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A Proofs of Main Results

Proof of Theorem 4. We prove by contradiction. Assume the contrary, that (¢,),, is a polynomial
time computable certifier for Q®("*?) random matrices.

Foraa < land0 < g8 < %(11 — ), let (p, kie) = (pn,kn,0n) € R be a sequence satisfying
p>n,logp = O(logn), na-% < k < n¥7 ° forsome § > 0 and § = \/k1+log(p)/n. Let
L=10and ¢ = |k?|. Define m = Lén and k = Lk. We check that

K2 = k2 PR <« 00 <« mtY

for some positive ¢’ that depends on 0 only. We remark that the purpose of introducing the extra
parameter 3 in the proof is mainly to show the ubiquity of parameter sequences (p, k, 0) that arrive at
a contradiction. In particular, we can use positive /3 values to construct sequences where k > n'/2.
For a first reading, it suffices to take 5 = 0 (i.e. £ = 1), which already constitutes a proof of the
theorem. When 5 > 0, the proof requires the additional assumption that there exists () such that
iid. ¢ 2 ~ . o ~
for Yi,...,Y? K Q, 1 Zle Y; ~ @Q. Note when S = 0, we can simply take () = (). Let
¢ denote the median of Q By definition of the median, there exists a unique decomposition of the
probability measure ) as ) = %Q* + %Q_, where ()T and ()~ are probability measures supported
on (—o0, ] and [, 00) respectively.
We prove below that Algorithm 1, which runs in randomized polynomial time, can distinguish be-
tween Py and P with zero asymptotic error for any choice of H € H,, ..
First, assume G ~ Py. Then matrix A from Step 1 of Algorithm 1 have independent Rademacher
entries, which implies that X ~ Q®(*P)_ Therefore, by (2) in Section 2 we must have

lim inf Po(¢(G) = 1) = Q¥™*P) (4-1(0)) < 1/3.
Next, assume G is generated with probability measure P i for some H € H,; .. We claim that
- ck?
X ¢ RIP, , (k —) 1
& RIPnn(k, 55 (1)

for some absolute positive constant c. Since
k2 klto
— > >0,
né n
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Algorithm 1: Pseudo-code for an algorithm to distinguish between Py and P .
Imput: meN, ke {l,...,m},Ge€G,,,LeEN

begin
Step 1: Let N < |m/L], k + |x/L], ¢ < |k?|,n < |N/¢], p < p,. Draw
Upy. .., UN, W, ..., wy uniformly at random without replacement from V(G). Form

A= (Az]) € RY*N where Aij =2 ]]'{ut’\‘“)j} — 1.

Step 2: Let Y+ = (YJ) and Y~ = (Y;; ) be N-by-N random matrices independent from all
other random variables and from each other, and such that YJ RN Q" and Y, RN Q.
Define Z = (Zi;) by Zi; = 1{Ai; = 1}Y;] + 1{A;; = —1}Y,;.

Step 3: For 0 < a,b < ¢ — 1, define Z(»:Y) ¢ R"*" by Zi(j.’b) = Zan+i,bnt;- Define

X ¢! Zoga,bd Z(ab), Finally, let X «+ (X' X’) where X’ € R™"*(P—) has entries

independently drawn from distribution Q.
Step 4: Let ¢(G) < 1 — ¥, (X).

end
Output: ¢(G)

we have that for large n, X ¢ RIP,, ,,(k,0). Hence X is a fortiori not an RIP,, ,(k, §) matrix. As
a result,

lim inf P = 1

iminf max H(#(G) =0)) <1/3,

contradicting Assumption (A1).

It remains to verify the claimed result in (1). Let X C V(G) be the s-subset of vertices on which the
subgraph H is planted. We write U = {uy,...,un} and W = {wy,...,wy} for the two random
subsets of vertices. Let Ny i be the random variable counting the number of edges in G with
two endpoints in U N K and W N K respectively. Then

Noawx = #{{u,w} €B(G): ucUNK,we WnK}
= Z Z 1{u € U}1{w € W}1{u ~ w}.

ueK weK

Define

Q= {NU,W;K > (;+Z)k2}ﬂ{|#UDK—k\ < gk}m{]#WOK—H < ;k}

Lemma | below shows that £2; has asymptotic probability 1. Note §2; is in the o-algebra of (U, W).
Let U = Uy and W = W, be any realization satisfying Q;. We write PUo-Wo and EUo-Wo a5
shorthand for the probability and expectation conditional on U = Uy and W = W),.

Foreachj € {1,...,n},define s; := > g Aij. Write by := (1—¢/8)kand ko = (1+¢/8)k.
Let S :={i:u; € UN K}, and let T be a subset of k; indices in {1, ...,n} corresponding to the
k1 largest values of s; (breaking ties arbitrarily). Note that S and 1" are functions of U and V. On
the event U = Uy and W = Wy, both #S = #U N K and #W N K are bounded in the interval
[k1, k2], so in particular k1 < #W N K. We have

3 s =2Nuwik — #UNK) x #:(WNK) > {(1+¢/2) — (1+¢/8)° 1k > ng.
w;EWNK

As elements of 7" index columns of A corresponding to largest values of s;s, we have that on event
{U = Uy, W = Wy},

#T €, ek®ky _ €
Ry * > Skky. 2
jez;sj_#WmK5 S5k 600 @)



Define the unit vector v € R™ by vy = k;l/zlkl and vpe = 0. Note that v is k1-sparse and hence
also k-sparse. Conditional on U = Uy and W = Wy, Z;; = Y” if Aj; = land Z;; = YZ;
if A;; = —1. By definition of Q* and Q*, and the fact that Q is not a point mass, we have
IEJYZ;r = —IEYJ = ¢1/+/n for some absolute constant ¢; > 0. By (2), the sum > Z;; can

be bounded below in conditional expectation by

EVoWo N 7y > ]EUO’W0< > ({4 =1}V +1{4;; = 1}y;;)>

i€S,j€T 1€S,jET

()= e

JjeT

i€S,jeT

By Lemma 3, both YJ — IEJY”+ and Y;; — EY;; are sub-Gaussian with parameter at most co0//n
for some absolute constant co > 0. By Hoeffding’s inequality for sums of sub-Gaussian random
variables (see e.g. Vershynin (2012, Proposition 5.10)),

(757 kk1)?
U, W E 12¢/n

i€S,jeT

By (3) and the fact that P(2;) — 1, the event
clek‘k‘l
0, = { S z,» }
i€S,jeT 12\/>
has asymptotic probability 1.
Now define
S={ic{l,....,n} : Ugnss € UNK forsome 0 < a < ¢ — 1}
[={je{l,...,n}: wpy; € WNK forsome 0 <b</—1}
Also, define v® = (Uppi1,.. s Upngn)! for 0 < b < € —1, Tgym = 20§b§£—1 v® and ¥ =

Usum /|| Usum ||2- By Lemma 6, we have ||Ugum ||oo < c2kq /2 with asymptotic probability 1 for some
¢o depending on f3 only. Hence ||gum||2 < ¢2. Thus, by Cauchy—Schwarz inequality, we have with
asymptotic probability 1,

1X5.002 > [1Tsumllz* (#5) 71X 5, Bsum|

Since
Kot =72 30 ZE)( 3 00) =0t 30 2O N Zg
0<a,b<t 0<b/ <t 0<a,b<? 0<a,b,b' <t
b#b’

We can bound || X g, @isum||1 from below by the entrywise sums of the two terms above. The en-
trywise sum of the first term can be rewritten as /! > €S,jeT Zi;, which by (3) is bounded from
below by 2;% with asymptotic probability 1. The second term has entries with nonnegative means,

hence another application of the Hoeffding’s inequality shows that its contribution will be of smaller
order than the first term with high probability. To summarise, we have that

c3ek

0/n

with asymptotic probability 1. On the other hand, the submatrix X e, has independent and iden-

tically distributed entries. By Vershynin (2012, Lemma 5.9), for i € S¢and 1 < j < n,
Xy =01 Za b—0 aZ +)Z bnt; 18 @ centred sub-Gaussian random variable with sub-Gaussian pa-

rameter o /+/n and variance 1/n. Let X; denote the ith row vector of the matrix X, then conditional

on T, we have that X ;10 is also a centred sub-Gaussian random variable with parameter o /1/n and
variance 1/n. Using Lemma 5, we have

S —#S logn logn
P( || %ge,5)2 - " o [ logm ) - 0
(1snlg ~ =22 < = [ ) < exp{ R L




Since #S5 < ky with asymptotic probability 1, the event

S . ko 2logn
Oy =L || Xz d|2>1 - 2 —
oim {1l 21 - B2 0B

has asymptotic probability 1. Finally, since X = (X 3.0, X Ge,U) T, on Qo N Q3.

2.27.2
S 0 S 2 5 9 cse’k ko 2logn
X513 = 11X, 013 + 1 Xg.. 0l 2 1+ B2 - 22— 2080,

The right hand side is at least 1+ ck?/(nf?) for some absolute positive constant ¢ for all large values

of n. This verifies (1) and concludes the proof. O
Lemma 1. Let G be a graph on m vertices and K a k-subset of V(Q), such that the edge density
of G restricted to K is at least 1/2 + €. Let n,p be integers less than m/2. Choose u1, . . ., u, and
wi, . .., wp independently at random without replacement from V(G). Denote U = {u, ..., un}
and W = {w1,...,wp}. Define Ny . to be the number of edges with two endpoints in U and
W respectively. Then for m,n, p, k sufficiently large.
]P’{‘#UQK— 2E > ”m} < Sam
m 8 m €Nk
PK € PK 64m
PSI#EWNK ——|>=-—, < ;
m 8m 2pk
B Ny < 14,5 npr> < 16m(p/<;+nn+m)'
o 2 4) m? e2npr?

Proof. The cardinality of U N K has HyperGeom(m, x,n) distribution. Hence

EHUNK)="" and var(#UNK)=p DT 70 18
m

m m m-—1"m

The first inequality in the lemma now follows from an application of Chebyshev’s inequality. A
similar argument establishes the second inequality. For the final inequality in the lemma, we have
that for ~ sufficiently large,

E(Npwx)= Y. > PlueUweW)l{u~w}
ueK weK

S S S N

We then compute the variance of Ny .k by

var(Nyw.k) = cov(Z Z H{ueUwe W,u~w}, Z Z H{u' e Uw' € W' ~ w’})

ueK weK uw'eK weK
= Z cov(1{u € U,w € Wyu ~w}, 1{v’ € Uw' € W,u' ~w'})

u,w,u’ w eK

=T+ 11+ I +1V,

where the four terms I, IT, IIT and IV handle sums over subsets of indices {(u, w,u’,w’) € K* : u #
uw# W' {(u,w,u w') € K ru=vw#w'}, {(u,w, v/, w') € K* :u+#u',w=w'} and
(u,w,u',w') € K*: u =, w = w'} respectively.

We bound the four terms separately. For the first term, we have

- , Zd , {P(u’u/ eUw,w € W) —PueUweW)Pu €U GW)}I{v~w}IL{u’~w/}
N n(n % 1)17(17 y 1) - P : U~ w u o~

u,u’ ,w,w’ distinct



When m > max(2n, 2p), the term in bracket above is non-positive, hence I < 0. For the second
term, we get that

n- 3 {P(u € U,w,w' € W) —P(u e Uwe W)Pue U € W)}]l{u ~ wl{d ~ '}

u,w,w’ distinct

L L

u,w,w’ distinct

m(w?p(li)_(ni) %) Z T{u ~ wil{u ~w'} <

Similarly, we have

np?k3

w,w,w’ distinct

n(n — Dpr(k — 1)(k — 2) < nsz/B.

I <
- m(m —1)(m — 2) - m3
And finally,

npr(k — 1) < npr>
m(m—1) = m2’

V= Y {Puetiwew)-Puctwew)} i{un~w}<

u,w distinct

Sum up the four terms, we get that

n 1{2 K
V&I‘(NU_’V[/;K) < p2 <p + - + 1)
m m m

By Chebyshev’s inequality, we get that

B Ny < 14,5 npr> §16m(p/<a+7m+m)’
o 2 4) m? e2npr?

as desired. O

B Auxiliary Results

Proof of Proposition 1. Let X; denote the ith row vector of X. Then for any fixed u € SP(k),
Ee (XTu) _ H ]Ee)\X”u, < He/\ u /(202%n) — e/\2/(20'2n).
1<j<p J

Apply Lemma 5 to || Xu[3 — 1 =n"t 3" {(v/nX; u)? — E(y/nX; u)?}, and use the fact that
6/(802) < 1, we have

P(1—0<|Xul2 <1486) >1—2e"0"/64)
We claim that there is a set A of cardinality at most (?)9* such that

sup ||| Xull3 — 1] <2 Sup|HXU\|2 1| (4)
u€ESP (k)

Given (4), by union bound, we have

P(X € RIP(k,0)) = ( s )|||qu2 ~1] < 9) > ]P’(sup|||Xu||2 ~1] < 9/2)

_ 9ep nb?
>1-2 ke=nb?/(2560%) > 1 _ 9 k1 -
= <k)9 KPR\ TE) T 25601 [

as desired. It remains to verify Claim (4). For any cardinality & subset J C {1,...,p}, let B; =
{u € SP(k) : uye = 0}. Bach B contains a 1/4-net, N, of cardinality at most 9¥ (Vershynin,
2012, Lemma 5.2). Then N := U ;N form a 1/4-net for SP(k). Define u; € argmax, . p || Xul?




and let v; be an element in A/ closest in Euclidean distance to w ;. Define A .= XX — I,. We
have

1
luy Aug| < v Avy| + [(ug —vy) T Avg| + Ju) A(uy —vy)| < max [u’ Au|+ = sup |u' Aul.
ueN: 2 uesr (k)

Hence

sup |u'Au| < 2max|u Aul,
u€SP (k)

which verifies the claim. O

— Ipllop.x < 6 is equivalent to X € RIP,, ,(k,0).
Moreover, by Proposition 1, X € RIP,, ,(k,#) with probability converging to 1, under QB (nxp),
The certifier hence satisfies the two desired properties. O

Proof of Proposition 3. The proposed certifier is clearly polynomial time computable (it has time
complexity O(np?)). To verify that it is a certifier, we check that (i) ¢, 1(1) C RIP,, ,(k, ) and

(i) lim inf,, 00 Q®™P) (4:-1(1)) > 2/3.
For (i), on the event || X T X — I || oo < 1402 10%, for any index set T’ € {1,. .., p} of cardinality

k, we have || X[ Xor — I 0o < 1402 logp , which implies that

I
| X X — Ilop < 140 Qk\/ %P <9

For (ii), let Y,, ~ x2. Using Lemma 5 and the fact that for any A € RP*P

[A]loo = sup [Asslloe < sup [Assllop = [[Allop,2
SC{1,....p} #5=2 SC{1,....p} #5=2

I 1
Bl pl < 1102 B2 L 5 bl g il 1) <1002 E2)
ues? (2) n

P\ o { n  1960* logp}
>1-2 —
= (2)9 PV 25601 n

> 1 — 81p*exp{—3logp/4} — 1.
as desired. O

we get

Lemma 2. Let Z be a non-negative random variable and r > 2, then
E(Z") > E(|1Z —EZ|").
In other words, centring a nonnegative random variable shrinks its second or higher absolute mo-

ments.

Proof. Let o :=E(Z) and define Y = Z — pi. Let P denote the probability measure on R associated
with random variable Y. Hence f ) ydP(y) = 0 Without loss of generality, we may assume

that Z is not a point mass. Then ffu —y) dP(y) = [(5.00) ¥ dP(y) = A for some A > 0. For
any measureable function f : R — [0, oo), we may wrlte

Al swarw= [ arw [ seare s [ wire) [ seee)

[—p,00)
/ue(o 00) /Ue[ ) (u ) Uf(U)> (u —v) dP(v) dP(u).
(5




Let (U, V') be a bivariate random vector having probability measure

1
71 (= 0)10,00) (W) L [—p,0) (v) dP(u) dP(v)
on R? (that this is a probability measure follows from substituting f (y) = 1in (5)). Then (5) can be

rewritten as
B} = B{ 000 - s

Now consider choosing f to be fi(y) = |y|” and fo(y) = (y + )" respectively in the above
equation. Note that for u € (0,00) and v € [—p, 0] and r > 2, we always have

ufo(v) —vfa(u) > —vfa(u) > —v(u—v)" > (—v) u+ (—v)u" > ufi(v) —vfi(u).
Therefore,

E(Y|™) = E{U[ivfl(V) - U‘_/Vfl(U)}

<B{ gL alV) - g o) b =Y 4™,

as desired. O

Lemma 3. Suppose X is a sub-Gaussian random variable with parameter o and median £. Let
Xt=X|X>¢and X~ =X | X < & Then Xt —EXT and X~ — EX~ are both
sub-Gaussian with parameters are most co for some absolute constant c.

Proof. By Vershynin (2012, Lemma 5.5), X is sub-Gaussian with parameter o implies that
(E|X|P)Y/P < ¢10/p for some absolute constant ¢;. Hence by Lemma 2, we have

E(|xT —EXH")Y? < (B]XH)Y? = 2(B| X 1{X > &}[")"" < 2¢10v/p.

Using Vershynin (2012, Lemma 5.5) again, we have that X —E X is sub-Gaussian with parameter
at most co for some absolute constant c. A similar argument holds for X~ —EX . O

Lemma 4. Suppose X is a random variable satisfying Ee** < 7’ N /2 for all A € R. Define
Y = X2 —EX2 Then EeNY < ' forall || < L.

Proof. By Markov’s inequality,

P(IX|>t) = P(X > t)+P(—X > t) < e /T E(N7) 4o /TR (emX/77) < 27/,

From Lemma 2, for r > 2

E(Y|") < E(|X]*) :/ P(|X|>t)2r)t* tdt < / Art?r=1e=t/ 7% gt = 2(202) T (r+1).
0 0

Consequently, if [202)| < 1/2, then

S~ NEY” = . N2
Eet =" S <1+ 23 (20°N)" <1+ 160N\ < €'Y,
r=0 r=2
as desired. O
Lemmas. Let X1, Xo, ..., X, be independent sub-Gaussian random variables with sub-Gaussian

parameters at most o. Let Y; :== X? — EX?2. Then

- 62 0
IP’(E Y: 9) exp{ (6471 7 N 3 2)}

i=1

E < — < e
IP( Yis 9) - exp{ 64not }

i=1



Proof. Using Markov’s inequality, we have

P(zn:}/; > Q) = ]P(e/\zi Yi > 6)‘9) <e M HEGAY".
=1 P

Set A = 3 0 A 1iz. By Lemma 4, we have

2no?

P(Z Y, > 9> < e—/\9+16/\2na4 < e—,\9/27
i=1

which establishes the first desired inequality. Applying the same argument with —Y; in place of Y;

we get
ig iy <-0)<e AP ©6)
< — xps — —— A — | 5.
b= = oxXp 64nct " 802

i=1
Taylor expand the moment generating function of X; around 0, we have EX? < o2. Hence we may
assume 0 < no2. Then we have

62 < 0
64not ~ 802’
which together with (6) implies the desired result. O

Lemma 6. Suppose nf balls are arranged in an array of n rows and { columns and k balls
(k < n) are chosen uniformly at random. Let V; be the number of chosen balls in row i and

V=(WVi,...,V,)". Then

k> 1
Pl[V|o<k———+klogk ) < —.
(Wl < b - 5 - VAlogh) < 5
Moreover, if k < n” for some v < 1, then
P(|[V]ls = a) < nl_“(l_w)(l - n_(l_“’)).
Proof. Let U; be the number of balls chosen in row ¢ when balls are drawn with replacement from
the array and U = (Uy,...,U,)". Then ||V||o is stochastically larger than |U||o and ||V||c is

stochastically smaller than ||U||. So it suffices to show the desired inequalities with U replacing
V. In the following argument, we consider only drawing with replacement.

Let X = {ej,...,e,} where e; denotes the ith standard basis vector in R™. For 1 < r < k, let X,

be uniformly distributed in X'. Then U 4 Zf:l X,. We note that changing the value of any of the
X, affects the value of ||U]||o by at most 1. By McDiarmid’s inequality (McDiarmid, 1989), we have
that for any ¢ > 0,

t2
P(|Ulo — ElUflo < —t) < e~ . (7)
For 1 < ¢ < n. Define .J; = 1{no ball is chosen in row i}, then
= k
_ oy _ k _
E||U||o—n—;EJl—n n(l—1/n) 2k<1 Qn).

Thus, together with (7), we have

k?
P(||U|o <h-b \/klogk) < P<||U|0 _E|[Ulo < —y/Flog k) < cm2loEk _ 2
n

as desired. For the second inequality,
we have by union bound that
"k
P(|Ullse > a) < nP(Uy > a)=ny ( )ms

S

s=a

S (k/n)" 1—a(l—y) —(l=y)\—
< s < a 107 _ (1—7)\—1
7né§:a(k/n) nl—k/n <n (1-n ),

as desired. O
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