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Abstract

This paper studies the trade-off between two different kinds of pure exploration:
breadth versus depth. We focus on the most biased coin problem, asking how
many total coin flips are required to identify a “heavy” coin from an infinite bag
containing both “heavy” coins with mean ¢; € (0,1), and “light" coins with
mean 6y € (0, 6,), where heavy coins are drawn from the bag with proportion
a € (0,1/2). When «, 0, 6 are unknown, the key difficulty of this problem lies in
distinguishing whether the two kinds of coins have very similar means, or whether
heavy coins are just extremely rare. While existing solutions to this problem require
some prior knowledge of the parameters 6, 1, ., we propose an adaptive algorithm
that requires no such knowledge yet still obtains near-optimal sample complexity
guarantees. In contrast, we provide a lower bound showing that non-adaptive
strategies require at least quadratically more samples. In characterizing this gap
between adaptive and nonadaptive strategies, we make connections to anomaly
detection and prove lower bounds on the sample complexity of differentiating
between a single parametric distribution and a mixture of two such distributions.

1 Introduction

The trade-off between exploration and exploitation has been an ever-present trope in the online
learning literature. In contrast, this paper studies the trade-off between two different kinds of pure
exploration: breadth versus depth. Consider a bag that contains an infinite number of two kinds
of biased coins: “heavy” coins with mean 6; € (0,1) and “light” coins with mean 6y € (0, ;).
When a player picks a coin from the bag, with probability « the coin is “heavy” and with probability
(1 — «) the coin is “light.” The player can flip any coin she picks from the bag as many times as she
wants, and the goal is to identify a heavy coin using as few total flips as possible. When «;, 6, 6, are
unknown, the key difficulty of this problem lies in distinguishing whether the two kinds of coins have
very similar means, or whether heavy coins are just extremely rare. That is, how does one balance
flipping an individual coin many times to better estimate its mean against considering many new coins
to maximize the probability of observing a heavy one. Previous work has only proposed solutions
that rely on some or full knowledge «, 6, 61, limiting their applicability. In this work we propose
the first algorithm that requires no knowledge of «, 0y, 1, is guaranteed to return a heavy coin with
probability at least 1 — J, and flips a total number of coins, in expectation, that nearly matches known
lower bounds. Moreover, our fully adaptive algorithm supports more general sub-Gaussian sources in
addition to just coins, and only ever has one “coin” outside the bag at a given time, a constraint of
practical importance to some applications.

In addition, we connect the most biased coin problem to anomaly detection and prove novel lower
bounds on the difficulty of detecting the presence of a mixture versus just a single component of
a known family of distributions (e.g. X ~ (1 — a)gyp, + age, versus X ~ gy for some ). We
show that in detecting the presence of a mixture distribution, there is a stark difference of difficulty
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between when the underlying distribution parameters are known (e.g. «, 0y, ¢1) and when they are
not. The most biased coin problem can be viewed as an online, adaptive mixture detection problem
where source distributions arrive one at a time that are either gg, with probability (1 — «) or g,
with probability « (e.g. null or anomolous) and the player adaptively chooses how many samples
to take from each distribution (to increase the signal-to-noise ratio) with the goal of identifying an
anomolous distribution fy, using as few total number of samples as possible. One consequence of
this work is drawing a contrast between the power of an adaptive versus non-adaptive (e.g. taking
the same number of samples each time) approaches to this problem, specifically when «, 6y, 61 are
unknown.

1.1 Motivation and Related Work for the Most Biased Coin Problem

The most biased coin problem characterizes the inherent difficulty of real-world problems including
anomaly and intrusion detection and discovery of vacant frequencies in the radio spectrum. Our
interest in the problem stemmed from automated hiring of crowd workers: data labeling for machine
learning applications is often performed by humans, and recent work in the crowdsourcing literature
accelerates labeling by organizing workers into pools of labelers and paying them to wait for incoming
data [3} [L1]. Workers hired on marketplaces such as Amazon’s Mechanical Turk [[15] vary widely in
skill, and identifying high-quality workers as quickly as possible is an important challenge. We can
model each worker’s performance (e.g. accuracy or speed) as a random variable so that selecting
a good worker is equivalent to identifying a worker with a high mean. Since we do not observe a
worker’s expected performance directly, we must give them tasks from which we estimate it (like
repeatedly flipping a biased coin).

The most biased coin problem was first proposed by Chandrasekaran and Karp [7]]. In that work,
it was shown that if «, 6y, 07 were known then there exists an algorithm based on the sequential
probability ratio test (SPRT) that is optimal in that it minimizes the expected number of total flips to
find a “heavy” coin whose posterior probability of being heavy is at least 1 — §, and the expected
sample complexity of this algorithm was upper-bounded by

- 1690)2 (1;a+log<(1_02(($1_6)>). 0

However, the practicality of the proposed algorithm is severely limited as it relies critically on
knowing a, g, and #; exactly. In addition, the algorithm returns to coins it has previously flipped
and thus requires more than one coin to be outside the bag at a time, ruling out some applications.
Malloy et al. [14] addressed some of the shortcomings of [8] (a preprint of [7]) by considering both
an alternative SPRT procedure and a sequential thresholding procedure. Both of these proposed
algorithms only ever have one coin out of the bag at a time. However, the former requires knowledge
of all relevant parameters «, 6, 61, and the latter requires knowledge of «, 8. Moreover, these results
are only presented for the asymptotic case where 6 — 0.

The most biased coin problem can be viewed through the lens of multi-armed bandits. In the
best-arm identification problem, the player has access to K distributions (arms) such that if arm
1 € [K] is sampled (pulled), an iid random variable with mean y; is observed; the objective is to
identify the arm associated with the highest mean with probability at least 1 — ¢ using as few pulls
as possible (see [13]] for a short survey). In the infinite armed bandit problem, the player is not
confined to K arms but an infinite reservoir of arms such that a draw from this reservoir results in
an arm with a mean p drawn from some distribution; the objective is to identify the highest mean
possible after n total pulls for any n > 0 with probability 1 — § (see [6]). The most biased coin
problem is an instance of this latter game with the arm reservoir distribution of means p defined as
P(u > 61 —€) = ale>o + (1 — a)lesg, —g, for all e. Previous work has focused on an alternative
arm distribution reservoir that satisfies Fe® < P(u > . — €) < E’¢” for some p, € [0,1] where
E, E' are constants and £ is known [4} 20, 3. [6]]. Because neither arm distribution reservoir can be
written in terms of the other, neither work subsumes the other. Note that one can always apply an
algorithm designed for the infinite armed bandit problem to any finite K -armed bandit problem by
defining the arm reservoir as placing a uniform distribution over the K arms. This is appealing when
K is very large and one wishes to guarantee nontrivial performance when the number of pulls is
much less than K[H The most biased problem is a special case of the Kl -armed reservoir distribution

where one arm has mean 67 and K — 1 arms have mean 6, with o = %-

! All algorithms for K -armed bandit problem known to these authors begins by sampling each arm once so
that until the number of pulls exceeds K, performance is no better than random selection.



Given that [7] and [[14] are provably optimal algorithms for the most biased coin problem given
knowledge of «, 6y, 01, it is natural to consider a procedure that first estimates these unknown
parameters first and then uses these estimates in the algorithms of [[7] or [14]. Indeed, in the (-
parameterized arm reservoir setting discussed above, this is exactly what Carpentier and Valko [6]

propose to do, suggesting a particular estimator for 8 given a lower bound 3 < 3. They show that
this estimator is sufficient to obtain the same sample complexity result up to log factors as when
was known. Sadly, through upper and lower bounds we show that for the most biased coin problem
this estimate-then-explore approach requires quadratically more flips than our proposed algorithm
that adapts to these unknown parameters. Specifically, we show that when 6; — 6 is sufficiently
small one cannot use a static estimation step to determine whether o« = 0 or a > 0 unless a number
of samples guadratic in the optimal sample complexity are taken.

Our contributions to the most biased coin problem include a novel algorithm that never has more
than one coin outside the bag at a time, has no knowledge of the distribution parameters, supports
distributions on [0, 1] rather than just “coins,” and comes within log factors of the known information-
theoretic lower bound and Equation [I| which is achieved by an algorithm that knows the parameters.
See Table [I] for an overview of the upper and lower bounds proved in this work for this problem.
We believe that our algorithm is the first solution to the most biased coin problem that does not
require prior knowledge of the problem parameters and that the same approach can be reworked to
solve more general instances of the infinite-armed bandit problem, including the 3-parameterized
and K -armed reservoir cases described of above. Finally, if an algorithm is desired for arbitrary arm
reservoir distributions, this work rules out an estimate-then-explore approach.

1.2 Problem Statement

Let # € © index a family of single-parameter probability density functions gy and fix 6y,6; € O,
a € [0,1/2]. For any 6 € © assume that gy is known to the procedure. Note that in the most biased
coin problem, gg =Bernoulli(f), but in general it is arbitrary (e.g. N/ (6, 1)). Consider a sequence of iid
Bernoulli random variables &; € {0,1} fori =1,2,... whereeachP(§; = 1) = 1-P(&; = 0) = a.
Let X; ; for j = 1,2,... be a sequence of random variables drawn from gy, if §& = 1 and g,
otherwise, and let {{X; ; };Vil N | represent the sampling history generated by a procedure for some

N € Nand (M, ..., My) € NV, Any valid procedure behaves accordingly:

Algorithm 1 The most biased coin problem definition. Only the last distribution drawn may be
sampled or declared heavy, enforcing the rule that only one coin may be outside the bag at a time.
Initialize an empty history (N =1, M = (0,0,...)).
Repeat until heavy distribution declared:
Choose one of

1. draw a sample from distribution N, M < My + 1

2. draw a sample from the (N + 1)st distribution, My11 =1, N < N + 1

3. declare distribution IV as heavy

Definition 1 We say a strategy for the most biased coin problem is 6-probably correct if for all
(a, 0o, 01) it identifies a “heavy” gy, distribution with probability at least 1 — 6.

Definition 2 (Strategies for the most biased coin problem) An estimate-then-explore strategy
is a strategy that, for any fixed m € N, begins by sampling each successive coin exactly m times for
a number of coins that is at least the minimum necessary for any test to determine that o # 0 with
probability at least 1 — 0§, then optionally continues sampling with an arbitrary strategy that declares
a heavy coin. An adaptive strategy is any strategy that is not an estimate-then-explore strategy.

We study the estimate-then-explore strategy because there exist optimal algorithms [[7} [14] for the
most biased coin problem if «, 6y, 6 are known, so it is natural to consider estimating these quantities
then using one of these algorithms. Note that the algorithm of [6] for the S-parameterized infinite
armed bandit problem discussed above can be considered an estimate-then-explore strategy since it
first estimates 3 by sampling a fixed number of samples from a set of arms, and then uses this estimate
to draw a fixed number of arms and applies a UCB-style algorithm to these arms. A contribution of
this work is showing that such a strategy is infeasible for the most biased coin problem.



For all strategies that are d-probably correct and follow the interface of Algorithm [I} our goal is
to provide lower and upper bounds on the quantity E[7T] := E[vazl M;] for any («, 0y, 61) if N
denotes the final number of coins considered.

2  From Identifying Coins to Detecting Mixture Distributions

Addressing the most biased coin problem, [14] analyzes perhaps the most natural strategy: fix an
m € N and flip each successive coin exactly m times. The relevant questions are how large does m
have to be in order to guarantee correctness with probability 1 — ¢, and for a given m how long must
one wait to declare a “heavy” coin? The authors partially answer these questions and we improve
upon them (see Section[3.2.T)) which leads us to our study of the difficulty of detecting the presence of
a mixture distribution. As an example of the kind of lower bounds shown in this work, if we observe
a sequence of random variables X1, ..., X,,, consider the following hypothesis test:

Hy:Vi X1,...,X, ~N(6,0%) forsomef € R,
H,:Vi X1,...,X, ~ (1= )N (0, 0%) +aN(b;,0%)
which will henceforth be referred to as Problem [PT]or just (PI). We can show that if 6y, 61, « are

known and 0 = 6, then it is sufficient to observe just max{1/c, Wiao)ﬂ log(1/6)} samples to
determine the correct hypothesis with probability at least 1 — §. However, if 6y, 01, « are unknown

(PD)

then it is necessary to observe at least max {1/a, (a(elaijao)?)Q log(1/6)} samples in expectation

whenever M < 1 and max{1/a, Wieo)? log(1/4)} otherwise (see Appendix .

Recognizing M as the KL divergence between two Gaussians of H;, we observe startling
consequences for anomaly detection when the parameters of the underlying distributions are unknown:
if the anomalous distribution is well separated from the null distribution, then detecting an anomalous
component is only about as hard as observing just one anomalous sample (i.e. 1/«) multiplied by
the inverse KL divergence between the null and anomalous distributions. However, when the two
distributions are not well separated then the necessary sample complexity explodes to this latter
quantity squared. In Section ] we will investigate adaptive methods for dramatically decreasing this
sample complexity.

Our lower bounds are based on the detection of the presence of a mixture of two distributions of an
exponential family versus just a single distribution of the same family. There has been extensive
work in the estimation of mixture distributions [12| [10]] but this literature often assumes that the
mixture coefficient a is bounded away from 0 and 1 to ensure a sufficient number of samples from
each distribution. In contrast, we highlight the regime when « is arbitrarily small, as is the case in
statistical anomaly detection [9}[19] 2]]. Property testing, e.g. unimodality, [1] is relevant but can lack
interpetability or strength in favor of generality. Considering the exponential family allowing us to
make interpretable statements about the relevant problem parameters in different regimes.

Preliminaries Let P and () be two probability distributions with densities p and g, respectively. For
simplicity, assume p and g have the same support. Define the KL Divergence between P and @)

as KL(P,Q) = f log (p(r ) dp(z). Define the x? Divergence between P and Q as x?(P, Q) =
J (;’ E;g ) dg(z) = [ Mdm Note that by Jensen’s inequality
KL(P,Q) = E,[log (2)] <log (E,[2]) = log (x (P,Q)+1) < X (PQ). (2)

Examples: If P = N (01,0?%) and Q = N(6y,0?) then KL(P,Q) = (61 60) and x*(P,Q) =

(01— 90>2

e — 1. If P = Bernoulli(f;) and Q = Bernoulli(y) then K L(P, Q) = 6, log(el) +(1-
01) log(1= 01) < 00(1790)(70[1(0199004?29071)” and \3(P,Q) = (9119‘5)) All proofs appear in the
appendix.

3 Lower bounds

We present lower bounds on the sample complexity of d-probably correct strategies for the most
biased coin problem that follow the interface of Algorithm [I} Lower bounds are stated for any



adaptive strategy in Section [3.1} non-adaptive strategies that may have knowledge of the parameters
but sample each distribution the same number of times in Section [3.2.1] and estimate-then-explore
strategies that do not have prior knowledge of the parameters in Section[3.2.2] Our lower bounds,
with the exception of the adaptive strategy, are based on the difficulty of detecting the presence of a
mixture distribution, and this reduction is explained in Section[3.2]

3.1 Adaptive strategies

The following theorem, reproduced from [[14], describes the sample complexity of any §-probably
correct algorithm for the most biased coin identification problem. Note that this lower bound holds
for any procedure even if it returns to previously seen distributions to draw additional samples and
even if it knows «, 0y, 0.

Theorem 1 [[[4] Theorem 2] Fix 6 € (0,1). Let T be the total number of samples taken of any
procedure that is 6-probably correct in identifying a heavy distribution. Then

1-6  (1-90)
E[T] > ¢ maX{ o oK L(ge,|gs,) }

whenever « < co0 where c1,co € (0, 1) are absolute constants.

The above theorem is directly applicable to the special case where gy is a Bernoulli distribution,
implying a lower bound of max {12, 2 mm{eo@g(l‘g: 6)_“"38%(1791)} } for the most biased coin problem.

The upper bounds of our proposed procedures for the most biased coin problem presented later will
be compared to this benchmark.

3.2 The detection of a mixture distribution and the most biased coin problem

First observe that identifying a specific distribution 7 < N as heavy (i.e. {; = 1) or determining that «
is strictly greater than 0, is at least as hard as detecting that any of the distributions up to distribution N
is heavy. Thus, a lower bound on the total expected number of samples of all considered distributions
for this strictly easier detection problem is also a lower bound for the estimate-then-explore strategy
for the most biased coin identification problem.

The estimate-then-explore strategy fixes an m € N prior to starting the game and then samples each
distribution exactly m times, i.e. M; = m for all i < N for some N. To simplify notation let fy
denote the distribution of the sufficient statistics of these m samples. In general fy is a product
distribution, but when gy is a Bernoulli distribution, as in the biased coin problem, we can take fy to
be a Binomial distribution with parameters (m, 8). Now our problem is more succinctly described as:

Hy:Vi X;~ fo forsomefec®©CO,
fo, & =0 (P2)
fo, if&=1
If 6y and 6 are close to each other, or if « is very small, it can be very difficult to decide between Hy
and H, even if o, 0y, 6, are known a priori. Note that when the parameters are known, one can take
= {0y }. However, when the parameters are unknown, one takes O0=0to prove a lower bound on
the sample complexity of the estimate-then-explore algorithm, which is tasked with deciding whether
or not samples are coming from a mixture of distributions or just a single distribution within the
family. That is, lower bounds on the sample complexity when the parameters are known and unknown
follow by analyzing a simple binary and composite hypothesis test, respectively. In what follows, for
any event A, let P;(A) and E;[A] denote probability and expectation of A under hypothesis H; for
i € {0,1} (the specific value of 6 in Hy will be clear from context). The next claim is instrumental
in our ability to prove lower bounds on the difficulty of the hypothesis tests.

H, :Vi & ~ Bernoulli(a), Vi X; ~ {

Claim 1 Any procedure that is §-probably correct also satisfies Po(N < 00) < § whenever o = 0.

3.2.1 Sample complexity when parameters are known

Theorem 2 Fix 6 € (0,1). Consider the hypothesis test of Problem |P2|for any fixed 0 € 0 cC
O. Let N be the random number of distributions considered before stopping and declaring a



hypothesis. If a procedure satisfies Po(N < 00) < § and P1(U; {& = 1}) > 1 — 0, then

Eq[N] > max{%, %} > max{%&,%}.lnparticulan lfé = {00} then
1-6 log(1/6
E,[N] Zmax{ =5 02g( /9) }
« asx (fel‘feo)

The next corollary relates Theorem [2]to the most biased coin problem and is related to Malloy et al.
[14, Theorem 4] that considers the limit as . — 0 and assumes m is sufficiently large (specifically,
large enough for the Chernoff-Stein lemma to apply). In contrast, our result holds for all finite §, a;, m.

Corollary 1 Fix ¢ € (0,1). For any m € N consider a §-probably correct strategy that flips each
coin exactly m times. If Ny, is the number of coins considered before declaring a coin as heavy then

(1= 0)log (“=4/) 4 4 gy
. S .
glé%E[mNm] - o (91 — 00)2

One can show the existence of such a strategy with a nearly matching upperbound when «, 6y, 61 are
known (see Appendix [B.1)). Note that this is at least log(1/«a/) larger than the sample complexity of
(T) that can be achieved by an adaptive algorithm when the parameters are known.

3.2.2 Sample complexity when parameters are unknown

If o, 6, and 60, are unknown, we cannot test fp, against the mixture (1 — &) fg, + o fp, . Instead, we
have the general composite test of any individual distribution against any mixture, which is at least as
hard as the hypothesis test of Problemwith © = {0} for some particular worst-case setting of 6.
Without any specific form of fy, it is difficult to pick a worst case 6 that will produce a tight bound.
Consequently, in this section we consider single parameter exponential families (defined formally
below) to provide us with a class of distributions in which we can reason about different possible
values for 6. Since exponential families include Bernoulli, Gaussian, exponential, and many other
distributions, the following theorem is general enough to be useful in a wide variety of settings. The
constant C referred to in the next theorem is an absolute constant under certain conditions that we
outline in the following remark and corollary, its explicit form is given in the proof.

Theorem 3 Suppose fy for 0 € © C R is a single parameter exponential family so that fg(x) =
h(z) exp(n(8)z — b(1(6))) for some scalar functions h, b,y where 1 is strictly increasing. If © =
{6.} where 6, = n=((1 — a)n(6y) + an(b1))and N is the stopping time of any procedure that
satisfies Po(N < 00) < § and Py (UN {& = 1}) > 1 — 6, then
1—6 log(l)
Ea[N] > max {152, e o) 7o) }
where C'is a constant that may depend on «, 0y, 6.

The following remark and corollary apply Theorem [3to the special cases of Gaussian mixture model
detection and the most biased coin problem, respectively.

Remark 1 When «, 0y, 01 are unknown, any procedure has no knowledge of O in Problemand
consequently it cannot rule out 0 = 0, for Hy where 0, is defined in Theorem If fo = N(0,0?)

— 2 . .
% < 1 the constant C in Theorem/|3|is an absolute constant and

for known o, then whenever
consequently, E1[N]| = Q((Ot(elo-ijegﬁ)Q log(1/6)). Conversely, when «,6y,0; are known, then we
simply need to determine whether samples came from N (0o, o2) or (1 — )N (0y, 0%) +aN (61, 0?),

and we show that it is sufficient to take just O (Wﬁeoﬂ log(1/ 5)) samples (see Appendix|C).

Corollary 2 Fix 6 € [0,1] and assume 0,0, are bounded sufficiently far from {0,1} such that
2(61 — 0p) < min{bo(1 — ), 61(1 — 61)}. For any m let N,,, be the number of coins a d-probably
correct estimate-then-explore strategy that flips each coin m times in the exploration step. Then

"min{x,0,(1 -6, 0.(1 -0,
mE[N,,] > ¢ min{;;, 0. - )2} log(%) whenever m < ﬁ
(a(l —a) (61—00) ) (61 — 6o)

0.(1—6,)
where ¢ is an absolute constant and 0, = 1= (1 — a)n(6p) + an(61)) € [0o, 01].



Remark 2 If «, 0y, 61 are unknown, any estimate-then-explore strategy (or the strategy described in
Corollary[l) would be unable to choose an m that depended on these parameters, so we can treat it as
a constant. Thus, for the case when 0y and 6, are bounded away from {0,1} (e.g. 00,61 € [1/8,7/8]),
the above corollary states that for any fixed m, whenever 6, — 0y is sufficiently small the number
of samples necessary for these strategies to identify a heavy coin scales like (m)z log(1/4).

This is striking example of the difference when parameters are known versus when they are not and
effectively rules out an estimate-then-explore strategy for practical purposes.

Setting Upper Bound Lower Bound
Fixed, known «, 6y, 61 bg(la/#, Thm.|7 % Cor.
Adaptive, known o, 6, 6; L (L +1og(3)) [7014], Thm. L [14]
Est+Expl, unknown «, 6o, #; | Unconsidered® (=) 2 log(%)  Cor.
Adaptive, unknown «, 0, 6, | °l°s(z=) 108(2108( 2z)/9) Thm. L (14]

Table 1: Upper and lower bounds on the expected sample complexity of different §-probably correct
strategies. Fixed refers to the strategy of Corollary For this table, we assume min{f,(1 —
60),01(1 — 61)} is lower bounded by a constant (e.g. 6p,6; € [1/8,7/8]) and € = 6, — 6 is
sufficiently small. Also note that the upperbounds apply to distributions supported on [0, 1], not
just coins. All results without bracketed citations were unknown prior to this work. { Due to our
discouraging lower bound for any estimate-then-explore strategy, it is inadvisable to propose an algorithm.

4 Near optimal adaptive algorithm

In this section we propose an algorithm that has no prior knowledge of the parameters «, 6y, 61 yet
yields an upper bound that matches the lower bound of Theorem [I|up to logarithmic factors. We
assume that samples from heavy or light distributions are supported on [0, 1], and that drawn samples
are independent and unbiased estimators of the mean, i.e., E[X, ;] = p; for p; € {6p,6:1}. All
results can be easily extended to sub-Gaussian distributions. Consider Algorithm 2] an SPRT-like
procedure [[17] for finding a heavy distribution given ¢ and lower bounds on « and € = 6; — 6. It
improves upon prior work by supporting arbitrary distributions on [0, 1] and requires only bounds
Q, €.

Algorithm 2 Adaptive strategy for heavy distribution identification with inputs «y, €g, 0
Given § € (0,1/4), a9 € (0,1/2),€0 € (0,1).
Initialize n = [21og(9)/ag], m = [64¢; % log(14n/5)], A = —8¢; * log(21),
B = 8¢, log(14n/5), k1 = 5, ks = [8¢y ? log(2k; / min{5/8, m~te; })].
Draw £k distributions and sample them each k5 times.
Estimate 0y = min;—; g, fik,,3 = 0o + €0/2.
Repeat fori =1,...,n:
Draw distribution s.
Repeat for j =1,...,m:
Sample distribution ¢ and observe X ;.
It _(Xix—%) > B:
Declare distribution ¢ to be heavy and Output distribution :.
Elseif > _,(X;r —4) < A:
break.
QOutput null.

Theorem 4 If Algorithm 2 is run with § € (0,1/4),a0 € (0,1/2), €9 € (0,1), then the expected
number of total samples taken by the algorithm is no more than
dalog(1/ag) + ¢’ log (1)

0106(2)

3)




for some absolute constants c’,c”’, and all of the following hold: 1) with probability at least 1 — 6,
a light distribution is not returned, 2) if eg < 01 — 6y and oy < «, then with probability % a heavy

distribution is returned, and 3) the procedure takes no more than % total samples.
0

The second claim of the theorem holds only with constant probability (versus with probability 1 — §)
since the probability of observing a heavy distribution among the n = [21og(4)/« | distributions
only occurs with constant probability. One can show that if the outer loop of algorithm is allowed

to run indefinitely (with m and n defined as is), g = 61 — 0y, ag = «, and 6y = 0y, then a heavy
coin is returned with probability at least 1 — § and the expected number of samples is bounded by
(@). If a tight lower bound is known on either € = 6; — 6, or «, there is only one parameter that is
unknown and the “doubling trick”, along with Theorem 4] can be used to identify a heavy coin with
log(log(ej)/& and log(log(a;l)/é)

just samples, respectively (see Appendix [B.3])).

Now consider Algorithm 3|that assumes no prior knowledge of v, 6, 01, the first result for this setting
that we are aware of. We remark that while the placing of “landmarks” (a, € ) throughout the search
space as is done in Algorithm [3]appears elementary in hindsight, it is surprising that so few can cover
this two dimensional space since one has to balance the exploration of o and e. We believe similar a
similar approach may be generalized for more generic infinite armed bandit problems.

Algorithm 3 Adaptive strategy for heavy distribution identification with unknown parameters
Given § > 0.
Initialize ¢ = 1, heavy distribution h = null.
Repeat until A is not null:
Set y, = 2¢,6, = §/(2¢%)
Repeat for k = 0,..., ¢

_ 2 _
Setak— W’ek_

1
20kYe
Run Algorithm 2] with ag = v, €9 = €5, = ¢ and Set h to its output.
If A is not null break
Set/{=/¢+1
Output h

Theorem 5 (Unknown «, 8y, 61) Fixd € (0,1). IfAlgorithm is run with § then with probability
at least 1 — § a heavy distribution is returned and the expected number of total samples taken is
bounded by

10g2($)
c—S2\ae?)

25 (alog, (%) + log(logs (1)) +og(1/9))

for an absolute constant c.

5 Conclusion

While all prior works have required at least partial knowledge of «, 6y, 61 to solve the most biased
coin problem, our algorithm requires no knowledge of these parameters yet obtain the near-optimal
sample complexity. In addition, we have proved lower bounds on the sample complexity of detecting
the presence of a mixture distribution when the parameters are known or unknown, with consequences
for any estimate-then-explore strategy, an approach previously proposed for an infinite armed bandit
problem. Extending our adaptive algorithm to arbitrary arm reservoir distributions is of significant
interest. We believe a successful algorithm in this vein could have a significant impact on how
researchers think about sequential decision processes in both finite and uncountable action spaces.
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A Proofs of Lower Bounds

A.1 Proof of Claim[]

Proof Suppose there exists a d-probably correct procedure with P(N < oo) > § on a problem instance
(ar, 00,01) when a = 0. Then there exists a finite 2 € N such that P(N < 71) > 4. For some € € (0, 1) to be

1
log( L R N o
defined later, define & = °21-¢) 4nd note that for this AP {&=0)=(1-&">e " >1-c
Thus, the probability that the procedure terminates with a light distribution under o = & is at least
Pa=a(N < 7, M1 {& = 0}) = Pa—a (N < 7| Niy {& = 0})Pa—a(Nizi{& = 0})
=Paco(N < A)Pa—a (N1 {& = 0}) > 6(1 —e).

Because we can make ¢ arbitrarily small, the above display implies that the procedure makes a mistake with
probability at least J, but this is a contradiction as the procedure is §-probably correct. |

A.2 Proof of Theorem

Proof First, let N be the number of distributions considered at the stopping time 7. Note that 7" > N. By
assumption the procedure satisfies P1 (N > n| N'= {& = 0}) > 1 — § forall n € N. And

Pi(N > n) > Pi(N > n,N/5HE = 0}) = Po(N > | M) {& = 0)P1(NiZ {& = 0))
>1-6)1—-a)" !

Thus, E1[N] = 300 P1(N >n) > (1 —8) 357 (1 — )" ' = =2 which results in the first argument of
the max.

Applying Theorem 2.38 of [17]] we have
5 Eqn. m Thm. 2.38 1 assumption 1
Er[N]x" (P1|Po) = Ea[N]JKL(P1|Po) > log(pmz=sgy) = log(5),
which results in the second argument of the max.
If © = {60} then x*(P1[Po) = x*((1 — @) fa, + cfo, | fo,) and

(1= alfoy + afulfog) = [l LIl Z L)

which results in the second part of the theorem. |

T = a2X2(f91 ‘feo)

1
tog(1)
Thus, B1 [N] 2 a7

A.3 Proof of Corollary/[l]

Proof For k = 0,1 let gg, be a Bernoulli distribution with parameter 6 and let fo, = go, @ --- ® go, be a
product distribution composed of m ge, distributions. Then

(01— 00)> _  (a—09)?

2
|
X (g9l|990) 90(1 _ 90) — €
and
) ) m m{01=00)%
X (forlfoo) = (1 + X" (g6, 190,)) " —1 < €™ P00=00) — 1.

m (01=00)°
Moreover, e 60 (1-00) — 1< méil(;fggi whenever m < % since e*/2 —1 < zforall z € [0, 1].
Applying Theorem 2] obtains

1-6 log(3) 0o(1 — 6o) log(5)
E[N.] > S > 821 —og) -
[Non] 2 max ¢ ==, (01-09)? = Tma2(0 — 00)®  m<agisy

a2(em 00(1—-0p) — 1)

The claimed result follows from loosening the integer constraint on m and minimizing the lower
bound on E[N,,] multiplied by m. To perform the minimization, we note that the function

(01 —09)°
max{=2,2log($)/[a®(e" #0900 — 1)]} reaches its minimum at the intersection of the two argu-
ments and solve for m at that point. |
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A.4 Proof of Theorem
We begin by restating the theorem with the problem dependent parameters explicitly defined.

Theorem 6 Suppose fo for 0 € © C R is a single parameter exponential family so that fo(x)
h(z) exp(n(@)x — b(n(0))) for some scalar functions h,b,n where 1 is strictly increasing. 1If Ego[X]
[ @ fo(x)dx then let My(0) = [(x — Eo[X])* fo(x)dx denote the kth centered moment under distribution fo.
Define

0. =n""((1 — a)n(fo) + an(6r))
0— =n""(n(6o) — a(n(61) — 1(60)))
(

0+ =n""(n(01) + (1 = a)(n(61) = 1(6o)))
and assume there exist finite 1,y such that
sup  b(2n(y) — n(6s)) — [26(n(y)) — b(n(6:))] < &, and sup $o (b7 (2)) <,
y€[00,01] x€[b(n(0-)),b(n(01))]

where ¢z (n(0)) = fo(x). Then
(1= )fon(a) + afon ()] fo.(2) < ¢ (a1 = )(er) ~ n(0n))* )
where if A = b(n(6.)) — b(n(6_)

c= e“( sup  Ma(0) (24 yA) 4+ 8Ma(6-) + 8Ms(64) + 16A* + §7A5>.
0€100,01)

Thus, if © = {6+} and N is the stopping time of any procedure that satisfies Po(N < o0) < & and
Py (UL {& =1}) > 1 =6, then

E[N] >max{1_5 log(5) }
- a e (Sa(l—a)n(e:) - n(0o))?)’

Proof Define ¢, (n) = h(z) exp(nz — b(n)). By the properties of scalar exponential families, note that &’ (n)
and b (n) > 0 represent the mean and variance of the distribution. We deduce that b’ is monotonically increasing.
Define no = 1n(6o), 1 = 1n(61), and px = (1 — a)no + amn:. Noting that

(1= @) m) + 2 (m)l6a ) = [ o) (L= 0) L a0 =000 g,

we will use a technique that was used in [16] to approximate the divergence between a single Gaussian distribution
and a mixture of them. Essentially, we will take the Taylor series of each ¢ (-) centered at  and bound. We
have

¢z (n) = h(z) exp(nz — b(n))
o (1) = (z = b' ()= (1)
¢ (m) = (=" (n) + (& = V' (1))*) b (n)

so that
Gu(y) = bu(p) [L+ (=" () (y — ) + (=" (n) + (= = V' () (y — w)*...].

Noting that (110 — ) = —a(n — o). (1 — 1) = (1 — @) (m — o). and (1 — a)a® + a(1 - a)* = a(l - a),
we have

(1 — )z (no) + gz (m) — du (1) ‘

b ()
= | S0 - @) = w0+l = ]+ ZL 10 - @) = 0 2l =]+
[
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Thus,

((1 _ a)¢x("]0) +a¢$ m |¢w /¢x ( 1 70‘)‘;51(770);083)1(771) — ¢Z(.LL)) dx

L AT .
s(g (1 - a)(m no>) / o 20

By distributing the square and noting that b” () > 0, we have

[ s L ()de —/ sup (W))2<—b”<z>+<x—b'<z>>2>2@(u)dw

z€[No,M1) d)z()u‘) z€[No,m1] ¢T( )

<[ sw (jgg)bm octuda+ [ s (jgui) (&~ (=) u(u)ie

2 2
< s 1) [ (242) s+ [ s (242) - )" ontudas
y€[no,m] 2€[no,m1] b (1) z€[no,m] b2 (1)
The remainder of the proof bounds the integrals. Define n— = 2ng — p =n(0-) and n— = 21 — p = n(6).

Observe that )
o (5) oo
=g h(z) exp ((22 — p)a — (2b(2) — b(u)))
= h(z) exp ((22 — p)x — b(2z — p)) exp (b(22 — p) — (2b(2) — b(u)))
et sw W) ew (22 — p)z — b(2z — 1)
—¢®  sup  h(x)exp (zz — b(2))

z€[2n0—p,2n1—p]
=e" sup h(z)exp (2x — b(z))
z€[M—,n4]

<e” (¢z(777) + ¢z (n+) + ¢z(ifl(fﬂ))lxe[b(n,),b(nJr)])

<e” (¢>z(777) + ¢a(ns) + 'lee[z;(n,),iy(m)])

where the second inequality follows by observing that the maximum of the function ¢, (z) will occur either at
an endpoint of the interval z € [(0-),n(64 )] or at the point where % g(z) = 0 (if that point occurs inside the
interval), and loosely bounding the maximum by simply adding the function values at all three points.

Consequently,
"(y)? (28) bt < s M@ (24 2(600) ~ 1)
b - —b(n- .
ye?z)l,)m] (y) /zes;tpm] ¢z() ? (M ’ 96?;2})01] ’ T !

By Jensen’s inequality, (a 4+ b)* = 16(3a + $b)* < 8(a® +b*), s0
/ sup ¢ (n-)(x — b(2)) dz = / sup  ¢u(n-)(x — b(n-) + b(n-) — b(z))"dz

2€[no,m1] 2€([no,m]

< / 86, (1) (x — b)) + sup (b(n_) — b(=))"]dz

z€[no,m1]
< / 862 (1) (& — bn_))* + (b(n_) — b)) ]da

= 8[Ma(6-) — (b(n-) — b(m))"].
Repeating an analogous series of steps for 14, we have

/ i (j:(( )))Q(wb’(z»“ $a(n)da

<& [ (8200 4+ 02010) 4 Vaciity iiay) _sup (0= b()'da

2€[no,m1]
< ¢ (BM(0-) + 8(b(m) — b(n-))* + Ma(0:) + 8(b(rne) — (o))" + 2x(bns) — bin))°)

< e (8Ma(0-) + 8Ma(8:) + 16(b(1) — b)) + 24(b(ns) — b(n-))°)
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The final result holds by Theorem 2]

A.5 Proof of Corollary2]

Proof A binomial distribution for fixed m is an exponential family fp(x) = h(z) exp(n(0)x — b(n(0))) with
h(z) = (7). n(0) = log(7%;), and b(r) = mlog(l + e7). Note that n is monotonically increasing, b is

x

m-Lipschitz, and b(T) =m(1+ €_T)_1 so that b(n(9)) =me.

Step 1: Relating 6, 0_ to 01,09
We will make repeated use of the fact that if f is convex then f(y) > f(x) + f'(z)” (y — ). Since —= and

11—z
1=% are both convex, we have

Y T y—z
>
l—y_l—er(l—gc)2 y oz x?

forall z,y € [0, 1].

To begin, note 7' (v) = (1 + e™*) ™ so that for any § we have 8(1 — ) = 1 (n(6))(1 — " (n(9))) =

—n(6)
W. Observe that

L —ineo)l e " ~[n(0)]
1° Sre@p =°

and recalling that 0, = 7~ ((1 — &)fp + afy) € [fo, 61] we have

0,(1—6,)> ie*\nwﬁ-)l - ie*|2n(91)fn(9*)\

0. \>/1-0. 1—0:\>( 0.
i10+§1/2 <1_701) ( 0 ) + ile+>1/2 ( o ) 1-0.
0. \>[/1-6, 1-60:\>( 6o
%10+§1/2 <1_791) ( o ) + ile+>1/2 ( o ) 1— 0y
0
ilo,<1/2 (ﬁ) + 110, 5172 ( o

01 1
1 1
1lo <12 (1_701) +5lo 512 ( o

where the last line follows from the assumption that 61 (1 — 61) >

A%

\%

Y

6_(1—6_)> ie—\nw_n _ ie*\%(%)*n(@*)l

0 \>/1-0. 1—-60\>/ 6.
:%19,@/2 <m) ( 0. )+i19,>1/2( % ) 1-0.

0 \>/1-06, 1-600\> [ 6o
> 21y <1)2 <71_90) ( 7 )+i19,>1/2 (790 ) 1_ 0

8 \2/1-60 61—060 1— 6
Z%le,g/z(l_eo) ( b 02 )+%19,>1/2( % >

0o 1— 6o 1
> 115 <i)0 <m> + 11 s1p0 ( > §90(1 — 6o)

where the last line follows from the assumption that (1 — 6g) > 2(61 — 6p). We conclude that
inf  O(1—0)>- inf 6(1—0). @)

1
0clo_,04] 8 0€[60,01]

Conversely,

1
sup 6(1—-0) < 11/26[97,9”1 +0+(1—04)1g, <172 +0-(1—0-)1g_ 512
0€l0_,04]
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We consider these three cases in turn. If 04 < 1/2:

0,(1—064)< e 1O — o=120(01)=n(0+)]

0. \>[1-0. _ (& F(1=0\ (6 ) (1=6 61—
1—6, 0. 1—61 0o —\1-6 01 93

(91 91 — 90) 91 91(1 - 90)
< 1T Y0)
(1*01) (1+ 1701 02>7<1701) (1—’_2(1*91)90
1+ o(1 —6o) + (61 — 6o)(1 — 6o)
1-— 91 (1 - 91)00
1790 +90(1790) /2 5 61
< - — ) < —
(1—91) ( 1—91)00 —2\1-0 _1001(1 91)
using the convexity of 12 (61 — 60) < Oo(1 — 6p), that 61 < 64 < 1/2, and that

1—6 <1066 >1/27
0_(1—0_) < e MO = ¢=12n(60)=n(8)]

B <1;090>2 (12*9*) : (1;0%)2 (1%01) = <1;090>2 (12000 + (fl__ef;)
< () (e ) = (55 ()

_ (1 —00> (1+ (1 —012)6901(?_(9;1)— 90)91>

() (10 g ) <5 (T < om0

using the same methods as above. From these two cases, we can conclude that if 1/2 ¢ [0_, 0],

sup 0(1—-0)<10 sup 6(1-—0). ®)
0€[6_,04] 0€[60,61]

The remaining case, when 1/2 € [#_, 6], also satisfies (3), which we now demonstrate. When 64 = 1/2 we
have 1/4 = 64 (1—604) < 1001 (1 —61) so that 61 (1 — 61) > 1/40. Because 6, is monotonically increasing in
0+ andsupgc(y_ o, 0(1—0) < 1/4 we conclude that (5 holds whenever 61 < 1/2. A similar argument follows
for all 6 > 1/2. Finally, if 1/2 € [0, 1], it must be true that supgep_ 9,1 6(1 — 0) < supgepg, 0,1 0(1 — 6)

because 0_ < 6y < % < 61 < 64 and the function 6(1 — ) is concave taking its maximum at % Thus, @)
holds for all 6_, 6.

We now turn our attention to bounding #+ — 0_. Let g(y) = 1 '(y) then g(y) = (1 + e ¥) ! and
g(y) = e ¥(1 + e7¥) 2. Observing that §(n(#)) = 6(1 — §) we have by Taylor’s remainder theorem
O+ —0- =17 ((0+)) =0 (n(0-)) < ((0+) —n(0-))  sup e U(l+e V)
y€n(0-),m(04)]
= (n(0+) —n(0-)) sup O(1—0)=2(n(01) —n(0)) sup 6(1-0)

0€(0_,04] 0€(0—,04]

<20 (n(61) —n(bo)) sup O(1—0).
0€[00,01]

Since n(0) = log(7%;) and 0/ (0) = £ + 125 = ﬁ, we have

SUPyeg, 0,) 0(1 — 0)
0, —60_ <20(n(0,) —n(6 sup 0(1—0)<20(0: —09) - .
+ = (7]( 1) 77( 0)) 96[901,)01] ( ) = ( 1 0) lnfGE[GU,Gl] 0(1 — 0)

If91(1 — 01) 2 9()(1 — 90):
91(1 — 91) . 090(1 — 91) =+ (91 — 90)(1 — 01)

Oo(1 —600) 0o(1 — o)
< B I <1 (-2 <372

else if@o(l — (90) 2 91(1 — 91)
Oo(1—0o) (1—91)+90(01 — 6o)
01(1—01) 01(1— 01)
00(1 — 01) + 0001 (1 — 61)/2
- 91(1 —91)

<1460/2 <3/2.
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Finally, if 1/2 € [0o, 61] then sup,¢ g, 4,1 0(1 — 0) = 1/4 taking its maximum at 1/4. To maximize the ratio
of the sup to the inf, it suffices to just consider the case when 8o = 1/2 or §; = 1/2. Thus, the above two
bounds suffice for this case and we observe that

SUPge(gy,0,] (1 — 0)

- <3/2. 6)
1nf9€[90,91] 9(1 — 9) /
Thus, putting the pieces together, we conclude that

6, —0_ <3061 — o). ©)

Step 2: Bounding v, k, ¢
In what follows, define 6, = argsupyc(g, 6, 0(1 — 0) and 6, = arginfye(g, 0,1 0(1 — ¢). We now continue
to bound the terms of the theorem. Note

sup ¢ (@) =  sup  Ga(n(z/m))

z€[b(n(0-)),b(n(04))] z€[mb_,mb]

< sup sup ¢a(n(y))
xz€[mb_,mb]y€e[0,1]

I(m+1) " —
= sup sup v (l—y
z€[mb_,mo ] ye(0,1] P(m —r+ 1)F(I + ]_) ( )
I(m+1) mo m(1-0)
= sup sup y™(1—y
oelo_,0,]yefo,1) L(m(1 —0) + 1)I'(mo + 1) ( )
< sup sup ¢/2m Y"1 -y
T oelo_.0.]vel0,1] /mO(1 — ) 00 (1 — g)m(1=0)
_ e/2m < 2 _

sup <
oelo_0,] /mO(L —0) ~ /m0(1—6,)
by Stirling’s approximation: v/27 < ;5(2%1)/2 < e [[18] and @). And for any y € [0, 61]
b(2n(y) — n(6+)) — (2b(n(y)) — b(n(6)))
=mlog(1+ 62"<y>7"(9*>) —2mlog(1 + e"(y)) + mlog(l+ e"(6*>)

(1 + e2n(y)—n(0*))(1 —|—e"(9*))
(1 + en(y))Q

= mlog <1+ (1234)2 1;*9* (1_19*) (131)2>
1

SO

< sup mlog(l—&-M) Sm(w) =K.

Y€100,01] 0.(1—6.) 0.(1 —6.)
Noting that M2(0) = mf(1 — ),
b Ma(y)*(2-+5(b(0(02)) = bn(0-)))) < (0001 = 00))* (2 +7ym(O — 0-))
<m? (0n(1 — 0,))? (2 + \/%30(01 - 90))
<m? (0,(1 — 63))? (2 + 60 mM) )
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Since for any 6 € [0, 1]
M4(0) = mO(1 — ) (30(1 — 0)(m — 2) + 1) < 3m? (0(1 — 0))* +mo(1 — 6),
we have
SMa(0-) + 8Ma(0+) +16 (b(1(0+)) — b(n(6-))) " + 27 (b(u(6:)) — b(n(0-)))
<24m® (0—(1 — 0-))* +8mb_(1 — 6_) + 24m> (0+ (1 — 64))* + 8mb+ (1 — 04)
4/5
mo; (1 — 6;)
<4800 (04(1 — 64))? + 160m8y (1 — 01,)

— 2
+ 3240000m" (61 — 0o)" + 19440000, /m%m“(e1 —6o)*
1 — Uy

where we have applied (3) and (7). Finally, recall from above that

0r—06 _ 3 01—06o
— < <2 .
n(01) =nbo) < 5 =05 = 35.(1=0.)

+16m* (61 —6-)" + m® (0, —0_)°

Step 3: Putting the pieces together

Noting that 6;(1 — 6;) < 6.(1 — 6,) < 6,(1 — 65,) and % < 3/2 by (@), we can use 0.(1 — 6,)

(oo
c < (m?(0.(1—0.))° +mbu(1—6.) +m* (61 — 60)")
< (m?(0.(1 = 0.))> + mbs(1 - 0.))
for some absolute constant ¢’. Thus,
¢ (3a(1 = a) (n(6r) = n(60))*)’

< ¢ (m? (0.(1 - 6.))* + mb.(1 - 6.)) (ga(l - wﬁ)

<2/m (min{%,é’*(l _ 9*)}>_1 (204(1 _ Q)M)Q.

throughout at the cost of a constant. Putting it altogether, if m < 1thenx < 1and

B Proofs of Upper Bounds

B.1 Fixed sample size strategy

Consider a fixed sample strategy that knows «, 0o, 61 and flips each coin exactly m times until it declares a coin
as heavy (the algorithm can use the parameters to choose m). Note the result below is within a log(1/d) factor
of the lower bound proved in Corollarymin general and is tight when o < 6.

Theorem 7 (Fixed sample size, known o, 0o, 61) Fix § € (0,1/4) and set 1 = [Llog(2)] and m =
[%-‘ . There exists a fixed sample size strategy with stopping time N,, < 7 that is 0-probably correct
and satisfies

2
log(1/a)+log(121og(6/6)/6) 10%(57>
E[mNm] <3 Hos(121os <1220

Proof Let fi; be the empirical mean of the ith distribution sampled m times with mean u; € {60,601 }. Let N
be the minimum of 72 and the first ¢ € N such that z; > 60*2"91 . Declare distribution N to be heavy. The total
number of flips this procedure makes equals mN.

Define the events

§1:U{Ni:91}, and 52:ﬂ{|ﬁi—m|<@}_
=1 i=1
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Note that P(£5) = P(u1 = 60)" = (1 — @)™ < exp(—aii) < §/2. And, by a union bound and Chernoff’s
inequality P (£5) < e~ m(01=00)*/2 < §/2. Thus, the probability that &; or &2 fail to occur is less than J, so
in what follows assume they succeed.

Under &; at least one of the 7 distributions is heavy. Under &2, for any ¢ € [n] with u; = 6y we have
i < pi + @ = w which implies that the procedure will never exit with a light distribution unless

N = 7. On the other hand, for the first i € [fi] with y1; = 61 we have ji; > pu; — 25% = %0101 which means
the algorithm will output distribution ¢ at time N = ¢. Thus, N is equal to the first distribution that is heavy and

1,...,n— =1,..., n—

E[N] = Z]P’(N >n) = ZP(N zn,i:max LM 7591)+]P’(N2n,i nax i =6,)
n=1 n=1

=..,m—-1 -~ - - “  “a=l,...,n=-1 7 i=l1,...,

< D OPB(_max g #60) + PO ([ — il > 5%

i=1,...,n
n=1
" _ s 1 1 3/2
< l—o)" 'l <= 5/4 = = (1 4 3oee/d)y 2/ 2
_nz:;( «) +n2_a+n/ a(+ - )_a
Multiplying E[N] by m yields the result. |

B.2 Proof of Theorem [

First, we prove several technical lemmas necessary to analyze our algorithm.

Lemmal Fori € N, let X; € [a;, bs] for |b; — ai| < 1 be a random variable with E[X;] = 0. Then

P (G {in >an+ B}) < Texp(—afB/2)

i=1

whenever a8 > 1.

Proof First we will break the bound into two pieces:

(B (@fe ) (0, )
n=1 =1 0 n=1 =1 n=ng+1 =1

where P (U2, {37, Xi > B}) < exp(—28/no) by Doob-Hoeffding’s maximal inequality. For any fixed
keN:

2k‘,
P> Xi>a2"/2] <exp(-a®2°/2)
i=1
and
ok+1 n ok+1 n
Pl U > Xizan/2p | <P > Xi>a2")2
n=2F4+1 | i=2F+1 n=2F4+1 | i=2F+1
2k 2
=P {ZX > a2k/2} < exp(—a®2¥/2)

=1 =1



by Hoeffding’s and Doob-Hoeffding’s maximal inequality, respectively. Thus

oo n oo [ 2Mos2(m)] n
P(U{ZX¢2an}>—P U Z X; + Z X; > an

n=ng \1=1 n=ng i=1 i=2lloga(n)] 11
ok+1 ok N
=P U U Z Xi+ Z X; > an
k=logy(ng) n=2k+1 | i=1 i=2k 41
oo ok gk+1 "
< > P> xiza22|+P| |J § D Xi>an/2
k=logy(no) i=1 nesri1 | im2hg1
s oo
< Z 2 eXp(*a22k/2) < 2/ eXP(*(a/2)22z)dx
k=logy(no) logo(ng)
2 * 8 _ 92)2
= / u” " exp(—(a/2)%u)du < M.
log(2) Jn, noa? log(2)

Putting the pieces together we have

P <G {zn:XZ > 0‘“"‘5}) < Hyllinexp(—QﬁQ/nO) + M

== noa?log(2)
< exp(—Ba) + %5(026)/2) < Texp(—pPa/2)
where the last inequality holds with S > 1. |
Lemma 2 Given 6; — 4 > %,
P(Jr{lax y (X5, — >B’,uz—01> >1fexp( ( ) /2)
s=1
Similarly, given 4 — 0g > %,

.....

H
/—\
S\H

(M)

Where the second to last statement holds by Hoeffding’s inequality, and the last uses the bound on B /m given
in the lemma. A nearly identical argument yields the second half of the lemma.
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Lemma3 If01 — % > 2Z then

n J
IP’<U {ul_ﬁlt_maxmz is—4q) > B, rlnm (Xiys—’Ay)>A}>
i=1 v 1

s=1

> 1 — exp[—an(1 — exp (~B(61 — 4)) — Texp(—|A|(¥ — 60)/2))]

Proof Consider iid events Q; for i = 1,...,n. Then P(J_, Q:) = 1 —P(N_, Q5) = 1 - P(Q))" =
1—(1-=P(2:))" > 1— exp(—nP(;)). We follow the same line of reasoning:

n J J
P (U {u,- = Ql,j:r?ame(Xi,s —5) > B,jirFian(X@S —5) > A})

~11  i=l..om~ 7 Tg=1,..,
i=1

.....

J J "
=1-— <1a <1P<j1{{%§m;(xls 4) < Blps = 91) —P <j1}nnm;(xi,s — ) < Al —91>>)

>1—(1—a(l-exp(—m( /2) — Texp(—|A|(¥ — 60)/2)))"
> 1— exp [—an(1 - exp (- ( a>2/2) — Texp(—|AI(5 — 60)/2))]
—4)) = Texp(~|AI(5 — 0)/2))]

Where the third-to-last inequality applies Lemmas|[T]and 2] [ ]

>1—exp[—an(l —exp (—B(6:

Now, we are ready to prove TheoremEl

Proof First, we consider the estimation of 50 of Algorithm |2} then consider the sample complexity of the
algorithm, and then prove correctness.

Let&o = {50 —0o>—2}and & = {50 — B < 2} be the events that we accurately estimate the parameter
0. We will show that P(§) > 1 — ¢’ and P(&1) > 3/4 where &' = min{d/8, } Let k1 = 5 and

ks = 8¢, log( 25+ ). First note that

k1

—~ € /

P <U {lum — | > :}) < 2k1 exp(—2ka(€0/4)*) < 6
=1

and in particular, P(£9) > 1 — . Let € = {U, {us = o} } be the event that at least one of the distributions
is light. Then

so that with probability at least 1 — ¢’ we have 50 = Mil=1,... &y i ke > MiNj=1,.. &, i —€o/4 > 0o —e€0/4,

PE)=1-a">1-27% >31/32

so that under £ N &, we have 6y = min;— .., ky Hiky < Ming—1,. k i + €0/4 = 0o + €0/4 which
means P(&f) <PGUES) <6/8+ 1/32 < 1/16. Moreover, the total number of samples is bounded by

kika = ceg *log(1/6") < cey ? log(max{ %, log(ao(S )}) which is clearly dominated by 22122

0460

We now turn our attention to the sample complexity. By Wald’s identitity [17, Proposition 2.18],

ez -

Trivially, E[N] < n and E[M;|u1 = 61] < m, so we only need to bound E[M:|u1 = 6o]. Clearly we have that

JE[M1] = E[N]((1 — a)E[Mi|p1 = bo] + aE[Mi|pa = 61]).

E[Mi |1 = 00] = E[M1|€o, p1 = 00]P(&0) + E[M1|£5, p1 = 00]P(&5) < E[M1|€o, p1 = 0o] 4+ 8'm
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SO

oo J
E[Mi]o, u1 = o] < Z]P’ <argm1n {Z(Xl,s —9) < A‘go,m = 00} > t>

t=1 s=1

) J
—LT (j-ff.‘fl.%_lz}“l’s = < Algnn = 0”)

o J
:Zl— ( miP’tZ(X1s— <A‘50,M1 90)

t=0 s=1
§21—1ﬁ . (1—exp( t(y — 60)?/2)

t=0

214 X 3|A 293
< L 202 - 00)Fexp (11 - o0)) < A < B2,

Y — 00 — 90 €

where the second inequality follows by applying Lemma|2| and the last inequality holds by &y and the value of
|A| since if fo holds, ¥ — 0o =0y — 6o + 670 > %). Thus

calog ai
EM]<(1-a) [(2693) +5m} +am < §m+ l (293 + 64alog (152)) < 62(05)
0 € 0

for some ¢ where we use the fact that §’m < € 2. S0 we have

dalog(1/ao) + " log (3)

< <
E[T] < nE[M] o

Now, we analyze the correctness claims. Under &, 4 — 6o > <. Note that this event fails to occur with
probability less than §/2, and if it is used in conjunction with some other event that fails to occur with probability
/2, we may conclude that either of these events fail with probability less than ¢.

To justify Claim 1, we apply Lemmal[I]to observe that the probability that we output a light distribution is no
greater than

P(£8)+P<U{jmax Z A >Buz_90}‘§o> €)

~ =L
=1

P(&) +n(l — )P (J_rgégm;(Xz s—4) > Blui = 00,50)

< 6/2+ Tnexp(—B(% — 60)/2) ; )

where we have used ¥ — o > < and plugged in the values of B and n.

To justify Claim 2, assume oo < v and g < 61 — 0p. We apply Lemma@to observe that the probability that
we return a heavy distribution is at least

né&nN i =01, is — B, is — % A

(50 & U {u 1 j:m’ax Z ) > ) rr}ln,mz ) > })
n j

=P N&)P (U1 {m = 91,j:r{{§§m;(Xi,s —4)>B, min } (Xi.—9)> A}

> P(§o NE)(L —exp[—an(l —exp (—B(eo/4)) — 7exp(—|A\(Eo/4)/2))D
> (15/16)(1 — exp [—an(1 — (m) —1/3)]) > (15/16)(8/9) > 4/5

§o,€1>

where we have used P(§o N E) > 1 — P(&5) — P(E°) > 15/16, (:2-)* < 1/6, an > 21log(9) and plugged in
the values for A and B.

To justify Claim 3, we simply observe that the algorithm always terminates after n X m steps. |
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B.3 Either « or ¢ is unknown, but not both

Algorithm 4 Algorithm for unknown 6; — 6y.  Algorithm 5 Algorithm for unknown o.

Given § € (0,1),a € (0,1/2). Given § € (0,1),¢ € (0,1].
Initialize £ = 1 Initialize k = 1
While Algorithm [2]run with inputs §/(2k?), While Algorithm [2|run with inputs §/(2k?),
ap = «, €g = 27 returns null: ag = 27% ¢y = e returns null:
Setk =k + 1. Setk =Fk+1.
Qutput distribution k. Output distribution k.

First we consider the case when « is known but a lower bound on 6; — 6y is not, and then opposite.

Theorem 8 (Known «, unknown 6y, 601) Fix§ € (0,1). IfAlgorithm is run with 8, o then with probability
at least 1 — & a heavy distribution is returned and the expected number of total samples taken is no more than

clog (log ( 90)2) /5)

a(61 — 6o)?

for an absolute constant c.

Proof On each stage k, Algorlthmlls called with 6 /(2k?). By the guarantees of Theorem@ the probability
that AlgorlthmE] ever outputs a light distribution is less than > 7o | §/(2k®) < 4. Thus, if a distribution is
output, it is heavy with probability at least 1 — §. We now show that the expected number of samples taken
before outputting a distribution is bounded.

Let K be the random stage in which Algorithm [4] outputs a distribution and let k. be the smallest & € N
that satisfies 27% < 6, — 0. By the guarantees of TheoremE]and the independence of the stages k, P(K >

ko +14) < 302,(3) = (3)(2)". Moreover, if Mj, is the number of measurements taken at stage k, then by

Wald’s identity the expected number of measurements is bounded by

K oo o alog(l/a)+ ' log (%) o 1hok
E > M| =) E[NJP(K>k) <) o max{1, (3)(3)" "}
k=1 k=1 k=1
< e CH/ log(2§£)4k 5k*c” - 1 1 2 4\k
< " + > (2log(k) +1og(3)) (2)
k=1 k=kx+1
" log 2k co 1111 lo ks
<O s e S (ot o) (8 < ) g
@ k=ky+1 @
since sup,, alog(1/a) < e~ ' and
) 2ky—1
D log(R)(3)" = Y log(k)(3)" + Z log(k)(2)"/?(2)"*
k=k. k=k. k=2k.
2ky—1 =)
<log(2k.) > ()" + Z (42 < (log(2k.) +2) D (2)" = 5log(2e’k.) ()"
k=k. k=2k. k=k.
since sup,, log(k)(g)k/2 < 1. Noting that k. < log,(5,=5,) + 1 completes the proof. |

Theorem 9 (Unknown a, known 6o, 61) Fix § € (0,1). If Algorithm E] is run with 6,01 — 6y then with
probability at least 1 — & a heavy distribution is returned and the the expected number of total samples taken is
no more than

clog (log (£) /)
a1 — 6o)?

for an absolute constant c.
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Proof The proof of this result is nearly identical to that of Theorem@except the following changes. Let K
be the random stage in which Algorithm 5]outputs a distribution and let k. be the smallest & € N that satisfies
27 < «. Moreover, if Mj, is the number of measurements taken at stage k, then by Wald’s identity expected
number of measurements is bounded by

K oo _ alog(2F) + ¢’ log (%) o1k
E > M| =) E[NJP(K > k) <> SR max{1, (3)(3)* "}
k=1 k=1 k=1
ko c/// 10g (21@3 ) oo
& k Ky o/ k
< ZTQ +57 & Z (aklog(2)+210g(k3)+10g(%)) (%)
k=1 k=ky+1
< " (ak« +log (£2)) oke < """ log (log(1/a)/6)
- €2 - ae?
by the same series of steps as the proof of Theorem ﬁ and the fact that ) 7> ka® < % forany a € (0,1).
The final inequality follows from k. < log,(1/a) + 1 and that ak. = alog,(2/a) < 2. |

B.4 Proof of Theorem [5

Proof The proof is broken up into a few steps, summarized as follows. For any given v, o, Theorem [
takes just O (—O‘ log(1/aq) +1og(1/9)
ape
distribution) with probabifity less than §. Define € = 61 — 6. In addition, ife = 61 — 6y, a > o, and € > € then
with probability at least 4/5 a heavy distribution is returned after the same expected number of samples. We will
leverage this result to show that if we are given an upper bound 7o such that ﬁ < 7o then it is possible to identify
a heavy distribution with probability at least 4/5 using just O (log,(v0)70 [ 1ogs(70) + log(logs(70)/9)])
samples in expectation. Finally, we apply the “doubling trick” to v so that even though the tightest -y is not
known a priori, we can adapt to it using only twice the number of samples as if we had known it. Because each
of the stages is independent of one another, the probability that the procedure requires more than £, 4 4 stages is
less than (1/5)°, which yields our expected sample complexity.

) samples in expectation and the procedure makes an error (i.e. returns a light

For all £ € N define 6, = % and ¢ = 2*. Fix some £ and consider the set {(a, €) : —L5 = ¢}. Clearly, in

this set, & € [1/7¢,1/2]. Forall k € {0,...,¢ — 1}, define oy, = % and €, = 2aiw' The key observation
is that
loggy v¢—1
{(ae)'i<w}C U {(a,€) : > ap,e > er} (8)
) - a€2 —_— — kio b N P 7 — -

To see this, fix any (o, €') such that L < ;. Let k. be the integer that satisfies ax, < o < 2ay,. Such

a k, must exist since a1 = = > o > L5 > L = ap. Then, > 35— which means

1
2 = ype2 = oy = ale? 2 2,

e > ./ m = €x, which proves the claim of (§). Consequently, even if no information about « or €

individually is known but -1 < ~,, one can cover the entire range of valid («, €) with just log,(v¢) = £
landmarks (o, €k ).

For any £ € Nand k € {0,...,¢ — 1}, if Algorithmis used with g = ag,e0 = €x and 6 = &
then the probability that a light distribution is returned, declared heavy is less than d,. And the probability
that a light distribution is returned, declared heavy for any £ € N and k € {0,...,¢ — 1} is less than
oS b =63272, £/(26%) < 6. Thus, given that Algorithmterminates with a non-null distribution h, h is
heavy with probability at least 1 — 4. This proves correctness. We next bound the expected number of samples
taken before the procedure terminates.

With the inputs given in the last paragraph for any k, ¢, Algorithm |Z| takes an expected number samples
bounded by ¢y (alog(1/ou) + log(1/5¢)). Let L € N be the random stage at which Algorithm 3| terminates
with a non-null distribution h. Let ¢, be the first integer such that there exists a k € {0,...,¢, — 1} with
a > ar and € > € (recall that in this case aklei < 9¢,). Then by the end of stage ¢ > /., at most

clye(alog(ve) 4 log(1/d,)) samples in expectation were taken on stage ¢ and with probability at least 4/5
the procedure terminated with a heavy coin. By the independence of samples between rounds, observe that

P(L>0l+i) =372, P(L="ts+j) < (2)(%)". Thus, if M is the number of samples taken at stage £ then

22



by Wald’s identity, the total expected number of samples taken before termination is bounded by

E ic@w(alog(w) +log(1/6,)) ZIE [M|P(L > ¢) < ;cm alog(ve) + log(1/6:))P(L > ¢)
< ;zz*ldw(a log(e) +log(1/d¢)) + [:;iﬂcﬁw(a log(e) +log(1/6¢))(3)(3) ™"
< Zz*ce%(aulog(%?’ /8)) + i 2 (ol + log(26° /8))(3)(2) "
= Pyt
< et (al. +10g(2€2/6))§:2£+ci [_il (a(2)" +30108(0)(2)" +10g(2/6)0(2)")

< 2¢0,2% (al. 4 log (203 /5))
+e($)5 (2t + 1)) + 12108(26°L) (L + 1)(2)' + d1og(2/8) (¢ +1)(2)")
< 0,25 (b + log (L) + log(1/6))

n2a™

for some absolute constant ¢’ since 352 ka® < (1 a)2 Lo kPak < < {1-as-and
Z Llog(¢) % < log(2¢. Z 4 % + Z 14 % 2/2 (10g E)(%)Zn)
(=041 £at1 2, +1

< log(2¢°(.) Z £ % < 4log(2¢20.) (L. +1)(§)
41

since max,>1 log()(2 )#/2 < 1. Noting that £, < log, (=) + 1, we have that the total number of samples,
in expectation, is bounded by

c//%( log, (=15) + log(log, (=13)) + log(1/6))

" 10g2 ( ﬁ )
ae?

0.2 (ol + log(L.) +log(1/6)) <

<c (alog, () + log(log, (1)) + log(1/6))

where we’ve used the fact that sup,,¢ o 1) olog(1/a) < e L. |

C Gaussians

C.1 On the detection of a mixture of Gaussians

For known o2, consider the hypothesis test of Problem. In what follows, let x2(61,60) and K L(61,6o) be

2
the chi-squared and KL divergences of the two distributions of H;. Note that for @ < 1, we have that

(01-00)2

X2(01,00) = w7 —1 <220 — 416, 600)

Theorem! says that for 091;# < 1, a procedure that has maximum probability of error less than & requires at

least max { =5 #%} samples to decide the above hypohesis test, even if «, 6g, 61 are known. The

next subsection shows that if «, 6, 61 are unknown then one requires at least % samples to decide

the above hypothesis test correctly with probability at least 1 — d. This is likely achievable using the method of
moments [12].

C.2 Lower bounds

Theorem 10 For known o2, consider the hypothesis test of Problem Ifo. = (1 — a)fo + abs and
9=% < 1 then

o2

X*((1 = ) foy (@) + aufo, (@) fo (@) < ¢ (% - a)w)

for some absolute constant c’.
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Proof If fo = N'(6,0%) then fo(z) = h(xz) exp(n(6)z — b(0)) where h(z) = —==e 257, 7(0) = L, and
b(n(6)) = 207" — 2% Thus,
0. =0~ ((1 = a)n(6o) + an(61)) = (1 — )b + ab

and
Yy — 9* 2 01 —90 2
sup b(2n(y) — n(0.)) — (2b(n(y)) — b(n(0.))) = sup Y=FL < r=Bol
y€[00,01] y€[00,01] o g
and
f (@) 1 ,(m—gﬂ < 1
sup i1 r)= sup sup e 22 < =:
cebm@_bmos] vel0_,0,] 0R V2102 V2ro?

Note that for any 6 < 6’ we have b(n(6')) — b(n(0)) = 6’ — 6, Ma(0) = o2, and M4(6) = 30*. Plugging
these values into the theorem we have

e (s 20" (247 (o)) - b0a(6-))))

[60,01]

+8M(0-) +8Mu(04) + 16 (b(0.) ~ b0(6-))) + 27 (bn(6:) - ba0-)) )

=

(01 —6¢)> 4 2(91 — 00) 4 4 64 ((91 — 90)
—e o2 (0’ (2 + W + 480" + 256 (01 — 00) + or f
noting that 6+ — 6_ = 2(01 — 6p). If @ < 1 then ¢ = ¢'o* for some absolute constant ¢’ and
(n(61) —n(60))* = (01;# which yields the final result. ]

C.3 Gaussian Upper bound for known «, 0, 01

For known o2, consider the hypothesis test of Problemwith 0 = 6y. We observe a sample X1, ..., X, and
are trying to establish whether it came from Hp or H;.

Consider the test

1« Py (Xy > 601) + Po(X1 > 61)
7Z]‘Xi>01 2 =7
n i=1 Ho 2

Ife = Pl(Xl > 91) — ]P)o(Xl > 91) then

RS 1 —ne?
P, (nzlxpel S’Y) =P (nzlxi>91 <Py (X1 > 61) —6/2> <e /2
i=1 i=1

and
1 < 1 <& ne?
Fo (n ;1Xi>91 > 7) =Po (n ;1X1~>91 > Po(X1 > 01) + 6/2> <eme/?
by sub-Gaussian tail bounds. If Q(z) = [° \/%e’zzmdz and A = 2% then
Po(X1 > 61) = Q(A)
1
Pi(X1>01) = (1 -a)Q(A) +ag

SO
1 D aA 1
e=al=—-Q(A) | =« ——e " /“dz > min{——, ~a}.
(3-e@)=af = > min{ 22, Ja)
Thus, the test fails with probability at most
exd | —nao? min w 1
P 64mo? 32"

We conclude that if A = @ <1landn > (0176957\)’21(;3"2(1/5) _ KL(IP’eléifroa);og(l/cs) the correct hypothesis

is selected. The 1/« sufficiency result holds for large enough A since one merely needs to observe just one
sample since the probability of it coming from 6 is negligible.
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