)(m)|>K}}

= B max[Bag(F@) L tmaxocn 8xa (70 12K} |

IN
=

max Eng (1/(2) ) max,en Bag (1)) 2 K}

IN
=

Ezvq(rggg | F(@) ) HEng (maxeen | £(2))> K}

= E|Eng <I;1§§|f(x)|1{m<maxm f(w))>K}>}

= Ejmaxlf (x)l{lE(maXxeAf(w)PK}] -

Since max,¢a | f ()] is integrable and P(max,cp |f(2)]|) > K) < E(max, |f(z)|)/K is bounded
uniformly in NV and goes to zero as K increases to infinity, Given that min,cz [Lqu) () converges
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in L1, we have

Vi(sioe) = lim Evmini{""(2)|$° = o

= E™[ lim minﬂqu) (2)]S% = s]

N—oo z€A
= FE"[mi 0 —
[min f(2)|$” = 3]
= U(s).
By Lemma 3 above, we conclude that V™ (s;00) = V(s;00) = U(s). O

Then we will show that d-KG measures every alternative x € A infinitely often in the noisy case or
d-KG measures every alternative z € A at least once when N goes to infinity, which leads to the
proof of Theorem 1.

Proof of Theorem 1. We focus on the noisy case for clarity. One can provide an identical proof for
the noise-free case by replacing sampling infinitely often with sampling at least once.

By a similar proof with Lemma A.5 in Frazier et al. [9], we can show that 5™ converges to a random
variable S := (i*, K°°) as n increases. By definition,

VN(SOO) _ QNfl(Soo;Z(lcq))
= mzin a3 (z) — E [mmin ([cho(a:) +ele>(x, z(ltq))Zq(d_H))}

> win (o) < | min (50 + 50500 2y )

rez(l:a)

If we have measured z(1), .. | 2(9) infinitely often in the noisy case, there will be no uncer-
tainty around f(z(1:9) in $°°, then VIV (§®) = QN-1(5>;2(1:9). Otherwise VN (5%®) >
QN~1(8>; 2(1:0), je. there are benefits measuring 210, We define £ = {2 € A

the number of times measuring < oo}, then for any € E and y(lzq) C FE¢, we have
QN8 2(ha=1) U z) < VN (§%) = QN-1(8§%; y(1:9), By the definition of d-KG, it will
measure some x € F, i.e. at least one of x in E is measured infinitely often, a contradiction. O
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