A Proofs

Before providing the proofs of our main theorems, we develop in Subsection [A.T] below some
important technical results on transductive Rademacher complexity, required in some of the proofs.

A.1 Results on Transductive Rademacher Complexity

In this subsection, we develop a few important tools and result about Rademacher complexity, that will
come handy in our analysis. We begin by the following theorem, which is a straightforward corollary
of Theorem 1 from [6] (attained by simplifying and upper-bounding some of the parameters).
Theorem 5. Suppose V C [—B, B|™ for some B > 0. Let o be a permutation over {1,...,m}
chosen uniformly at random, and define v.; = % Z;:l Vg (j)» Vstlim = % ZT:S_H Vo(j). Then for
any ¢ € (0,1), with probability at least 1 — 6,

sup (Viis = Vot1m) < Rsu(V) +6B (\}g + \}a> <1 + log (2)) .

We note that the theorem in [6] actually bounds v 1., — V1.5, but the proof is completely symmetric
to the roles of vst1.,,, and v1.5, and hence also implies the formulation above.

We will also need the well-known contraction property, which states that the Rademacher complexity
of a class of vectors V can only increase by a factor of L if we apply on each coordinate a fixed
L-Lipschitz function:

Lemma 2. Let g1, ..., gm are real-valued, L-Lipschitz functions, and given some V C R™, define
goV={(g1(v1),- s gm(vm)) : (v1,...,0m) € V}. Then

Rsu(goV) < L-Rs,(V).

This is a slight generalization of Lemma 5 from [[6] (which is stated for g1 = go = ... = gy, but the
proof is exactly the same).

In our analysis, we will actually only need bounds on the expectation of vi.; — Vg41.m, Which is
weaker than what Thm. [5] provides. Although such a bound can be developed from scratch, we find
it more convenient to simply get such a bound from Thm. [5] Specifically, combining Thm. [5|and
Lemma [7|from Appendix [B] we have the following straightforward corollary:

Corollary 2. Suppose V C [—B, B]™ for some B > 0. Let o be a permutation over {1,...,m}
chosen uniformly at random, and define vi.,_1 = ﬁ Z;;i Vo(j)r Vim = m%t-ﬁ-l Z;n:t Vo (5)-
Then

1 1
E{supvii-1—Vem| < Ri—1m— V) + 12B + .
|:v€€ 1:t—1 t: ] t—1, t+1( ) <\/t—1 \/m—t—|—1>

Moreover, if sup, ¢y, (V1:t—1 — V.m) > 0 for any permutation o, then

E

2
1 1
41— Vim < V2 -Rsu(V)+12V2B :
(‘Sllégvl.t 1= V. )] V2R (V) +12V2 <\/t—1+\/m—t+1)

We now turn to collect a few other structural results, which will be useful when studying the
Rademacher complexity of linear predictors or loss gradients derived from such predictors.

Lemma 3. Given two sets of vectors V € [—By, By]™S C [—Bs, Bs]™ for some By, Bs > 0,
define
U={(v181,---,VmSm) : (V1,...,0m) €V, (51,...,8m) € S}.
Then
Rsul) < Bs-Rsu(V)+ By - Rs.u(S).

Proof. The proof resembles the proof of the contraction inequality for standard Rademacher com-
plexity (see for instance Lemma 26.9 in [LL8]).
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By definition of R ,,, it is enough to prove that

m m
Er,....rm lsuprsi] < Eryr [Supzri(Bs “vi+ By si)| 3)
VoS =1

v,s 5
=1

since the right hand side can be upper bounded by Bs - E[sup,, > .~ 7;v;] + By - E[supg >, 78]
To get this, we will treat the coordinates one-by-one, starting with the first coordinate and showing
that

m
Errm supE ;U 8

v,s ©
=1

m
< Errn [sup <7“1(Bs 1+ By - s1) + me&)] NC)

=2

Repeating the same argument for coordinates 2, 3, ..., m will yield Eq. (3).

For any values v, v’ and s, s’ in the coordinates of some v € V and s € S respectively, we have

vs —V's| = lvs—v's+v's =V < |us—v's|+ Vs — 'S

v —2'|-|s| +|s = §'|-|v] < Bslv—1'|+ By|s—#§|. (5)

A

Recalling that r; are i.i.d. and take values of +1 and —1 with probability p (and 0 otherwise), we can
write the left hand side of Eq. () as

=2
m m
=Ky, |Psup | vis1 + Z rV;S; | +p-sup | —viS1 + Z TiViS;
V)8 i=2 v,8 i=2
m
+(1 — 2p) sup <Z rivisi>
VoS \ =2
m m
=E,., . |sup|puvis: +PZTW¢8¢ +sup | —pvisi +p va;s;
v,s i—2 v’,s’ i—2
m
+sup | (1—2p rivls)
Vs <( )12:; 1Y “

m m
=Ery.. s [ sup (p(msl —v}sh) —|—p2rivisi +p2riv§s;

! " rall
v, v/, v’ s ;s’s i—2 i—2

+(1 —2p) ng's;’)ﬂ .

=2
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Using Eq. (5) and the fact that we take a supremum over v, v’ and s, s’ from the same sets, this equals

’ 1 rglt
S,s'Ss . .
MMEMEEY i=2 i=2

1—2]) Zrz " //)]

m m
=Ery. s [ sup <p (Bs(vy — v}) + By(s1 — s})) +erivisi —|—er1-1)§$;
m

m m
=K., . [ sup <p (Bs|vy — vi| + By|s1 — s7]) +p2rwisi erZriv;s;

=2 =2

=FEpy . . [p sup ((BS v1 + By - s1) + Zn%&) +p sup (p(—Bgvll — Bys)) +eriv§s;>

v,s v’ s’ .
=2 =2

m
=E. .. lsmv (7‘1(35 v+ By -s1) + vaisiﬂ

v, i=2
as required. O
Lemma 4. For some B > 0 and vectors X1, . .., X, with Euclidean norm at most 1, let
Ve ={({w,x1),..., (W, X)) : |[w] < B}.
Then

5u(VB)<fB(f })

Proof. Using the definition of Vp and applying Cauchy-Schwartz,

m m
rl,...,rm SUPE T3U; rl,...,rm sup W;E TiX; S Erl,...,rm B g X
vev w:||wl||<B i—1 p—
m 2 m
<B Erl ..... T E X =B Erl ..... T § il <X’MX]>
i=1 3,J=1

Recall that r; are independent and equal +1, —1 with probability p (and 0 otherwise). Therefore, for
i # j, Elryrj] = 0, and if i = j, E[r;r;] = E[r?] = 2p. Using this and the assumption that ||x;|| < 1
for all ¢, the above equals

Therefore, R, (V) < (5 )B\/2p Recalling that p = ﬁ where s + v = m and
plugging it in, we get the upper bound

B(1+1)\/2su)(s+u) fB( u) S‘i‘u
- (et an) < (G m)

from which the result follows. O

Combining Corollary 2] Lemma 2] Lemma [3]and Lemma[d we have the following:
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Corollary 3. Suppose the functions fi(-), ..., fm(:) are of the form f;(w) = £;({(w,x;)) + r(w),
where ||x;|| < 1 and r is some fixed function. Let B > 0 such that the iterates w chosen by the
algorithm are from a set W C {w : ||w|| < B} which contains the origin 0. Finally, assume ¢;(-) is
L-Lipschitz and p-smooth over the interval [— B, B). Then

(s (w0 - v )|

< (19L+2/¢B)(\/t1_1+\/m_1t+1).

E

Proof. By definition of f;, we have

(V) o ) = i) (o )+ (Vrta), 20 ).

Therefore, the expression in the corollary statement can be written as

2
E l(sup Upp—1 — ut:m) ] )
ucld
A\%

= { () (oo )bl (Topoen ) )+ Il €W}

(note that the terms involving r get cancelled out in the expression u1.s — Us41:m, SO We may drop
them). Applying Corollary [2| (noting that |u;| < L, and that SUPyuey Ul:i—1 — Ug:m > 0, since
Up.t—1 — Ug.m = 0 if we choose w = 0), we have

where

and

2
1 1
E o1 — Uperm < V2 Rt merin (U) +12V2L .
(lsllelgul.t 1 )] V2 Rit e (U) +12V2 <\/t1+\/mt+1)
(6)
Now, define
V={(l((w,x1)),.... 0, ({(w,x))) : [[w]| < B}
and

§= {(<W>X1> PR <W5Xm>> : ”W” = 1} )
and note that I/ as we defined it satisfies
U C {(l(w1)s1y -l (vm)sm) = (v1,. .., vm) €V, (81,...,8m) € S}.

Moreover, by construction, the coordinates of each v € V are bounded in [— L, L], and the coordinates
of each s € S are bounded in [—1, +1]. Applying Lemma we get

Ri—tm—tt1U) < Ricim—t41(V) + L -Ri—1 m—t+1(S). )
Using Lemmad] we have
1 1
Ritm1s1(S) < V2 . 8
1, Hl()_\[(\/t—l—'—\/m—t—kl) (8

Finally, applying Lemma (using the fact that each ¢} is p-Lipschitz) followed by Lemma we have

1 1
Ri—1m—t41(V) < \/§MB (\/t—l + \/m—t—i-l)' 9)

Combining Eq. (7), Eq. () and Eq. (9), plugging into Eq. (6), and slightly simplifying for readability,
yields the desired result. O
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A.2  Proof of Lemmalll

The lemma is immediate when ¢t = 1, so we will assume ¢ > 1. Also, we will prove it when the

expectation E is conditioned on o (1), ...,c(t — 1), and the result will follow by taking expectations
over them. With this conditioning, s1, . . ., s,,, have some fixed distribution, which is independent of
how o permutes {1,...,m} \ {o(1),...,0(t —1)}.

Recall that o is chosen uniformly at random. Therefore, conditioned on o(1),...,0(t — 1), the
value of o(t) is uniformly distributed on {1,...,m} \ {o(1),...,0(t — 1)}, which is the same set
as o(t),...,o(m). Therefore, the left hand side in the lemma statement equals

1 « 1 G
mzsi—wzsam}

=E 72 So(i) — _t+1zsa(z)‘|
_1 1 1 ™
—Fm ZW () Z“]

m

[ t—1
=B *Z So(i) — _Hl)zso(i)]

=t

t—1 1 1 “
- . FE|—— L= .
as required.
A.3 Proof of Thm.

Let V = {(fi(w),..., fm(W)) | w € W} and applying Corollary[2] we have

E |:v§L€11I/)V Fry1(w) — Ft:m(W)}

E[F1.t—1 (W) — From(wWy)]

IN

IN

1 1
Ri-tm—r1(V) + 12B .
ot (V) + <\/t—1+\/m—t+1)

Plugging this into the bound from Thm.[T| we have

_ " Rr 1 g ! !
E[F(wr) — F(w*)] < 7+W (t—l) <Rt1:mt+1(v) +12B <\/t — + NI 1))

Applying Lemmal6] the right hand 31de is at most

Rr

T
1 24B
-t Z(t = DRe-tim—t+1(V) +

T (10)

A.4  Proof of CorollaryI]

Note that all terms in the bound of Thm. [2] except the regret term, are obtained by considering the
difference F.t—1(W¢)— Fy.pm (W), so any additive terms in the losses which are constant (independent
of ) are cancelled out. Therefore, we may assume without loss of generality that f;(w) = £;({(w,x;
(without the r(w) term), and that ¢; is centered so that ¢;(0) = 0. Applying Lemma [2|and Lemma
we can upper the Rademacher complexity as follows:

Rt—l:m—t-i—l(v) < LRt Tim—t4+1 ({(<W,X1>,...,<W,Xm>) |WEW})
1
< V2 BL<\/t—1+¢m—t+1>'

Plugging this into Thm. 2] applying Lemmal6] and noting that by the assumptions above and in the
corollary statement, sup; weyw |fi(W)| < sup,e_g g [€i(a)| < BL, the result follows.
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A.5 Proof of Thm.[3|

Since the algorithm is invariant to shifting the coordinates or shifting all loss functions by a constant,
we will assume without loss of generality that V) contains the origin 0 (and therefore W C {w :
lw|| < B}), that the objective function F'(-) is minimized at 0, and that F'(0) = 0. By definition of
the algorithm and convexity of VW, we have

Eflwes ) = E [|[Tw(we =V fo w)[*] < E [[we =0 ooy (wo) ]
< E[IIwill’] = 20 [(V foqey(we), wi)] +12G2
= E [lwil]*] = 20 [(VF(w:), wo)] + 20E [(VE (W) = V foi(we) we)] + 72 G2,

By definition of strong convexity, since F'(-) is A-strongly convex, minimized at 0, and assumed to
equal 0 there, we have (VF(w;), w;) > F(wy) + 3 |w||®. Plugging this in, changing sides and
dividing by 27, we get
1 A Mt

E[F(we)] < (277 - ) E[|[w:||” ]—* E(|[wer|[|*]+E [(VE(w,) - V fo (wi), wi) | +5 G

' (11)
We now turn to treat the third term in the right hand side above. Since w; (as a random variable
over the permutation o of the data) depends only on o(1),...,0(t — 1), we can use Lemma|[l]and
Cauchy-Schwartz, to get

E[(VFE(we) = Vo (Wi),we)] = E

< vaz Wt vfa(t)(wt)7wt>]

_ % [((VFi—1(We) — VEpm (W), we))]
= % ]E{HWtH <VF“ 1(We) = Vi (W2), ||Wz>]
<1k me sm)<VFw—NW)VF““W%HwH>}

t—1
< = VE [ B

(s {7mcsom - wrimon )Y |

Applying Corollary (using the convention 0/+/0 = 0 in the case ¢ = 1 where the expression above
is 0 anyway), this is at most

%. E[nwtnﬂ~<19L+2MB><\/1_1+¢m—1t+1>
B [l P (VT ).

Using the fact that for any a,b > 0, Vab = 4/ %a . %b < %a + %b by the arithmetic-geometric mean
inequality, the above is at most

A 2. (19L + 2ub)? t—1 \?
2E T ()
4 LFweel) + Am? N vm—t+1

Since (a + b)? < 2(a? + b?), this is at most
A 2, 2(19L 4 2uB)? (t—1)2
2R IR T AB) (o VT )
[ lI”] -+ Am? +m—t—|—1
Plugging this back into Eq. (TI)), we get

1 A o 1 5, 2(19L + 2uB)? =12\ m
E|F < |——-—|E ——FK _ -1+ —-— —G*~.
[F(wy)] < (27% 4> [llwe|”] o [lwera "]+ 2 b=+ 1) T3¢
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Averaging both sides over t = 1, ..., T, and using Jensen’s inequality, we have

T 2 T 2 2 T
1 o (1 1 A\ . 2(19L+2uB) t—1) G
< —_SNE Sl A I e e s A R R G A i
< Z [lwell”] (nt P 2) + 2T ; + e + 5T 2 Nt

where we use the convention that 1/79 = 0. Since T < m, the second sum in the expression above
equals

T—1 2 T-1 T-1 T—1
t t T(T-1) 9 1
= < E—
Z(Hmt) D) S — )
t=0 t=0 t=0 t=0
2 T—2 2 T—1
m 9 1 3m 2/ 1
< — —+1) < — —dt
) +m (Zm—t+ ) - 2 tm =0 m—t
t=0
= m? (241 mn
" < +log m—T+1
Plugging this back in, we get
T T
1 1 o [ 1 1 A
E|= E F < — E E _——— ==
r t=1 v 2T t=1 el ("t Mt — 2)
- T e

t=1

Now, choosing 7, = 2/At, and using the fact that Zthl 1 <log(T) + 1, we get that

2(19L +2uB)* (§ +log 5ty o
E[F(wr)] < ! <AT g( T+ )) L 26 ing)H)'

The result follows by recalling that we assumed F(w*) = F(0) = 0, and the observation that
Tm—T+1)>mforany T € {1,2,...,m}, hence log(m/(m — T + 1)) < log(T).

A.6  Proof of Thm.d|

The proof is based on propositions 1| and 2| presented below, which analyze the expectation of the
update as well as its expected squared norm. The key technical challenge, required to get linear
convergence, is to upper bound these quantities directly in terms of the suboptimality of the iterates
wy, Ws. To get Proposition [T} we state and prove a key lemma (Lemma [5]below), which bounds the
without-replacement concentration behavior of certain normalized stochastic matrices. The proof of
Thm. []itself is then a relatively straightforward calculation, relying on these results.

Lemma 5. Let x1,...,X,, be vectors in R of norm at most 1. Define X = % Z?;l xix;, and
M; = (X +41) 7Y 2xx] (X +A41)~Y/?

for some vy > 0, so that X + 41 has minimal eigenvalue ~ € (0, 1). Finally, let o be a permutation

on {1,...,m} drawn uniformly at random. Then for any o > 2, the probability
Pr{3dse{l m} : 1ES:M —LiM
PR} . s — o (i) m—_s Rt o (1)

5 (=) S Gas)

is at most 4dmexp (—a/2).
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Proof. The proof relies on a without-replacement version of Bernstein’s inequality for matrices
(Theorem 1 in [[7]]), which implies that for d x d Hermitican matrices M; which satisfy

1 & .
RS

1 mo .
7ZML:O ’ maXHMZ <c, <,
mi:l !

for some v, ¢ > 0, it holds that

1 - 2dexp<—£) z < 2v/c
P - Mool > < dv - 12
(i) >2) < { 1

In particular, we will apply this on the matrices

S M = (X 4917 (xix] = X) (X +40)7 12

j=1

- 1
M; = M; — —
m
Clearly, % > M; = 0. We only need to find appropriate values for v, c.

First, by definition of Mi, we have

Hm

< ([ 97| i = X 07172

Since both X and xixiT are positive semidefinite and have spectral norm at most 1, the above is at
most 7y~ /2. 1.~471/2 = 41 Therefore, we can take ¢ = 1/7.

We now turn to compute an appropriate value for v. For convenience, let [E denote a uniform

distribution over the index 7 = 1, ..., m, and note that E[Mz] = 0. Therefore, we have
1 o - -2
— > ar|| = ||EDET| = [Elas - BB
i=1
= ||E[M7] - E*[M;]|| < max{||E[M7]||,|E*[M]]]}, (13)

where in the last step we used the fact that M; is positive semidefinite. Let us first upper bound the
second term in the max, namely

|4 = B(M]-EDA) < [ERLIP = ||(X 402X (K +40) 2

Since the expression above is invariant to rotating the positive semidefinite matrix X, we can
assume without loss of generality that X = diag(s1, ..., sq), in which case the above reduces to

Sq

s+

2
(maxi ) < 1. Turning to the first term in the max in Eq. 1i we have

(X 4+ 4D V2xx] (X +~4I) 'xix] (X +~1)71/2

3~
M

@
Il
-

B2 = \

(] (X +90)7'%) (X +4D) %% (X + D) 7H?

3=
i

S 1 & v —1| (¥ -1/2, T (% —1/2
< E; (X + D)7 (X + 1)~ Pxix] (X +41)
(X 4 D) | (X 4402 R (K 402 (14)

where in (1) we used the facts that ||x;| < 1 and each term (X + ~I)~Y/?x;x, (X +~I)~'/? is
positive semidefinite. As before, the expression above is invariant to rotating the positive semidefinite
matrix X, so we can assume without loss of generality that X = diag(si, ..., $q), in which case the

above reduces to
1 S; 1 1
max max < -1 = -
i Sty s+ Y Y
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Plugging these observations back into Eq. (I3)), we get that
1 o= - 1 1
—X:Ml2 < max{l,}:.
M= v v
Therefore, Eq. applies with v = ¢ = 1/,, so we get that

2
1 2d (—VSZ) <2
Pr| |- Z M) z| < exp 2=
s ZdeXp( 752) z>2

Substituting z = « (\/175 + 7S), we get that Pr (H Py M (\/% + 7S)) can be upper
bounded by

1 1)° a?
2d exp (—75042 ( > < 2dexp <—>
/S 73 4

in the first case, and

1 1 1
2d exp (—27504 ( = + ’YS)) < 2dexp (—%)

in the second case. Assuming « > 2, both expressions can be upper bounded by 2d exp (—«/2), so

we get that
1 1 o
< ZM"(Z) >a(«/ s+’ys>> = 2dexp<—§>

for any o > 2. Recalling the definition of M;, we get

1 1 «
Pr< >a(ﬁ+vs>) < 2dexp (—5). (15)

Since the permutation is random, the exact same line of argument also works if we consider the last
m — s matrices rather than the first s matrices, that is

1 S m

1
;ZMa(i) _EzMi

i=1 =1

1 m m 1 . X
Pr<‘m—si§_1 ZM >Oz< ’y(m—s)+’7(m—5))> SQdeXp(—g).

Now, notice that for any matrices A, B, C' and scalars a, b, it holds that

Pr(|A—B| > a+b) < Pr(|A-C| >a)+Pr(|B-C| >b)

(as the event ||A — B|| > a + bimplies |A — C|| + || B — C|| > a + b). Using this observation and

Eq. (T3), Eq. (I6), we have
iM _ 1 > i L+; +g 14, 1
— A VI \Vs  Vm—s Yy\s m-—s

>a<1+1)

VS s

Pr( 1
§ = 1=s+1
> « ! + L
ym—s)  A(m—s)

I 1
SPrf=) Mooy ——) M
<re(|} o an - 23
The statement in the lemma now follows from a union bound argument over all possible s =

+PI‘<|| m—s Z Ma() ;Mz
1,2,...,m. O

o(7)

1=s+1

< 4dexp (7%) .

18



Proposition 1. Suppose each f;(-) is of the form in Eq. , where x;, w are in R%, and F(-) is
A-strongly convex with A € [1/m, 1]. Define

vi(t,s) = Vfi(wy) — Vfi(ws) + VF(Wy).
Then for any t < m/2 and any € € (0, 1),

E <Va(t)(t78)7wt - W*> — %Z (vi(t,s), ws — w*)]
€ m B2
< 5 amton (M) B [F(we) + F() - 26 ().

vVam Ae

where d is the dimension.

Proof. Define
u;(t,s) = (vi(t,s),wy —w*y = (Vfi(wy) = Vfi(ws)+ VF(Wg), wy — w*),

in which case the expectation in the proposition statement equals

1 m
E U (t) (t7 S) - E Z ui(tv 8)
i=1

Notice that u,(¢, s) for all ¢ is independent of o(¢),...,o(m) conditioned on o(1),...,0(t — 1)
(which determine w, and W ). Therefore, we can apply Lemma([I] and get that the above equals
t—1
7 : ]E [ut:m(t7 S) - ul:tfl(tv 8)] . (17)

Recalling the definition of u; (¢, s), and noting that the fixed (V F' (W), w; — w*) terms get cancelled
out in the difference above, we get that Eq. (I7) equals

t—1 . .
T ‘E [ut:m (t, 5) - ul:t—l(tv 3)] . (18)
where

;(t, s) = (Vfi(wy) = Vfi(ws), wy —w")
= (W — We,X;) - (X4, W — W) + ;\<wt — W, Wi — W)L

Again, the fixed A (wy — Wg, Wy — w*) terms get cancelled out in Eq. , so we can rewrite Eq.
as
t—1 o o
—— E [ (t,s) — t14-1(t, 5)] (19)
m
where
0;(t,s) = (W — We,X;) - (Xi,, W — W)
= (wy — W' x;) - (X, Wy — W) + (W5 — W, x;) - (X5, Wy — W)
= (w; — W*)TXiXiT(Wt —w") + (W' — VVS)TXiXiT(wt —w").

Therefore, we can rewrite Eq. (I9) as

m t—1
t—1 o T 1 T 1 T x
t—1 1 & 1 &
— * ~ \T T T *
+ T -E (W — Ws) <m—t—|—1 ;XU(’L)XU@) — m 2 Xa’(i)xg(i)> (Wt — W )]

(20)
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To continue, note that for any symmetric square matrix M, positive semidefinite matrix A, and
vectors wp, wWo, we have

T
w; Mw
(W Mws| = (W] Aw; + wy Aws) L 2

w] Aw; + wy Aws

W;—MWQ

< (W;—Awl + W;AWQ) sup
Wi1,W2

wi Aw; +wg Aws
w ATV2M A=Y 2wy ‘

|+ w2

ﬁ
INE

(WIAWl + W;sz) sup
Wi,W2

2
< (wlTAwl + WQTAWQ) sup
Wi1,W2

—
—

wi ATV2M A 2wy
2wl [[we

3) 1
< 5 (Wl Aws +wf Aws) [a7120ra7172),
where (1) is by substituting A~Y/2w;, A='/?wy in lieu of wy, w5 in the supremum, (2) is by

the identity a? + b > 2ab, and (3) is by the fact that for any square matrix X, |w{ Xws| <
[Ilw1 ]l |X]| ||w2]|. Applying this inequality with

m t—1 m EN
M = m ;XU(i)XU(i) — 75—71 ; Xg(i)xg(i) 5 A= E ;Xixi + 517
w1 being either w* — w or w, — w*, and wo = w; — w*, we can (somewhat loosely) upper bound
Eq. 20) by
3(t—1)
2m

E [((Wt —w*) T A(w; — W) + (W — w*) TA(W, — w")) HA*V?MA*U?H] .

Recalling that the objective function F(-) is actually of the form F'(w) = w' Aw +b'w + ¢ for

the positive definite matrix A as above, and some vector b and scalar ¢, it is easily verified that

w* = —1 A=1b, and moreover, that

(w—w")TA(w —w*) = F(w) — F(w")

for any w. Therefore, we can rewrite the above as

3(t— 1 i el . _
<2m ) & [(F(w) + F(g) — 2P (w)) |[47120r47272]
m t—1 T
C3(t—1) ) oo |l acige (i Xe@Xom) it Xe@Xa() \ 41/
=0 E [(F(w:) + F(ws) —2F(w")) [|A e — A

2y

We now wish to use Lemma [5] which upper bounds the norm in the expression above with high
probability. However, since the norm appears inside an expectation and is multiplied by another term,
we need to proceed a bit more carefully. To that end, let N denote the norm in the expression above,
and let D denote the expression F'(w;) + F'(Wy) — 2F (w*). We collect the following observations:

e The Hessian of the objective function F(-) is = > | x;x,' +-AI, whose minimal eigenvalue
is at least A (since F'(-) is assumed to be A-strongly convex). Therefore, the minimal
eigenvalue of A as defined above is at least A\/2. Applying Lemmalf5] Pr(N > a - ¢(t)) <
2dm exp(—a/2) for any o > 2, where

Q(t)\/?(\/tl_lJr\/m_1t+1>+i(ti1+m—1t+1>'

forany ¢ > 1,and ¢(1) = 0.

e By assumption, ||w;||, ||Ws]|| and ||w*|| are all at most B. Moreover, since the objective
function F(-) is 1 + A < 2 smooth, F(w;) — F(w*) < |lw, —w*||* < ¢4B? and
F(W,) — F(w*) < ||Ws — w*||> < 4B2. As aresult, D as defined above is in [0, 8B32].
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. . 2
e Since each x;x; has spectral norm at most 1, N is at most ||A=/2||” < 2,

Combining these observations, we have the following:

E[DN] = Pr(N > aq(t)) - EIDN|N > aq(t)] + Pr(N < aq(t)) - E[DN|N < aq(t)

< 2dmexp (—5) 16}\3 + aq(t) - Pr(N < aq(t)) - E[D|N < aq(t)]
< PO oxp (-2) +aq(t) - E[D)

for any o > 2. In particular, picking o = 2log(64dmB?/\e) (where recall that ¢ € (0,1) is an
arbitrary parameter), we get

64dmB?

€
< —
E[DN] < 5 +210g< "

)ato) 510},
Plugging in the definition of D, we get the following upper bound on Eq. I):

3(t — 1)
2m

(5+2108 (22 ) o) (P v + £ 2P ))) . 2

Recalling the definition of ¢(t) and the assumption ¢ < /2 (and using the convention 0/4/0 = 0),
we have

3(t—1)

2m Ha(t) = 3(;;1) <\/§<\/t1—1 +\/m—1t+1>+i<ti1+m—1t+l)>

(T e > i am=re)
f(V:T ) o )
r(r r> i( 1)

which by the assumption A > 1/m (hence Am > 1), is at most 9/+/Am. Substituting this back into
Eq. and loosely upper bounding, we get the upper bound

€ 18 64dmB?
= 1 -E[F F(w,) —2F(w*
2+\/mog( » ) [F(wi) + F(W,) = 2F(w")],
as required. O

Proposition 2. Let
vi(t,s) = Vfi(wy) — Vfi(Ws) + VF(Wy).
and suppose each f;(+) is u-smooth. Then for any t < m/2,

E[||Vos)( || < 6u(F(wy) + F(ws) — 2F(w™))

Proof. Since VF(w*) = 0, we can rewrite v, (t, s) as

9o (t) (Wt) — Yo (t) (V~VS) + (VF(WS) - VF(W*)) ’
where

9o (t) (W) = vfo(t) (W) - vfo(t) (W*)
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Using the fact that (a + b + ¢)? < 3(a? + b? + ¢?) for any a, b, ¢, we have
1 2
ZE [|[Vo &, 9)]’] 23)

E 1900 Wo[*] +E 9000 (%) [*] + B [IVFR) = VE(w)|P]
LS DIPICAT REY K SIPEATE

1 m
9oy WII* = =" llgi(wa)lI
i=1

IN

E +E

+E [HVF(WS) - VF(W*)HQ}

+E +E

- 1 — ~
n%@wmf—mgm%wmﬂ 2t
1=1

We now rely on a simple technical result proven as part of the standard SVRG analysis (see equation
(8) in [[I1]), which states that if P(w) = 1 3™ 4;(w), where each 1; is convex and p-smooth,

T n

and P is minimized at w™, then for all w.
1 g * *
— Y _IVei(w) = V(W) |* < 2 (P(w) = P(w")) (25)
i=1

Applying this inequality on each of the first 3 terms in Eq. (i.e. taking either ¥;(-) = f;(-) and
n =m,or¢(-) = F(-) and n = 1), we get the upper bound

2u(F(wy) = F(w?)) + 2u(F(Ws) = F(w?)) + 2u(F(W;) — F(w"))

1 & ~ 1 & N
Hga(t) (Wt)H2 o Zl ||9z‘(Wt)||2 Hga(t) (Ws)||2 “m Zl ||9i(Ws)||21

— 2 (F(wy) — F(w")) + 4 (F(W,) — F(w"))

Hga(t)(Wt)H2 - % Z ng‘(Wt)Hz

i=1

+E +E

+ E +E

2 1T -
|90y (Ws)||” = EZ ||9¢(Ws)||2] :
i=1
Loosely upper bounding this and applying Lemmal[I] we get the upper bound

4 (F(w) + F(w,) = 2F(w*)) + =1 g | i ool Eics Hg"(“(wt)H?]

m

m—t+1 t—1

S g F)|| S (900 (W)

m—1t+1 t—1
ZﬁMwMMW+XﬁAMM%WT

t—1
+ ‘E
m

< A (F(w) + F(8,) ~2F(w') + = L&

m—t+1 m—t+1

A (F(wy) + F(W,) — 2F(w*)) + t;Ll ‘E

IN

m—t—+1 m—t+1

Zﬁﬂ%@WMf+Zﬁw%m®ﬁW]

m 2 m ~ 2
an(F(w) + F(s) ~ 2F(w) + L Fi—l lgrtwi )l 2z ()] ] |

t—1 < m/2

Since we assume ¢t < m/2, we have 1 S w2

= 1. Plugging this in, and applying Eq. 1| on
the L3, ||gg(i)(wt)”2 and L 3" || g0 (W5)||2 terms, this is at most

41 (F(wy) + F(W,) = 2F(w")) + 1 (2u(F(w,) = F(w")) + 2u(F () — F(w"))
— 6u(F(wy) + F(¥,) - 2F(w")

as required. O

Proof of Thm. 4| Consider some specific epoch s and iteration t. We have

Wip1 = Wy — vo’(t) (ta S)a
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where
Vi(t7 5) = vfz(wt) - vfl(ws) + VF(‘;VS)
Therefore,
* 2
E|[wir1 — w*|*] = E[||[we — nvoq) (L, s)||]

E[[lwe — w*|[*] = 20 E[(va() (¢, 5), we = W) + 0?E[|[Vo(uy (£, 5)]||]

Applying Propositionand Proposition(assuming that ¢ < m/2, which we will verify later, and

noting that A > 1/m by the assumptions on 1, T' and m, and that each f;(-) is 1 + A < 2-smooth),
Eq. (26) is at most

1 m

Bflw, - w'[*] - 29 B lm > i) w0

€ 18 64dm B>
2n | = 1 -E[F F(wg) —2F(w*
v (5 + tog (58 ) B Plwe) + Pk - 27w

= Efllw; — w*|*] = 27 - E[(VF (w;), w

et (6 L 18 (64dm32
€
e Ot

Since F(-) is convex, (VF(wy), w; — w*) >

+ 120%(F(wy) + F (W) — 2F(w"))

)) F(w,) + F(%,) — 2P(w")].
F

+) — F'(w*), so we can upper bound the above by

2o (M) 1) B () - F(w)
\/1)\87”10 (64d;'ZB2>> E[F(w,) — F(w")].

Recalling that this is an upper bound on E[|[w,41 — w*||*] and changing sides, we get

Efllwe — w*|2] + 5 + 20 <6n +

+ 2n (677 +

18 64dmB?
2n | 1—6n— 1 -E[F — F(w*
(100~ e ton (25 ) ) B 1w - P
< Efllwe — wl|*] = Ef[wisr — w*|%] + ne
3 64dm32>>
+ 12 + lo -E[F(wg) — F(w")].
o (n+ A= tom (245 (F(%,) — F(w")]
Summing over all t = (s — 1)T'+ 1, ..., sT in the epoch (recalling that the first one corresponds to

w,) and dividing by 7T, we get

2 (1o g (PEY) LS g - P

t=(s—1)T+1

1
< o Bl — W e

+12 <n + \/ifmmg <64d;32>> E[F(W,) — F(w")].

Since F(-) is A-strongly convex, we have ||w, — w*||> < 2(F(ws) — F(w*)). Plugging this in and
simplifying a bit leads to

sT

1 "
E | > F(wi) - F(w")

T t=(s—1)T+1
(5 +12 (n+ S tos (24428°)) ) B [F(W,) — F(w*)] + ¢

(1 —6n — \/Hi log (64dm32))
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The left hand side equals or upper bounds E[F(w,11)] — F(w*) (recall that we choose W1

uniformly at random from all iterates produced in the epoch, or we take the average, in which case

E[F(Wsy1) — F(w*)] is at most the left hand side by Jensen’s inequality). As to the right hand side,

if we assume ) )
77:1 ’ ng ’ mZClog (64dm B/ Xe)

c nA A
for a sufficiently large numerical constant ¢, we get that it is at most 1 - E[F(w,) — F(w*)] +
Therefore, we showed that

27)

€.

win

E[F(Wy1) = F(w')] < 7 B[F(W,) ~ F(w")] + e

=

Unwinding this recursion, we get that after s epochs,
s—1

E[F(War1) — F(w*)] < 4=* - E[F(¥1) — F(w")] + §€Z4_i
=0
= 4 B[R () - F(w')] 4 2e 11

< 475 E[F (W) — F(w*)] + ge.

Since we assume that we start at the origin (W; = 0), we have F(w; — F(w*)) < F(0) =
LS y? < 1,50 we get

~ * —s 8
E[F(Wst1) — F(w")] <47° + g€
This is at most € assuming s > log,(9/¢), so it is sufficient to have [log,(9/¢)] epochs to ensure

suboptimality at most € in expectation.

Finally, note that we had [log,(9/€)] epochs, in each of which we performed T stochastic itera-
tions. Therefore, the overall number of samples used is at most [log,(9/¢)]T. Thus, to ensure the
application of Propositions|l|and is valid, we need to ensure this is at most m /2, or that

m > 2[log,(9/e)] - T.
Combining this with Eq. (27), it is sufficient to require

1 9 64dm B>
77:f,T2—,chlog2 2AmBb- T
c nA A€

for any sufficiently large c. O

B Additional Technical Lemmas

In this appendix, we collect a couple of purely technical lemmas used in certain parts of the paper.
Lemma 6. If'T, m are positive integers, T < m, then

1 < 1 1 9
—SN¢t-1 + < =
mT t:2( <\/t—1 \/m—t+1> v/m

Proof.




Since v/t and t/v/m — t are both increasing in ¢, we can upper bound the sums by integrals as
follows:

s&( Vi dt + tO\/i )
= % @ T3/% 4 <_§m (2m—|—t)) tT_O)
T )
(T (F T ()
5[ (e )
<3 (% 7 (- vin)
:§<f+;<m+$m>>
<2<ﬁ 2)
=3\ T m )
Since T' < m, the above is at most % ( \ﬁ-i- \QF) \/%as required. O

Lemma 7. Let X be a random variable, which satisfies for any 6 € (0, 1)
Pr(X > a+blog(1/§)) <o,

where a,b > 0. Then
E[X] < a+b.

Furthermore, if X is non-negative, then
E[X2] < V2 (a+Db).

Proof. The condition in the lemma implies that for any z > a,

Pr(X > z) < exp <Za> .

b
Therefore,
E[X] < E[max{0,X}] = Pr(max{0,X} > z)dz < a —|—/ Pr(max{0, X} > z) dz
z=0 z=a
o > z—a o z
:a+/ Pr(XZz)dzga—i—/ exp(— 2 )dz:a+/ exp(—g)
z=a z=a z=0
=a+0b.
Similarly, if X is non-negative,
E[X?] = / Pr(X? > 2)dz < a2—|—/ Pr(X?>2)dz = a2—|—/ Pr(X > +2)dz
2=0 z=a? z=a?
< a2+/ exp (_\/Eba> dz = a* +2b(b+a) < 2(a+b)?,
z=a?
and the result follows by taking the square root. O
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C Uniform Upper Bound on F'(w;) — F'(w*) for SVRG

Below, we provide a crude bound on the parameter B in Thm.[4] which upper bounds F'(w¢) — F(w*)
with probability 1. Note that B only appears inside log factors in the theorem, so it is enough that
log(B) is reasonably small.

Lemma 8. Suppose we run SVRG ( algorithm with some parameter T and step size n) € (0,1) for
S epochs, where each fi(-) is a regularized squared loss (as in Eq. [2), with ||x;| , |y:| < 1 for all i),
and F (+) is A-strongly convex with X € (0, 1). Then for every iterate w, produced by the algorithm,
it holds with probability 1 that

log(F(wy) — F(w")) < 28 -1log(5T") + log <i) :

Noting that Thm. 4] requires only S = O(log(1/€)) epochs with 7" = ©(1/) stochastic iterations
per epoch, we get that

1 1
log(F(w;) — F(w*)) =0 <10g (e) log(T") + log <)\>>
with probability 1.
Proof. Based on the SVRG update step, we have
Iwertll < [[we =0V foy (Wol| + 0 |V Foro) (Wo) || + 0 [V (W)l (28)

Since we are considering the regularized squared loss, with ||x;|| < 1,|y;| < 1and 0 < A<A<1,
the first term on the right hand side is

HWt -n (Xa(t)XgT(t)Wt = Yo ()Xo (t) T S\Wt> ’ < H ((1 - 775\)1 -n: Xa(t)x;—(t)) Wil +1 Hya(t)xa(t) ||

< (= a0 = xoxTe) | Iwell + 1 < well +1,

As to the second two terms on the right hand side of Eq. (28), we have for any ¢ by similar calculations
that

195w = || (e +AL) w = i,

as well as

< (143) Wl +1 < 2wl +1

IVE(w)|| < 2]w[ + 1.
Substituting these back into Eq. (28] and loosely upper bounding, we get
Wil < [lwell +4 ([wsl| +1).

Recalling that each epoch is composed of 1" such iterations, starting from w, and where w1 is the
average or a random draw from these 7 iterations, we get that

[Weirll < (Wl +4T ([Ws| +1) < 5T ([[wsl[ +1),

and moreover, the right hand side upper-bounds the norm of any iterate w; during that epoch.
Unrolling this inequality, and noting that || Wy || = 0, we get

IWsa]l < (5T)° -1 = (5T)%,
and (5T")° upper bounds the norm of any iterate w; during the algorithm’s run.

Turning to consider w* = arg miny, F(w), we must have [|[w*[|> < 1/ (to see why, note that any w
. A 2 1 1 mo, 2 1
with squared norm larger than I/A, F(w) > F(w*) +5 |wl|” > 3, yet F(O) ==yl < 3,

so w cannot be an optimal solution). Moreover, F'(-) is 2-smooth, so for any iterate w;,

2
Flw) = F(w') < we—wI < (lwoll +[w')* = (“T)S*\@ |

2
Since (57)° and /1/\ are both at least 1, this can be upper bounded by (2(5’/?3) =1 (57)%.

Taking a logarithm, the result follows. O
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D Pseudocode of Distributed Without-Replacement SVRG

Algorithm 2 Distributed Without-Replacement SVRG
Parameters: 7, T’

Assume: {fi(-),..., fm(-)} randomly split to machines 1,2, ..., n (possibly different number at
different machines) 4 4
Each machine j splits its data arbitrarily to b; batches By, ..., Bj of size T

ji=1,k:=1,t:=1
All machines initialize wq at O
fors=1,2,...,do
Perform communication round to compute i := VF(w,) = =3 Vfi(w,)
Machine j performs w; = Wy
for Each f in B}, do
Machine j performs w1 := wy —n(Vfwy) — Vf(Ws) +n)
t:=t+1
end for
Machine j computes W1 as average of wi,..., wp, or one of them drawn uniformly at
random.
Perform communication round to distribute w4 ; to all machines
k=k+1
Ifk>bjletk:=17:=j+1
end for
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