Supplemental Materials

Lemma 3. Under Assumption 3, two subsequent iterates in Algorithm 1 satisfy
Ik = xk41]*< ©(af).
Proof. From the definition of the proximal operation, we have
Xk+1 = proxakR(‘)(Xk - akvﬂlk %K)V for (Yr))
= argmin 3% — i+ ax Vg, () fo, () -+ar R00).
The optimality condition suggests the following equality:

Xpt1 — X = — (Vg (X6)V fo, (k) + Sk+1) (11)

where s;11 € OR(Xy1) is some vector in the sub-differential set of R(-) at x;1. Then apply the
boundedness condition in Assumption 3 to yield

[%k+1 — X || = al| (VG (1) V fo, (¥) + Sk41) |
< i (IV g, () V fur, ) |+ Isk1 )
< i ([V g, IV for (i) [+ lIsr4111)
(Assumption 3)
< o(1)ay,
which implies the claim. O

Lemma 4. Under Assumptions 3 and 4, we have
IV 90 (x)Vof(9(x)) = Vg )V f3)) < O(Lslly — g(x)])-
Proof. We have

IV 9. (X)V fu(9(x)) = Vg, (x)V fu () < V9. GOV o (9(x)) = V fu(y)]
(Assumption 3)
< M)V fu(9(x) = Viu(y)l

(Assumption 4)
< oLy — g

It completes the proof. O
Lemma 5. Given a positive sequence {wy }32 | satisfying
w1 < (1= Br + C1fp)wy + Cak™* (12)

where Cy > 0, Cy > 0, and a > 0. Choosing By, to be B, = C3k™" where b € (0,1] and C3 > 2,
the sequence can be bounded by
w, < Ck™°

where C and c are defined as

C .= max wrk® + and c¢:=a—b.

k<(C1C3)V/0+1 Cs -2
In other words, we have
Wi S @(k_a+b).

Proof. We prove it by induction. First it is easy to verify that the claim holds for k£ < (C4 Cg)l/ b
from the definition for C. Next we prove from “k” to “k + 17, that is, given wy, < Ck™° for
k> (C1C3)"/°, we need to prove w1 < C(k +1)~¢.

wi1 < (1= B+ C1B3)wy + Cok™®
< (1—-C3k ™+ C102E™2)Ck™° 4+ Cok™@

10



= Ck™°—CCsk "¢+ CO1C5k™ 27 + Cok ™. (13)
To prove that (13) is bounded by C'(k 4 1) ¢, it suffices to show that
Cgkfa

A= (k+1) -k “+Csk " -C103k 2" ¢>0 and C >

From the convexity of function h(t) = ¢t~¢, we have the inequality (k 4+ 1)7¢ — k=¢ > (—c)k— ¢ L.
Therefore we obtain
A > —ck™¢7t 4 O3k — O, C2k e

(b<1, k>(C1C3)M?) X
> (C3—2)(k7"79)

(C3>2)
B 0.

To verify the second one, we have

Ok~ < Cy k7a+b+c (c:i+b) Cy e
A Cs—2 Cs—2
where the last inequality is due to the definition of C'. It completes the proof. O

Lemma 6. Choose By, to be ), = Cyk™" where C, > 2, b € (0,1, and a, = Cok~® Under
Assumptions 1 and 2, we have

E(lye — g(xi)[I?) < LgO(k~**T) + ©(k ). (14)

Proof. Denote by my,41

k
misr = 360 Ixei — zeqa |2
t=0
and ngyq

k
> (Guep (2e1) — g(z141))

t=0

Nk+1 =

L 2
|y — g(xk)|?< (;mk + nk> < Lymj + 2n3. (15)

for short.

From Lemma 10 in [Wang et al., 2016], we have

From Lemma 11 in [Wang et al., 2016], my1 can be bounded by

2
mer1 < (1= Br)my + Brar + E”Xk — Xp41]? (16)
where ¢j, is bounded by
4
Qk+1 < (1—B)ar + E”Xk-&-l —xx|?
(Lemma 3) O(1)a?
7 - g+ 2%
Br
< (1 - Bi)gr + O(k~207).

Use Lemma 5 and obtain the following decay rate
Tk < G(k_2a+2b>.
Together with (16), we have

2
mep1 < (1= Br)me + Brar + EHXk — Xpop1 |2
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< (1= Bp)my +O(k~297) 4 O(k 20+
< (L= Br)my + O(k™2T0),
which leads to
my, < O(k~2F2) and mi < Ok ety (17)

by using Lemma 5 again. Then we estimate the upper bound for E(n?). From Lemma 11 in [Wang
et al., 2016], we know E(ni) is bounded by

E(niy1) < (1= Bo)*E(lnel®) + Bog = (1= 26 + BE(Inx|®) + Broy.

By using Lemma 5 again, we have

E(n}) < O(k™"). (18)
Now we are ready to estimate the upper bound of ||yx+1 — g(xx+1)||? by following (15)
E(lyx — g(xx)I1%) < LgE(mg) + 2E(ng)
DA o tot1) 4 o).

It completes the proof. O
Proof to Theorem 1

Proof. From the Lipschitzian condition in Assumption 4, we have

F(xg11) — F(xk)

S (VFGR), Xk — )+ s —
(Lemma 5)
< —ar(VE(xk), Vy, (xk)V fo, (vx)) + O(a})
= —ai||VF (xi) I+ (VF(xk), VE(xk) = Vg, (x0)V fur (¥1)
=T
+0(aj}) (19)

Next we estimate the upper bound for E(7'):
E(T) = E(VE(xk), VF(xk) = Vg, (%)Y fur (9(x8))))

+E(VF(xk), Vgu, (x0)V fu, (9(xk)) = Vu, (%) V fo, (&)
E(VF(xk), Vu, (%6)V fo, (9(xk)) = Vg, (}k)V fo, (V&)

< SEIVFGRIP) + SE(IV], )V o (90x)) — Vol )V, 1))
(Lem<ma 4)

(Assumption 1)

1
SEUVEG)I?) + OLHE(lyx — g(xi)[1*).
Take expectation on both sides of (19) and substitute E(T") by its upper bound:

«
5 IVFG)?

< E(F(xk)) — E(F(xk41)) + O(LEar)E([lyr — 9(x1)[|*) + O(ai)

(Lemma 6)
< E(F(x1)) — E(F(xp+41)) + LgO(LFoy)O (k™) + (L ok ") + ©(0})
< E(F(xk)) — E(F(xk41)) + L3L O (kT4 + L3O(K™7) + ©(k~2)

which suggests that
E([|VF(xx)[?)
< 20 'EB(F(xk)) — 205, "E(F (xp11)) + L3 LgO(K™*T4) + L30(K™") + ©(k™*)
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< 2k°E(F(xk)) — 2k"B(F (Xpt1)) + L7LgO(K~ ™) + L7O(k™") + ©(k™%).  (20)

Summarize Eq. (20) from k£ = 1 to K and obtain

K 2 K
L E(|VF
Zkfl (HK (Xk)” ) < 2K710[1_1F(X1)+K71 Z((k%’l)a*ka)E(F(Xk))
k=2
K
+K- 1ZL2L Ok~ + K117 Z@ K'Y ok
k=1 k=1
K
< 2K 7'F(x0) + K1) ak* 'E(F(xy))
k=2
K
+K 1ZL2L Ok ) + KL Z@ Ky ek
k=1 k=1

< O(K* '+ LAL KW orps 1+L2K + K9,

where the second inequality uses the fact that h(t) = t* is a concave function suggesting (k + 1)* <
k® + ak®~1, and the last inequality uses the condition E(F'(x)) < O(1).

The optimal a* = 5/9 and the optimal b* = 4/9, which leads to the convergence rate O(K ~*/?). [

Lemma 7. Assume that both F(x) and R(x) are convex. Under Assumptions 1, 2, 3, and 4, the
iterates generated by Algorithm 1 satisfies for any sequence of positive scalars { ¢y, }:

a(B(H (xp41)) = H*) + E(|[x541 — P (341) 1) (Pr)
< (14 o) E(lxi — Px-(xi)[1*) + ©(a3) + O(LEai/dn)E(llyr — g(x)[1?) + O(ai).

Proof. Following the line of the proof to Lemma 3, we have

X1 — Xk = —k(Vga, (%6)V fo, (Yr) + Skr1) (21
where s 41 € OR(x X1 1) is some vector in the sub-differential set of R(-) at xj41. Then we consider
k41 — Px- (Xuq1)[|*:

k11 = P (xp1) I
< I%kr — Xk 4+ x5 — Px- (x5 ||

= |Ixx — Px~ () 1P xp41 — Xl P42(Xpt1 — Xi, Xps1 — Px= (x5))

21
@D 1k = P (i) P a1 — Xk 2= 204 (VG %K)V For (V&) + Sk1s Xhss — P (k)

=k — P () P =l %041 — Xel[* 20k (Vg (X6)V fo, (¥), Pxe (Xk) — Xp41)
+2a(Sk+1, Px+(Xg) — Xpt1)
x5 — P (i) 1P = [[xrt1 — X2 4+200(V g0, (%6)V fo, (Y1), Pxc+ (X)) — Xpp1)
+2ai(R(Px~(xx)) — R(Xk+1)) (due to the convexity of R(-))
x5 — Pace (%) [1* = 1%k 41 — X0 +20% (VF (%), Pxc+ (Xk) — Xpy1)
Ty

+2ay, (Vg %K)V fu, (yr) = VF(xk), Px-(xk) — Xps1)

T,
+20(R(Px+ (xk)) — R(Xk+1)) (22)

where the second equality follows from ||a + b||?= ||b]|*—||a||*+2(a, a + b) with a = xj+1 — Xy
and b = xj, — Px+(x). We next estimate the upper bound for T and T respectively:

T = <VF(Xk), X — Xk+1> + <VF(Xk), — Xg + Px*(xk»

IN

IN
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L
< F(xk) = F(xeq) + 7F||Xk+1 = xk||* + F(Px- (xx)) — F(xx)
due to Assumption 4 due to the convexity of F'(-)
Lp 9
= F(Px«(xk)) = F(Xk+1) + 7||Xk+1 — Xg|
< F(Px-(x)) = Fxer1) + O(ag),

where the last inequality uses Lemma 3.

T, = (VF(xg)— Vglk (x6)V fo, (¥&)s Xk — Px=(Xk))
+H(VF(x) — Vg, (%k)V fo, (VE)s X1 — X)

< (VF(xx) = Vg, (xk)V o, (9(Xk)), Xk — Px-(xx))
+ (Vg (%6)V fu, (9(%k)) = Vg, (%)Y fo, (Yi), Xk — Px (Xk))

Ta 2

« 1
+7k IV E(x1) = Vg, (x8)V fo, ()| +EHX'“ — xpp|?

T3

where the last line is due to the inequality (a, b) <

< 5e—|lal[>+ % [b]|*. For Ty,1, we have E(T5,1) = 0
due to Assumption 1. For 75 2, we have

(6%
iy < ﬁllwlk (x8)V fo, (9(%k)) = Vu, (Xk)V fo, (Yk)\|2+2¢7k||xk — Px« (xi) ||
k Qg
(Lemma 4) a ¢
= 0 (L?g;;) Iy = 9Ol 45 e = x|

T5 3 can be bounded by a constant

) . 2(Assumption 3)
T3 < 2| VF(xp) 742V 90, V o, (v < o).

Take expectation on 75 and put all pieces into it:

« 1
E(T) < © (L?(;;) I3 = 9P 5 (Duer = P (el ™+ ek = i) + O

Taking expectation on both sides of (22) and plugging the upper bounds of 7T} and 75 into it, we
obtain

2000 (E(H (xp+1)) — H*) + E(||x41 — Px-(xa41) %)
< (1+ n)E(l|xk — Px- (xi) %) + O(ai) + ©(LFai /o) E(llyr — g(x1) %) + O(ai),
which completes the proof. O

Proof to Theorem 2

Proof. Apply the optimally strong convexity in (7) to Lemma 7, yielding
(1+ 22k)E([[xk41 — P+ (x41) )
< (14 on)E(lxn — Px- (xi)|°) + ©(a) + O(LFai/dr)E(llyr — g(x0) %) + O(az).-
It follows by dividing 1 + 2Aa, on both sides
E(llxr+1 = Px- (xr41)[1%)
< TR Bk — P (co)|*) + (af) + O(Lad/dn)E Iy — gx0) ) + ©(ad).

14



Choosing ¢y, = Aoy — 2A%a3 > 0.5\ay, yields

E(|lxks1 — Px+(xp41) %)

IN

(1 - Aar)E(lxk — Px- (xi)[1?) + O(ad) + (llgtxi) — yl1?)
(1= Aaw)E(lx — Px- (xa)[1%) + O(k™2%) + O(Ly L3k~ +40 1 120,

O(L>
( fak)E
A

A

Apply Lemma 5 and substitute the subscript k£ by K to obtain the first claim in (8)
E(llxx — Px«(xx)[|?) <O (K™ + L7LgK T4 + LZK?).

The followed specification of a and b can easily verified.
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