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A  WGAN-GP versus Fisher GAN

Consider
Foww = {f(x) = (0,8, (x)),v €R™, D, : X CRT - R™}

Let
8 (2l q)w
Ta. () € R, Uy (o), = L0 2AD)
L

be the Jacobian matrix of the ®,,(.). It is easy to see that
Vaf(z) = Jg, (z)v € RY,
and therefore
Vo f @) = (v, Ja, (@) Jg,, (2)v),
Note that ,
Ja. (1) Jg, ()

is the so called metric tensor in information geometry (See for instance [35] and references there in).
The gradient penalty for WGAN of [7] can be derived from a Rayleigh quotient principle as well,
written in the constraint form:

dz,.([P,Q) = sup Esnpf(7) — Exngf(2)
FE€Z w Bunv(0,11Bamupt(1—uw)all Ve f(@)[?=1

Using the special parametrization we can write:

EuNU[O,l]Em~uP+(17u)Q Hva:f(x)|‘2 = UT (EuNU[O,l]]E:rNuIP+(17u)QJ‘1>w (Q'J)J;w (31‘)) v
Let
'//w(]P); Q) = EuNU[O,l]Emqu—&-(l—u)QJ@w (LE)J;w (x) e R™x™

is the expected Riemannian metric tensor [35]. Hence we obtain:
dg P,Q) = ma ma., v, e, (P) — e
Q) =max max (o (B) ~ (@)

_1
2

M (B Q) (1 (P)) — (@)

= Imax
w

Hence Gradient penalty can be seen as well as mean matching in the metric defined by the expected
metric tensor .Z,,.

Improved WGAN [7] IPM can be written as follows :

e (1 (B) — (@) A5 (B Q) (10 (F) — (@)

to be contrasted with Fisher IPM:

mae /(10 (B) — (@) TS5 (B Q) (10 (B) — (@)

Both Improved WGAN are doing mean matching using different Mahalanobis distances! While
improved WGAN uses an expected metric tensor #,, to compute this distance, Fisher IPM uses a
simple pooled covariance ¥, to compute this metric. It is clear that Fisher GAN has a computational
advantage!
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B Chi-squared distance and Pearson Divergence

The definition of x5 distance:

2 _, [ P@) - Q=)

The 2 Pearson divergence:

We have the following relation:

) 1 P+Q
x> (P, Q) = yRE (P 2)-

C Fisher GAN and ¢-divergence Based GANs
Since f-gan [3] also introduces a GAN formulation which recovers the Chi-squared divergence, we
compare our approaches.

Let us recall here the definition of ¢-divergence:

d,(P,Q) = /X ¢ @((?)) Q(z)da,

where ¢ : RT — R is a convex, lower-semicontinuous function satisfying ¢(1) = 0. Let ¢* the
Fenchel conjugate of ¢:

©*(t) = sup ut—p(u)

u€Dom,,

As shown in [3] and in [36], for any function space .# we get the lower bound:

dy(P, Q) > ;up Eznrf(z) — Exngy™(f(2)),

For the particular case ¢(t) = (t — 1) and ¢*(t) = +t* + ¢ we have the Pearson y divergence:

xTr)— X 2
4.0 = [ FOZ S 0 )

Hence to optimize the same cost function of Fisher GAN in the p-GAN framework we have to

consider:
1 P+Q
Z Plp =
2 X2 ( ) 2 ) )

Fisher GAN gives an inequality for the symmetric Chi-squared and the -GAN gives a lower
variational bound. i.e compare for (>-GAN:

s Bone (2) ~ B, 2yo " (/(0) = sp Bans(0) ~ B, _osa (11°0) + 1))

feF 2 feF
1 1
= sup 5 (Eonrf(z) ~ Eonof(2)) = 1B, 250 (@) (10
feEF
and for Fisher GAN:
sup Eppf(x) — Ezo(f(x)) (11)

fE?,El,N@ f2(z)=1

while equivalent at the optimum those two formulations for the symmetric Chi-squared given in
Equations (10), and (11) have different theoretical and practical properties. On the theory side:
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1. While the formulation in (10) is a ¢ divergence, the formulation given by the Fisher criterium
in (11) is an IPM with a data dependent constraint. This is a surprising result because -
divergences and IPM exhibit different properties and the only known non trivial ¢ divergence
that is also an IPM with data independent function class is the total variation distance [36].
When we allow the function class to be dependent on the distributions, the symmetric
Chi-squared divergence (in fact general Chi-squared also) can be cast as an IPM! Hence in
the context of GAN training we inherit the known stability of IPM based training for GANSs.

2. Theorem 2 for the Fisher criterium gives us an approximation error when we change the
function from the space of measurable functions to a hypothesis class. It is not clear how
tight the lower bound in the p-divergence will be as we relax the function class.

On the practical side:

1. Once we parametrize the critic f as a neural network with linear output activation, i.e.
f(x) = (v, ®,(x)), we see that the optimization is unconstrained for the p-divergence
formulation (10) and the weights updates can explode and have an unstable behavior. On
the other hand in the Fisher formulation (11) the data dependent constraint that is imposed
slowly through the lagrange multiplier, enforces a variance control that prevents the critic
from blowing up and causing instabilities in the training. Note that in the Fisher case we have
three players: the critic, the generator and the lagrange multiplier. The lagrange multiplier
grows slowly to enforce the constraint and to approach the Chi-squared distance as training
converges. Note that the (-divergence formulation (10) can be seen as a Fisher GAN with
fixed lagrange multiplier A = % that is indeed unstable in theory and in our experiments.

Remark 1. Note that if the Neyman divergence is of interest, it can also be obtained as the following

Fisher criterium:
sup mpf( ) — Eong(f(2)), (12)
fEF Epmpf?(x)=

this is equivalent at the optimum to:
N (P(z) — Q(=))”
X2 (P,Q) = / ———dx.
2 ( ) T P(l‘)

Using a neural network f(x) = (v, @, (x)), the Neyman divergence can be achieved with linear
output activation and a data dependent constraint:
sup (0, Eznp®Pu(z) — Ep®Pu(2))
v,w, Exnr((v,20(2)))?=1
(1-w)?

To obtain the same divergence as a p-divergence we need p(u) = ~——=—, and p*(u) = 2 —

2v/1 —u, (u < 1). Moreover exponential activation functions are used in [3], which most likely
renders this formulation also unstable for GAN training.

D Proofs
Proof of Theorem 1. Consider the space of measurable functions,

F = {f : X = R, f measurable such that /sz(x)de < oo}
meaning that f € % (X, @)

E[f(@)] - E [f(2)]

z~P z~Q

dz(P,Q) = sup
e (X HR), f#0 \/ Eonpf2(z) + 3Eongf2(2)

= sup E [f( )] = lINE@[f(I)]

FeLa(X, 5S4y 0 pp0)=1°

= sup E [f(x)] — IEQ[ f(2)] (By convexity of the cost functional in f)

) ~P
Fe2a(X . 50) Il 4, 0 po0) S1°

= sup inf L(f,)),
Fen(x,B52) A20
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where in the last equation we wrote the lagrangian of the Fisher IPM for this particular function class
F = (X, H2):

3= [ f@)Ee - e+ 5 (1-3 [ PEe -+ ew)).

By convexity of the functional cost and constraints, and since f € % (X, @), We can minimize
the inner loss to optimize this functional for each z € X" [37]. The first order conditions of optimality
(KKT conditions) gives us for the optimum f,, A

(P(z) — Q(x)) - %fx(x)(ﬂ”(z) +Q(2))) =

2 P(z) -Q
@)= 5T a
=X B+ ee)
Using the feasibility constraint: [, f2(x (P(QCHQ ”’)) =1, we get:

550 (12399)

which gives us the expression of \,:

(P(z) — Q(x))?

Hence for .7 := % (X 2Q) we have:

#(.0) = [ £,()(B@) - Q)is - \/ | B -,
PTFeR)

Define the following distance between two distributions:

dP dQ
x2(P,Q) = dAPrdQ  dP1dQ )
2 2 L (X, 2

We refer to this distance as the x» distance between two distributions. It is easy to see that :
dz(P,Q) = x2(P,Q)
and the optimal critic f,, has the following expression:

1 Plz) - Q(x)

A X ) GG

Proof of Theorem 2. Define the means difference functional &

E(fiP,Q) = Eonpf(z) — Ezngf(2)

Let
Sgy 20y = {f: X 2 R [|Ifll g (v 220y = 1}

For a symmetric function class .7, the Fisher IPM has the following expression:

dw(P,Q) = sup E(f;P,Q)

fes, Hf\lgﬂl,,@):l

= sup (f;P,Q).

fesxn Sﬂ2("’v¥)
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Recall that for 57 = % (X, @), the optimum x2 (P, Q) is achieved for :

1 Pz) - Qx)

wPQ Eme et

fx(x) =

Let f € J¢ such that Hf||_%(X’%Q) = 1 we have the following:

<fvfx>32(x,%) = /f fx (@) ) ())dff

= x))dx
o @/ o)
_ S(PQ)
x2(P,Q)
It follows that for any f € AN Sy, y r1o) we have:
éo(f’P’Q) :XQ(HDvQ) <f’fx>$ (Xy@) (13)
In particular taking the sup over 2 N S, ) (X, E£Q) We have:
dw(P,Q) = x2(P,Q) L (s x) 720, - (14)

€N S$2(X,LJ§Q)

note that since .77 is symmetric all quantities are positive after taking the sup (if 7# was not symmetric
one can take the absolute values, and similar results hold with absolute values.)

If A is rich enough so that we find, for ¢ € (0,1), a 1 — ¢ approximation of f, in N S, 2 (X, 252)s
ie:

sSup <fafx>g X Be =1l-¢
fE%mSQQ(X7L"2’(LNK) 2(%, 2 )

we have therefore that d s» is a 1 — £ approximation of x2 (P, Q):
Since f and f, are unit norm in %5 (X, m) we have the following relative error:

x2(P,Q) — dx(P,Q) 1
X2(P7 Q) 2 f ér;i(&?g@) ”f fx”g2 B - (15)

E Theorem 3: Generalization Bounds
Let 57 be a function space of real valued functions on X. We assume that .77’ is bounded, there exists

v > 0, such that || f|| , < v. Since the second moments are bounded we can relax this assumption
using Chebyshev’s inequality, we have:

Ploed,|fo) <t - L

hence we have boundedness with high probability. Define the expected mean discrepancy &(.) and
the second order norm €2(.):

g(f) = EINIP)f(x) - ExNQf(‘T) >Q<f) = % (EJNIPJCQ(‘T> + ]Ew~@f2<x))

and their empirical counterparts, given N samples {z;}, ~ P{y;}M, ~ Q:
| X LM LN | M
== i) — ), Qf) = — @) + 577 *(yi
N;f(w ) M;f(y), (£) QN;f (i) + QM;f (v2),
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Theorem 3. Let n = NJ[V{:\]/V Let P,Q € Z(X),P ;EA Q, and let x2(P, Q) be t{zeir Chi-squared
distance. Let f* € argmaxsc v o(f)=1 6 (f), and f € ArgMaxX ;o &)1 &(f). Define the

expected mean discrepancy of the optimal empirical critic f:

dx(P,Q) = &(f)
For T > 0. The following generalization bound on the estimation of the Chi-squared distance, with
probability 1 — 12e™7:
x2(P, Q) — do (P, Q)
X2 (P7 Q)

En

1 2
- inf — Pigy+ ——— . (16)
2 fern8,, , rso, I = Al 250 x2(P, Q)

IN

LV Statistical Error
approximation error

where

en = c3Bun (i {f € 2,Qf) <1+v2+2,},9)
1

R R 2
a4 2N Aun (i € A,0(0) S 1+ 5 4}, 8) + 0=

)

and

l/27'

N > ctvZNm(fs f € 7,5) + 2=,

A is the Lagrange multiplier, ¢y, ca, c3, c4 are numerical constants, and %y, is the rademacher
complexity:

N+M
v (f; F,S) = E, sup l Z UiYVif(Xi)|S‘| )

feF | i3
- 1 1 -1 -1 . e 1
Y = (N’ N ﬁ) S =A{z1...xn,y1...ym },05 = £1 with probability 3, that are
N M

iids.
For example:
H ={f(x) = (v, ®(x)),v € R}

Note that for simplicity here we assume that the feature map is fixed & : X — R™, and we
parametrize the class function only with v.

Faa (3, 0F) < R, ) < /2272,

where
i)=Y =
v) = D)
=%

is the effective dimension (d(y) << m). Hence we see that typically €, = O(ﬁ)

Proof of Theorem 3. Let {x;} Y| ~ P, {y;}}£, ~ Q. Define the following functionals:

B(f) = B f(2) ~ Bonaf (@) 0Uf) = 3 (Bens () + Brnaf(2))

and their empirical estimates:

1 N 1 M R 1 N M
(F) = 2 f ) = 57 D Fwi), F) = 535 D F ) + 537 > F i)

Define the following Lagrangians:

LA =&(f) +



Recall some definitions of the Fisher IPM:
dyw(P,Q) = sup inf L£(f,\) achieved at (fi, \s)
fezr 220

We assume that a saddle point for this problem exists and it is feasible. We assume also that \is

positive and bounded.
dx(P,Q) = &(f.) and Q(f.) =1
L(f, M) < L(>fe: M) < L, A)
The fisher IPM empirical estimate is given by:

dy(Pn,Qn) = sup inf ﬁ(f,)\), achieved at (f, 5\)
fexr A20

hence we have:

dy(Pn,Qn) = &(f) and Q(f) = 1.

The Generalization error of the empirical critic f is the expected mean discrepancy &'( f ). We note
ds (P, Q) = &(f), the estimated distance using the critic f, on out of samples:

x2(P,Q) — dy (P, Q) = &(fy) — E(f)
=&E(f ) — E(f)+E(F) — E(f)

Approximation Error Statistical Error

Bounding the Approximation Error. By Theorem 2 we know that:

. x2(P, Q)
S =60 =P = dr(PQ =252 7= Bl
Hence we have for P # Q:
2(P,Q) —dr(P,Q) 1 . > ()~ 6
x2(P, Q) T2 fesrn ér;i(x,@) If - fx“éf’z(?fv@) + x2(P,Q) (a7)

Statistical Error

Note that this equation tells us that the relative error depends on the approximation error of the the
optimal critic f,, and the statistical error coming from using finite samples in approximating the
distance. We note that the statistical error is divided by the Chi-squared distance, meaning that we
need a bigger sample size when PP and Q are close in the Chi-squared sense, in order to reduce the
overall relative error.

Hence we are left with bounding the statistical error using empirical processes theory. Assume .77 is
a space of bounded functions i.e || ||, < v.

Bounding the Statistical Error. Note that we have: (i) £(f*, A) < £(f,\) and (i) Q(f*) = 1.

R . . A . sz 5,z A/
E(57) =) = (607 = 6(M) + G + 5a =) = 8 + (6 - &(hH) + 5 (2 - 1)
——
E(F3) L(f.N)
< s BN -6+ sw 160 - &)+ G () - ) Using 6 and (i
fex.Q(f)<1 fex# Q(f)<1
R R b\ .
< sup  |E(f) =&+ sup  [E(f) =S+ sup [O(f) = Q(f)]-
fex Q<1 Fear (<1 fex Q)<
Let S ={z1...2N,¥y1...yn}. Define the following quantities:
Z1(S) = sup  |&(f) — &(f)], Concentration of the cost on data distribution dependent constraint

fe,Q(f)<1
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Z5(S) = sup  |&(f) — &(f)|, Concentration of the cost on an empirical data dependent constraint
fex Q(f)<1

Z3(S) = sup  [Q(f) — Q(f)], AZ5(S) is the sensitivity of the cost as the constraint set changes
fexx . Q(f)<1
We have: . A
E(f*) = E(f) < Z1(S) + Z2(8) + AZ5(5), (18)

Note that the sup in Z;(S) and Z5(S) is taken with respect to class function {f,Q(f) =
Hf||=2%(X7@) < 1} hence we will bound Z;(5), and Z3(S) using local Rademacher complex-

ity. In Z5(S) the sup is taken on a data dependent function class and can be bounded with local
rademacher complexity as well but needs more careful work.

Bounding 7, (S), and Z3(S)
Lemma 1 (Bounds with (Local) Rademacher Complexity [11, 17]). Let Z(S) = sup;c 5 &(f) —

&(f), Assume that | f|| ., < v, forall f € F.

e For any a,7 > 0. Define variances varp(f), and similarly varg(f). Assume
max(varp(f),varg(f)) < forany f € . We have with probability 1 — e~ 7 :

Z(8) < (1+a)EsZ(S) +

2rr(M + N) n 2rv(M + N) ngl
MN MN 3

The same result holds for : Z(S) = sup ;¢ & E(f) = EF).

o By symmetrization we have: EgZ(S) < 2EsZmn(f; F,S) where Zr N is the
rademacher complexity:

N+M
ZunN(f; F,8) = E; sup l > O'z'Yif(Xi”S] ;
feF i

~ 1 1 -1 -1
Y — —), 0; = x1 with probability % that are iids.

o We have with probability 1 — e~ " forall § € (0,1):

%M,N(f;ﬁas) TV(M+N)

T < .
Es#un(f;-7,8) < 1-3 MN§(1—6)

Lemma 2 (Contraction Lemma [17]). Let ¢ be a contraction, that is |¢p(x) — ¢(y)| < Llx — y|.
Then, for every class 7,

Eun(fipoF,8) < LAun(f; F,9),
poF ={¢pof feF}

Letn = A%_A]’V Applying Lemma 1 for . = {f € 5,Q(f) < 1}. Since Q(f) < 1, varp(f) <
Q(f) < 1, and similarly for varg(f). Hence max(varp(f),varg(f)) < 1. Putting all together we
obtain with probability 1 — 2e™":

718 < M D (gity o0 < 11,9+ 7 27 (24 Ly e

19)

Now tuning to Z3(S) applying Lemma 1 for {2, f € 2,Q(f) < 1}. Note that Var(f?) <Ef* <
Q(f)r? < v2 We have that for « > 0, 6 € (0, 1) and with probability at least 1 — 2¢":

TV? T2
78) < WD g (g e v < 11,9+ 70 0 (2 Ly D)
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Note that applying the contraction Lemma for ¢(z) = 2 (with lipchitz constant 2 on [—v, v]) we
have:

L (f2Af € ,9(f) <1},8) < 2wRnm(fi{f € #,Q(f) <1}, 8),
Hence we have finally:

4(1 v 272 21 (2 1 1
Zﬂﬁs4%§%L%MMU&fe%MNﬂs1L$+4/2 += (3+a+&d“%>
(20)

Note that the of complexity of .77, depends also upon the distributions [P and Q, since it is defined on
the intersection of .7 and the unity ball in %% (X, %)

From Distributions to Data dependent Bounds. We study how the Q( f) concentrates uniformly
on 7. Note that in this case to apply Lemma 1, we use 7 < E(f*) < v*. We have with probability
1—2e™7:

2

(67

. 2 2
Now using that for any o > 0: 2,/uv < au + £ we have for a = 1: % < Y + 42 For

some universal constants, c1, cg, let:

1/27'
n Z ClyﬁN,M(f;f S %a S) + CQT»

we have therefore with probability 1 — 2e™":

R 2

O <N+ 5+ e

note that Typically 7, = O(ﬁ)
The same inequality holds with the same probability:

2

Q(f) < Qf) + % + s (22)

Note that we have now the following inclusion using Equation (21):

(remamsic{rrenamsie o

Hence:

2
A (Fi{f € H,90) < 1}.8) < Barw (i {f € A.QF) <1+ 5 + 1}, 5)

Hence we obtain a data dependent bound in Equations (19),(20) with a union bound with probability
1—6e7.

Bounding Z;(S). Note that concentration inequalities don’t apply to Z5(.S) since the cost function
and the function class are data dependent. We need to turn the constraint to a data independent
constraint i.e does not depend on the training set. For f,Q(f) < 1, by Equation (22) we have with

probability 1 — 2e~7:
2

Q(f)§1+%+nn,

we have therefore the following inclusion with probability 1 — 2e~":

. 2
{f € 2,Q() <1} C{f € A, Q) <1+ 5 + 0}

Recall that:

Z(S) = swp  |E(f) - E(f)
fex,Q(f)<1
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Hence with probability 1 — 2e™7:

Z5(S) < Z5(8) = sup |&(f) = &)
F e Q) <1+ 40,

Applying again Lemma 1 on Zy (S) we have with probability 1 — 4e™7":

27(1+ % + )
n

21+ «)
1-0

yrv (2 L, ttae
n \3 «a 61-0)/"

Now reapplying the inclusion using Equation (21), we get the following bound on the local rademacher
complexity with probability 1 — 2e™7:

V2
Z2(8) < Z(8) < A (filf € H,QF) <1+ 5+ b 5) +

2
v A
%J\I,N(f;{fe %7Q(f) <1+ ?‘i’nn}vs) S%M,N(fv{f G%,Q(f) < 1+V2+27]n}7‘s)
Hence with probability 1 — 6e~" we have:

27(1+ % +n,)
n

21+ )
1-94

L2 (2 1 1ta
n \3 a 61-0))"

Putting all together. We have with probability at least 1 —12e™ 7", for universal constants ¢y, ca, c3, ¢4

Z5(8) < BN (fi{f € #.Qf) <1+v2+2n,},8) +

V2’T
M > ctvZNm(fs f € 7,5) + 2=,

Z1(S) + Z5(S) + AZ3(S)

= c3Bun(f; {f € 2,Q(f) <1+12+21,},5)

el + WA Eu (F (€ 00 <14 2 4 m).9)

1
Note that typically ¢, = O(ﬁ) Hence it follows that:
x2(P,Q) —dr(P,Q) _ 1 . 2 En
< = inf - o (x Proy T+ ——— . (23)
x2(P, Q) 2 fexrn s%(&@) If fx||,£z(;c,}w;u) (P.Q)

LV Statistical Error
approximation error

If P and Q are close we need more samples to estimate the yo distance and reduce the relative error.

Example: Bounding local complexity for a simple linear function class.
H ={f(z) = (v, ®(x)),v € R}

Note that for simplicity here we assume that the feature map is fixed @
X — R™, and we parametrize the class function only with wv. Note that
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N -
SUPy v T (S(Pn)+3(Qar)+vIm)v<2R <”» 2z UiYi‘I’(Xi)>

E(Pn) +2(Qur) +71m ) .
i (r (R T s

1 N4M
(Z(]P’N) +3(Qum) + 71””) Z O'iYi(I)(Xi)
i=1

[N
™=
\/

2R
N+M s
= V2R Z JinYin(I’(Xi)T (E(PN) +2(Qum) + ’ij)i1 (I)(Xj)
i,j=1

It follows by Jensen inequality that E,, SUD,, T (53(Ba )+ (Qar )+ T )0 < VT <v, Zf\; oiffi@(Xi)>

N+M
<V2R\|By Y 0i0yViY;0(X0)T (S(Bw) + 2(Qur) +vIm) ' (X))
i,j=1

N+M
= V2R Z Y20(X;)T (B(Py) + 2(Qur) +vIm) " &(X5)

N M
< (2N fre () 4 @u) + 910 (5 + (@)

d(y) = Tr ((S(By) + (Qu) +7In) ™ (S@x) + Z(Qu)))
d(v) is the so called effective dimension in regression problems. Let 3 be the singular values of

E(Pn) + 2(Qum),
d(’Y) = Z 0,2_0’.

=1

= V2R|Tr ((E(PN) +3(Qur) + Im) (1E(PN) + 1E(QM)>>

Let

SN

+

v

Hence we obtain the following bound on the local rademacher complexity:

(M + N)d(y) _ \/QRd(v)

MN n

‘%M,N(f; {%>Q(f) <R}, 9)) < \/2R

Note that without the local constraint the effective dimension d(v) (typically d(y) << m) is replaced
by the ambient dimension m. O

F Hyper-parameters and Architectures of Discriminator and Generators

For CIFAR-10 we use adam learning rate n = 2e—4, §; = 0.5 and S, = 0.999, and penalty weight
p = 3e—7, for LSUN and CelebA we use n = 5e—4, $; = 0.5 and $5 = 0.999, and p = 1le—6. We
found the optimization to be stable with very similar performance in the range ) € [le—4, 1le—3] and
p € [le—7, 1e—5] across our experiments. We found weight initialization from a normal distribution
with stdev=0.02 to perform better than Glorot [38] or He [39] initialization for both Fisher GAN and
WGAN-GP. This initialization is the default in pytorch, while in the WGAN-GP codebase He init
[39] is used. Specifically the initialization of the generator is more important.

We used some L2 weight decay: 1le—6 on w (i.e. all layers except last) and 1e—3 weight decay on
the last layer v.
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F.1 Inception score WGAN-GP baselines: comparison of architecture and weight
initialization

As noted in Figure 5 and in above paragraph, we used intialization from a normal distribution
with stdev=0.02 for the inception score experiments for both Fisher GAN and WGAN-GP. For
transparency, and to show that our architecture and initialization benefits both Fisher GAN and
WGAN-GP, we provide plots of different combinations below (Figure 6). Architecture-wise, F64
refers to the architecture described in Appendix F.3 with 64 feature maps after the first convolutional
layer. F128 is the architecture from the WGAN-GP codebase [7], which has double the number of
feature maps (128 fmaps) and does not have the two extra layers in G and D (D layers 2-7, G layers
9-14). The result reported in the WGAN-GP paper [7] corresponds to WGAN-GP F128 He init.
For WGAN (Figure 7) the 64-fmap architecture gives some initial instability but catches up to the
same level as the 128-fmap architecture.

; m\m.’::‘.*,q\“,a“,“ W N 'H'r’,‘ b
64, init 0.02
i 2

1 —— WGAN-GP F64 He init
WGAN-GP F128 He init

0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 1.0
g0 iterations x10° Wallclock time (seconds) 101

Figure 6: Architecture and initialization variations, trained with WGAN-GP. Fisher included for
comparison. In the main text (Figure 5) we only compare against the best architecture F64 init 0.02.

64 He init
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0
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Figure 7: Architecture variations, trained with WGAN. Fisher included for comparison.

F.2 LSUN and CelebA.

### LSUN and CelebA: 64x64 dcgan with G_extra_layers=2 and
D_extra_layers=0
G (
(main) : Sequential (
(0) : ConvTranspose2d (100, 512, kernel_size=(4, 4), stride=(1, 1),
bias=False)
(1) : BatchNorm2d (512, eps=1le-05, momentum=0.1, affine=True)
(2) : ReLU (inplace)
(3) : ConvTranspose2d (512, 256, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)
(4) : BatchNorm2d (256, eps=1le-05, momentum=0.1, affine=True)
(5): ReLU (inplace)
(6) : ConvTranspose2d (256, 128, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)
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(7) BatchNorm2d (128, eps=1e-05, momentum=0.1, affine=True)
(8) ReLU (inplace)
(9) ConvTranspose2d (128, 64, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)
(10) BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True)
(11) : ReLU (inplace)
(12) Conv2d (64, 64, kernel_size=(3, 3), stride=(1, 1), padding=(1,
1), bias=False)
(13) BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True)
(14) : ReLU (inplace)
(15) Conv2d (64, 64, kernel_size=(3, 3), stride=(1, 1), padding=(1,
1), bias=False)
(16) BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True)
(17) : ReLU (inplace)
(18) ConvTranspose2d (64, 3, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)
(19) : Tanh ()
)
)
D (
(main) : Sequential (
(0) : Conv2d (3, 64, kernel_size=(4, 4), stride=(2, 2), padding=(1, 1),
bias=False)
(1) : LeakyReLU (0.2, inplace)
(2): Conv2d (64, 128, kernel_size=(4, 4), stride=(2, 2), padding=(1,
1), bias=False)
(3) : BatchNorm2d (128, eps=le-05, momentum=0.1, affine=True)
(4) : LeakyReLU (0.2, inplace)
(5): Conv2d (128, 256, kernel_size=(4, 4), stride=(2, 2), padding=(1,
1), bias=False)
(6) : BatchNorm2d (256, eps=le-05, momentum=0.1, affine=True)
(7) : LeakyReLU (0.2, inplace)
(8): Conv2d (256, 512, kernel_size=(4, 4), stride=(2, 2), padding=(1,
1), bias=False)
(9) : BatchNorm2d (512, eps=le-05, momentum=0.1l, affine=True)
(10) : LeakyReLU (0.2, inplace)
)
(V) : Linear (8192 -> 1)

F.3 CIFAR-10: Sample Quality and Inceptions Scores Experiments

### CIFAR-10:
For samples and inception.

32x32 dcgan with G_extra_layers=2 and D_extra_layers=2.

G (
(main) : Sequential (

(0) : ConvTranspose2d (100, 256, kernel_size=(4, 4), stride=(1, 1),
bias=False)

(1) : BatchNorm2d (256, eps=1le-05, momentum=0.1, affine=True)

(2) RelLU (inplace)

(3) : ConvTranspose2d (256, 128, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)

(4) BatchNorm2d (128, eps=1e-05, momentum=0.1, affine=True)

(5) RelLU (inplace)

(6) : ConvTranspose2d (128, 64, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)

(7) : BatchNorm2d (64, eps=1le-05, momentum=0.1, affine=True)

(8) : ReLU (inplace)

(9) : Conv2d (64, 64, kernel_size=(3, 3), stride=(1, 1), padding=(1,
1), bias=False)

(10) : BatchNorm2d (64, eps=1le-05, momentum=0.1, affine=True)

(11) : ReLU (inplace)
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(12): Conv2d (64, 64, kernel_size=(3, 3), stride=(1l, 1), padding=(1

1), bias=False)

(13) : BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True)

(14) : ReLU (inplace)

(15) : ConvTranspose2d (64, 3, kernel_size=(4, 4), stride=(2, 2),
padding=(1, 1), bias=False)

(16) : Tanh ()

)
)
D (
(main) : Sequential (

(0) : Conv2d (3, 64, kernel_size=(4, 4), stride=(2, 2), padding=(1,
bias=False)

(1) : LeakyReLU (0.2, inplace)

(2): Conv2d (64, 64, kernel_size=(3, 3), stride=(1, 1), padding=(1,
1), bias=False)

(3) : BatchNorm2d (64, eps=le-05, momentum=0.1, affine=True)

(4) : LeakyReLU (0.2, inplace)

(5): Conv2d (64, 64, kernel_size=(3, 3), stride=(1, 1), padding=(1,
1), bias=False)

(6) : BatchNorm2d (64, eps=1le-05, momentum=0.1l, affine=True)

(7) : LeakyReLU (0.2, inplace)

14

1),

(8): Conv2d (64, 128, kernel_size=(4, 4), stride=(2, 2), padding=(1,

1), bias=False)
(9) : BatchNorm2d (128, eps=le-05, momentum=0.1, affine=True)
(10) : LeakyReLU (0.2, inplace)

(11) : Conv2d (128, 256, kernel_size=(4, 4), stride=(2, 2), padding=(1,
1), bias=False)
(12) : BatchNorm2d (256, eps=le-05, momentum=0.1, affine=True)
(13) : LeakyReLU (0.2, inplace)
)
(V) : Linear (4096 -> 1)
(S): Linear (6144 -> 10)
)
F.4 CIFAR-10: SSL Experiments
### CIFAR-10: 32x32 D is in the flavor OpenAI Improved GAN, ALI.
G same as above.
D (
(main) : Sequential (
(0) : Dropout (p = 0.2)
(1) : Conv2d (3, 96, kernel_size=(3, 3), stride=(1, 1), padding=(1l, 1))
(2) : LeakyReLU (0.2, inplace)
(3) Conv2d (96, 96, kernel_size=(3, 3), stride=(1, 1), padding=(1,

1), bias=False)

(4) : BatchNorm2d (96, eps=le-05, momentum=0.1, affine=True)

(5) : LeakyReLU (0.2, inplace)

(6) : Conv2d (96, 96, kernel_size=(3, 3), stride=(2, 2), padding=(1,
1), bias=False)

) BatchNorm2d (96, eps=le-05, momentum=0.1, affine=True)

) LeakyReLU (0.2, inplace)

) : Dropout (p = 0.5)

0

1), bias=False)
(11) : BatchNorm2d (192, eps=le-05, momentum=0.1, affine=True)
(12) : LeakyReLU (0.2, inplace)

(13): Conv2d (192, 192, kernel_size=(3, 3), stride=(1, 1), padding=

1), bias=False)
(14) : BatchNorm2d (192, eps=le-05, momentum=0.1, affine=True)
(15) : LeakyReLU (0.2, inplace)
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): Conv2d (192, 192, kernel_size=(3, 3), stride=(2, 2), padding=(1,
1), bias=False)

(17): BatchNorm2d (192, eps=le-05, momentum=0.1, affine=True)
(18) : LeakyReLU (0.2, inplace)
(19) : Dropout (p = 0.5)
(20) : Conv2d (192, 384, kernel_size=(3, 3), stride=(1, 1), bias=False)
(21) : BatchNorm2d (384, eps=le-05, momentum=0.1, affine=True)
(22) : LeakyReLU (0.2, inplace)
(23) : Dropout (p = 0.5)
(24) : Conv2d (384, 384, kernel_size=(3, 3), stride=(1, 1), bias=False)
(25) : BatchNorm2d (384, eps=le-05, momentum=0.1, affine=True)
(26) : LeakyReLU (0.2, inplace)
(27) : Dropout (p = 0.5)
(28) : Conv2d (384, 384, kernel_size=(1, 1), stride=(1, 1), bias=False)
(29) : BatchNorm2d (384, eps=le-05, momentum=0.1, affine=True)
(30) : LeakyReLU (0.2, inplace)
(31) : Dropout (p = 0.5)

)

(V) Linear (6144 -> 1)

(S): Linear (6144 -> 10)

)

G Sample implementation in PyTorch

This minimalistic sample code is based on https://github.com/martinarjovsky/
WassersteinGAN at commit d92¢503.

Some elements that could be added are:

e Validation loop
e Monitoring of weights and activations
o Separate weight decay for last layer v (we trained with 1le—3 weight decay on v).

e Adding Cross-Entropy objective and class-conditioned generator.

G.1 Main loop

First note the essential change in the critic’s forward pass definition:

output = output.mean (0)
return output.view (1)
+ return output.view(-1)

Then the main training loop becomes:

gen_iterations = 0
for epoch in range (opt.niter):
data_iter = iter (dataloader
i=0
while i < len(dataloader):
iidiisddddsssssssssatsisatssi

# (1) Update D netwo
HEEHHHEF A AR
for p in netD.parameters(): # reset requires_grad
p.requires_grad = True # they are set to False below in netG update
# train the discriminator Diters times
if opt.hiDiterStart and (gen_iterations < 25 or gen_iterations % 500 == 0):
Diters = 100
else:
Diters = opt.Diters
j=20
while j < Diters and i < len(dataloader):
g +=1

data = data_iter.next (
i+=1

# train with real
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real_cpu, _ = data
netD.zero_grad()
batch_size = real_cpu.size (0)

if opt.cuda:

real_cpu = real_cpu.cuda/()
input.resize_as_(real_cpu) .copy_(real_cpu)
inputv = Variable (input)

vphi_real = netD (inputv)

# train with fake

noise.resize_ (opt.batchSize, nz, 1, 1).normal_(0, 1)

noisev = Variable (noise, volatile = True) # totally freeze netG
fake = Variable (netG(noisev) .data)

inputv = fake

vphi_fake = netD (inputv)

# NOTE here f = <v,phi> , but with modified f the below two lines are the

# only ones that need change. E_P and E_Q refer to Expectation over real and fake.
E_P_f, E_Q f = vphi_real.mean(), vphi_fake.mean()

E_P_f2, E_Q_f2 = (vphi_realxx2).mean(), (vphi_fakex%2) .mean ()

constraint = (1 - (0.5+«E_P_f2 + 0.5«E_Q_f2)

# See Equation (9)

obj_D = E_P_f - E_Q f + alpha * constraint - opt.rho/2 * constraint**2

# max_w min_alpha obj_D. Compute negative gradients, apply updates with negative sign.
obj_D.backward (mone)

optimizerD.step()

# artisanal sgd. We minimze alpha so a <- a + lr * (-grad)

alpha.data += opt.rho x alpha.grad.data

alpha.grad.data.zero_ ()

FHEREHHE R AR R
# (2) Update G network
iisisas s ass st iRt ssisi
for p in netD.parameters():

p.requires_grad = False # to avoid computation
netG.zero_grad()
# in case our last batch was the tail batch of the dataloader
# make sure we feed a full batch of noise
noise.resize_(opt.batchSize, nz, 1, 1).normal_(0, 1)
noisev = Variable (noise)
fake = netG(noisev)
vphi_fake = netD (fake)
obj_G = -vphi_fake.mean() # Just minimize mean difference
obj_G.backward() # G: min_theta
optimizerG.step()
gen_iterations += 1

G.2 Full diff from reference

Note that from the arXiv IATEX source, the file diff.txt could be used in combination with
git apply.

diff --git a/main.py b/main.py

index 7c3e638..e0caed2 100644

-—- a/main.py

+++ b/main.py

@@ -34,15 +34,17 Q@ parser.add_argument (' --cuda’ , action=’store_true’, help=’enables cuda’)
parser.add_argument (' ——ngpu’ , type=int, default=1, help='number of GPUs to use’)
parser.add_argument (' ——netG’, default=’'’, help="path to netG (to continue training)")
parser.add_argument (' ——netD’, default=’’, help="path to netD (to continue training)")
-parser.add_argument (' ——clamp_lower’, type=float, default=-0.01)
-parser.add_argument (' ——clamp_upper’, type=float, default=0.01
+parser.add_argument (' ——wdecay’, type=float, default=0.000, help='wdecay value for Phi’

parser.add_argument (' --Diters’, type=int, default=5, help='number of D iters per each G iter’
+parser.add_argument (' ——hiDiterStart’ , action=’store_true’, help='do many D iters at start’)
parser.add_argument (' --noBN’, action=’store_true’, help='use batchnorm or not (only for DCGAN)’)

parser.add_argument (' --mlp_G’, action=’store_true’, help='"use MLP for G’

parser.add_argument (' --mlp_D’, action=’store_true’, help='use MLP for D’)
-parser.add_argument (' —-n_extra_layers’, type=int, default=0, help='Number of extra layers on gen and disc’)
+parser.add_argument (' —-G_extra_layers’, type=int, default=0, help='Number of extra layers on gen and disc’)
+parser.add_argument (' —-D_extra_layers’, type=int, default=0, help='Number of extra layers on gen and disc’)
parser.add_argument (' ——experiment’, default=None, help=’'Where to store samples and models’)
parser.add_argument (' ——adam’, action=’store_true’, help=’'Whether to use adam (default is rmsprop)’)
t+parser.add_argument (' ——rho’, type=float, default=le-6, help='Weight on the penalty term for (sigmas -1)=x%2")
opt = parser.parse_args ()

print (opt)

@@ -60,7 +62,7 @@ cudnn.benchmark = True
if torch.cuda.is_available () and not opt.cuda:
print ("WARNING: You have a CUDA device, so you should probably run with --cuda")

—-if opt.dataset in [’imagenet’, ’folder’, ’'1lfw’]:

+if opt.dataset in [’imagenet’, ’folder’, ’'1lfw’, ’'celeba’]:
# folder dataset
dataset = dset.ImageFolder (root=opt.dataroot,
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transform=transforms.Compose ([
@@ -94,7 +96,6 @@ nz = int (opt.nz
ngf = int (opt.ngf)
ndf int (opt.ndf)
nc int (opt.nc)
-n_extra_layers

int (opt.n_extra_layers)

# custom weights initialization called on netG and netD

def weights_init (m):

@@ -106,11 +107,11 @@ def weights_init (m):
m.bias.data.fill_(0)

if opt.noBN:

- netG = dcgan.DCGAN_G_nobn (opt.imageSize, nz, nc, ngf, ngpu,
+ netG = dcgan.DCGAN_G_nobn (opt.imageSize, nz, nc, ngf, ngpu,
elif opt.mlp_G:
netG = mlp.MLP_G (opt.imageSize, nz, nc, ngf, ngpu)
else:
- netG = dcgan.DCGAN_G (opt.imageSize, nz, nc, ngf, ngpu, n_ext
+ netG = dcgan.DCGAN_G (opt.imageSize, nz, nc, ngf, ngpu,
netG.apply (weights_init)
if opt.netG != ’’: # load checkpoint if needed
@@ -120,7 +121,7 @R print (netG)
if opt.mlp_D:
netD = mlp.MLP_D (opt.imageSize, nz, nc, ndf, ngpu)
else:
- netD = dcgan.DCGAN_D (opt.imageSize, nz, nc, ndf, ngpu, n_ext
+ netD = dcgan.DCGAN_D (opt.imageSize, nz, nc, ndf, ngpu, opt.D
netD.apply (weights_init)

if opt.netD != "’:

@e -132,6 +133,7 @@ noise
fixed_noise torch.FloatTensor (opt.batchSize,
one torch.FloatTensor ([1])

mone one x -1

+alpha = torch.FloatTensor ([0])

torch.FloatTensor (opt.batchSize, nz,
nz, 1, 1).normal

# lagrange multipliers

if opt.cuda:
netD.cuda ()
@@ -139,14 +141,16 @@ if opt.cuda:

input = input.cuda()

one, mone = one.cuda (), mone.cuda ()

noise, fixed_noise = noise.cuda(), fixed_noise.cuda/(
+ alpha = alpha.cuda/()
+alpha = Variable(alpha, requires_grad=True)

# setup optimizer

if opt.adam:

- optimizerD = optim.Adam(netD.parameters(), lr=opt.lrD, betas
- optimizerG = optim.Adam(netG.parameters(), lr=opt.lrG, betas
+ optimizerD = optim.Adam(netD.parameters(), lr=opt.lrD, betas
+ optimizerG = optim.Adam(netG.parameters(), lr=opt.lrG, betas
else:

- optimizerD = optim.RMSprop (netD.parameters(), lr = opt.lrD)
- optimizerG = optim.RMSprop (netG.parameters(), lr = opt.lrG)
+ optimizerD = optim.RMSprop (netD.parameters(), lr = opt.lrD,
+ optimizerG = optim.RMSprop (netG.parameters(), lr = opt.lrG,

gen_iterations 0

for epoch in range (opt.niter):

@e -160,7 +164,7 GG for epoch in range (opt.niter):
p.requires_grad True # they are set to False below i

# train the discriminator Diters times

- if gen_iterations < 25 or gen_iterations % 500 ==
+ if opt.hiDiterStart and (gen_iterations < 25 or gen_itera
Diters = 100
else:
Diters = opt.Diters

@@ -168,10 +172,6 @@ for epoch in range(opt.niter):
while j < Diters and i < len(dataloader):
jo+=1

# clamp parameters to a cube

for p in netD.parameters():
p.data.clamp_ (opt.clamp_lower, opt.clamp_upper)

data = data_iter.next ()

i+=1

@@ -185,18 +185,28 @@ for epoch in range (opt.niter):

input.resize_as_ (real_cpu) .copy_ (real_cpu)

inputv Variable (input)

errD_real netD (inputv)
errD_real.backward (one)

+ vphi_real = netD (inputv)
# train with fake
noise.resize_(opt.batchSize, nz, 1, 1).normal_(0, 1)
noisev = Variable (noise, volatile = True) # totally fr
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fake = Variable (netG(noisev) .data)
inputv = fake

- errD_fake = netD (inputv)
- errD_fake.backward (mone)
- errD = errD_real - errD_fake
+
+ vphi_fake = netD (inputv)
+ # NOTE here f = <v,phi> , but with modified f the below two lines are the
+ # only ones that need change. E_P and E_Q refer to Expectation over real and fake.
+ E_P_f, E_Q f = vphi_real.mean(), vphi_fake.mean()
+ E_P_f2, E_Q _f2 = (vphi_realxx2).mean(), (vphi_fakex*2) .mean (
+ constraint = (1 - (0.5*E_P_f2 + 0.5+E_Q_f2)
+ # See Equation (9)
+ obj_D = E_P_f - E_Q f + alpha * constraint - opt.rho/2 % constraint=**2
+ # max_w min_alpha obj_D. Compute negative gradients, apply updates with negative sign.
+ obj_D.backward (mone)
optimizerD.step()
+ # artisanal sgd. We minimze alpha so a <- a + lr * (-grad)
+ alpha.data += opt.rho % alpha.grad.data
+ alpha.grad.data.zero_ ()

iidddssssssssisssssatssisstsdi
# (2) Update G network
@@ -209,14 +219,20 @@ for epoch in range (opt.niter):
noise.resize_(opt.batchSize, nz, 1, 1).normal_(0, 1)
noisev = Variable (noise)
fake = netG(noisev)
- errG = netD (fake)
- errG.backward (one)
vphi_fake = netD (fake)
obj_G = -vphi_fake.mean() # Just minimize mean difference
obj_G.backward() # G: min_theta
optimizerG.step ()
gen_iterations += 1

+ o+ o+

- print (' [$d/%d] [$d/%d] [%d] Loss_D: %f Loss_G: %f Loss_D_real: %f Loss_D_fake %f
+ IPM_enum = E_P_f.data[0] - E_Q_f.datal[0]
+ IPM_denom = (0.5+E_P_f2.data[0] + 0.5%E_Q_f2.data[0]) ** 0.5
+ IPM_ratio = IPM_enum / IPM_denom
+ print ((’ [%$d/%d] [%$d/%d] [%¥d] IPM_enum: %$.4f IPM_denom: %.4f IPM ratio: %.4f '
+ 'E_P_f: %.4f E_Q_f: %.4f E_P_(f"2): %.4f E_Q_ (f72): %.4f’

% (epoch, opt.niter, i, len(dataloader), gen_iterations,
- errD.data[0], errG.data[0], errD_real.data[0], errD_fake.data[0]))
+ IPM_enum, IPM denom, IPM_ratio,
+ E_P_f.data[0], E_Q_f.data[0], E_P_f2.data[0], E_Q_f2.datal0]))

if gen_iterations % 500 == 0:

real_cpu = real_cpu.mul(0.5).add(0.5)

vutils.save_image (real_cpu, ’'{0}/real_samples.png’.format (opt.experiment))
diff --git a/models/dcgan.py b/models/dcgan.py
index 1dd8dbf..eaB86a94 100644
--- a/models/dcgan.py
+++ b/models/dcgan.py
@@ -48,9 +48,7 @@ class DCGAN_D (nn.Module) :

output = nn.parallel.data_parallel (self.main, input, range(self.ngpu))

else:
output = self.main (input)

- output = output.mean (0)
- return output.view (1)
+ return output.view(-1)

class DCGAN_G (nn.Module) :
def __init__ (self, isize, nz, nc, ngf, ngpu, n_extra_layers=0):
@@ -148,9 +146,7 @@ class DCGAN_D_nobn (nn.Module) :
output = nn.parallel.data_parallel(self.main, input, range (self.ngpu))
else:
output = self.main (input)

- output = output.mean (0)
- return output.view (1)
+ return output.view(-1)

class DCGAN_G_nobn (nn.Module) :
def __init__ (self, isize, nz, nc, ngf, ngpu, n_extra_layers=0):
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