A Mathematical background

Reproducing kernel Hilbert spaces (RKHS). The proofs of all the theorems we quote here are
well-known and can be found in Chapter 2 of [39] and similar textbooks. Let # be a Hilbert space of
functions from X to R. We say that H is a reproducing kernel Hilbert space, abbreviated RKHS or
kernel space, if for every x € X’ the linear functional f — f(x) is bounded. The following theorem
provides a one-to-one correspondence between kernels and kernel spaces.

Theorem 7. (i) For every kernel k there exists a unique kernel space H,;, such that for every x € X,
k(-,x) € Hyand forall f € Hy, f(x) = (f(),6(.X))n,. (ii) A Hilbert space H C RY isa
kernel space if and only if there exists a kernel k : X x X — R such that H = H..

The following theorem describes a tight connection between embeddings of X into a Hilbert space
and kernel spaces.

Theorem 8. A function k : X xX — R is a kernel if and only if there exists a mapping ® : X — H to
some Hilbert space for which k(x,x') = (®(x), ®(x'))x. In addition, the following two properties
hold,

o M, ={fyv:veEH} where f,(x) = (v, P(x))n.

o Forevery f € Hy, || flls, = mf{[[vlls | f = fv}-

Positive definite functions. A function p : [—1,1] — R is positive definite (PSD) if there are
non-negative numbers b, by, . . . such that

Zbi < oo and Vz € [-1,1], p(z) = Zbixi.

i=0 =0

The norm of 1 is defined as ||u| := />, b; = \/p(1). We say that p is normalized if ||p| = 1

Theorem 9 (Schoenberg, [40]). A continuous function p : [—1,1] — R is PSD if and only if for all
d=1,2,...,00, the function r : ST~! x §¥=! — R defined by k(x,x") = p((x,x')) is a kernel.

The restriction to the unit sphere of many of the kernels used in machine learning applications
corresponds to positive definite functions. An example is the Gaussian kernel,

12
k(x,x") = exp <_xx||> .

202

Indeed, note that for unit vectors x, x’ we have

(%, %) = exp (_ <] + 1Ix)1* — 2<x,><’>) — exp (_1—<XX’>> .

202 o2

Another example is the Polynomial kernel x(x,x') = (x,x')%.

Hermite polynomials. The normalized Hermite polynomials is the sequence hg, h1, ... of or-

thonormal polynomials obtained by applying the Gram-Schmidt process to the sequence 1, z, 22, . ..

22
w.r.t. the inner-product (f, g) = \/% J75. f(x)g(z)e™ T dx. Recall that we define activations as

square integrable functions w.r.t. the Gaussian measure. Thus, Hermite polynomials form an orthonor-
mal basis to the space of activations. In particular, each activation o can be uniquely described in the
basis of Hermite polynomials,

o(x) = agho(x) + arhi(x) + asho(z) + ... | )

where the convergence holds in /2 w.r.t. the Gaussian measure. This decomposition is called the
Hermite expansion. Finally, we use the following facts (see Chapter 11 in [34] and the relevant entry

10



in Wikipedia):

vn > 1, hn-l—l(x) = \/%hn(x) 4/ nL_th—l(x) ) (3)

Vn>1, k. (z) = +nh,_1(x) @)
Pt n=m
E hm X hn Y — h 5 Z B 71;1 ) 5
aE (X)ha(Y) {0 n#mwerenm 0,pe] ] )
- 0, if n is odd 6
n(0) = %(_1)5(71—1)!! ifniseven ’ ©
where
1 n <0
nM=<{n-(n—2)---5- n > 0 odd

2)--+6-4-2 n>0even
B Compositional kernel spaces

We now describe the details of compositional kernel spaces. Let S be a skeleton with normalized
activations and n input nodes associated with the input’s coordinates. Throughout the rest of the
section we study the functions in Hs and their norm. In particular, we show that ks is indeed a
normalized kernel. Recall that ks is defined inductively by the equation,

Zuein(v) K:U(val)
|in(v)] '
The recursion (7) describes a means for generating a kernel form another kernel. Since kernels

correspond to kernel spaces, it also prescribes an operator that produces a kernel space from other
kernel spaces. If 1, is the space corresponding to v, we denote this operator by

u€in(v Hu
W, =6, (@G()) _ (8)

[in(v)]

HU(X,X,) = &v ( (7)

The reason for using the above notation becomes clear in the sequel. The space H s is obtained by
starting with the spaces #, corresponding to the input nodes and propagating them according to the
structure of S, where at each node v the operation (8) is applied. Hence, to understand Hs we need
to understand this operation as well as the spaces corresponding to input nodes. The latter spaces
are rather simple: for an input node v corresponding to the variable x¢, we have that H, = {fw |
Vx, fw(x) = (w,x")} and || fw||2, = ||[w]||. To understand (8), it is convenient to decompose it
into two operations. The first operation, termed the direct average, is defined through the equation

Ry(x,x) = W, and the resulting kernel space is denoted H; % The

second operation, called the extension according to &, is defined through k., (x,x’) = &, (R, (x,x)).
The resulting kernel space is denoted H,, = 6, (H;). We next analyze these two operations.

The direct average of kernel spaces. Let H1,...,H, be kernel spaces with kernels k1, ..., Ky, :
X x X — R. Their direct average, denoted H = %, is the kernel space corresponding to
1 n

the kernel k(x,x") = = > | K(x, x').

Lemma 10. The function k is indeed a kernel. Furthermore, the following properties hold.

1. If H1,...,H, are normalized then so is H.

2 M= {Bthe | fen)

n

. fy et 3 - :
3 1£13, :mf{'fl”’*l Welbn g, f = fikectin | f, H}
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Proof. (outline) The fact that « is a kernel follows directly from the definition of a kernel and the fact
that an average of PSD matrices is PSD. Also, it is straight forward to verify item 1. We now proceed
to items 2 and 3. By Theorem 8 there are Hilbert spaces G, . . . , G,, and mappings ®; : X — G; such
that k;(x,x') = (®;(x), ®;(x’))g,. Consider now the mapping

W(x) = (Qj%‘)@j%‘)) .

It holds that x(x,x") = (¥ (x), ¥(x’)). Properties 2 and 3 now follow directly form Thm. 8 applied
to W, 0

The extension of a kernel space. Let 7{ be a normalized kernel space with a kernel x. Let
w(z) = >, bz’ be a PSD function. As we will see shortly, a function is PSD if and only if it is
a dual of an activation function. The extension of H w.r.t. u, denoted p (#), is the kernel space
corresponding to the kernel £’ (x, x’) = p(x(x,x’)).

Lemma 11. The function r’ is indeed a kernel. Furthermore, the following properties hold.

1. u(H) is normalized if and only if i is.

2. u(H) = span H g| ACH, ba >0 ) where span(A) is the closure of the span of

geEA
A.
. H ||9||H
3 Wl <inf § 0S50 f=3 ]9 AcH
A |A| A geA

Proof. (outline) Let ¢ : X — G be a mapping from X to the unit ball of a Hilbert space G such that
k(x,x") = (®(x), P(x)). Define

%) = (Voo Vo1 2(x), V02 (x) @ B(x), v/ by () @ B(x) © D) ..

It is not difficult to verify that (¥ (x), U(x')) = u(x(x,x’)). Hence, by Thm. 8, «’ is indeed a kernel.
Verifying property 1 is a straightforward task. Properties 2 and 3 follow by applying Thm. 8 on the
mapping V. O

C The dual activation function

The following lemma describes a few basic properties of the dual activation. These properties follow
easily from the definition of the dual activation and equations (2), (4), and (5).

Lemma 12. The following properties of the mapping o — & hold:

(a) If o =", a;h; is the Hermite expansion of o, then 6(p) =, a?p’.
(b) For every o, & is positive definite.

(c) Every positive definite function is a dual of some activation.

(d) The mapping o — G preserves norms.

(e) The mapping o — & commutes with differentiation.

(f) Fora € R, ac = a26.

(g) For every o, G is continuous in [—1, 1] and smooth in (—1,1).

(h) For every o, 6 is non-decreasing and convex in [0, 1].

(i) For every o, the range of 6 is [—||o||?, ||o||?].
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. . 2 .
(j) Forevery o, 5(0) = (Exn(0,1)0(X)) and (1) = o]/

We next discuss a few examples for activations and calculate their dual activation and kernel. Note
that the dual of the exponential activation was calculated in [29] and the duals of the step and the
ReLU activations were calculated in [13]. Here, our derivations are different and may prove useful
for future calculations of duals for other activations.

The exponential activation. Consider the activation function o(xz) = Ce** where C > 0 is a
normalization constant such that ||o|| = 1. The actual value of C' is e~2%” but it will not be needed

for the derivation below. From properties (e) and (f) of Lemma 12 we have that,

(6) =o' =ao = a%.
The the solution of ordinary differential equation (6)" = 26 is of the form 6(p) = bexp (a?p).
Since 6(1) = 1 we have b = e~ . We therefore obtain that the dual activation function is

&(p) — ea2p—a2 — eaZ(p—l) )

Note that the kernel induced by o is the RBF kernel, restricted to the d-dimensional sphere,

2 2
a(ex)=1) _ o=

ko(x,x') =e —e

The Sine activation and the Sinh kernel. Consider the activation o(x) = sin(az). We can write

sin(ar) = “—=57——. We have
eiaX _ efiaX eiaY _ efiaY
~ _ E
7(p) (X,Y)~N, ( 2i > ( 2i >
- __ E waX _ —iaX waY _ —iaY
1 (xi, e e ) (e e )

_ 1 E {eia(X+Y) _ lalX=Y) _ ia(=X+Y) | gia(=X-Y)] |

Recall that the characteristic function, E[¢®**], when X is distributed N (0, 1) is e=3% Since X +Y
and —X — Y are normal variables with expectation 0 and variance of 2 + 2p, it follows that,

pla(X+Y) _ E e—ia(X+Y) _ e—% .
(X,Y)~N, (X,Y)~N,
Similarly, since the variance of X — Y and Y — X is 2 — 2p, we get
E  (aX-Y) _ | ga=X+Y) _ e-@ .
(va)NNp (X,Y)NNP
We therefore obtain that

—a*(1-p) _ ,—a*(1+p)
G(p) = c 5 ¢ = sinh(a?p) .

Hermite activations and polynomial kernels. From Lemma 12 it follows that the dual activation

of the Hermite polynomial h,, is B (p) = p™. Hence, the corresponding kernel is the polynomial
kernel.

The normalized step activation. Consider the activation

U<x):{\/§ >0

0 <0’

To calculate 6 we compute the Hermite expansion of o. For n > 0 we let

= [ e@ha@e Far= o [T ha@e T
Ay = —— o(x)hp(x)e” 2 der = — nlx)e” 2 dx.
2T — 00 ﬁo
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Since ho(z) = 1, hy(x) = x, and ha(z) = =L, we get the corresponding coefficients,

V2
1
= E X)] = —
w = E )= 2
1
= E X)X] = — X = —
“ X~N(0,1)[U( )X] \/§X~N(o,1)H I VT
1 1
= — E XX -] == E [X?’-1]=0.
a2 V2 X~N(O,1)[a( ) ) 2 X~N(0,1) ]
For n > 3 we write g, (z) = hn(x)e_é and note that
:1:2
gn(@) = [l () = wha(z)]e” =
= [\/ﬁhn,l(x)—mh (x)] -5
‘L,Z
= —vn+l hn+1( ) e
—-vn+ gn+1( )
Here, the second equality follows from (4) and the third form (3). We therefore get
Qn = gn
\F/
= d
\/ﬁ 0 gn 1( ) x
=0
L 0
= \/ﬁ Gn—1( )_gnfl(oo)
1
= ——h,_1(0
—hn-1(0)
n—1 n—1
(=1) 2 (n=2)1! _ (=1) 2 (n=2)!! .. .
_ N =T T if n is odd
0 if n is even

The second equality follows from (3) and the last equality follows from (6). Finally, from Lemma 12
we have that 6(p) = > ° ) b, p" where

(n=2))* ir 0 is odd

n!

0 if niseven > 2
In particular, (bg, by, ba, bs, ba, bs, bg) = (; , }r .0, 2 0, ﬁ, O). Note that from the Taylor expansion

of cos " it follows that & (p) = 1 — <=(2),

s

The normalized ReLU activation. Consider the activation o(z) = v/2 max(0, z). We now write
a(p) = >, bip". The first coefficient is

! 1
by = E X == E |X]||] =-=.
0 (XNN(O,l)J( )) 2 <X~N(0,1)| |) T

To calculate the remaining coefficients we simply note that the derivative of the ReLU activation is the
step activation and the mapping ¢ — & commutes with differentiation. Hence, from the calculation
of the step activation we get,

—3)m2 . .
% if n is even

b, = ifn=1
ifnisodd > 3

In particular, (by,by,bs,b3,bs,b5,b6) = (2,3, 5,0, 51,0, 80%). We see that the coefficients
corresponding to the degrees 0, 1, and 2 sum to 0.9774. The sums up to degrees 4 or 6 are 0.9907
and 0.9947 respectively. That is, we get an excellent approximation of less than 1% error with a dual

activation of degree 4.

O o=
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The collapsing tower of fully connected layers. To conclude this section we discuss the case of
very deep networks. The setting is taken for illustrative purposes but it might surface when building
networks with numerous fully connected layers. Indeed, most deep architectures that we are aware of
do not employ more than five consecutive fully connected layers.

Consider a skeleton S,,, consisting of m fully connected layers, each layer associated with the same
(normalized) activation 0. We would like to examine the form of the compositional kernel as the
number of layers becomes very large. Due to the repeated structure and activation we have

m times

X /_/A
ks, (X, ¥) = am (<,y>> where o, = 6" =6o0...06 .
n

Hence, the limiting properties of ks, can be understood from the limit of ;. In the case that
o(xz) = xoro(x) = —wx, & is the identity function. Therefore o, (p) = 6(p) = p for all m and ks,
is simply the linear kernel. Assume now that o is neither the identity nor its negation. The following
claim shows that «,, has a point-wise limit corresponding to a degenerate kernel.

Claim 1. There exists a constant 0 < a, < 1 such that for all —1 < p < 1,

Jim an(p) =

Before proving the claim, we note that for p = 1, a;,(1) = 1 for all m, and therefore
lim;, 00 (1) = 1. For p = —1, if o is anti-symmetric then «,,(—1) = —1 for all m,
and in particular lim,, o a,(—1) = —1. In any other case, our argument can show that

lim s 00 i (—1) = .

Proof. Recall that 6(p) = Y=, b;p’ where the b;’s are non-negative numbers that sum to 1. By the
assumption that ¢ is not the identity or its negation, b; < 1. We first claim that there is a unique
a, € [0,1] such that

Ve e (—1,a,), 6(p) >pand Yz € (ay,1), ar <d(p) <p 9

To prove (9) it suffices to prove the following properties.

(@) 6(p) > pforp e (—1,0)
(b) & is non-decreasing and convex in [0, 1]
() 6(1)=1

(d) the graph of & has at most a single intersection in [0, 1) with the graph of f(p) = p

If the above properties hold we can take «,, to be the intersection point or 1 if such a point does not
exist. We first show (a). For p € (—1,0) we have that

G(p) = bo+ Y bip' = bo— Y bilpl" > = bilpl = —lp| = p.
=1 i=1 =1

Here, the third inequality follows form the fact that by > 0 and for all 4, —b;|p|* > —b;|p|. Moreover
since b; < 1, one of these inequalities must be strict. Properties (b) and (c) follows from Lemma 12.
Finally, to show (d), we note that the second derivative of 6(p) — pis >, (i — 1)b;p*~2 which is
non-negative in [0, 1). Hence, &(p) — p is convex in [0, 1] and in particular intersects with the z-axis
at either 0, 1, 2 or infinitely many times in [0, 1]. As we assume that & is not the identity, we can rule
out the option of infinitely many intersections. Also, since 6(1) = 1, we know that there is at least
one intersection in [0, 1]. Hence, there are 1 or 2 intersections in [0, 1] and because one of them is in
p = 1, we conclude that there is at most one intersection in [0, 1).

Lastly, we derive the conclusion of the claim from equation (9). Fix p € (—1,1). Assume first that
p > ag. By (9), aun(p) is a monotonically non-increasing sequence that is lower bounded by «,.
Hence, it has a limit o, < 7 < p < 1. Now, by the continuity of & we have

a(T):&( lim am(p)) = lim 6(am(p)) = lim amsi(p) =7.

m—0oQ m—r o0 m— oo

15



Since the only solution to 6(p) = pin (—1,1) is a,, we must have 7 = «,. We next deal with
the case that —1 < p < «. If for some m, ., (p) € [y, 1), the argument for o, < p shows that
ay = limy, 00 am (p). If this is not the case, we have that for all m, o, (p) < my1(p) < ag. As
in the case of p > «,, this can be used to show that «,,, (p) converges to c,-.

D Proofs

D.1 Well-behaved activations

The proof of our main results applies to activations that are decent, i.e. well-behaved, in a sense
defined in the sequel. We then show that C'-bounded activations as well as the ReLLU activation are
decent. We first need to extend the definition of the dual activation and kernel to apply to vectors in
R?, rather than just S¢. We denote by M, the collection of 2 x 2 positive semi-define matrices and
by M, the collection of positive definite matrices.

Definition. Let o be an activation. Define the following,

(X)o(Y) , ko(x,y) 5<|X|2 <X7Y>> '

g: M2 SR, (2
oM oR, () xy) Iyl

= E o
(X,Y)~N(0,%)
We underscore the following properties of the extension of a dual activation.

(a) The following equality holds,

(b) The restriction of the extended k, to the sphere agrees with the restricted definition.

(c) The extended dual activation and kernel are defined for every activation o such that for all
a > 0, x — o(ax) is square integrable with respect to the Gaussian measure.

(d) Forx,y € RY, if w € R? is a multivariate normal distribution with zero mean vector and
identity covariance matrix, then

ko(x,y) = Eo((w,x))o({w,y)).

Denote
¥ b
v 11 12 _
M+._{(212 Z22)6./\/l+|1 7§211,E22§1+’Y}-

Definition. A normalized activation o is (a, 8,7)-decent for «v, B, > 0 if the following conditions
hold.

i) The dual activation & is 3-Lipschitz in M with respect to the co-norm.
D + 4

(it) If (X1,Y1),...,(Xy,Y;) are independent samples from N (0, %) for ¥ € M7 then
: X;)o(Y; 2
Pr (‘ 2z 0Xi)o(s) 5(2)‘ > e> < 2exp <T€> .

r 202

Lemma 13 (Bounded activations are decent). Let o : R — R be a C-bounded normalized activation.
Then, o is (C?,2C?,~)-decent for all v > 0.

Proof. 1t is enough to show that the following properties hold.

1. The (extended) dual activation & is 2C2-Lipschitz in M | w.r.t. the co-norm.
2. If (X1, Y1), ..., (X, Y,) are independent samples from N (0, ) then

Pr ( >t CT(?:Xi)U(Yi) _ 0(2)’ > e) < 2exp (—Qﬁ)
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From the boundedness of ¢ it holds that |o(X)o(Y)| < C2. Hence, the second property follows
directly from Hoeffding’s bound. We next prove the first part. Let z = (x, y) and ¢(z) = o(x)o(y).
Note that for ¥ € M, we have

5(%) =

1 el
om/det() /]R olz)e da-

Thus we get that,

Y e 11 (§] -1 2 n"ly
95 i/zqs( [,/dt ) - I/det(T) (e TR | i

o or det(Z)

—EilzzTEfl] P

277\ /det (3 /Rz

Let g(z) =
ag —1 72T2712
= = - 2
0z
829 —1 —1 Tw—1 7zTE’1z
o = [—E + X zz X } e 2
‘We therefore obtain that,
oo 1 ¢82
0% 47r\/det r2 0%z

By the product rule we have

96 1 1 [ 02 1 9?
SR S PV S L T

o 2my/det (%) 2 Jr2 0%z 2 (X,Y)~N(0,3) | 0%z

We conclude that & is differentiable in M | with partial derivatives that are point-wise bounded by
%2. Thus, & is 2C2-Lipschitz in M w.r.t. the co-norm. O

‘We next show that the ReLLU activation is decent.
Lemma 14 (ReLU is decent). There exists a constant arer,y > 1 such that for 0 < ~ < 1, the

normalized ReLU activation o(x) = v/2max(0, x) is (areru, 1 + 0(7),)-decent.

Proof. The measure concentration property follows from standard concentration bounds for sub-
exponential random variables (e.g. [43]). It remains to show that & is (1 4 o())-Lipschitz in M.
We first calculate an exact expression for 5. The expression was already calculated in [13], yet we
give here a derivation for completeness.

Claim 2. The following equality holds for all ¥ € M2,

_ N 212 >
oY) = VY1290l ——— | .
(¥) = V¥ (W

Proof. Let us denote

X1
VE11X12
By the positive homogeneity of the ReLU activation we have

(%) = E a(X)o(Y)

(X,Y)~N(0,%)

B m(XY)ENOZ) (\/;%) (\/L)

- 8 o))

(X,¥)~N

%
\/211222&(12> .

- ( 1 S )
E — 211212 .
1

V211202
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which concludes the proof. O

For brevity, we henceforth drop the argument from & (X) and use the abbreviation &. In order to show
that & is (1 + o(~y))-Lipschitz w.r.t. the co-norm it is enough to show that for every ¥ € M7 we
have,

00 0o 0o
Va1 = <1 . 10
Ivel ‘3212 N 0% * 0% | — o) (10)
First, Note that 95 /9311 and 07 /9399 have the same sign, hence,
0o 06 0o
Va1 = .
IVl ‘3212 ‘azu T %

Next we get that,
g 1 /222&< Y12 ) 1 ¥ o &/( 212 )
0X11 2V X V211222 2V 11 vVEn s V211222
0o — 1 /211[,< Y12 ) _ L Y &’( Y12 )
0¥92 2V X2 \WVE11Xa 2V Yoo /Y1120 V211522

e &’( Yig >
0%12 Vi)

We therefore get that the 1-norm of V& is,

”V5H1:1211+222 &< 212 )_ 212 &/( 212 )’_1_&,( 212 )
2 X11290 VE11 222 VE11 222 V211222 V211200

The gradient of %3% at (X11,¥22) = (1,1) is (0,0). Therefore, from the mean value theorem

1311430 AAt Y12 :
we get, 5 s = 1+ o(y). Furthermore, &, 6’ and s are bounded by 1 in absolute value.

Hence, we can write,

&< Y12 >_ Y12 6’( Y12 >‘+&,< Y12 >+0(7)
VE1192 VE115922 VE11822 V211222

IVl =

Finally, if we let t = 221:12222 , we can further simply the expression for V&,
IVe(D)llh = [6(t) —t6' ()] +[6"(t)] + o(7)
1—¢2 cos~L(t
B ST N

Finally, the proof is obtained from the fact that the function f(¢) = 7”;9 +1- %1(” satisfies
0 < f(t) < 1foreveryt € [—1,1]. Indeed, it is simple to verify that f(—1) = 0 and f(1) = 1.
Hence, it suffices to show that f’ is non-negative in [—1, 1] which is indeed the case since,
11—t 1 /1—-¢

= — >0. O

f/(t) ;\/1—152 I VA

D.2 Proofs of Thms. 3 and 4

We start by an additional theorem which serves as a simple stepping stone for proving the aforemen-
tioned main theorems.

Theorem 15. Let S be a skeleton with (v, 3,~)-decent activations, 0 < € < v, and By = Zf:_ol B
Let w be a random initialization of the network N' = N'(S,r) with

8|S|
2a2B§epth(8) IOg (T)

r>
€2

Then, for every X,y with probability of at least 1 — 0, it holds that

|I€W(X7 y) - KS(Xv y)‘ <e.
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Before proving the theorem we show that together with Lemmas 13 and 14, Theorems 3 and 4 follow
from Theorem 15. We restate them as corollaries, prove them, and then proceed to the proof of
Theorem 15.

Corollary 16. Let S be a skeleton with C-bounded activations. Let w be a random initialization of

N = N(S8,r) with
(4C4)dePth(8)+1 |og (%)
r> .

= 2

Then, for every X, y, w.p. > 1 — 0,

|I€W(X7 y) - HS(Xv y)‘ <e.

Proof. From Lemma 13, for all v > 0, each activation is (CQ, 207, v)-decent. By Theorem 15, it
suffices to show that

depth(S)—1 2

92 (02)2 Z (202)1 < (404)depth(8)+1 )
=0

The sum of can be bounded above by,

depth(5)—1 o (202)depth($) -1 (202)depth(8)
204) = < .
; (2C7) 202 -1 - C?
Therefore, we get that,
2
depth(S)—1
) 204(404)depth(8)
2 C2 2 202 % < < 4c4 depth(S)+1
(€?) ; (26%)"] < o < (40 :
which concludes the proof. O

Corollary 17. Let S be a skeleton with ReLU activations, and w a random initialization of N'(S, 1)

8|S
depth? (S)Zbg(%)
€

withr > ¢, . For all x,y and ¢ < min(cy, m), wp.>1-—46,

|I<':W(X7 y) - ’{S(Xv y)| <e

Here, c1,co > 0 are universal constants.

Proof. From Lemma 14, each activation is (areru, 1 + 0(€), €)-decent. By Theorem 135, it is enough

to show that
depth(

S)—1
(1+o(€))" = O(depth(S)) .

=0

This claim follows from the fact that (1 4 o(¢))? < e?()4ePth(S) a5 Jong as i < depth(S). Since we

assume that € < 1/depth(S), the expression is bounded by e for sufficiently small e. O

‘We next prove Theorem 15.

Proof. (Theorem 15) For a node u € S we denote by ¥,, , : X — R" the normalized representation
of S’s sub-skeleton rooted at w. Analogously, &, v denotes the empirical kernel of that network.
When w is the output node of S we still use Wy, and &y, for ¥, y and k,, w. Given two fixed x,y € X
and a node u € S, we denote

K — Fuw (X, X)  Kuw(X,y) v — Ku(X,X)  Ku(X,y)
W \Buw(XY) Kuw(y,y) )’ ku(X,Y)  Fu(y,y)
Zvein(u) ,C\EV Zvein(u) K"

lin(u)| lin(w)]

—u o
Ky =

—u __
, KTt =
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For a matrix £ € M and a function f : M4 — R, we denote

(k) W

P(IC) — 11
e TSI O
Koo Koo
Note that K% = 62 (K ). We say that a node u € S, is well-initialized if
B € u
1K, = K loo < et (11
Baeptn(s)

Here, we use the convention that By = 0. It is enough to show that with probability of at least > 1 —§
all nodes are well-initialized. We first note that input nodes are well-initialized by construction since
Ky = K". Next, we show that given that all incoming nodes for a certain node are well-initialized,
then w.h.p. the node is well-initialized as well.

Claim 3. Assume that all the nodes in in(u) are well-initialized. Then, the node u is well-initialized

with probability of at least 1 — %.

Proof. It is easy to verify that I}, is the empirical covariance matrix of r independent variables
distributed according to (0(X),o(Y")) where (X,Y) ~ N (0, K{,*). Given the assumption that all
nodes incoming to u are well-initialized, we have,

Z) in ’C;L:v Z} in ICU
5™ = K H S Ll

[in(v)| [in(v)]
1 v v
< hmwug%ﬂKw_K”W (12)

EBdepth(u)—l
Bdcpth(S) '
Further, since € < « then K" € M. Using the fact that o, is (o, 3,7)-decent and that r >

2 2 (8|S
20 Bicpin(s) 10%(7‘5 ‘ )
2
€

, we get that w.p. of at least 1 — %,
_ w €
K —ah (K )Hoo < B (13)
depth(S)

Finally, using (12) and (13) along with the fact that & is 5-Lipschitz, we have

IKw =Ko = [IK& =70 (KT
< K = o0 (K)o + o (KG™) — a0 (KT
€
< o B - KTl
Bepth(s)
€ + 56 Bdepth(u)—l _ GBdepth(u) ) O
Bdepth(S) Bdepth(S) Bdepth(S)
We are now ready to conclude the proof. Let us, ..., us| be an ordered list of the nodes in S in
accordance to their depth, starting with the shallowest nodes, and ending with the output node. Denote
by A, the event that u,, . .., u, are well-initialized. We need to show that Pr(4s) > 1 —J. We do
so using an induction on ¢ for the inequality Pr(A4,) > 1 — %. Indeed, forg = 1,...,n, uy is an

input node and Pr(A,) = 1. Thus, the base of the induction hypothesis holds. Assume that ¢ > n.
By Claim (3) we have that Pr(4,|4,-1) > 1 — % Finally, from the induction hypothesis we have,

) (¢g—1)6 qé
Pr(Aq) = Pr(Aq|Ag—1) Pr(Ag—1) = (1 - |S|) <1 - |S|> >1- E O
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D.3 Proofs of Thms. 5 and 6

Theorems 5 and 6 follow from using the following lemma combined with Theorems 3 and 4. When
we apply the lemma, we always focus on the special case where one of the kernels is constant w.p. 1.

Lemma 18. Let D be a distribution on X x Y, £ : R x Y — R be an L-Lipschitz loss, 6 > 0,
and K1, k2 : X X X — R be two independent random kernels sample from arbitrary distributions.
Assume that the following properties hold.

e Forsome C > 0,Vx € X, k1(X, %), ko(x,%x) < C.
<

~ ~ 2
d ford < co—52  wherecy > 0

L4 Vx,y S Xa Prfﬂhfiz (‘Rl(xyy) - KQ(X7Y)‘ > E) 0210g2(%)

is a universal constant.

Then, w.p. > 1 — 6 over the choices of k1, ke, for every f1 € H% there is f € Hf\fM such that
Lp(f2) < Lp(f1) + eALM.

To prove the above lemma, we state another lemma below followed by a basic measure concentration
result.

Lemma 19. Let xq,...,%,m € RY w* € R% and € > 0. There are weights o, . .., Q,y, such that
forw :=>"" | a;x; we have,

o L(w):= 5 300 [(w,xi) — (W xi)| < e

m

* (12
o 3, oyl < I

o [wi < [lwl

Proof. Denote M = ||w*||, C = max; ||x;||, and y; = (w*,x;). Suppose that we run stochastic
gradient decent on the sample {(X1,%1), .-, (Xm,Ym)} W.r.t. the loss £(w), with learning rate
1 = &z, and with projections onto the ball of radius M. Namely, we start with wo = 0 and at each
iteration ¢ > 1, we choose at random é; € [m] and perform the update,

o — {th —nXi,  (Wio1,X4,) > ¥,
;=
Wit + 0%, (Wee1,X5,) < Y,

W — wi o [[wel| < M
P R (Wl > M

Wl

22 . . . :
After T = MEQC iterations the loss in expectation would be at most € (see for instance Chapter 14
. . . 202 . . .
in [43]). In particular, there exists a sequence of at most MﬁQC gradient steps that attains a solution
w with £(w) < e. Each update adds or subtracts ;x; from the current solution. Hence w can be
M?

written as a weighted sum of x;’s where the sum of each coefficient is at most 7'z = ~—. O

Theorem 20 (Bartlett and Mendelson [8]). Let D be a distribution over X x Y, : R x Y — R
a 1-Lipschitz loss, k : X x X — R a kernel, and €,6 > 0. Let S = {(x1,Y1), -+, (Xm, Ym)} be

.. M? x ,x)+log( 1 . .
i.i.d. samples from D such that m > c e x :2(" x)+log () where c is a constant. Then, with

probability of at least 1 — § we have,
Vi eHM!, |Lo(f) = Ls(f)] <e.

Proof. (of Lemma 18) By rescaling ¢, we can assume w.l.o.g that L = 1. Let ¢ = /eM and

S ={(x1,91),---, (Xm,Ym)} ~ D beii.d. samples which are independent of the choice of x1, k.

CM?log(%) CClog(%)
2 - €

By Theorem 20, for a large enough constant ¢, if m = ¢
over the choice of the samples we have,

,then w.p. > 1 — g

Vi e HM UHM 1Lp(f) - Ls(f)] < @ (14)
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Now, if we choose ¢co = ﬁ then w.p. > 1 — m2é >1-— % (over the choice of the examples and the
kernel), we have that

Vi,je [mL‘KZl(Xi,Xj)—,‘ig(Xi7Xj)| < €. (15)
In particular, w.p. > 1 — ¢ (14) and (15) hold and therefore it suffices to prove the conclusion of the
theorem under these conditions. Indeed, let ¥;, Uy : X — H be two mapping from X" to a Hilbert
space H so that r;(x,y) = (¥;(x), ¥;(y)). Let f; € H2. By lemma 19 there are oy, . . ., o, S0
that for the vector w = >~ | a1 U4 (x;) we have

1 m
- Y oUW, Ui(xi)) = filxi)| < e, llwll < M, (16)
=1

and
D ai] < —. (17)
i=1 €1

Consider the function fy € M, defined by fo(x) = >\, a1 (¥a(x;), P2(x)). We note that
m 2

Z Oél‘\I/Q(Xi)

i=1

m
= Z aiajng(xi,xj)

ij=1

m m
Z Oél'O[jlil(Xi,Xj) + € Z |aiaj|

i,j=1 i,j=1

2
m
Wl + e (z m)
=1

M4
< MP4e— =2M7.
€

1F2ll3, <

IA

Denote by f;(x) = (w, ¥ (x)) and note that for every i € [m] we have,

m

|f1(xi) = fo(xi)| = Z@j (K1(xi,%5) — K2(xi,%;))

< < e— = .
< 6;‘%‘—661 €1
Finally, we get that,
Lp(f2) < Ls(f2)+e
1 m
= E;“fz(xi),yi)‘Fﬁ
J
< - ;E (fl(xi)ayi) +e+ e
1 & .
< Ezf(ﬁ(xi),yi)ﬂﬁ(xi)—fl(Xz‘)|+2€1
i=1
1 m
< %izzlf(fl(xi),yi)'i‘?)ﬁ
< Ls(fi) +3er < Lp(f1) +4der,
which concludes the proof. O

22



