FALKON: An Optimal Large Scale Kernel Method

Alessandro Rudi * Luigi Carratino Lorenzo Rosasco
INRIA - Sierra Project-team, University of Genoa University of Genoa,
Ecole Normale Supérieure, Paris Genova, Italy LCSL, lIT & MIT
Abstract

Kernel methods provide a principled way to perform non linear, nonparametric
learning. They rely on solid functional analytic foundations and enjoy optimal
statistical properties. However, at least in their basic form, they have limited
applicability in large scale scenarios because of stringent computational require-
ments in terms of time and especially memory. In this paper, we take a substantial
step in scaling up kernel methods, proposing FALKON, a novel algorithm that
allows to efficiently process millions of points. FALKON is derived combining
several algorithmic principles, namely stochastic subsampling, iterative solvers and
preconditioning. Our theoretical analysis shows that optimal statistical accuracy
is achieved requiring essentially O(n) memory and O(n+/n) time. An extensive
experimental analysis on large scale datasets shows that, even with a single ma-
chine, FALKON outperforms previous state of the art solutions, which exploit
parallel/distributed architectures.

1 Introduction

The goal in supervised learning is to learn from examples a function that predicts well new data.
Nonparametric methods are often crucial since the functions to be learned can be non-linear and
complex Kernel methods are probably the most popular among nonparametric learning methods, but
despite excellent theoretical properties, they have limited applications in large scale learning because
of time and memory requirements, typically at least quadratic in the number of data points.
Overcoming these limitations has motivated a variety of practical approaches including gradient
methods, as well accelerated, stochastic and preconditioned extensions, to improve time complexity
[} 211311415, 16]. Random projections provide an approach to reduce memory requirements, popular
methods including Nystrom [7, 8], random features [9], and their numerous extensions. From a
theoretical perspective a key question has become to characterize statistical and computational trade-
offs, that is if, or under which conditions, computational gains come at the expense of statistical
accuracy. In particular, recent results considering least squares, show that there are large class of
problems for which, by combining Nystrom or random features approaches [10, [11 12} 13} 114} [15]
with ridge regression, it is possible to substantially reduce computations, while preserving the
same optimal statistical accuracy of exact kernel ridge regression (KRR). While statistical lower
bounds exist for this setting, there are no corresponding computational lower bounds. The state of
the art approximation of KRR, for which optimal statistical bounds are known, typically requires
complexities that are roughly O(n?) in time and memory (or possibly O(n) in memory, if kernel
computations are made on the fly).

In this paper, we propose and study FALKON, a new algorithm that, to the best of our knowledge,
has the best known theoretical guarantees. At the same time FALKON provides an efficient approach
to apply kernel methods on millions of points, and tested on a variety of large scale problems
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outperform previously proposed methods while utilizing only a fraction of computational resources.
More precisely, we take a substantial step in provably reducing the computational requirements,
showing that, up to logarithmic factors, a time/memory complexity of O(n+/n) and O(n) is sufficient
for optimal statistical accuracy. Our new algorithm, exploits the idea of using Nystrom methods
to approximate the KRR problem, but also to efficiently compute a preconditioning to be used in
conjugate gradient. To the best of our knowledge this is the first time all these ideas are combined
and put to fruition. Our theoretical analysis derives optimal statistical rates both in a basic setting and
under benign conditions for which fast rates are possible. The potential benefits of different sampling
strategies are also analyzed. Most importantly, the empirical performances are thoroughly tested
on available large scale data-sets. Our results show that, even on a single machine, FALKON can
outperforms state of the art methods on most problems both in terms of time efficiency and prediction
accuracy. In particular, our results suggest that FALKON could be a viable kernel alternative to deep
fully connected neural networks for large scale problems.

The rest of the paper is organized as follows. In Sect. 2| we give some background on kernel methods.
In Sect. E] we introduce FALKON, while in Sect. [Z_f] we present and discuss the main technical results.
Finally in Sect. [5| we present experimental results.

2 Statistical and Computational Trade-offs in Kernel Methods

We consider the supervised learning problem of estimating a function from random noisy samples. In
statistical learning theory, this can be formalized as the problem of solving

wee). &= [ @) - widelay), m
given samples (z;,y;)?_, from p, which is fixed but unknown and where, # is a space of candidate
solutions. Ideally, a good empirical solution f should have small excess risk

R(F) = &(F) — jof £(F). @)

since this implies it will generalize/predict well new data. In this paper, we are interested in
both computational and statistical aspects of the above problem. In particular, we investigate the
computational resources needed to achieve optimal statistical accuracy, i.e. minimal excess risk. Our
focus is on the most popular class of nonparametric methods, namely kernel methods.

Kernel methods and ridge regression. Kernel methods consider a space H of functions

fl@) =Y a;K(z,x), 3)
i=1
where K is a positive definite kernel ﬂ The coefficients aq, ..., o, are typically derived from a
convex optimization problem, that for the square loss is
~ o1&
Fax = argmin = " (f(2:) —y:)* + Al fII3, @)
fer M4

and defines the so called kernel ridge regression (KRR) estimator [16]]. An advantage of least squares
approaches is that they reduce computations to a linear system

(Kpn +Anl) a =1y, 5)

where K, is an n x n matrix defined by (K,,)ij; = K(z;,2;) and ¥ = (y1,...yn). We next
comment on computational and statistical properties of KRR.

Computations. Solving Eq. @ for large datasets is challenging. A direct approach requires O(n?) in
space, to allocate K,,,,, O(n?) kernel evaluations, and O(n?cx + n?) in time, to compute and invert
K, (ck is the kernel evaluation cost assumed constant and omitted throughout).

Statistics. Under basic assumptions, KRR achieves an error R(fx,) = O(n~1/2), for A, = n~/2,
which is optimal in a minimax sense and can be improved only under more stringent assumptions
(17, 18]

2K is positive definite, if the matrix with entries K (i, z;) is positive semidefinite V1, ..., zn, N € N [16]



The question is then if it is possible to achieve the statistical properties of KRR, with less computations.

Gradient methods and early stopping. A natural idea is to consider iterative solvers and in
particular gradient methods, because of their simplicity and low iteration cost. A basic example is
computing the coefficients in (3) by

ar = a1 + 7 [(Knna—1 — §) + Anoy_1], (6)
for a suitable step-size choice 7.

Computations. In this case, if ¢ is the number of iterations, gradient methods require O(nzt) in
time, O(n?) in memory and O(n?) in kernel evaluations, if the kernel matrix is stored. Note that, the
kernel matrix can also be computed on the fly with only O(n) memory, but O(n?t) kernel evaluations
are required. We note that, beyond the above simple iteration, several variants have been considered
including accelerated [[1} [19] and stochastic extensions [20].

Statistics. The statistical properties of iterative approaches are well studied and also in the case where
A is set to zero, and regularization is performed by choosing a suitable stopping time [21]. In this
latter case, the number of iterations can roughly be thought of 1/ and O(+/n) iterations are needed
for basic gradient descent, O(n'/4) for accelerated methods and possible O(1) iterations/epochs
for stochastic methods. Importantly, we note that unlike most optimization studies, here we are
considering the number of iterations needed to solve (IJ), rather than ().

While the time complexity of these methods dramatically improves over KRR, and computations can
be done in blocks, memory requirements (or number of kernel evaluations) still makes the application
to large scale setting cumbersome. Randomization provides an approach to tackle this challenge.

Random projections. The rough idea is to use random projections to compute K,,,, only approx-
imately. The most popular examples in this class of approaches are Nystrom [/, 8] and random
features [9] methods. In the following we focus in particular on a basic Nystrom approach based on
considering functions of the form

M
Fou(@) = GK(,%), with {F1,....3u} C{z1,.... 20}, (7)
=1

defined considering only a subset of M training points sampled uniformly. In this case, there are only
M coefficients that, following the approach in (@), can be derived considering the linear system

Ha = z,  where H=K, Ko + \Kyy, z=K, 0 (8)
Here K,y is the n x M matrix with (Ky,nr):; = K(2;,7;) and Kpras is the M x M matrix with

(Kam)ij = K(Z;,%;). This method consists in subsampling the columns of K,,,, and can be seen
as a particular form of random projections.

Computations. Direct methods for solving (8) require O(nM 2) in time to form K J K and
O(M?3) for solving the linear system, and only O(nM) kernel evaluations. The naive memory
requirement is O(nM) to store K, s, however if K J wEn s is computed in blocks of dimension at
most M x M only O(M?) memory is needed. Iterative approaches as in (6)) can also be combined
with random projections [22, 23, 24] to slightly reduce time requirements (see Table. [T] or Sect.[Fin
the appendix, for more details).

Statistics. The key point though, is that random projections allow to dramatically reduce memory
requirements as soon as M < n and the question arises of whether this comes at expenses of
statistical accuracy. Interestingly, recent results considering this question show that there are large
classes of problems for which M = O( v/n) suffices for the same optimal statistical accuracy of the
exact KRR [[11} 12} [13].

In summary, in this case the computations needed for optimal statistical accuracy are reduced from
O(n?) to O(n+/n) kernel evaluations, but the best time complexity is basically O(n?). In the rest of
the paper we discuss how this requirement can indeed be dramatically reduced.

3 FALKON

Our approach is based on a novel combination of randomized projections with iterative solvers plus
preconditioning. The main novelty is that we use random projections to approximate both the problem
and the preconditioning.



Preliminaries: preconditioning and KRR. We begin recalling the basic idea behind precondition-
ing. The key quantity is the condition number, that for a linear system is the ratio between the largest
and smallest singular values of the matrix defining the problem [23]. For example, for problem (3)
the condition number is given by

cond(Kpy, + Anl) = (0max + An)/(0min + An),

Wwith 0max, Omin largest and smallest eigenvalues of K,,,, respectively. The importance of the condition
number is that it captures the time complexity of iteratively solving the corresponding linear system.
For example, if a simple gradient descent (6)) is used, the number of iterations needed for an € accurate
solution of problem (3) is

t = O(cond(K,,, + Anl)log(1/¢)).

It is shown in [23] that in this case ¢ = y/n log n are needed to achieve a solution with good statistical
properties. Indeed, it can be shown that roughly ¢ &~ 1/Alog(1) are needed where A = 1//n and
€ = 1/n. The idea behind preconditioning is to use a suitable matrix B to define an equivalent linear
system with better condition number. For @, an ideal choice is B such that

BB = (K, + Anl)™? )

and B" (K,,,, + \nI)B B = BT4. Clearly, if 3, solves the latter problem, o, = BJ3, is a solution
of problem (5). Using a preconditioner B as in (9) one iteration is sufficient, but computing the B is
typically as hard as the original problem. The problem is to derive preconditioning such that (9) might
hold only approximately, but that can be computed efficiently. Derivation of efficient preconditioners
for the exact KRR problem (B)) has been the subject of recent studies, [3] 4] 26,5 [6]. In particular,
[4) 26| 15l 6] consider random projections to approximately compute a preconditioner. Clearly,
while preconditioning (5) leads to computational speed ups in terms of the number of iterations,
requirements in terms of memory/kernel evaluation are the same as standard kernel ridge regression.

The key idea to tackle this problem is to consider an efficient preconditioning approach for problem (8)
rather than (3)).

Basic FALKON algorithm. We begin illustrating a basic version of our approach. The key
ingredient is the following preconditioner for Eq. (§),

n
M

which is itself based on a Nystrom approximatiorﬂ The above preconditioning is a natural approxi-
mation of the ideal preconditioning of problem @]) thatis BBT = (K I mEKnm + AnKy M)’1 and
reduces to it if M = n. Our theoretical analysis, shows that M < n suffices for deriving optimal
statistical rates. In its basic form FALKON is derived combining the above preconditioning and
gradient descent,

—1
BBT — ( K2, + )\nKMM> : (10)

M

f,\M,t(x) = Zat,iK(a:,@), with o, = Bf; and (1D
i=1

Bie = s — BT [K Dy (K (BSior) =0) + AnFaru(BB-1)] . (12)

fort € N, By = 0and 1 < k <t and a suitable chosen 7. In practice, a refined version of FALKON
is preferable where a faster gradient iteration is used and additional care is taken in organizing
computations.

FALKON. The actual version of FALKON we propose is Alg.[I](see Sect.[A] Alg.[2]for the complete
algorithm). It consists in solving the system B HBj = B z via conjugate gradient [23]], since it is
a fast gradient method and does not require to specify the step-size. Moreover, to compute B quickly,
with reduced numerical errors, we consider the following strategy

1 1
B= %T*Afl, T = chol(Kyps), A = chol (M TTT + AI) , (13)

where chol() is the Cholesky decomposition (in Sect. the strategy for non invertible K spr).

3 For the sake of simplicity, here we assume K/ to be invertible and the Nystrom centers selected with
uniform sampling from the training set, see Sect. @ and Alg. lzlin the appendix for the general algorithm.



Algorithm 1 MATLAB code for FALKON. It requires O(nMt + M?) in time and O(M?) in memory.
See Sect.[A]and Alg. [2)in the appendixes for the complete algorithm.

Input: Dataset X = (z;)7=; € R™*P g = (y;)j=, € R", centers C = (&;)}L, € R**P, KernelMatrix
computing the kernel matrix given two sets of points, regularization parameter A, number of iterations ¢.
Output: Nystrom coefficients c.

function alpha = FALKON(X, C, Y, KernelMatrix, lambda, t)
n = size(X,1); M = size(C,1); KMM = KernelMatrix(C,C);
T = chol(KMM + eps*Mxeye(M));
A = chol(T*T’/M + lambdaxeye(M));

function w = KnM_times_vector(u, v)
w = zeros(M,1); ms = ceil(linspace(0, n, ceil(n/M)+1));
for i=1:ceil(n/M)
Kr = KernelMatrix( X(ms(i)+1:ms(i+1),:), C );
w=w + Ke’*(Kr*u + v(ms(i)+1:ms(i+1),:));
end
end

BHB = @(u) A’\(T’\(KnM_times_vector(T\(A\u), zeros(n,1))/n) + lambdax(A\u));
r = A’\(T’\KnM_times_vector(zeros(M,1), Y/n));
alpha = T\(A\conjgrad(BHB, r, t));

end

Computations. in Alg.[I] B is never built explicitly and A, T" are two upper-triangular matrices, so
A~ Tu, A=l for a vector u costs M?, and the same for T'. The cost of computing the preconditioner
is only %M 3 floating point operations (consisting in two Cholesky decompositions and one product
of two triangular matrices). Then FALKON requires O(nMt + M?) in time and the same O(M?)
memory requirement of the basic Nystrom method, if matrix/vector multiplications at each iteration
are performed in blocks. This implies O(nMt) kernel evaluations are needed.

The question remains to characterize M and the number of iterations needed for good statistical
accuracy. Indeed, in the next section we show that roughly O(n+/n) computations and O(n) memory
are sufficient for optimal accuracy. This implies that FALKON is currently the most efficient kernel
method with the same optimal statistical accuracy of KRR, see Table

4 Theoretical Analysis

In this section, we characterize the generalization properties of FALKON showing it achieves the
optimal generalization error of KRR, with dramatically reduced computations. This result is given in
Thm. [3|and derived in two steps. First, we study the difference between the excess risk of FALKON
and that of the basic Nystrom (8], showing it depends on the condition number induced by the
preconditioning, hence on M (see Thm/[I). Deriving these results requires some care, since differently
to standard optimization results, our goal is to solve (T)) i.e. achieve small excess risk, not to minimize
the empirical error. Second, we show that choosing M = O(1/)\) allows to make this difference as
small as e /2 (see Thm. Finally, recalling that the basic Nystrom for A = 1/4/n has essentially
the same statistical properties of KRR [13], we answer the question posed at the end of the last
section and show that roughly log n iterations are sufficient for optimal statistical accuracy. Following
the discussion in the previous section this means that the computational requirements for optimal
accuracy are O(n+/n) in time/kernel evaluations and O(n) in space. Later in this section faster rates
under further regularity assumptions are also derived and the effect of different selection methods for
the Nystrom centers considered. The proofs for this section are provided in Sect. [E]of the appendixes.

4.1 Main Result

The first result is interesting in its own right since it corresponds to translating optimization guarantees
into statistical results. In particular, we derive a relation the excess risk of the FALKON algorithm

f% ¢ from Alg. [1|and the Nystrom estimator fx s from Eq. (8) with uniform sampling.



Algorithm train time  kernel evaluations memory test time

SVM / KRR + direct method n3 n? n? n
KRR + iterative [} 2] n?yn n? n? n
Doubly stochastic [22]] n%y/n n%\/n n n
Pegasos / KRR + sgd [27] n? n? n n
KRR + iter + precond [3} 28], 14} 5. 6] n2 n2 n n
Divide & Conquer [29] n? ny/n n n
Nystrém, random features [[7,, 8} 0] n2 ny/n n vn
Nystrom + iterative [23,24] n? ny/n n vn
Nystrom + sgd [20] n? ny/n n Vn
FALKON (see Thm. [3) n/n ny/n n vn

Table 1: Computational complexity required by different algorithms, for optimal generalization.
Logarithmic terms are not showed.

Theorem 1. Letn, M > 3,t € N, 0 < A < \; and ¢ € (0,1]. Assume there exists & > 1 such that
K(x,z) < k2 for any x € X. Then, the following inequality holds with probability 1 — &

Foar)? P2 + a5et 14 2 10g 2
R(fanm,e) < R(fam) + 4ve 1+ g log(s7

where 92 = LY 42 and v = log(1 + 2/(cond (BT HB)"? = 1)), with cond (BT HB) the

condition number of BT H B. Note that \; > 0 is a constant not depending on \,n, M, 6, 1.

The additive term in the bound above decreases exponentially in the number of iterations. If the
condition number of BT H B is smaller than a small universal constant (e. g. 17), then v > 1/2 and

the additive term decreases as ¢~ %. Next, theorems derive a condition on M that allows to control
cond (BT HB), and derive such an exponential decay.

Theorem 2. Under the same conditions of Thm.[I] if
14k2 1 8k
og —.
R

M25[1+

then the exponent v in Thmn. satisﬁes v>1/2

The above result gives the desired exponential bound showing that after log n iterations the excess
risk of FALKON is controlled by that of the basic Nystrom, more precisely
9k

2
1
An 08

n

R(Faars) < 2R(fanr) when ¢ >logR(fanr) + log (1+ 5

) + log (162%).

Finally, we derive an excess risk bound for FALKON. By the no-free-lunch theorem, this requires
some conditions on the learning problem. We first consider a standard basic setting where we only
assume it exists f; € H such that £(fy) = inf ey E(f).

Theorem 3. Let § € (0, 1]. Assume there exists > 1 such that K (x,z) < % for any x € X, and
y € [—5, 5], almost surely, a > 0. There exist ng € N such that for any n > no, if

1 4852 1
A= M > 75 n log 8’; Dot > 5 108(n) + 5+ 2log(a+ 3r),
then with probability 1 — 9,
R(Fuane) < 2155
MMt ) S Jn

In particular ny, cy do not depend on A\, M ,n,t and cy do not depend on §.

The above result provides the desired bound, and all the constants are given in the appendix. The
obtained learning rate is the same as the full KRR estimator and is known to be optimal in a minmax
sense [17], hence not improvable. As mentioned before, the same bound is also achieved by the



basic Nystrom method but with much worse time complexity. Indeed, as discussed before, using
a simple iterative solver typically requires O(y/nlogn) iterations, while we need only O(logn).
Considering the choice for M this leads to a computational time of O(nMt) = O(n+/n) for optimal
generalization (omitting logarithmic terms). To the best of our knowledge FALKON currently
provides the best time/space complexity to achieve the statistical accuracy of KRR. Beyond the
basic setting considered above, in the next section we show that FALKON can achieve much faster
rates under refined regularity assumptions and also consider the potential benefits of leverage score
sampling.

4.2 Fast learning rates and Nystrom with approximate leverage scores

Considering fast rates and Nystrom with more general sampling is considerably more technical and
a heavier notation is needed. Our analysis apply to any approximation scheme (e.g. [30, 12} 31])
satisfying the definition of g-approximate leverage scores [13], satisfying ¢~*/;(\) < l:()\) <
qli(\), Vie{l,....,n}.Here A > 0, [;(\) = (Kun(Knn + AnI)~1);; are the leverage scores
and ¢ > 1 controls the quality of the approximation. In particular, given A, the Nystrom points are

sampled independently from the dataset with probability p; o< lAZ (M\). We need a few more definitions.
Let K, = K(z,-) for any « € X and H the reproducing kernel Hilbert space [32]] of functions with

inner product defined by # = span{K, | x € X} and closed with respect to the inner product (-, -),,
defined by (K, K,v),, = K(x,2'), forall z,2" € X. Define C' : H — H to be the linear operator
(f,Cg)y = [x f(x)g(x)dpx (x), forall f,g € H. Finally define the following quantities,

Noo(N) = sup [(C + M) Kylly, N(N) =Te(C(C+A)7).
rzeX

The latter quantity is known as degrees of freedom or effective dimension, can be seen as a measure
of the size of H. The quantity NV, () can be seen to provide a uniform bound on the leverage scores.

In particular note that N'(\) < Noo(A) < %2 [13]]. We can now provide a refined version of Thm.
Theorem 4. Under the same conditions of Thm.|l| the exponent v in Thm. satisﬁes v > 1/2, when
1. either Nystrém uniform sampling is used with M > 70 [1 + N (N)] log %.
2. or Nystrom q-approx. lev. scores [13)] is used, with \ > 10k log 55, n > 405k2 log %,

n

2
M > 21524 ¢*N'(\)] log 8%

We then recall the standard, albeit technical, assumptions leading to fast rates [[17,[18]. The capacity
condition requires the existence of v € (0, 1] and Q > 0, such that N'(\) < @?\~7. Note that this
condition is always satisfied with () = « and v = 1. The source condition requires the existence
of r € [1/2,1] and g € H, such that f;; = C"~1/2g. Intuitively, the capacity condition measures
the size of H, if v is small then H is small and rates are faster. The source condition measures the
regularity of fy, if r is big fy is regular and rates are faster. The case r = 1/2 and v = D/(2s) (for
a kernel with smoothness s and input space R”) recovers the classic Sobolev condition. For further
discussions on the interpretation of the conditions above see [17, 18| [11}[13]. We can then state our
main result on fast rates

Theorem 5. Let § € (0,1]. Assume there exists > 1 such that K(z,z) < k2 for any v € X,

andy € [—%, 5], almost surely, with a > 0. There exist an ng € N such that for any n > ng the

following holds. When
A=n"7, t > log(n) + 5+ 2log(a + 3x2),

1. and either Nystrom uniform sampling is used with M > 70 [1 + Ny (\)]log %,
2. or Nystrom q-approx. lev. scores [lI3|] is used with M > 220 [2 + qQN()\)] log %,

then with probability 1 — 0,

) 24 -
R(f)\,M,t) < Co 10g2F n_gfﬁ.

where f,\ M.t is the FALKON estimator (Sect. |3} Alg. and Sect. @ Alg. [2|in the appendix for the

complete version). In particular ng, co do not depend on X\, M ,n,t and cy do not depend on 0.
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Figure 1: Falkon is compared to stochastic gradient, gradient descent and conjugate gradient applied
to Problem (@), while NYTRO refer to the variants described in [23]]. The graph shows the test error
on the HIGGS dataset (1.1 x 107 examples) with respect to the number of iterations (epochs for
stochastic algorithms).

The above result shows that FALKON achieves the same fast rates as KRR, under the same conditions
[17]. For r = 1/2,~v = 1, the rate in Thm. is recovered. If v < 1,7 > 1/2, FALKON achieves a
rate close to O(1/n). By selecting the Nystrom points with uniform sampling, a bigger M could be
needed for fast rates (albeit always less than n). However, when approximate leverage scores are used
M, smaller than n"/? < /n is always enough for optimal generalization. This shows that FALKON
with approximate leverage scores is the first algorithm to achieve fast rates with a computational

complexity that is O(nN' (X)) = O(n't#7) < O(n'*%) in time.

S Experiments

We present FALKON'’s performance on a range of large scale datasets. As shown in Table 2] [3]
FALKON achieves state of the art accuracy and typically outperforms previous approaches in all the
considered large scale datasets including IMAGENET. This is remarkable considering FALKON
required only a fraction of the competitor’s computational resources. Indeed we used a single machine
equipped with two Intel Xeon E5-2630 v3, one NVIDIA Tesla K40c and 128 GB of RAM and a
basic MATLAB FALKON implementation, while typically the results for competing algorithm have
been performed on clusters of GPU workstations (accuracies, times and used architectures are cited
from the corresponding papers).

A minimal MATLAB implementation of FALKON is presented in Appendix [G] The code necessary
to reproduce the following experiments, plus a FALKON version that is able to use the GPU, is
available on GitHub at https://github.com/LCSL/FALKON_paper . The error is measured with
MSE, RMSE or relative error for regression problems, and with classification error (c-err) or AUC
for the classification problems, to be consistent with the literature. For datasets which do not have a
fixed test set, we set apart 20% of the data for testing. For all datasets, but YELP and IMAGENET,
we normalize the features by their z-score. From now on we denote with n the cardinality of the
dataset, d the dimensionality. A comparison of FALKON with respect to other methods to compute
the Nystrom estimator, in terms of the MSE test error on the HIGGS dataset, is given in Figure|l}

MillionSongs [36] (Table n = 4.6 x 105, d = 90, regression). We used a Gaussian kernel with
o =6,\=10"%and 10* Nystrom centers. Moreover with 5 x 10* center, FALKON achieves a
79.20 MSE, and 4.49 x 10~ rel. error in 630 sec.

TIMIT (Table n = 1.2 x 105, d = 440, multiclass classification). We used the same
preprocessed dataset of 6] and Gaussian Kernel with o = 15, A = 1072 and 10° Nystrom centers.

YELP (Table 2l n = 1.5 x 105, d = 6.52 x 107, regression). We used the same dataset
of [24]. We extracted the 3-grams from the plain text with the same pipeline as [24], then we mapped


https://github.com/LCSL/FALKON_paper

them in a sparse binary vector which records if the 3-gram is present or not in the example. We used a
linear kernel with 5 x 10* Nystrom centers. With 10° centers, we get a RMSE of 0.828 in 50 minutes.

Table 2: Architectures: 1 cluster 128 EC2 r3.2xlarge machines, t cluster 8 EC2 r3.8xlarge machines, !
single machine with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU, 128GB RAM, * cluster
with IBM POWERS 12-core processor, 512 GB RAM, * unknown platform.

MillionSongs YELP TIMIT
MSE Relative error  Time(s) RMSE Time(m) c-err  Time(h)

FALKON 80.10 4.51 x 1073 55 0.833 20 32.3% 1.5
Prec. KRR [4] - 458 x 1073 289°f - - -
Hierarchical [33]] - 4.56 x 1073 293* - - - -
D&C [29] 80.35 - 737* - - - -

Rand. Feat. [29] 80.93 - 772 - - - -
Nystrom [29] 80.38 - 876* - - - -
ADMM R. F.[4] - 5.01 x 1073 9581 - - - -
BCDR. E. [24] - - - 0.949 421 34.0% 1.7%
BCD Nystrom [24] - - - 0.861 607 33.7% 1.7
EigenPro [6] - - - - - 32.6% 3.9
KRR [33] [24] - 4.55 x 1073 - 0.854 500% 33.5% 8.3%
Deep NN [34] - - - - - 32.4% -
Sparse Kernels [34] - - - - - 30.9% -
Ensemble [35]] - - - - - 33.5% -

Table 3: Architectures: T cluster with IBM POWERS 12-core cpu, 512 GB RAM, ! single machine
with two Intel Xeon E5-2620, one Nvidia GTX Titan X GPU, 128GB RAM, 1 single machine [37]]

SUSY HIGGS IMAGENET
c-err AUC Time(m) AUC Time(h) c-err  Time(h)
FALKON 19.6% 0.877 4 0.833 3 20.7% 4
EigenPro [6] 19.8% - 6? - - - -
Hierarchical [33]] 20.1% - 40t - - - -
Boosted Decision Tree [38]] - 0.863 - 0.810 - - -
Neural Network [38]] - 0.875 - 0.816 - - -
Deep Neural Network [38] - 0.879  4680*  0.885 78% - -
Inception-V4 [39] - - - - - 20.0% -

SUSY (Table n = 5 x 105, d = 18, binary classification). We used a Gaussian kernel
with ¢ = 4, A = 107 and 10* Nystrom centers.

HIGGS (Table n = 1.1x 107, d = 28, binary classification). Each feature has been
normalized subtracting its mean and dividing for its variance. We used a Gaussian kernel with
diagonal matrix width learned with cross validation on a small validation set, A = 10~% and 10°
Nystrom centers. If we use a single o = 5 we reach an AUC of 0.825.

IMAGENET (Table n = 1.3 x 10%, d = 1536, multiclass classification). We report the
top 1 c-err over the validation set of ILSVRC 2012 with a single crop. The features are obtained from
the convolutional layers of pre-trained Inception-V4 [39]]. We used Gaussian kernel with o = 19,
A =10"? and 5 x 10* Nystrom centers. Note that with linear kernel we achieve c-err = 22.2%.
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FALKON: An Optimal Large Scale Kernel Method

Supplementary Materials

[Al FALKON: General Algorithm
where a generalized version of FALKON able to deal with both invertible and non-invertible
Ky is provided.
Bl Definitions and Notation
where the notation, required by the proofs, is given and the basic operators are defined.
Analytic Decompositions
where the condition number of the FALKON system is controlled and the excess risk of
FALKON is decomposed in terms of functional analytic quantities.
Dl Probabilistic Estimates
where the quantities of the previous section are bounded in probability.
[El Proof of the Main Results
where the results of the previous sections are collected and the proofs of the main theorems
of the paper are provided
B Longer Comparison with the Literature
where some more details on previous works on the topic are given.
MATLAB Code for FALKON
where a minimal working implementation of FALKON is provided.

A FALKON: General Algorithm

In this section we define a generalized version of FALKON. In particular we provide a preconditioner able to deal
with non invertible K asas and with Nystrom centers selected by using approximate leverage scores. In Def.[3]
we state the properties that such preconditioner must satisfy. In Example[I] we show that the preconditioner in
Sect.[3]satisfies Def. [Blwhen Kras.

First we recall some ways to sample Nystrom centers, from the training set.

Nystrom with uniform sampling. Let n, M € Nwith 1 < M < n. Letx,...,z, be the training set. The
Nystrom centers Z1, . . ., Ty are a random subset of cardinality M uniformly sampled from the training set.

Nystrom with approximate leverage scores. We recall the definition of approximate leverage scores, from
[13] and then the sampling method based on them. Let n € N, A > 0. Let 1, ..., ., be the training points and
define Kpy, € R™*™ as (Knn)ij = K(zi, ;) for 1 <1i,j < n. The exact leverage scores are defined by

(i) = (Kpn(Knn + AnI)7Y)

forany ¢ € 1,...,n. Any bi-lipschitz approximation of the exact leverage scores, satisfying the following
definition is denoted as approximate leverage scores.

Definition 1 (Nystrom with (g, Ao, d)-approximate leverage scores [13]]). Let 6 € (0,1] and Ao > 0 and
q € [1,00). A (random) sequence (1x(%))i=, is denoted as (q, Mo, §)-approximate leverage scores when the

following holds with probability at least 1 — §

él)\(i) < (i) < qla(@), VA= X, te{l,...,n}.

In particular, given n € N training points x1, . . ., T, and a sequence of approximate leverage scores (TA (1)i=1,
the Nystrom centers are selected in the following way. Let p; = %, with1 < ¢ < n.Leté,...,in be
independently sampled from {1, ..., n} with probability (p;)i=;. Then Z1 := x;,,...,Tnm = Tiy, -

Now we define a diagonal matrix depending on the used sampling scheme that will be needed for the general
preconditioner.

Definition 2. Let D € RM*M pe g diagonal matrix. If the Nystrom centers are selected via uniform sampling,
then Djj =1for1 <j <M.
Otherwhise, let i1, . .. ,in € {1,...,n} be the indexes of the training points sampled via approximate leverage

scores. Then for1 < 5 < M,
1
Djj = —
npi;
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We note here that by definition D is a diagonal matrix with strictly positive and finite diagonal. Indeed it is true
in the uniform case. In the leverage scores case, let 1 < j < M. Note that since the index 7; has been sampled,
it implies that the probability p;; is strictly larger than zero. Then, since 0 < p;; < 1then 0 < Dj; < oo as..

A.1 Generalized FALKON Algorithm

We now introduce some matrices needed for the definition of a generalized version of FALKON, able to deal
with non invertible K sy and with different sampling schemes, for the Nystrom centers. Finally in Def. EL we
define a general form of the algorithm, that will be used in the rest of the appendix.

Definition 3 (The generalized preconditioner). Let M € N. Let Z1,...,Zm € X and Kyar € RM*M with
(Kpn)ij = K(%4,%5), for 1 < 4,5 < M. Let D € RM*M pe q diagonal matrix with strictly positive
diagonal, defined according to Def[Z]

Let A > 0, g < M be the rank of Knv, Q € RMXxa a partial isometry such that QTQ =JandT € R ¢
triangular matrix. Moreover Q,T satisfy the following equation
DKyuD =QT'TQ".
Finally let A € R?Y be a triangular matrix such that
1 T
ATA= ZTTT + AL
i +

Then the generalized preconditioner is defined as
1 —1 41
B = —=DQT A ".
Vn @

Note that B is right invertible, indeed D is invertible, since is a diagonal matrix, with strictly positive diagonal,
T, A are invertible since they are square and full rank and Q is a partial isometry, so B~! = /nATQ ' D~}
and BB~! = I. Now we provide two ways to compute Q, 7T, A. We recall that the Cholesky algorithm,
denoted by chol, given a square positive definite matrix, B € R™*  produces an upper triangular matrix
R € RMXM gych that B = R R. While the pivoted (or rank revealing) QR decomposition, denoted by qr,
given a square matrix B, with rank g, produces a partial isometry @ € R* ¥4 with the same range of M and an
upper trapezoidal matrix R € R?*™ such that B = QR.

Example 1 (precoditioner satisfying Def.[3). Let A > 0, and Knrar, D as in Def:[3]

1. When K is full rank (g = M), then the following Q, T, A satisfy Def.[5]

Q=1, T=chol(DKyuD), A= chol (%TTT + ,\1) .

2. When K is of any rank (@ < M), then the following Q, T, A satisfy Def. 3]

(Q,R) = qv(DKymD), T =chol(Q' DKyaDQ), A= chol (%TTT + AI) .

Proof. In the first case, Q, T, A satisfy Def.[3|by construction. In the second case, since QQ ' is the projection
matrix on the range of DKy D, then QQ ' DKy D = DKy D and, since DKy D is symmetric,
DKyumDQQT = DKy D, so

QT'TQ" = QQ"DKnmDQQ" = DKunuD.

Moreover note that, since the rank of K /a7 is ¢, then the range of DK prar D is ¢, and so QT Q = I, since it is
a partial isometry with dimension R* 9. Finally A satisfies Def. |3|by construction. O

Instead of rank-revealing QR decomposition, eigen-decomposition can be used.

Example 2 (preconditioner for the deficient rank case, using eig instead of qr). Let A > 0, and Ky, D
as in Def. |3 Let (Xi,u;)1<i<m be respectively the eigenvalues and the associated eigenvectors from the
eigendecomposition of DKy D, with Ay > -+ > Ay > 0. So the following Q, T, A satisfy Def. 3]

Q= (u1,...,uq) and T = diag(V/M1,. .., /Aq), while A = diag (1/)\ +LAn At %)\q).

We recall that this approach to compute ), T, A is conceptually simpler than the one with QR decomposition,
but slower, since the hidden constants in the eigendecomposition are larger than the one of QR.

The following is the general form of the algorithm.
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Definition 4 (Generalized FALKON algorithm). Let A > 0, t € Nand q,Q,T, A as in Def. EI The generalized
FALKON estimator is defined as follows

M
Fame(x) = ZaiK(x,ii), with o = Bk,
i1

and B¢ € RY denotes the vector resulting from t iterations of the conjugate gradient algorithm applied to the
following linear system

WpB=b, where W =B"(K.yKnun+IKun)B, b=B'K\yj. (14)

B Definitions and Notation

Here we recall some basic facts on linear operators and give some notation that will be used in the rest of the
appendix, then we define the necessary operators to deal with the excess risk of FALKON via functional analytic
tools.

Notation Let 7{ be an Hilbert space, we denote with ||-||4,, the associated norm and with (-, -),, the associated
inner product. We denote with ||-|| the operator norm for a bounded linear operator A, defined as ||A|| =
sup| ¢/, =1l Af||. Moreover we will denote with ® the tensor product, in particular

(u®v)z=u(v,2);, Yu,v,z€H.

In the rest of the appendix A + A is often denoted by A where A is linear operator and A € R, moreover we
denote with A* the adjoint of the linear operator A, we will use AT if A is a matrix. When # is separable,
we denote with Tr the trace, that is Tr(A) = 37 (u,, Aus),, for any linear operator A : H — H, where

j=1
(u;) 5., is an orthogonal basis for  and D € N U {oc} is the dimensionality of H. Moreover we denote with
|| |lus the Hilbert-Schmidt norm, that is || A||&s = Tr(A* A), for a linear operator A.

In the next proposition we recall the spectral theorem for compact self-adjoint operators on a Hilbert space.

Proposition 1 (Spectral Theorem for compact self-adjoint operators). Let A be a compact self-adjoint operator
on a separable Hilbert space H. Then there exists a sequence (\;) le with A\; € R, and an orthogonal basis of

H (u;) iy where D € NU {oo} is the dimensionality of H, such that

D
A= Nu; ®uy. (15)

j=1
Proof. Thm. VI.16, pag. 203 of [40]. O

Let ‘H be a separable Hilbert space (for the sake of simplicity assume D = c0), and A be a bounded self-adjoint
operator on H that admits a spectral decomposition as in Eq. @ Then the largest and the smallest eigenvalues
of A are denoted by

)\max(A) = sup /\j7 Amm(AA) = inf A]'.

j>1 j=1

In the next proposition we recall a basic fact about bounded symmetric linear operators on a separable Hilbert
space H.

Proposition 2. Let A be a bounded self-adjoint operator on ‘H, that admits a spectral decomposition as in
Eq,|7;5| Then
~ 1Al < Amin (A) < Amax(A) < [ A]l.

Proof. By definition of operator norm, we have that || Az[|3, < ||A||*||lz[|7, Vz € H.Let (\;,u;)i2, bean
eigendecomposition of A, with D the dimensionality of H, according to Prop.[T} then, for any j > 1, we have

N = (Auy, Aug) = || A |3, < || A,

where we used the fact that Au; = \ju; and that ||u;|j« = 1. O
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B.1 Definitions

Let X be a measurable and separable space and ) = R. Let p be a probability measure on X x R. We denote
with px the marginal probability of p on X and with p(y|z) the conditional probability measure on ) given X.
Let L*(X, px ) be the Lebesgue space of px square integrable functions, endowed with the inner product

(6,0), = / p(@)yp(@)dpx (2), Vo, € LA(X, px),

and norm |9, = \/ (¥, q/z)p for any 1 € L?(X, px ). We now introduce the kernel and its associated space of
functions. Let K : X x X — R be a positive definite kernel, measurable and uniformly bounded, i.e. there
exists # € (0, 00), for which K (2, z) < x? almost surely. We denote with K, the function K (z, -) and with
(", ()4 ). the Hilbert space of functions with the associated inner product induced by K, defined by

H=span{K, |z € X}, (K. Ky), =K(z,2'), Vo2’ € X.

Now we define the linear operators used in the rest of the appendix

Definition 5. Under the assumptions above, for any f € H, ¢ € L*(X, px)
o S:H — L*(X, px), such that Sf = <f, K<4>>H € L*(X, px), with adjoint
o S*:L*(X,px) — H, such that S*¢ = [ ¢p(x)K.dpx (z) € H.
o L:L*(X,px) — L*(X, px), such that L = SS* and
o C:H — H, suchthat C = S*S.

Letz; € Xwithl <i<mandn € N,andz; € X for1 < j < M and M € N. We define the following
linear operators

Definition 6. Under the assumptions above, for any f € H,v € R",w € R,

)

e S, :H — R", such that §nf = ﬁ((f, K,,))i—1 € R", with adjoint

§*>

L R™ — M, such that Syv = 2= Y1 0 Ko, € H.

o C,, : H — H, such that én = §Z§n

o
n
S

L H — RM, such that Sn f = = ((f, Kz,)) M, € RM, with adjoint

° §X/I : RM — H, such that §X4w = ﬁ Zi\il viKz, € H.

o Cu: H — H, such that Car = §1*\/1§M-

o G H — H, such that @M = §}\‘4D2§M, with D defined in Def. (see also Def. .

We now recall some basic facts about L, C, S, Kpn, én, §n, Ky and Ky

Proposition 3. With the notation introduced above,

1. Kn]\4 = \/nngng&, K]w]\/[ =M §1\4§7\l7 Knn —n S\né‘z
* X
~ 1 n - . 1 n
i=1 ~
~ 1 M N R 1 m
4 O g2 Ke@Ke, () = Tl /M) = WSulis = 37 3 IRzl < w7,

M
~ 1 5
5 Gu = i Z;D“-Kii ® Kz, .

where ® denotes the tensor product.
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Proof. Note that (Kna)ij = K(xi, ;) = (Ku;, Kz ), = (Vn MS,,S%)ij. forany 1 <i<n, 1<j<
M, thus K = VRMS, Sk - The same reasoning holds for K sy and Ky,r,. For the second equation, by

definition of C' = S*S we have that, for each h, h’ € H,
(h,CH),, = (Sh,SI') / (hy K}y (Koo ), dpx () = /X (. (e (b)) dox(@)

= /X <h, (Kx ® Kx)h/>H dpx (z) = <h, /X K. ® depx($)>h/>

Note that, since K is bounded almost surely, then || K ||% < & for any z € X, thus

H

() = [ K@ Koydpx(a) = [ I1Kelfudpx (@
X
by linearity of the trace. Thus Tr(C') < oo and so
Tr(C) = Tr(S*S) = ||S|7rs = Tr(SS™) = Tr(L).
The proof for the rest of equations is analogous to the one for the second. O

Now we recall a standard characterization of the excess risk

Proposition 4. When fy y?dp < oo, then there exist f, € L*(X, px) defined by

folz) = /ydp(yle
almost everywhere. Moreover, for any f € H we have,
—~ . —~ 9
E(F)~ it £(H) = 15T = Pfll}y

where P : L*(X, px) — L*(X, px) is the projection operator whose range is the closure in L*(X, px) of the
range of S.

Proof. Page 890 of [41]]. O

C Analytic results

The section of analytic results is divided in two subsections, where we bound the condition number of the
FALKON preconditioned linear system (I4) and we decompose the excess risk of FALKON, with respect to
analytical quantities that will be controlled in probability in the following sections.

C.1 Analytic results (I): Controlling condition number of W

First we characterize the matrix W defining the FALKON preconditioned linear system (I4)), with respect to
the operators defined in Def. [f] (see next lemma) and in particular we characterize its condition number with
respect to the norm of an auxiliary operator defined in Lemma[2] Finally we bound the norm of such operator
with respect to analytical quantities more amenable to be bounded in probability (Lemma@)

Lemma 1 (Characterization of W). Let A € R. The matrix W in Def. l is characterized by
W=A""V(Cn+AN)VA™', with V=+nMS;BA.

Moreover V is a partial isometry such that V*V = Iyxq and VV* with the same range of Sy;.

Proof. By the characterization of K, ar, Karnr and én in Prop.|3| we have
K Knn + MKy = nM (§M§;§n§XI + )\gMgz*u)
=nM Sy (858, + AI)Siy = nM Sar(C + M) Sy
Now note that, by definition of B in Def.[3|and of V, we have
VnMSi B =vVnMS;;BAA ™ = VA!,
SO

W =B (K Knm + MKy )B = nM B Sy (Co + M)S3yB=A"TV*(Cp + \I)VA™L
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The last step is to prove that V' is a partial isometry. First we need a characterization of V' that is obtained by
expanding the definition of B,

V =vVnMSiBA = vVnMSj; %DQT”A”A =VMS;;DQT ™. (16)
n

By the characterization of V, the characterization of Ksas in Prop. E| and the definition of @), T" in terms of
DKy D in Def.[3], we have

V'V =MT"Q DSySyDQT ' '=T""Q" DKyuDQT ' =T""Q" QT ' TQ QT ' =1.
Moreover, by the characterization of V', of D K s D with respect to S M, and of @, T (Prop.[3|and Def. ,
VV*SiD=MSyDQT T~ "Q " DS\Si; = Sy DQT T~ "Q " DKyuD
=SuDQT™'T"TQTQT'TQ" = 5, DQQ" = 5y D,
where the last step is due to the fact that the ran of QQ is the one of DK arpr D by definition (see Dif' ,
3

and since DKy D = M DSy §X/ID by Prop.|3} it is the same of DSy. Note finally that the range of Sy, D
is the same of S}, since D is a diagonal matrix with strictly positive elements on the diagonal (see Def. . O

Lemma 2. Let A > 0 and W be as in Eq. LetE=A"TV* (én — GM)VAJ, with V defined in Lemma
Then W is characterized by

W=I+E.
In particular, when || E|| < 1,
1+ | E]
cond (W) < ———+.
1—|E]

Proof. Let Q,T, A, D as in Def.[3] and V' as in Lemmal[l] According to Lemmal[I]we have
W=A""VCn+A)WVA = A" (V*C,V + A) A~
Now we bound the largest and the smallest eigenvalue of W. First of all note that
ATV CVHANA T = AT (V' GV + MDA + A7 TVH(C — Gu)VAT, (17)

where G is defined in Def. @ To study the first term, we need a preliminary result, which simplifies SuV.B
using the definition of V/, the characterization of K sz in terms of Sy (Prop. , the definition of B (Def.
and finally the characterization of D K s D in terms of @, T' (Def. EI), we have

- o 1 ~
DSV = vVnMDSySiBA =/ %DKMMBA = \/—MDKMMD QT

- L orrqTor= Lor.

VM VM

Now we can simplify the first term. We express G with respect to Sas, then we apply the identity above on
DSV and on its transpose, finally we recall the identity AT A = ﬁTT T+ A from Def. [3] obtaining

AT (VGuV +ANA = A" (V'S D?*SyV + ANA™! = A*T(%TQTQTT +A)A™Y (18)

= A‘T(%TTT +ANAT T =ATTATAAT = 1 (19)

So, by defining F := ATy (CA'n — @M)VAA, we have
W=I+E.
Note that E is compact and self-adjoint, by definition. Then, by Prop. [} 2] we have that W admits a spectral

decomposition as in Eq, Let Amax (W) and Amin (W) be respectively the largest and the smallest eigenvalues
of W, by Prop.[2] and considering that —|| E|| < A;(E) < ||E|| (see Prop.[I) we have

Amex(W) = supl+ A (E) = 1+ supAs(E) = 1 + Aman(E) < 14 5],
JEN JEN

Amin(W) = inf 14+ X;(E) =1 4+ inf \j(E) = 1 4+ Anin(E) > 1—||E|.
JEN JEN

Since W is self-adjoint and positive, when || E'|| < 1, by definition of condition number, we have

Auax (W) _ 1+ ]|E||
Ain (W) = T B

cond (W) =
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Lemma 3. Let E be defined as in Lemmaand let G M as in Def. @ then
1B < 1G5 (Cn = Gar) G- (20)

Proof. By multiplying and dividing by Gux = G + A we have
1Bl = ATV GRS G (Cn = GanGi® GravAT|
< ATV ERIPIGH (Cn = GGl
Now, considering that V*V = T and the identity in Eq. (I8), we have
ATV EAIP = 1AV (Gu + ADVAT | = AT (V' GV + MDA | =1. @D
O

C.2 Analytic results (II): The computational oracle inequality

In this subsection (Lemmal[8) we bound the excess risk of FALKON with respect to the one of the exact Nystrém
estimator. First we prove that FALKON is equal to the exact Nystrom estimator as the iterations go to infinity
(Lemmafd] [B). Then in Lemma [§] (via Lemmalg] [7) we use functional analytic tools, together with results
from operator theory to relate the weak convergence result of the conjugate gradient method on the chosen
preconditioned problem, with the excess risk.

Lemma 4 (Representation of the FALKON estimator as vector in ). Let A > 0, M,t € N and B as in Def. E|
The FALKON estimator as in Def. 4|is characterized by the vector f € H as follows,

Fame = VM Sy BB, (22)

where B¢ € RY denotes the vector resulting from t iterations of the conjugate gradient algorithm applied to the
linear system in Def.

Proof. According to the definition of ﬁ a,t(+) in Def and the definition of the operator Sz in Def. @ denoting
with o € RM the vector Bf;, we have that

M M
ﬁ,Myt(x) = ZaiK(ﬂc,ii) = <K$,ZaiK@i> = <Kx, \/M§XJQ>H,
i=1 i=1

H
for any « € X. Then the vector in H representing the function f/':\ M,e() is
J?A,M,t =vM §X406 = VMgz*vaﬁv
O

Lemma 5 (Representation of the Nystrom estimator as a vector in H). Let A > 0, M € N, and B as in Def. |3|
The exact Nystrom estimator, in Eq.(T) and Eq. ) is characterized by the vector f € H as follows

fam = VM Sy Bfeo, (23)
where Boo = WEBT K1\, is the vector resulting from infinite iterations of the conjugate gradient algorithm

applied to the linear system in Eq. (T4).

Proof. For the same reasoning in the proof of Lemma ] we have that the FALKON estimator with infinite
iterations is characterized by the following vector in H

J?)\,]W = \/Mg}kuBﬂoo-

To complete the proof, we need to prove 1) that Boe = W !B K, /7 and 2) that ]’[;\ M above, corresponds to
the exact Nystrém estimator, as in Eq. (§).

Now we characterize 5. First, by the characterization of W in Lemmaand the fact that V*V = I, we have
W=A" "V (Cn+M)VA = A" (V'C,V + A)A™", (24)

Since C', is a positive operator (see Def. EI) A is invertible and A > 0, then W is a symmetric and positive
definite matrix. The positive definiteness of W implies that it is invertible and that is has a finite condition
number, making the conjugate gradient algorithm to converge to the solution of the system in Eq. (T4) (Thm. 6.6
of [23] and Eq. 6.107). So we can explicitly characterize 8, by the solution of the system in Eq. (T4), that is

Boo = W 'B K \7. (25)
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So we proved that f; M € H, with the above characterization of S, corresponds to FALKON with infinite
iterations. Now we show that f; M 1s equal to the Nystrom estimator given in [13]. First we need to study
S, BW ' BT 5. By the characterization of W in Eq. (24), the identity (ABC) ™' = C~'B~'A~, valid
for any A, B, C bounded invertible operators, and the definition of V' (Lemma m),

~ ~ ~ ~ —1 —~

Sy, BW BT Sy = 5B (A*T(v*cnv n /\I)A’l) B S (26)
= Sy BA(V*C,V + X)) 'ATBTSy 27)
_ L * —1y %
= 3 VGV DTV (28)

By expanding Soo, Knar (see Lemma in ﬂ,Af,
Fanr =VM 83 B = VM Sy BW "B K\ = vnM Sy BW 'B'SuSig  (29)
= % V(V*C.V + M) VS (30)

Now by Lemma 2 of [13] with Z,, = 5 M, we know that the exact Nystrom solution is characterized by the
vector f € H defined as follows

1 5 5 * N T —1yr% Ok~

—VV'C,V+ ) V'S,

with V a partial isometry, such that V*V = I and V'V* with the same range of S7;. Note that, by definition of
Vin Lemma we have that it is a partial isometry such that V*V = I and VV™* with the same range of S},.

This implies that V' = V' G, for an orthogonal matrix G' € R?*?. Finally, exploiting the fact that G=' = G'',
that GG = GG = I and that for three invertible matrices A, B, C we have (ABC)™* = C~'B~'A7!,

f=

_ o~ o~ ~ -1 ~
Fe VGV + )WV = v (GT(V*CnV + )J)G) GTV'Sg
n Vn
- Lyvaer (v:Euv + M) GGV S = =V (V' GV + /\I)_l V85 = .
f f

The next lemma is necessary to prove Lemmalg]
Lemma 6. When A\ > 0 and B is as in Def.[3] then

VM||SSiBW | < 07 2ISCL)
Proof. By the fact that identity || Z||* = ||ZZ*|| valid for any bounded operator Z and the identity in Eq.
we have
a* — a* - a * 1 * N - * ok
M||SS3 BW 2|2 = M||SS3 BW B Sy 8" = —ISV(VCuV + AT s
1 ~
= —IISV(V*CaV + A0
Denote with C,» the operator Ch + A, by dividing and multiplying for 6 _1/ % we have

SV(V*CV + AI)~Y2 = 5C 12 CHRV(V* TV + M)~V

The second term is equal to 1, indeed, since V*CraV = V*C,V + AI, and || Z||? = || Z* Z||, for any bounded
operator Z, we have

|CH2V(VFCLV + AD T2 = |[(VFCWV + M)AV CnV(VFCLV + AN T2 31)
= (V*CuV + A2V CV + AD(V*C,V + XD 7Y2 (32)
=1 (33)
Finally

VM85, BW )| = %stv*@v AT
<= SO IRV (VLY + AL

—1/2 —1/2
<n '2||SC\7.
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The next lemma is necessary to prove Lemma 8]

Lemma 7. For any A > 0, let B be the vector resulting from infinite iterations of the conjugate gradient
algorithm applied to the linear system in Eq. (T4). Then

W2 B e < ||l

Proof. First we recall the characterization of S0 from Lemmal[3]
Boe = WT'BT K, \7.
So, by the characterization of K, in terms of Sn, S (Prop. ,
W28, =W'2W'BTK i = vVnM W™ 2BT §,,8:7.
Then, by applying the characterization of §}§, BW'BT Sy in terms of V, in Eq.
W' Bl = nM W™ ?BT Sy S55l|2e = nM §' 8,53 BW ' B 51 5;5
=7 S, V(VCV + AN TVISE G = [(VICLV + MDYV SR

Finally
I(V*CuV + A" Y255 5k < ||(V*CuV 4+ A1) ™28 171 n -
Note that
[(V*CuV + A1) 7285 < 1,
indeed

IV CuV + ADTESL| < |(VCaV 4+ A1) 2C, 211G, 55,
and the first term is equal to 1 by Eq. (B1), moreover by definition of Cn (Def. @)

A—1/2 5% -1/2A5 —1 2 A—1/2 a
1G55I = 10 PCC B = 1ICRPCP P = sup 2 <1,
oco(Chp)
where o/(C,) C [0, [|Cy[] is the set of eigenvalues of Ch,. O

Lemma 8. Ler M € N, A\ > 0 and B satisfying Def. Let .]?A,]\/]J be the FALKON estimator after t € N

iterations and f,\ M the exact Nystrom estimator as in Eq. Let co > 0 such that
ISl < co,
then
= 1/2 = 1/2 ~ 2 !
R(fa,m,t) < R(fan) + 2c0v (1 - W) ;

where 9® = 23" y?.

Proof of Lemma[8] By Prop. [ we have that for any f € H
(E(F) = inf ENN'* =11S] = Pollox

with P : L?(X, px) — L*(X, px) the orthogonal projection operator whose range is the closure of the range

of Sin L*(X, px). Let f)\ M € H and f)\ M € H be respectively the Hilbert vector representation of the
FALKON estimator and of the exact Nystrém estimator (Lemma@ and Lemma@) By adding and subtracting

fA,M we have
EF) = inf SN2 = ISP = Phillox = IS(Fhare = Fuae) + (SFuae = P)lox

<SPt — s llox + 1S Fanr = Phollox
=15 are = Poan)llox + E(Far) = inf £(f)

1/2

In particular, by expanding the definition of ]/‘; M.t ]?; M from Lemmaand Lemma we have
I1S(Fxare = Faan)llox = VMISSB(Br = o)l

where 5, € R? and S € R? denote respectively the vector resulting from ¢ iterations and infinite iterations of
the conjugate gradient algorithm applied to the linear system in Eq. (I4). Since W is symmetric positive definite
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when A > 0 (see proof of Lemma@, we can apply the standard convergence results for the conjugate gradient
algorithm (Thm. 6.6 of [25], in particular Eq. 6.107), that is the following

t
1/2 - . 1/2 . . _ _ 2
W2 (Be — Boo)|lra < g(W,)[[W " Bos[|ra,  with q(W,t) =2 (1 /cond(W) + 1) ’

So by dividing and multiplying by W1/2 we have
I1S(Puane = Puan)lox = VMISS3B(Be = Boo)lox = VMISSiBW ™2 W 2(Be = o)
< VM||SS3 BW ™ 2(||[W2(Be — o) s
< q(W,t) VM| SS3 BW 2| [W2Bog [[ma.

Finally, the term /M ||$S;; BW ~'/?|| is bounded in Lemma|§|as

o* -1/2 < 1/2 < 0
VM| SSuBW II\SC h= %

while, for the term ||W'/2 B ||ra, by Lemma we have

Sl .
_— nuv.
- Vn

W2 Bcllrs < [l = (342> = vin
=1

D Probabilistic Estimates

In Lemma@ .we provide probabilistic estimates of || E||, the quantity needed to bound the condition number
of the preconditioned linear system of FALKON (see Lemmal([I] [3). In particular Lemma[d] analyzes the case
when the Nystrom centers are selected with uniform sampling, while Lemma@ considers the case when the
Nystrom centers are selected via approximate leverage scores sampling.

Now we are ready to provide probabilistic estimates for uniform sampling.

Lemma9. Letn € [0, 1) and § € (0,1]. When %1, ..., T are selected via Nystrom uniform sampling (see
as |t L (35T (14 2) Aoy 1og 2 (34)
=42y T 3 n) e &0

then the following hold with probability at least 1 — 6,
—1/2 A 172 1/2/A A 1/2
IO 2(C = C)CT 2l <, (IGRS*(Co = Gan Gl <.
Proof. First of all, note that since the Nystrom centers are selected by uniform sampling. Then Z1, ..., T are
independently and identically distributed according to px and moreover D is the identity matrix. So
Gy = Sy D*Sy = Sy Su = Cur.
Note that, by multiplying and dividing by C},
~N—1/2, 5 =~ —1 2 —1/2 —1 2
IG3%(Cn = Gan) G = 1C3Y (Cn = Can) O3
_ ||CJ;[1>\/2 1/20—1/2(0 . OM)C—1/201/20—1/2H
—1/2 ~1/2 —-1/2 2
<NIC G2 IPICS 2 (Co = Can O3 M)
< (1= Amax(C5 2(C = Can) O ) THICT VA (Co = Can) 2|
where the last step is due to Prop. 9 of [14]. Moreover note that
Amax(C312(C = Car)CF1?) < | OV (C = Can) O 2.

Let i = 5. Note that Cu = 7 El 1 Vi ® v; with v; the random variable v; = K3z, (see Prop. and, since
T1,.. ;cM are i.i.d. w.r.t. px, by the characterization of C in Prop. EL we have for any 1< <

Ev; @ v; = / K, ® Kzdpx(z) = C.
X
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Then, by considering that ||v|| = || K.|| < x? a. e., we can apply Prop. 7 of [14]], obtaining

2 a1/ < 2400+ Nos(V) \/M g 46
105 2(C = Canes o < SRS Ty d=los

with probability at least 1 — p1. Note that, when M satisfies Eq (34), we have |\C;1/2(C —Cu)C 1/2|| <
n/(2 4 n). By repeating the same reasoning for C),, we have

2
12~ A -1/2)) 2d(1 + N (X)) [2dNo(X) _ 4k
HC)\ (C Cn)c)\ || = 3n + 3n , d=log Ao )

with probability 1 — p Since n > M and M satisfying Eq. (34), we have automatically that
105 12(C = G2l < n/ 2+ ).

Finally note that, by adding and subtracting C,
15 2(C = Ca)C5 2 = (1652 ((Cr = €) + (C = Cu))CY 2|
< ey Ve - o+ ey VA (e - Cu) e A

So by performing the intersection bound of the two previous events, we have
ICA*(Cr = Can il < (1= 65 2(C = Cayos 2~
x (Iex (€ = Enes M+ 1165 2(C = Eaney ) <,

with probability at least 1 — 2. The last step consists in substituting x with /2. O

The next lemma gives probabilistic estimates for
of the preconditioned linear system of FALKON (see Lemmal[T] [3), when the Nystrom centers are selected via
approximate leverage scores sampling.

Lemma 10. Lern > 0,6 € (0,1, n,M € N, ¢ > 1 and \o > 0. Let x1,...,zn be independently and
identically distributed according to px. Let X1, ...,ZTm be randomly selected from x1 . .., T, by using the
19“ log <A<

(g, Ao, 0)-approximate leverage scores (see Def. |1 and discussion below), with Ao V
When n > 405k% V 67k2 log IQT“ and

2 2 2
Mz 242 BUEIMEDE )6 85
n n’ Ad

then the following hold with probability at least 1 — 6,
IG5 (Cn = Gan) G <, lIC5M2(C = Ca)C 2 < .

(35)

Proof. By multiplying and dividing by Cox = Cp + A, we have
G2 (Cn = Gan) G = I1G P CI2 L (Cn = Gan) O P CR G
suG;;f CRIPIC A2 (Cr = Gan) T2l
< (1= Amax(Co*(C = Can) T *) MG (G — Gan) T
where the last step is due to Prop. 9 of [14]. Note that
Amax(Crd*(Co = Gan) O3 ) < 182 (Co = Gan) T2,

thus

A—1/2/ A ~ 1/2 t
IGr? (C— BanGad?l <

witht = HC 1/2(0 —Gu )C 1/2H Now we bound ¢. We denote with [» (), l>\( ), respectively the leverage
scores and the (g, Ao, d)-approximate leverage score associated to the point x;, as in Def. [l I and discussion
above. First we need some considerations on the leverage scores. By the spectral theorem and the fact that

Kon = n 8,57 (see Prop., we have
I(j) = (K,m( wn AL TN = €] $.85(S,55 + M) ey = €] 8,(558n + M) She;
<K cﬂq)—wc“2%m
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for any 1 < j < n. Moreover, by the characterization of C, in Prop. |3} we have

= Z I(j Z <sz, (Cn + A)*lej>H = % i Te((Cr + N) (Ko, ® Ka,))

:ﬁ((dﬁA)‘%i(Kxj@K%))— v(Co Co).

j=1

Since the Nystrém points are selected by using the (g, Ao, §)-approximate leverage scores, then Z; = x;, for

1 <t < M, whereii,...,im € {1,...,n} is the sequence of indexes obtained by approximate leverage
scores sampling (see Sect. [A). Note that i1, . .., are independent random indexes, distributed as follows: for
1<t< M,
. . l .
it = j, with probability p; = 7TLA(JA) , V1<ji<n
2 h=1 ()

Then, by recalling the definition of G with respect to the matrix D defined as in Def.and by Prop. we have,
1 o- 1
G =SyuD*Su=—Y — Ky, @K, .
M M M= 37 tz s, T Q Kay,

Consequently Gu = ﬁ Zfi 1 Vi ® v;, where (vi)ﬁl are independent random variables distributed in the
following way

1 . . .
v; = ——=K,;, withprobability p;, V1<j<n.

VP

Now we study the moments of G as a sum of independent random matrices, to apply non-commutative
Bernstein inequality (e.g. Prop. 7 of [14]). We have that, forany 1 <7 < M

Ev; ® v; = ij< Ko, © Ko ) =Cy,

R C 1/2 v 2 . . n_
<'U7L,C;A1/Ui> S sup u = sup M = sup f\)\(‘j) l )\(h)
H 1<J<n pimn 1<i<n P3N 1<i<n IN(G) ™ i
1 " g A~
<q- Ix(h) =q" Tr(C, C’
< nZ:j > (h) = ¢* Tr( ),

forall 1 < j < n. Denote with A/ (A), the quantity Tr(é N én), by applying Prop. 7 of [14], we have

n

2d(1 4 >N (\) 2d’N(\) . K2
3N + i , d=log Ve

G *(Cn — Gan) T2 <

with probability at least 1 — . The final step consist in bounding the empirical intrinsic dimension N (A\) with
respect to intrinsic dimension A/()), for which we use Prop. 1 of [13], obtaining

N < 2.65/\/'()\),

with probability at least 1 — 1, when n > 405x2 V 672 log 2 and 19"‘ log 7 <A< ||C]]. By intersecting
the events, we have

5.3d(1+¢*NN) | [530PN) |

I *(Cn — Gar) T2l <

with probability at least 1 — 2u. The last step consist in substituting p with g = §/2. Thus, by selecting M as
in Eq. 35} we have

t=|C 3G — Gar)C?) < —1—.
10337 (Cn = GO < 1
That implies,

_ N~ \A-— t
IG 1/2(Cn - GM)GMlA/QH ST <
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E Proof of Main Results

In this section we prove the main results of the paper. This section is divided in three subsections. In the first,
we specify the computational oracle inequality for Nystrom with uniform sampling, in the second we specify
the computational oracle inequality for Nystrom with approximate leverage scores sampling (see Sect. for a
definition), while the third subsection contains the proof of the main theorem presented in the paper.

Now we give a short sketch of the structure of the proofs. The definition of the general version of the FALKON
algorithm (taking into account leverage scores and non invertible Kpsas) is given in Sect. [A] In Sect. [B] the
notation and basic definition required for the rest of the analisys are provided.

Our starting point is the analysis of the basic Nystrom estimator given in [13]]. The key novelty is the quantifica-
tion of the approximations induced by the preconditioned iterative solver by relating its excess risk to the one of
the basic Nystrom estimator.

A computational oracle inequality. First we prove that FALKON is equal to the exact Nystrom estimator as the
iterations go to infinity (Lemma[5] Sect.[C). Then, in Lemma 8] (see also Lemmalg] [7} Sect.[C) we show how
optimization guarantees can be used to derive statistical results. More precisely, while optimization results in
machine learning typically derives guarantees on empirical minimization problems, we show, using analytic and
probabilistic tools, how these results can be turned into guarantees on the expected risks. Finally, in the proof
of Thm. |I|we concentrate the terms of the inequality. The other key point is the study of the behavior of the
condition number of BT H B with B given in (I0).

Controlling the condition number of BT HB. Let C,,, Ciys be the empirical correlation operators in 7 associated
respectively to the training set and the Nystrom points C, = 23" | Ko, ® Koy, Cu = 77 Z;V; Kz, @Kz,
In Lemma Sect.|C| we prove that BT HB is equivalent to A~ V* (Cr, + M)V A~ for a suitable partial
isometry V. Then in Lemmal[2] Sect.[C] we split it in two components

B"HB=A""V*(Cu +AX)VA™ + ATV (C, — Cu)VA™, (36)
and prove that the first component is just the identity matrix. By denoting the second component with E,
Eq. (36), Sect.|C| implies that the condition number of B H B is bounded by (1 + || E||)/(1 — || E||), when
| E| < 1. In Lemmal[3| we prove that || E|| is analytically bounded by a suitable distance between C, — Cs
and in Lemma 9} [T0] Sect.[D] we bound in probability such distance, when the Nystrdm centers are selected
uniformly at random and with approximate leverage scores. Finally in Lemma [T} 2] Sect. D] we give a
condition on M for the two kind of sampling, such that the condition number is controlled and the error term in

the oracle inequality decays as e 2, leading to Thm.

Now we provide the preliminary result necessary to prove a computational oracle inequality for FALKON.

Theorem Let 0 < X\ < ||C]], B as in Def. and n,M,t € N. Let f a1 be the FALKON estimator; with

preconditioner B, after t iterations Def. and let fx,nm be the exact Nystrém estimator as in Eq.|8| Let § € (0, 1]
andn > 3, then following holds with probability 1 — §

~ ~ — 9k2
R(How)? < R(fam )V + 4ve t\/1+%log%,

cond Wty particular v > 1/2, when cond (W)

4/cond (W)—1

Proof. By applying Lemma@ we have
R(Pow)? < R(Fm ) + 200]SC 2 e

To complete the theorem we need to study the quantity HS@; Al /2 ||. In particular, define Ao = % log %. By

1/2
(57250)°

IN

where 0> = L 3" y? and v = log

dividing and multiplying for C’}Lf\i, we have

ISC 2 = 1SCoa 22 Ot 21 < ISCoa Iz Cok .

nio nAg nAg nAg

Now, for the first term, since || Z||? = || Z* Z||, and the fact that C' = S*S (see Prop., we have
—1/2)2 —1/2 v y—1/2 1/2 ~4—1/2
ISC 2117 = 10,3, " CC Pl = ICT e,

nig n nig nAig
moreover by Lemma 5 of [13] (or Lemma 7.6 of [42]), we have
IC* 20371 < 2,
with probability 1 — ¢. Finally, by denoting with o(C') the set of eigenvalues of the positive operator C, recalling
that o(C) C [0, 5] (see Prop.[3), we have

_ + Ao o+ o Ao
CY2o"M? = su g < su \/ <\/1—|——.
€5 Con” "l S xS 06[0,122] s S \
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E.1 Main Result (I): computational oracle inequality for FALKON with uniform sampling

Lemma 11. Let§ € (0,1], 0 < A < ||C||, n, M € N, the matrix W as in Eq. with B satisfying Def.and
the Nystrom centers selected via uniform sampling. When

2
M > 5[1 + 14N (N)] log 8% 37)

then the following holds with probability 1 — §

el/2 + 1 2

cond (W) < (m) .

Proof. By Lemmamwe have that

L+ | E

cond (W) < ———+,
1—|E]

with the operator E' defined in the same lemma. By LemmaE[, we have
~A-1/2/A A O NA-1/2
1B < 1G37 (Cn = GanGiarl

Lemma 9] proves that when the Nystrom centers are selected with uniform sampling and M satisfies Eq. (34) for

a given parameter ) € (0, 1], then ||é;j(2(én — @M)é;[lf || < n, with probability 1 — §. In particular we
select n = ii? . The condition on M in Eq. (87) is derived by Eq. (34) by substituting n with 2:112 . O

Theorem 6. Let § € (0,1], 0 < XA < ||C|, n, M € N and the Nystrom centers be selected via uniform

sampling. Let f)\ M+ be the FALKON estimator, after t iterations (Def. |4) and let j?,\ m be the exact Nystrom
estimator in Eq. (8). When

81
M > 51+ 14N ()] log SV

then, with probability 1 — 29,

n 3 ot 9k2 n
R(Fuan)? < R(faan)/? + 452 14— log =,

Proof. By applying Lemmal[TT] we have that
cond (W) < (e"? +1)?/(e'/? — 1),

with probability 1 — & under the condition on M. Then apply the computational oracle inequality in Thm. [T]and
take the union bound of the two events. O

Theorem Under the same conditions of Thm.|I| the exponent v in Thm. satisﬁes v > 1/2, with probability
1 — 26, when the Nystrom centers are selected via uniform sampling (see Sect. @) and

14&2] L 8k2

> —_—.
M_5[1+ h\ og)\é

2

Proof. Ttis a direct application of Thm. El Indeed note that Voo (X) < - by definition. O

E.2 Main Result (II): computational oracle inequality for FALKON with leverage scores

Lemma 12. Let § € (0,1] and the matrix W be as in Eq. with B satisfying Def. |3| and the Nystrom
centers selected via (q, Ao, 0)-approximated leverage scores sampling (see Def. and discussion below), with

Xo = 222 Jog . When Ao < A < [|C|, n > 405k2 V 677 log 22 and

2

M > 5 [1 4 433N (V)] log % (38)

then the following holds with probability 1 — §

e'/? 41 ?
61/271) ’

cond (7)<
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Proof. By Lemmal[I]we have that

L+ E]
cond (W) < ————,
W) < T

with the operator E defined in the same lemma. By Lemmal[3] we have
A-1/2,A A NA-1/2
1B < 1G3* (Cn = Can Gl
Lemma@proves that when the Nystrom centers are selected via g-approximate leverage scores and M satisfies
Eq. (33) for a given parameter 77 € (0, 1], then |G *(Cr. — Gar)G 3 ? || < 1, with probability 1 — . In

particular we select = Qi/f . The condition on M in Eq. (38) is derived by Eq. (33) by substituting 7 with
261 /2
e+1 ° []

Theorem 7. Lerd € (0,1], M,n € N and the Nystrom centers be selected via (q, Ao, §)-approximated leverage
scores sampling (see Def. |l| and discussion below), with Ao = 19:2 log 2%. Lett € N. Let fx m,: be the

FALKON estimator; after t iterations (Def. ) and let fx ar be the exact Nystrom estimator in Eq. (§). When
Xo <A< C|l, n > 4052 V 67k2 log 127“ and

2 852
M >5[1+43¢°N(\)] logﬁ,

then, with probability 1 — 20,

~ ~ . _t 9k2 n
R(Hoan)’? < R(Hm)Y? + 4e éy/l-l—mlogg,

Proof. By applying Lemma[I2] we have that
cond (W) < (e'/? +1)%/(e/? —1)°,

with probability 1 — § under the conditions on A, n, M. Then apply the computational oracle inequality in
Thm. [[land take the union bound of the two events. O

Theorem@ Under the same conditions of Thm.|l| the exponent v in Thm. satisﬁes v > 1/2, with probability
1 — 26, when

1. either Nystrom uniform sampling (see Sect. E} is used with M > 70 [1 + Noo(N)] log %.

192 n
—log 55, n >

2. or Nystrom (q, Mo, d)-appr. lev. scores (see Sect. EI) is used, with X\ >

405k log 1262 and

2 8/‘62
M > 2152+ ¢ N (V)] log ~.

Proof. 1t is a merge of Thm. [§Jand Thm.[7] O

E.3 Main Results (IIT): Optimal Generalization Bounds
First we recall the standard assumptions to study generalization rates for the non-parametric supervised learning
setting, with square loss function. Then we provide Thm.[8] from which we obtain Thm. [3]and Thm. [5]

There exists x > 1 such that K(z,z) < s for any z € X. There exists fy; € H, such that £(fx) =
infreq £(f). Moreover, we assume that p(y|z) has sub-exponential tails, i.e. in terms of moments of y: there
exist o, b satisfying 0 < o < b, such that, for any = € X, the following holds

1 -
Elly = fu(@)l” |2] < 5plo®b" 2, Vp>2. (39)

Note that the assumption above is satisfied, when y is supported in an interval or when it has sub-gaussian or
sub-exponential tails. The last assumption is known as source condition [I7]. There exist r € [1/2,1] and
g € H, such that

fu=C"""?, (40)

where C is the correlation operator defined in Def. [5| Finally define R > 1 such that R > ||g||%. Note
that assuming the existence of f3, the source condition is always satisfied with r = 1/2,9g = fy and
R = max(1, || f2|/=), however if it is satisfied with larger r it leads to faster learning rates.
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Theorem 8. Let § € (0,1]. Let n, A, M satisfy n > 1655x> + 22317 log 24;2, M > 334log X222 and

% log 2% < X\ < ||C||. Let ]/”;\,M,t be the FALKON estimator in Def. 4| after t € N iterations. Under the
assumptions in Eq. (39), (40), the following holds with probability at least 1 — 6,

R(fuae)® <6R (WAQ"’(A) + \/”2/\72(”) log 24 4 TRA, 1)

0

1. either, when the Nystrom points are selected uniformly sampled (see Sect.[A) and

487 8(b+ &l frll+)

M > 70[1 + /\/OO(A)] log 5, t>2log s,

(42)

2. or, when the Nystrém points are selected by means of (q, Mo, d)-approximate leverage scores (see
Sect. E} withq > 1, Ao = % log 48T” and

192x%n 8(b + | frllw)
> _
Y t > 2log D%

M > 215[1 + qQN()\)] log 43)

Proof. Let u = §/4. By Proposition 2 of [13]], under the assumptions in Eq. 39| and Eq. @I, when n >
1655k2 + 2232 log % M > 3341log %5 and 1952 Jog 81 < X < ||C]}, we have with probability 1 —

R(Fuan)/2 < 6R (WASO(A) wy/ UQAé(A)> log [, + 3RC(M)" + 3RX"

where

. 12k7
C(M)=min<t >0 | (67+5Nx(t))log i <My,

when the Nystrom centers are selected with uniform sampling, otherwise
. 2 48n
C(M)=min< Ao <t < ||C| | 7T8¢°N(t)log — < M 3,
m

when the Nystrom centers are selected via approximate sampling, with A\g = # log 127" In particular, note
that C(M) < X, in both cases, when M satisfies Eq. @2) for uniform sampling, or Eq. [@3) for approximate
leverage scores. Now, by applying the computational oracle inequality in Thm. [6] for uniform sampling, or
Thm. [/} for approximate leverage scores, the following holds with probability 1 — 24

~ ~ ot QK2
R(f/\,M,t)l/Z SR(f,\,M)l/QJrﬁlve 5 {1+ %logg,

12n

Ly . . . 2
with 72 := % > y2. In particular, note that, since we require A > 197" log = we have

2
4,/1+9ilogﬁ§5.
An I

Now, we choose t such that 50 t/? < R)", thatist > 2log R5fr . The last step consists in bounding v in

probability. Since it depends on the random variables y1, . . ., y» we bound it in the following way. By recalling
that | F20(2)| = | (K, 1) | < |1 Kellnll frcllze < Al focll for any @ € X, we have

,\ 1. - i — f i))? - fr(xi)? = i — f i))?
D= gl s || 3 WLy 5 Sl o 5 G TR

Since the training set examples (z;, y;)i— are i.i.d. with probability p we can apply the Bernstein inequality
[43] to the random variables z; = (y; — fu(x:))? — s, with s = E(y; — fa(2:))? (since x;, y; are i.i.d. each
z; has the same distribution and so the same expected value s). In particular, we need to bound the moments of
zi’s. By the assumption in Eq. @ z; are zero mean and

1 2 _1 -
Elif < 5(@p)o"b™ ™ < opl(40b)"(46°)", - p>2

and so, by applying the Bernstein inequality, the following holds with probability 1 —

8% log 2 802b2 log 2
< By fr o Ly
3n n 4
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where the last step is due to the fact that we require n > 223k2 log %, that b > o and that k > 1 by definition.
So, by noting that s < % < b? (see Eq., we have

~ - 23 1 3
v < K|l fulla+ 5+Zg < llfulln+ Vs + 50 < Sh+ sl fullus
i=1

with probability at least 1 — . Now by taking the intersection of the three events, the following holds with
probability at least 1 — 4y

R(]/c;\,M,t)l/2 <6R (b\/j\::c()\) + \/U2A£(/\)> log% + TR,

Now we provide the generalization error bounds for the setting where we only assume the existence of f7.

Theorem. 3| I Let 6 € (0,1]. Let the outputs y be bounded in [— almost surely, with a > 0. For any

275]

n > max (AT e 82k2 log 373" )2 the following holds. When
A= % M > 5(67 + 20v/n) log 48’; n t > %log(n) + 5+ 2log(a + 3k),
then with probability 1 — 0,
~ colog? 2%
R(fame) <

vno
where f \, M.t IS the FALKON estimator in Def I( see also Secl IAlg I) wzth Nystrom uniform sampling, and
the constant co = 49| f2 |13, (1 + ar + 262 fa||2) %

Proof. Here we assume y € [—5, 5] a.s., so Eq. HIS satisfied with o = b = a + 2k]|| fa ||, indeed

Elly — fr(@)I” | ] < E[2"yl” | 2] + 27 | fu(2)]” < §(ap+2p'fp||fﬂl|%) < Qp!(a+2'f||fﬂ\lw)p7
where we used the fact that | fx (x)| = | (Ke, fo)y | < | K|l full < &l flls. Moreover, Eq. @0) is
satisfied with r = 1/2 and g = f3, while R = max(1, || fa||%)-

To complete the proof we show that the assumptions on A, M, n satisfy the condition required by Thm. [8]
then we apply it and derive the final bound. Set A = n~'/2 and define no = max(||C|| 7", 82x2 log 37\3}“ )2,

—1/2

The condition n > no, satisfies the condition on n required by Thm. l Moreover both A = n and

M >75+/n log 48” % satisfy respectively the conditions on A, M required by Thm. when n > no. Finally
note that the condmon on ¢ implies the condition required by Thm 8] indeed, since R = max(1, || f||2), we
have a/R < a and || fx||#/R < 1, so

2
21og SOt HlSule) _ [64 <% +3F~||fn|\w) va

RA" R

IN

log(64(a + 3k)*v/n) < log64 + = log n + 2log(a + 3k).

So, by applying Thm. with R, r defined as above and recalling that A'(A) < Noo(N) < we have

K)\
~ by/New (V) \/U2N()\) 24 , 24
1/2 _ 2
R(fanre)'” <6R ( - + - log == +TRA" < 6R (fn + r) log == + TRA?

TR(bk + 1) log 2
nl/4 :

— 6Rbr(1 +n Y2V 10g 2 5 b TRn V<

with probablllty 1 — 4. For the last step we used the fact that b = o, that 6(1 + n~ Y 2) < 7, since n > nyg, and
that log > 1. O

To state the result for fast rates, we need to define explicitly the capacity condition on the intrinsic dimension.
There exists @ > 0, € (0, 1] such that

NA) <Q*X™, vA>o. (44)
Note that, by definition of A'()\), the assumption above is always satisfied with @ = x and v = 1.

28



Theorem 5| Let 6 € (0, 1). Let the outputs y be bounded in [—%, %], almost surely, with a > 0. Under the

assumptions in Eq. and n>||C]™°V (% log %) =1 with s = 2r + , the following holds.
When

)\:n72T1+W7 t > log(n) + 5+ 2log(a + 3x%),

1. and either Nystrom uniform sampling is used with

8k

2. and or Nystrém (q, Ao, 0)-approximate leverage scores (Def. , withq > 1, Ao = % log 487" and

2
M >215[1 + ¢°’N(\)] log % (46)

then with probability 1 — 6,

N 24 __2r
R(f)x,M,t) < ¢co logQ? n_ 2ty

where f,\ M, 1S the FALKON estimator in Sect. (Alg. . In particular no, co do not depend on \, M, n and co
do not depend on 9.

Proof. The proof is similar to the one for the slow learning rate (Thm.[3), here we take into account the additional
assumption in Eq. (@0),[44]and the fact that r may be bigger than 1/2. Moreover we assume y € [-%,5]as.,
so Eq.[39)is satisfied witho = b = a + 2k|| f /%, indeed

Elly — fu(@)l | 2] < E[2" 7 |yl” | 2] + 277 fu ()] < %(a”+2”ﬁp||fnllél) < %p!(a+2/f||fu\|%)”,

where we used the fact that | f3 (z)| = | (Kz, fa)4 | < 1 K|l frll < &l frelln.

To complete the proof we show that the assumptions on A, M, n satisfy the required conditions to ap-
ply Thm. Then we apply it and derive the final bound. Set A = n~'/*™*) and define ny =

2 =1 . . . .
Ic|=—v (% log %) ' with s = 2r +~. Since 1 < s < 3, the condition n > no, satisfies

the condition on n required to apply Thm. [8] Moreover, for any n > ng, both A = n~ @™+ and M
satisfying Eq. (@3] for Nystrém uniform sampling, and Eq.[46]for Nystrém leverage scores, satisfy respectively
the conditions on A, M required to apply Thm.[8] Finally note that the condition on t implies the condition
required by Thm. [§] indeed, since 2r/(2r + v) <1,

2
2log ST FllSnllx) +’;|l{”””) = log [64 (% + 73”“”?””) T

o+ 3l fulln | 2
1
R + 2r 4+ o8

a+ 3l fulln
R

IN

log 64 4 2log

IN

log 64 4 2log + logn,

A

log 64 + 2log(a + 3x7) + log n.

where the last step is due to the fact that a/R < 1 and | fu|ln/R < ||C""Y2|| < |IC||Y/? < &, since
R :=max(1, ||g||#), and || f+||2 < ||C"~?||||gl|#. by definition. So, by applying Thm.with R, r defined

as above and recalling that Moo (A) < % by construction and that A'(\) < Q*A™" by the capacity condition in
Eq. @), we have

R(fam.i)/? <6R <WA1€°°(A) + \/"QATC(A)> log 24 IR < 6R

bk Qo ) 24 -
— + log — + TRA
( Van vV & 0

0
_rty-1/2 __r 24 __r_
=6Rb (/@n 2ty 4 Q) n 2747 log 5 + TRn™ 2rt~
24 _ _r
< TR(b(k+ Q)+ 1)log 5" zrdy

with probability 1 — §. For the last step we used the fact that b = o, that r +~v — 1/2 > 0, since > 1/2 by
definition, and that log % > 1. O
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F Longer comparison with previous works

In the literature of KRR there are some papers that propose to solve Eq.[3] with iterative preconditioned methods
[3114L 261 15, 16]. In particular the one of [3] is based, essentially, on an incomplete singular value decomposition
of the kernel matrix. Similarly, the ones proposed by [5}16] are based on singular value decomposition obtained
via randomized linear algebra approaches. The first covers the linear case, while the second deals with the kernel
case. [4}26] use a preconditioner based on the solution of a randomized projection problem based respectively
on random features and Nystrom.

While such preconditioners are suitable in the case of KRR, their computational cost becomes too expensive
when applied to the random projection case. Indeed, performing an incomplete svd of the matrix K, even
via randomized linear algebra approaches would require O(nMk) where k is the number of singular values
to compute. To achieve a good preconditioning level (and so having ¢ ~ logn) we should choose k such
that o (Kna) = A. When the kernel function is bounded, without further assumptions on the eigenvalue
decay of the kernel matrix, we need k ~ \~* [I7,[13]. Since randomized projection requires A\ = n~1/2,
M = O(4/n) to achieve optimal generalization bounds, we have k /2 1/n and so the total cost of the incomplete
svd preconditioner is O(n?). On the same lines, applying the preconditioner proposed by [4] 26] requires
O(nM?) to be computed and there is no natural way to find a similar sketched preconditioner as the one in
Eq. @]} in the case of [4], with reduced computational cost. In the case of [26], the preconditioner they use
is exactly the matrix H !, whose computation amounts to solve the original problem in Eq. () with direct
methods and requires O(nM?).

A similar reasoning hold for methods that solve the Nystrom linear system with iterative approaches
[22,[231124]. Indeed on the positive side, they have a computational cost of O(nMt). However they are affected
by the poor conditioning of the linear system in Eq.[8] Indeed, even if H or K s in Eq.[8]are invertible, their
condition number can be arbitrarily large (while in the KRR case it is bounded by A™"), and so many iterations
are often needed to achieve optimal generalization (E.g. by using early stopping in [23]] they need t = A™%).

G MATLAB Code for FALKON
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Algorithm 2 Complete MATLAB code for FALKON. It requires O(nMt + M?) in time and O(M?)
in memory. See Sect. [3] for more details, and Sect. ] for theoretical properties.

Input: Dataset X = (z;)7, € R"*P § = (y;)"_; € R", M € N numbers of Nystrom centers to
select, lev_scores € R™ approximate leverage scores (set lev_scores = [ ] for selecting Nystrom
centers via uniform sampling), function KernelMatrix computing the Kernel matrix of two sets of
points, regularization parameter A, number of iterations ¢.

Output: Nystrom coefficients .

function alpha = FALKON(X, Y, lev_scores, M, KernelMatrix, lambda, t)
n = size(X,1);
[C, D] = selectNystromCenters(X, lev_scores, M, n);

KMM = KernelMatrix(C,C);
T = chol(D*KMM*D + eps*Mxeye(M));
A = chol(T*T’/M + lambdaxeye(M)) ;

function w = KnMtimesVector(u, v)
w = zeros(M,1); ms = ceil(linspace(0, n, ceil(n/M)+1));
for i=1:ceil(n/M)
Kr = KernelMatrix( X(ms(i)+1:ms(i+1),:), C );
w=w+ Ke’x(Kr*u + v(ms(i)+1:ms(i+1),:));
end
end

function w = BHB(u)
w = A’°\(T’\ (KnMtimesVector (T\ (A\u), zeros(n,1))/n) + lambdax(A\u));

end
r = A’\(T’\KnMtimesVector(zeros(M,1), Y/n));

beta = conjgrad(@BHB, r, t);
alpha = T\(A\beta);
end

function beta = conjgrad(funA, r, tmax)
p = r; rsold = r’*r; beta = zeros(size(r,1), 1);

for i = 1:tmax
Ap = funA(p);
a = rsold/(p’*Ap);
beta = beta + a*p;
r = r - akAp; rsnew = r’*r;
p = r + (rsnew/rsold)*p;
rsold = rsnew;

end

end

function [C, D] = selectNystromCenters(X, lev_scores, M, n)
if isempty(lev_scores) %Uniform Nystrom
D = eye(M);
C = X(randperm(n,M),:);
else % Appr. Lev. Scores Nystrom
prob = lev_scores(:)./sum(lev_scores(:));
[count, ind] = discrete_prob_sample(M, prob);
D = diag(l./sqrt(n*prob(ind) .*count));
C = X(ind, :);
end
end

function [count, ind] = discrete_prob_sample(M, prob)
bins = histcounts(rand(M,1), [0; cumsum(prob(:))]1);
ind = find(bins > 0);
count = bins(ind);

end
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