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A Proof

Proof of Corollary 1.1 We start from a simple observation pg(x) = [, pe(x,z)dz =

f p(2)pe(x|z)dz. The second term in (5) of main paper can be rewritten as
:I:Npg (z]z’),2’ ~p(z),z~p(z)[10g(1 - U(fwl (m Z)))] (1)
// /pg x|z )p(2")p(z)log(1l — o(fy, (x, 2)))dxdzdz’ (2)
//{/ po(x|2)p(2z ’)dz’}p(z) log(1 — o (fy, (x, 2)))dedz 3)
/ / po(@)p(2) 10g(1 — o(fy, (@, 2)))dzd= )

Therefore, the objective function £a1 () in (5) can be expressed as

// x)qqp(z|x)loglo(fy, (, 2) da:der/ /pg z)log(1 — o(fy,(x,2)))dzdz
:/ /{q¢(m,z)1og[o(f¢l(a:,z))]+p9( )p(2)log(l — o(fy, (x,2)))} dedz (5)

This integral of (5) is maximal as a function of f(x, z) if and only if the integrand is maximal for
every (x, z). Note that the problem maz,alog x+blog(1 —z) achieves maximum at x = a/(a+b)
and o(x) = 1/(1 4 e~*). Hence, we have the optimal function of fy, at

qp (T, 2)
7Ui) = @) + pe @)

Similarly, we have fy (x, z) = log pe(x, z) — log q¢(2)q(x)

fu; =logag(z, z) + log pe(z)p(z) 6)

Proof of Proposition 1 If {0*, ¢", 7,13} achieves an equilibrium of (12) of main paper. The
Corollary 1.1 indicates that fy» = log qg(x, 2) + log pe(x)p(2) and fy;(x, z) = logpe(x, z) —

log gp(2)q(x).

Note that
Lyaex(0, @) = Eq) logpe(x) — KL(g¢ (T, 2)||pe(x, 2)) @)
= Eq(z) log ¢(x) — KL(q¢(, 2)[pe(x, 2)) — KL(qe(x)||pe(x)) ®)
and
Lyags(0, @) = Ep(z) log qp(2) — KL(pe(, 2)||ge (x, 2)) )

= Ep(z) logp(2) — KL(pe(z, 2) |9 (2, 2)) — KL(pe(2)ll96(2))  (10)
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where E,,)logp(z) and E,(4)logg(x) can be considered as constant. Therefore, maximize

LvaExz 1S equivalent to minimize

KL(po(z, 2)llag (2, 2)) + KL(gg (2, 2)|[pe (2, 2)) + KL(po(2)[l44(2)) + KL(gg () |[pe(z))

The minimum of first two terms is achieved if and only if py(x, z) = g4 (x, ) while the minimums
of last two terms are achieved at py(x) = ¢(x) and p(z) = ¢4(2), respectively. Note that the joint
match pg(x, 2) = ¢¢(x, z) is achieved, the marginals also matches which indicates the optimal
(6, ¢«) is achieved if and only if pg- (@, 2) = q¢- (, 2).

B Model Architecture

The model architectures are shown as following. For fy (x,z) and fy, (2, z), we use the same
architecture but the parameters are not shared.
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Figure 1: Model architecture for MNIST
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Figure 2: Model architecture for CIFAR
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Figure 3: Encoder and decoder for ImageNet
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Figure 4: Discriminator for ImageNet



C Additional Results
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Figure 5: Generated samples trained on CIFAR-10.



Figure 6: Generated samples trained on ImageNet.
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