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Abstract

We consider the weakly supervised binary classification problem where the labels
are randomly flipped with probability 1 — a.. Although there exist numerous al-
gorithms for this problem, it remains theoretically unexplored how the statistical
accuracies and computational efficiency of these algorithms depend on the degree
of supervision, which is quantified by «. In this paper, we characterize the effect of
« by establishing the information-theoretic and computational boundaries, namely,
the minimax-optimal statistical accuracy that can be achieved by all algorithms,
and polynomial-time algorithms under an oracle computational model. For small
a, our result shows a gap between these two boundaries, which represents the com-
putational price of achieving the information-theoretic boundary due to the lack of
supervision. Interestingly, we also show that this gap narrows as « increases. In
other words, having more supervision, i.e., more correct labels, not only improves
the optimal statistical accuracy as expected, but also enhances the computational
efficiency for achieving such accuracy.

1 Introduction

Practical classification problems usually involve corrupted labels. Specifically, let {(x;, z;) }1~, be

n independent data points, where x; € R is the covariate vector and z; € {0, 1} is the uncorrupted

label. Instead of observing {(x;, 2;) }7_,, we observe {(x;,y;)}?~ in which y; is the corrupted label.
In detail, with probability (1 — «), y; is chosen uniformly at random over {0, 1}, and with probability
a, y; = z;. Here a € [0, 1] quantifies the degree of supervision: a larger « indicates more supervision

since we have more uncorrupted labels in this case. In this paper, we are particularly interested in the

effect of « on the statistical accuracy and computational efficiency for parameter estimation in this

problem, particularly in the high dimensional settings where the dimension d is much larger than the

sample size n.

There exists a vast body of literature on binary classification problems with corrupted labels. In

particular, the study of randomly perturbed labels dates back to [1] in the context of random clas-
sification noise model. See, e.g., [12, 20] for a survey. Also, classification problems with missing

labels are also extensively studied in the context of semi-supervised or weakly supervised learning

by [14, 17, 21], among others. Despite the extensive study on this problem, its information-theoretic

and computational boundaries remain unexplored in terms of theory. In a nutshell, the information-
theoretic boundary refers to the optimal statistical accuracy achievable by any algorithms, while the

computational boundary refers to the optimal statistical accuracy achievable by the algorithms under
a computational budget that has a polynomial dependence on the problem scale (d, n). Moreover,
it remains unclear how these two boundaries vary along with «. One interesting question to ask is
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how the degree of supervision affects the fundamental statistical and computational difficulties of
this problem, especially in the high dimensional regime.
In this paper, we sharply characterize both the information-theoretic and computational boundaries
of the weakly supervised binary classification problems under the minimax framework. Specifically,
we consider the Gaussian generative model where X |Z = z ~ N(p,,X) and z € {0,1} is the
true label. Suppose {(x;, ;) }7~, are n independent samples of (X, Z). We assume that {y;}7 ; are
generated from {z;}7_; in the aforementioned manner. We focus on the high dimensional regime,
where d > n and g1 — o is s-sparse, i.e., 11 — po has s nonzero entires. We are interested in
estimating g1 — pto from the observed samples {(x;, ;) }7_;. By a standard reduction argument [24],
the fundamental limits of this estimation task are captured by a hypothesis testing problem, namely,
Hy: py — po = 0 versus Hy : g — o is s-sparse and

(11— o) "B (1 — po) ==y >0, (L.1)

where v, denotes the signal strength that scales with n. Consequently, we focus on studying the

fundamental limits of +,, for solving this hypothesis testing problem.
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Figure 1: Computational-statistical phase transitions for weakly supervised binary classification. Here
a denotes the degree of supervision, i.e., the label is corrupted to be uniformly random with probabil-
ity 1 — o, and 7, is the signal strength, which is defined in (1.1). Here a A b denotes min{a, b}.
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Our main results are illustrated in Figure 1. Specifically, we identify the impossible, intractable, and
efficient regimes for the statistical-computational phase transitions under certain regularity condi-
tions.

() For v, = o[y/slogd/n A (1/a? - slogd/n)], any algorithm is asymptotically powerless in
solving the hypothesis testing problem.

(i) For v, = Q[y/slogd/n A (1/a? - slogd/n)] and v, = o[\/s2/n A (1/a? - slogd/n)], any
tractable algorithm that has a polynomial oracle complexity under an extension of the statistical query
model [18] is asymptotically powerless. We will rigorously define the computational model in §2.
(i) For v, = Q[v/s2/n A (1/a? - slogd/n)], there is an efficient algorithm with a polynomial
oracle complexity that is asymptotically powerful in solving the testing problem.

Here /slogd/n A (1/a? - slogd/n) gives the information-theoretic boundary, while /s2/n A
(1/a? - slogd/n) gives the computational boundary. Moreover, by a reduction from the estimation
problem to the testing problem, these boundaries for testing imply the ones for estimating po — 41
as well.

Consequently, there exists a significant gap between the computational and information-theoretic
boundaries for small a. In other word, to achieve the information-theoretic boundary, one has to
pay the price of intractable computation. As « tends to one, this gap between computational and
information-theoretic boundaries narrows and eventually vanishes. This indicates that, having more
supervision not only improves the statistical accuracy, as shown by the decay of information-theoretic
boundary in Figure 1, but more importantly, enhances the computational efficiency by reducing
the computational price for attaining information-theoretic optimality. This phenomenon — “more
supervision, less computation” — is observed for the first time in this paper.

1.1 More Related Work, Our Contribution, and Notation

Besides the aforementioned literature on weakly supervised learning and label corruption, our work
is also connected to a recent line of work on statistical-computational tradeoffs [2-5, 8, 13, 15, 19,
26-28]. In comparison, we quantify the statistical-computational tradeoffs for weakly supervised
learning for the first time. Furthermore, our results are built on an oracle computational model



in [8] that slightly extends the statistical query model [18], and hence do not hinge on unproven
conjectures on computational hardness like planted clique. Compared with our work, [8] focuses
on the computational hardness of learning heterogeneous models, whereas we consider the interplay
between supervision and statistical-computational tradeoffs. A similar computational model is used
in [27] to study structural normal mean model and principal component analysis, which exhibit
different statistical-computational phase transitions. In addition, our work is related to sparse linear
discriminant analysis and two-sample testing of sparse means, which correspond to our special cases
of @ = 1 and o = 0, respectively. See, e.g., [7, 23] for details. In contrast with their results, our
results capture the effects of « on statistical and computational tradeoffs.

In summary, the contribution of our work is two-fold:

(i) We characterize the computational and statistical boundaries of the weakly supervised binary
classification problem for the first time. Compared with existing results for other models, our results
do not rely on unproven conjectures.

(i) Based on our theoretical characterization, we propose the “more supervision, less computation’
phenomenon, which is observed for the first time.

)

Notation. We denote the x2-divergence between two distributions P, Q by D, (P, Q). For two
nonnegative sequences a,,, b,, indexed by n, we use a,, = o(b,,) as a shorthand for lim,, ,~, a,, /b, =
0. We say a,, = Q(by,) if a,, /b, > ¢ for some absolute constant ¢ > 0 when n is sufficiently large.
We use a V b and a A b to denote max{a, b} and min{a, b}, respectively. For any positive integer k,
we denote {1,2,...,k} by [k]. For v € R%, we denote by ||v]|, the £,-norm of v. In addition, we
denote the operator norm of a matrix A by || A||..

2 Background

In this section, we formally define the statistical model for weakly supervised binary classification.
Then we follow it with the statistical query model that connects computational complexity and
statistical optimality.

2.1 Problem Setup

Consider the following Gaussian generative model for binary classification. For a random vector
X € R% and a binary random variable Z € {0, 1}, we assume
X|Z=0~ Nuo%), X|Z=1~ N(u,X), 2.1
where P(Z = 0) = P(Z = 1) = 1/2. Under this model, the optimal classifier by Bayes rule
corresponds to the Fisher’s linear discriminative analysis (LDA) classifier. In this paper, we focus
on the noisy label setting where true label Z is replaced by a uniformly random label in {0, 1} with
probability 1 — a.. Hence, « characterizes the degree of supervision in the model. In specific, if « = 0,
we observe the true label Z, thus the problem belongs to supervised learning. Whereas if a = 1,
the observed label is completely random, which contains no information of the model in (2.1). This
setting is thus equivalent to learning a Gaussian mixture model, which is an unsupervised problem.
In the general setting with noisy labels, we denote the observed label by Y, which is linked to the
true label Z via
PY=2)=(14+a)/2, Y =1-2)=(1—-a)/2. 2.2)
We consider the hypothesis testing problem of detecting whether g # w1 given n i.i.d. samples
{yi, xi}izy of (Y, X)), namely
Hy: po = py versus Hi: pg # 1. 2.3)
We focus on the high dimensional and sparse regime, where d > n and gy — pq is s-sparse, i.e.,
to — 1 € Bo(s), where By(s) := {p € R?: ||ulo < s}. Throughout this paper, use the sample
size n to drive the asymptotics. We introduce a shorthand notation 0 := (g, p1, 3, @) to represent
the parameters of the aforementioned model. Let Py be the joint distribution of (Y, X') under our
statistical model with parameter 8, and Py be the product distribution of 7 i.i.d. samples accordingly.
We denote the parameter spaces of the null and alternative hypotheses by Gy and G; respectively. For
any test function ¢ : {(y;, x;)}"_; — {0, 1}, the classical testing risk is defined as the summation of



type-I and type-II errors, namely
R (;G0,G1) := supPg(¢ = 1) + sup Pg(¢ = 0).
IS IS
The minimax risk is defined as the smallest testing risk of all possible test functions, that is,

R} (Go,G1) == igf R, (¢;G0,G1), 24

where the infimum is taken over all measurable test functions.

Intuitively, the separation between two Gaussian components under H; and the covariance matrix 3
together determine the hardness of detection. To characterize such dependence, we define the signal-
to-noise ratio (SNR) as p(8) := (po — 1) " =1 (o — pe1). For any nonnegative sequence {7V, }n>1,
let Gi(7n) := {0 : p(0) > ~,} be a sequence of alternative parameter spaces with minimum
separation ,. The following minimax rate characterizes the information-theoretic limits of the
detection problem.

Definition 2.1 (Minimax rate). We say a sequence {~:},>1 is a minimax rate if

o For any sequence {yy }n>1 satisfying v, = o(7};), we have lim,,_, R’ [Go, G1(Vn)] = 1;
o For any sequence {yy }n>1 satisfying v, = Q(7}), we have lim,,_, o R};[Go, G1(v»)] = 0.

The minimax rate in Definition 2.1 characterizes the statistical difficulty of the testing problem. How-
ever, it fails to shed light on the computational efficiency of possible testing algorithms. The reason
is that this concept does not make any computational restriction on the test functions. The minimax
risk in (2.4) might be attained only by test functions that have exponential computational complex-
ities. This limitation of Definition 2.1 motivates us to study statistical limits under computational
constraints.

2.2 Computational Model

Statistical query models [8—11, 18, 27] capture computational complexity by characterizing the total
number of rounds an algorithm interacts with data. In this paper, we consider the following statistical
query model, which admits bounded query functions but allows the responses of query functions to
be unbounded.

Definition 2.2 (Statistical query model). In the statistical query model, an algorithm <f is allowed
to query an oracle T rounds, but not to access data {(y;,x;)}_, directly. At each round, &/ queries
the oracle v with a query function ¢ € Q.y, in which Qs C {q: {0,1} x R — [~ M, M|} denotes
the query space of /. The oracle r outputs a realization of a random variable Z, € R satisfying

1P>< () {12, - Ela(Y, X))| gTq}> >1—2¢, where

qEQy

7 = [1(Qur) +log(1/)] - M/n\/ \/2[77(9@%) +1log(1/8)] - (M? — {E[q(Y, X)]}?)/n. (2.5)

Here 7, > Q is the tolerance parameter and & € [0, 1) is the tail probability. The quantity n(Qs) > 0
in T, measures the capacity of Qo7 in logarithmic scale, e.g., for countable Q o7, N(Q.or) = log(| Qer|)-
The number T is defined as the oracle complexity. We denote by R[E, n, T, n(Q.y)] the set of oracles
satisfying (2.5), and by A(T) the family of algorithms that queries an oracle no more than T rounds.

This version of statistical query model is used in [8], and reduces to the VSTAT model proposed in
[9-11] by the transformation ¢(y,x) = ¢(y,x)/(2M) + 1/2 for any ¢ € Q. The computational
model in Definition 2.2 enables us to handle query functions that are bounded by an unknown and
fixed number M. Note that that by incorporating the tail probability &, the response Z, is allowed to
be unbounded. To understand the intuition behind Definition 2.2, we remark that (2.5) resembles the
Bernstein’s inequality for bounded random variables [25]

p{ |2 3o X0 — Bl 0] 2 o <2em{ Lo o)

i=1
We first replace Var [¢(Y, X)] by its upper bound M? — {E[q(Y, X)]}?, which is tight when ¢ takes
values in {—M, M }. Then inequality (2.5) is obtained by replacing n=' >""_, ¢(Y;, X;) in (2.6) by
Z4 and then bounding the suprema over the query space Qg . In the definition of 7, in (2.5), we




incorporate the effect of uniform concentration over the query space Q. by adding the quantity
1(Q. ), which measures the capacity of Q.. In addition, under the Definition 2.2, the algorithm
o/ does not interact directly with data. Such an restriction characterizes the fact that in statistical
problems, the effectiveness of an algorithm only depends on the global statistical properties, not the
information of individual data points. For instance, algorithms that only rely on the convergence of
the empirical distribution to the population distribution are contained in the statistical query model;
whereas algorithms that hinge on the first data point (1, X1) is not allowed. This restriction captures
a vast family of algorithms in statistics and machine learning, including applying gradient method to
maximize likelihood function, matrix factorization algorithms, expectation-maximization algorithms,
and sampling algorithms [9].
Based on the statistical query model, we study the minimax risk under oracle complexity constraints.
For the testing problem (2.3), let A(T},) be a class of testing algorithms under the statistical query
model with query complexity no more than T}, with {7}, },,>1 being a sequence of positive integers
depending on the sample size n. For any </ € A(T,,) and any oracle r € R[{,n, T),,7(Q.y)] that
responds to &7, let H (<7, r) be the set of test functions that deterministically depend on .2/’s queries
to the oracle r and the corresponding responses. We use Pg to denote the distribution of the random
variables returned by oracle r when the model parameter is 6.
For a general hypothesis testing problem, namely, Hy: € € Gy versus H; : 8 € G;, the minimax test-
ing risk with respect to an algorithm <7 and a statistical oracle r € R[{, n, T, n(Q.)] is defined as
R, (Go,Gr; ,r):= inf | supPe(p = 1)+ supPp(¢ =0)]. 2.7
M () [9cGo 66
Compared with the classical minimax risk in (2.4), the new notion in (2.7) incorporates the computa-
tional budgets via oracle complexity. In specific, we only consider the test functions obtained by an
algorithm with at most 7;, queries to a statistical oracle. If 7}, is a polynomial of the dimensionality
d, (2.7) characterizes the statistical optimality of computational efficient algorithms. This motivates
us to define the computationally tractable minimax rate, which contrasts with Definition 2.1.

Definition 2.3 (Computationally tractable minimax rate). Let G1(v,) := {0 : p(8) > v} be a
sequence of model spaces with minimum separation ~y,, where p(0) is the SNR. A sequence {7}, }n>1
is called a computationally tractable minimax rate if

o For any sequence {7y }n>1 satisfying v, = o(%}), any constant 1 > 0, and any o/ € A(d"),
there exists an oracle v € R[€,n, Ty, 1(Quy)] such that lim, o R, [Go, G1 (7n); 7] = 1;

o For any sequence {7y, }n>1 satisfying v, = Q(7},), there exist a constant n > 0 and an algorithm
o € A(d") such that, for any v € R[E,n, Ty, n(Q.r)], we have lim,, o0 RZ[QO, G1(yn); 7] = 0.

3 Main Results

Throughout this paper, we assume that the covariance matrix X in (2.1) is known. Specifically, for
some positive definite 3 € R?¥9, the parameter spaces of the null and alternative hypotheses are
defined as

Go(E) :={0 = (b, p, B, 0) : p € R, G.1)
G1(Z59m) = {0 = (o, 1, =, @) = po, 1 € RY, po — pa € Bo(s), p(0) = v} (3.2)

Accordingly, the testing problem of detecting whether p1g # g1 is to distinguish
Hy: 0 € Go(X) versus Hy: 60 € G1(Z;79,). (3.3)

In §3.1, we present the minimax rate of the detection problem from an information-theoretic perspec-
tive. In §3.2, under the statistical query model introduced in §2.2, we provide a computational lower
bound and a nearly matching upper bound that is achieved by an efficient testing algorithm.

3.1 Information-theoretic Limits

Now we turn to characterize the minimax rate given in Definition 2.1. For parameter spaces (3.1) and
(3.2) with known 3, we show that in highly sparse setting where s = 0(\/&), we have

vE = /slogd/n A (1/a? - slogd/n), 3.4)



To prove (3.4), we first present a lower bound which shows that the hypothesis testing problem in
(3.3) is impossible if v, = o(7;:).

Theorem 3.1. For the hypothesis testing problem in (3.3) with known X, we assume that there exists
a small constant 6 > 0 such that s = o(dl/%‘s). Let v} be defined in (3.4). For any sequence
{Vn}n>1 such that ~, = o(~},), any hypothesis test is asymptotically powerless, namely,

nlgrolo Slzl:p Ry [Go (%), G1(Z;7)] = 1.

By Theorem 3.1, we observe a phase transition in the necessary SNR for powerful detection when «
decreases from one to zero. Starting with rate slog d/n in the supervised setting where o = 1, the
required SNR gradually increases as label qualities decrease. Finally, when « reaches zero, which
corresponds to the unsupervised setting, powerful detection requires the SNR to be Q(+/slogd/n).
It is worth noting that when a@ = (slogd/n)'/%, we still have (n’slogd)'/* uncorrupted labels.
However, our lower bound (along with the upper bound shown in Theorem 3.2) indicates that the
information contained in these uncorrupted labels are buried in the noise, and cannot essentially
improve the detection quality compared with the unsupervised setting.
Next we establish a matching upper bound for the detection problem in (3.3). We denote the condition
number of the covariance matrix 3 by &, i.e., & := Apax () /Amin (X), where Apax () and Apin (2)
are the largest and smallest eigenvalues of 3, repectively. Note that marginally Y is uniformly
distributed over {0, 1}. For ease of presentation, we assume that the sample size is 2n and each class
contains exactly n data points. Note that we can always discard some samples in the larger class to
make the sample sizes of both classes to be equal. Due to the law of large numbers, this trick will not
affect the analysis of sample complexity in the sense of order wise.
Given 2n i.i.d. samples {(v;,x;)}2%, of (Y, X) € {0,1} x R?, we define

w;i = B Y2 (x9; — x9;_1), foralli € [n]. (3.5)

In addition, we split the dataset { (y;, x;) } 77, into two disjoint parts { (0, XEO))}yzl and {(1, xgl)) LI
and define 1) ©0) )

u, =x; —x, ,forallie [n]. (3.6)
We note that computing sample differences in (3.5) and (3.6) is critical for our problem because we
focus on detecting the difference between gty and g1, and computing differences can avoid estimating
Ep, (X ) that might be dense. For any integer s € [d], we define Ba(s) := By(s) NS ! as the set
of s-sparse vectors on the unit sphere in R?. With {w;}" , and {u;}?,, we introduce two test
functions

1 < vIX1lw,)2
veb2(s) =1
1 n
b2 = 11{ Sg}:zl) - > (v, diag(E) ;) > 72}, (3.8)
vebs i=1

where 71, 79 > 0 are algorithmic parameters that will be specified later. To provide some intuitions,
we consider the case where 3 = 1. Test function ¢; seeks a sparse direction that explains the most
variance of w;. Therefore, such a test is closely related to the sparse principal component detection
problem [3]. Test function ¢, simply selects the coordinate of n~* >-7_, u; that has the largest
magnitude and compares it with 75. This test is closely related to detecting sparse normal mean
in high dimensions [16]. Based on these two ingredients, we construct our final testing function ¢
as ¢ = ¢1 V ¢o, i.e., if any of ¢ and ¢ is true, then ¢ rejects the null. The following theorem
establishes a sufficient condition for test function ¢ to be asymptotically powerful.

Theorem 3.2. Consider the testing problem (3.3) where 3 is known and has condition number k.
For test functions ¢1 and ¢o defined in (3.7) and (3.8) with parameters T and T given by

71 = ky/slog(ed/s)/n, 1o = +/8logd/n.

We define the ultimate test function as ¢ = ¢1 V ¢o. We assume that s < C - d for some absolute
constant C's and n > 64 - slog(ed/s). Then if

Y > C'k - [\/slog(ed/s)/n A (1/a? - slogd/n)], 3.9)



where C' is an absolute constant, then test function ¢ is asymptotically powerful. In specific, we have
sup Pp(¢p=1)+ sup Py(¢=0)<20/d. (3.10)
0cGo(x) 0€G1(Z;5vn)
Theorem 3.2 provides a non-asymptotic guarantee. When n goes to infinity, (3.10) implies that
the test function ¢ is asymptotically powerful. When s = 0(\/3) and k is a constant, (3.9) yields
Y = Q[y/slogd/nA(1/a? slogd/n)], which matches the lower bound given in Theorem 3.1. Thus
we conclude that ;; defined in (3.4) is the minimax rate of testing problem in (3.3). We remark that
when s = Q(d), a = 1, i.e., the standard (low-dimensional) setting of two sample testing, the bound
provided in (3.9) is sub-optimal as [22] shows that SNR rate v/d/n is sufficient for asymptotically
powerful detection when n = Q(\/a) It is thus worth noting that we focus on the highly sparse
setting s = 0(\/3) and provided sharp minimax rate for this regime. In the definition of ¢; in
(3.7), we search over the set Ba(s). Since Ba(s) contains (f) distinct sets of supports, computing ¢
requires exponential running time.

3.2 Computational Limits

In this section, we characterize the computationally tractable minimax rate 7, given in Definition 2.3.
Moreover, we focus on the setting where 3 is known a priori and the parameter spaces for the null
and alternative hypotheses are defined in (3.1) and (3.2), respectively. The main result is that, in
highly sparse setting where s = o(1/d), we have

75 =+/s2/n A (1/a* - slogd/n). (3.11)
We first present the lower bound in the next result.

Theorem 3.3. For the testing problem in (3.3) with 3 known a priori, we make the same assumptions
as in Theorem 3.1. For any sequence {7, }n>1 such that

m=o{yv [V2nA (/e s/m)]}, (3.12)
where ), is defined in (3.4), any computationally tractable test is asymptotically powerless under the
statistical query model. That is, for any constant ) > 0 and any o/ € A(d"), there exists an oracle
r e RIE,n, Ty, n(Qu)] such that lim,_, R, [Go(2), G1(,yn); o, 7] = 1.

We remark that the lower bound in (3.12) differs from +;; in (3.11) by a logarithmic term when
V1/n < a? < /slogd/n. We expect this gap to be eliminated by more delicate analysis under the
statistical query model.

Now putting Theorems 3.1 and 3.3 together, we describe the “more supervision, less computation’
phenomenon as follows.

(i) When 0 < a < (1og2 d/n)l/ 4 the computational lower bound implies that the uncorrupted
labels are unable to improve the quality of computationally tractable detection compared with the
unsupervised setting. In addition, in this region, the gap between v, and 7}, remains the same.

(ii) When (log” d/n)'/* < a < (slogd/n)'/*, the information-theoretic lower bound shows that
the uncorrupted labels cannot improve the quality of detection compared with unsupervised setting.
However, more uncorrupted labels improve the statistical performances of hypothesis tests that are

computationally tractable by shrinking the gap between ;5 and 7.

(iii) When (slogd/n)'/* < a < 1, having more uncorrupted labels improves both statistical

optimality and the computational efficiency. In specific, in this case, the gap between ~: and 7,

vanishes and we have 7} = 5% = 1/a? - slogd/n.

>

Now we derive a nearly matching upper bound under the statistical query model, which establishes

the computationally tractable minimax rate together with Theorem 3.3. We construct a computation-
ally efficient testing procedure that combines two test functions which yields the two parts in 7,

respectively. Similar to ¢, defined in (3.7), the first test function discards the information of labels,
which works for the purely unsupervised setting where o = 0. For j € [d], we denote by o; the j-th

diagonal element of 32. Under the statistical query model, we consider the 2d query functions

qj(y,x) = x;/\/o; - L{|z;/\/7;| < R-/logd}, (3.13)
3y, x) == (27 /05 — 1) - I{|x;/ /75| < R+ \/logd}, forall j € [d], (3.14)



where R > 0 is an absolute constant. Here we apply truncation to the query functions to obtain
bounded queries, which is specified by the statistical query model in Definition 2.2. We denote by z,,
and 27, the realizations of the random variables output by the statistical oracle for query functions g;
and g;, respectively. As for the second test function, similar to (3.8), we consider

G, (y,x) = 2y — 1) - v diag(Z)"/?x - ]l{|deiag(2)*1/2x| < R-+/logd} (3.15)
for all v € By(1). We denote by Zz the output of the statistical oracle corresponding to query
function g,,. With these 4d query functions, we introduce test functions

@, ::]l{sup(ij —zgj) 207'1}, by ::]l{ sup g, 227’2}, (3.16)
jJ€[d] veB2 (1)
where 77 and 79 are positive parameters that will be specified later and C' is an absolute constant.

Theorem 3.4. For the test functions ¢, and ¢, defined in (3.16) , we define the ultimate test function
as ¢ = ¢y V oy We set

71 = R%logd - \/log(4d/&)/n, To = R\/logd - +/log(4d/€)/n, (3.17)

where §& = o(1). For the hypothesis testing problem in (3.3), we further assume that ||po|lco V
[e1]| oo < Co for some constant Cy > 0. Under the assumption that

sup (0.5 = 11.9)* /75 = @ { [1/a® - log? d - log(d/€) /n] Aogd - /log(d/€)/n},  (3.18)
J€

the risk of ¢ satisfies that R, (¢) = SUPgeg, () Po(p=1)+ SUPgeg, (3,7,) Po(¢ = 0) < 5¢. Here
we denote by g j and iy ; the j-th entry of po and p, respectively.
If we set the tail probability of the statistical query model to be ¢ = 1/d, (3.18) shows that ¢
is asymptotically powerful if sup; g (1o,; — f1,5)%/0; = Q[(1/a? - log® d/n) A (log® d/n)'/?].
When the energy of po — 1 is spread over its support, ||t — 21|00 and || o — pe1]l2/+/s are close.
Under the assumption that the condition number « of X is a constant, (3.18) is implied by

Yo = (s21og® d/n)? A (1/02 - slog® d/n).
Compared with Theorem 3.3, the above upper bound matches the computational lower bound up to
a logarithmic factor and 7 is between \/s2/n A (1/a? - slogd/n) and (s*log® d/n)"/? A (1/a? -
s log3 d/n). Note that the truncation on query functions in (3.13) and (3.14) yields an additional
logarithmic term, which could be reduced to (s> log d/n)'/? A (1/a? - slog d/n) using more delicate
analysis. Moreover, the test function ¢, is essentially based on a diagonal thresholding algorithm
performed on the covariance matrix of X. The work in [6] provides a more delicate analysis of
this algorithm which establishes the \/s2/n rate. Their algorithm can also be formulated into the
statistical query model; we use the simpler version in (3.16) for ease of presentation. Therefore, with
more sophicated proof techinique, it can be shown that y/s2/n A (1/a? - slogd/n) is the critical
threshold for asymptotically powerful detection with computational efficiency.

3.3 Implication for Estimation

Our aforementioned phase transition in the detection problems directly implies the statistical and
computational trade-offs in the problem of estimation. We consider the problem of estimating the
parameter Ay = pg — pq of the binary classification model in (2.1) and (2.2), where A is s-sparse
and X is known a priori. We assume that the signal to noise ratio is p(8) = Ap' =" Ap > v, =
o(77;,). For any constant 7 > 0 and any 7 € A(T') with T' = O(d"), suppose we obtain an estimator
Ap of Ap by algorithm 7 under the statistical query model. If A g converges to A in the sense that

(A —Ap) =7 (AL - Ap) = o7 /p(0)],
we have [Af TS 'Af — ApTE7Au| = o(v,). Thus the test function ¢ = 1{AL'ZAL >
vn/2} is asymptotically powerful, which contradicts the computational lower bound in Theorem 3.3.

Therefore, there exists a constant C' such that (Afi — Ap) TS YA — Ap) > C+2/p(8) for any
estimator At constructed from polynomial number of queries.
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A Proofs of the Main Results
A.1 Proof of Theorem 3.1

In this section, we prove the information-theoretic lower bound. In specific, we focus on the restricted
testing problem

Hy:6=(0,0,1I,«) versus. H; : 0 = (—v/2,v/2,1,a), (A1)
where
v € H(s) == {uc{0,8}%: ||uljo = s}.
Here we set 532 = 1, to ensure that (—v/2,v/2,1, ) belongs to the alternative parameter space
G(3; vy ). For notational simplicity, we denote the distribution of model (—v/2,v/2,1, ) by Py,
and the product distribution of n i.i.d. samples by P7.. By the definition of the minimax risk in (2.4),
we have

Sup Ry, [Go(2), 61(Biva)] 2 inf | PG(0 = 1) + s V;j(s)w =0)

We thus reduce the minimax risk to the risk of a simple-against-simple hypothesis test where the al-
ternative hypothesis corresponds to a uniform mixture of {P,,: v € H(s)}. For notational simplicity,
we define Py, := 1/[H(s)| - >_yc4(s) Pv- By Neyman-Pearson Lemma, we have

R:; [g07 g1(2§ ’Vn)] Z 1- TV(P:)Lv P%)

Using Pinsker’s inequality TV (Pg, P%,) < /D, (P}, Pg), for showing R [Go(X), G1(Z;7,)] — 1
as n goes to infinity, it suffices to show that D, (P%,,IP§) = o(1). By calculation we have

L dP? 2 dp? 2
Dl ”’PO):EpgﬂdPg(Y’X)_l] }:Epgﬂdﬂf(xx)} }_1

1 dP? dP?
- _ Epn | ——1 V2 Vz(YX)}l
X B
[#(s)] vi,v2EH(s) ¢ [ dFgdFg
1 dP,, dP "
= Ep, | ——_Y2 Y,X]} — 1. (A2)
HEE ZH(){ o [ BodPy )

We utilize the following lemma to obtain an upper bound for the last term of (A.2). See §B.1 for the
proof.

Lemma A.1. Forany vi,vs € H(s), we have
dp,, dP,,
Fo | 'dPy dPo

Y, X)} = cosh ((v1,v2)/2) + a?sinh ((v1,v2)/2).

By Lemma A.1, we have
DX2( T’}fL’Pg)
1 . §
- W Z [COSh(l/Q' <V1,V2>)—|—O¢231nh(1/2- (vl,v2>)} 1. (A.3)
vi,v2€H(s)

We define C := {S C [d] : |S| = s}, and let U¢ be the uniform distribution over C. Let S1, S ~ Ue
be two independent random sets. Then by (A.3), we have

Dy (P4, PR) = Es, s, [cosh(82/2 |81 NSal) + a? sinh(82/2 - |81 N S[)]" — 1.

We use the next lemma, proved in §B.2, to bound the above right-hand side.

Lemma A.2. Forany x > 0 andv € [0, 1], we have
cosh(z) + vsinh(z) < exp(2vx) V cosh(2z). (A4
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Proceeding with this result and letting random variable Z ~ |S; N Sy, we have
D2 (P, Py) < Ey [exp(a®B2Z) V cosh(822)]" — 1
=Ey [exp(na®B*Z) V cosh(8°Z)"] — 1
=Ez {exp(na®B°Z) Vv Ey [exp(82ZU)]} — 1, (A.5)
where in the last step, we introduce a random variable U that is the summation of n independent

Rademacher random variables over {—1,1}. Then we have cosh(8%22)" = Ey[exp(32ZU)]. B
(A.5), we have

D2 (P}, Pg) < EzEy [exp(na®B2Z) Vexp(B°ZU)| — 1
= EyEz {exp(na®p?) v exp(52U)}Z -1

< EU{ sup Es, [exp(na’®B%) V exp(8°U)] SmsQl} —1. (A.6)
S1eC
Now we turn to bound the expectation over Sz in (A.6). For any fixed S;, we have
S1NS| =Y Vi,
1€EST
where V; is binary random variable that indicates whether ¢ € Ss. It is known that Vy, ...V are

negative associated. Hence we have

Es, [exp(na252) v exp(ﬂzU)] 15105 }Vi

< [ Ev. [exp(na®8?) v exp(8°U)
€51
= {1+ s/d- [exp(na®B?) Vv exp(B°U) — 1]}°. (A7)

Plugging (A.7) into (A.6) and expanding the polynomial term, we have

D,2(Py,,Pg) < Z < > (s/d)* - By [exp(na®B?) V exp(B°U) — 1}k

- Z ( ) (s/d)* ( [exp(na?8®) —1]" - P(U < na?)

+Ey {[exp(BQU) — 1]k U > agn} -P(U > na2)>,
< Tl +T2a

where 17 and 75 are defined as
S

Tyii=) (Z) (s/d)" - [exp(na2p?) —1]"

k=1

L ° S k 2 k
Ty = ; (k) (s/d)" -Ey {[exp(ﬁ U)-1]"|U > 0} -P(U >0).
It remains to bound 7} and 75 respectively.

Bounding 7;. Under condition s3% = v,, = o(1/a? - slogd/n), we have 82 = o(1/a? -logd/n).
Hence, for any small constant C' > 0, we have ﬁ2 <C-1/ o?. log d/n when n is sufficiently large.
Note that we assume s = o(d'/?~?) for some fixed constant § > 0. Then we have

h= Z < ) (s/d)" - exp(a®Bnk) < ; [%¢/(kd)]" - exp(a?B2nk)

< Z [s%/(kzd)]k -exp(Cklogd) = i(s%/k; ~dThk < i(e/k L dO20)k,
k=1

k=1 k=1
where the second step follows from the fact that () < (es/k)*. Note that C'is chosen arbitrarily,
hence we can always choose C' < 4. It implies that e/k - d“~2° = o(1). We thus conclude T} = o(1).

11



Bounding 75. For term 75, we observe that

T, < Z(e/k s /d)* By {[exp(52|U|) - 1}’“}
k=1

<Y (e/k-s*/d)* By [(B*UN* + exp(82KU]) - 1(5°|U| > 1)]

<713 +1Tj,

where T3 and T} are defined as

Ty:= Y Eule/k - 5*6°/d- |U])",

S

Ty:=» (e/k-s*/d)* - By [exp(B7k[U]) - 1(B*|U| > 1)] .
k=1
Note that U is summation of n i.i.d. centered sub-Gaussian random variables U; each with Orlicz -
norm equal to one. Therefore, U is also centered sub-Gaussian random variable with [|U||,, < Cv/n
for some constant C. Thus it holds that

E(UI*) < (VE-[[U]lg)* < (CVnk)*.

Hence for term T3, we have
s k
T < Y [Ces?sVi/(VRd)]
k=1

Under the condition s3% = o(y/slogd/n), we have
Ces*B*/n)(Vkd) = o ( \/slog /d)
Since s = o(v/d), we have sv/slogd/d = o(1), which implies T3 = o(1).
To obtain an upper bound for term 7y, we let W = B2U. So W is centered sub-Gaussian with Orlicz
norm c/3%/n. Computing integral by parts, we have
o0
Ey [exp(B°k|U]) - 1(8°|U| > 1)] = € - P(IW| > 1) + / ke - P(IW| > w)dw. (A8)
u

=1
Using the property of sub-Gaussianity, we have P[W > t] < C exp[—Cat?/(8%y/n)?] for some
absolute constants C, Co > 0. Proceeding with (A.8) and using shorthand o = 32,/n, we obtain

By [exp(FHU]) - LU > 1)] < Crebe /7 4 0uk [ ke Can'lay

w=1

2 2 2 242 2 2

= Cyefe™C2/7 4 O kel o /(AC2) / e — A w- 38 dw < Cye* + Cske*™@ /(402)0,
w=1

where C'5 is a constant that depends on C; and C5. Thus we have

Ty < 201 e*/(kd)] +ZC’3U/<: e?/(kd) - exp(k/4 - 02/02)]k. (A9)

T5 TS

Note that s /d = o(1), we thus have T5 = o(1). Under condition s3? = o(+/slogd/n), for any
small constant C' > 0, when n is large enough, we have

exp(k/4 - 0%/Cy) < exp(Cklogd/s) < exp(Clogd) < d°.

Plugging (A.9) into T and using s> = o(d'~2?), we have that each term in the summation is less
that

Ts <Y ok [e®/(kd® )] < Zk\/logd/s [e2/(d2C)]" .
k=1
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Since the constant C' is chosen arbitrarily, we have Tg = o(1). Accordingly, Ty = o(1) and T =
o(1).

Finally, combining everything together, we have D, (P}, IP§) = o(1), which completes the proof.
A.2  Proof of Theorem 3.2

We begin with some basic properties of sample sets {w;}?_; and {u;}}_,. We introduce the random
vector W := X — X' to capture the distribution of samples {w;}?_;. Here X follows the model
given in (2.1)-(2.2), and X"’ is an independent copy of X . We note that the marginal distribution of
X is given by 1/2 - N'(po, X) + 1/2 - N(p1, X). Thus W follows a mixture distribution

W ~1/2-N(0,2%2) +1/4- N (p1 — po,2%) + 1/4 - N(po — p1,23). (A.10)
Moreover, conditioning on the observed label Y, the distribution of X is given by

XY =0~ (1+0a)/2-N(po, %) + (1 —a)/2-N(p, %), (A.11)

XY =1~ (14a)/2-N(p,%)+ (1 —a)/2-N(po, %). (A.12)

We introduce a random vector U := X (1) — X (9) that corresponds to samples {u;}?_,. Here random
vectors X (©) and X (M) are independent and have distributions given in (A.11), (A.12), respectively.
The distribution of U is given by

U ~ (1+a)?/4-N (1 = p10, 28) +(1-a?) /2-N(0,28) + (1 =) /4-N (o — p1,25). (A.13)
Now we turn to prove Theorem 3.2. It suffices to prove this result by bounding type-I and type-II
errors separately. In the end, we will show that

sup Pa(p=1)<4d ' and sup Py(¢p=0)<16d" .
0eG(X) 0cG1(Z5vn)
Type-I error. Under the null hypothesis 8 € Gy(3), (A.10) and (A.13) reduce to
W ~ N(0,2%), U ~ N(0,2%).
To bound the type-I error of function ¢, we first note that

1 — o~
— E VE w2 =v Zyv,
n

i=1

where we let Sy = 1 /n- > B w,w,/ B ie., an empirical covariance matrix of random
vector Z~'W ~ N (0,2% ). For any matrix A € R¥% and S C [d], we let [A]s € RISI*ISI be
the submatrix of A, which contains the entries with row and column indices in S. By standard tail
bound of Gaussian covariance estimation (see Lemma C.2), for any fixed S € [d] with |S| = s, and
any € € (0,1), when n > C's/€* for some constant C, we have

P3 [I(Ew — 22 sl > 2el(Z sl < 2e7 (A.14)

Note that [|(X71)s]l2 < |12 for all S C [d]. By taking union bound over all subsets with size s
Seld],|S|=s

in [d], we have
d
g 2( )e_n
s
(a)

< 2exp[—n + slog(ed/s)] (%) 2[s/(ed)]* < 2d .

Here step (a) follows from the fact that (‘Si) < (ed/s)® and step (b) follows from the assumption
that n > 2slog(ed/s). In the last step we use the fact that function f(s) = (s/d)® is monotonically
decreasing for s € [1,d/e]. We set € = /slog(ed/s)/n. Under condition n > 2slog(ed/s), we
have € < 1. Moreover, when s < C’d for sufficiently small constant C’ that depends on C, we have
n>Cs/ €2. Therefore, such value of € leads to (A.14). Thus we conclude that

viSpv—2vIE-ly slog(ed/s) =72
> .
2vI X1y = n viy-ly

pg[ ap IS — 25 sl > 26157

Py forall v e By(s)| <2d7!
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Note that |[S7!2/(v Z7'v) < |Z7Y2|Z]l2 = &. Our choice of 7; ensures the type-I error of
¢1 does not exceed 2d 1.

Now we turn to analyze the performance of ¢5. Recall that ¢; simply selects the coordinate of
@ :=1/n-Y"1"  u; that has the largest magnitude (scaled with diag(2)~'/2) and compare it with
7. It suffices to show all coordinates are well bounded around 0 under null hypothesis. Denote the
j-th coordinate of @ by ;. Denote the j-th diagonal term of X by ;. We have @; ~ N (0, 20;/n).
Recall that for standard normal random variable X, we have

P(|X| > t) < 2exp(—t?/2) forany t > 1. (A.15)

Using this property and taking union bound over j € [d], we have
Py (sup la;|/\/o; > 810gd/n> < 2d - exp(—2logd) = 2d~".
j€ld]

Accordingly, our choice of 7, can ensure type-I error of ¢- is controlled within 2d~*.

Type-II error. Under the alternative hypothesis 8 € G;(X;~, ). Note that ¢ = 0 if and only if
¢1 = 0 and ¢o = 0. Thus, for any 6 € G;(3;,,), we have

Pg(¢ = 0) =Pg(d1 = 0N ¢z = 0) < Pg(¢1 = 0) APg(d2 = 0). (A.16)
We assume 7, > Ck[y/slogd/n V (1/a? - slogd/n)]. It suffices to bound the type-II error by
considering these two cases: (i) when 7,, > k+/slogd/n, we show that P4 (¢ = 0) < 16d~'; (ii)

~

when 7, 2 r/a? - slogd/n and 16/a? - slogd/n < y/slogd/n, we show Pg[pe = 0] < 7d 1.

Case (i). Now we consider the first case. We denote Ap := py — po. Let v* := Ap/||Apl|o.
Since v* € By(s), we have

VTﬁwv V*Tflwv*
oy S o o R R Wy o
vEBy(s) 2V v 2ve ! 31y
It remains to show the right hand side is larger than 1 4 7; with high probability. Note that

~ 1 &
* 1 * * 1T §1—1 2
by =— by )7
v wv - ;(v w;)
We define a random variable W := v*T £~ W, whose probability distribution is given by
1/2-N(0,v) +1/4-N(m,v) +1/4- N(—m,v), (A17)
where we define m := p(0)/||Ap|2 and v := 2p(0)/||Ap||3. Recall that p(8) := A" 1Apu.
Let w; := v* " X~!w;. Due to the mixture structure (A.17), we can thus cluster {w; }""_, into three
groups {@Ek) o+ k € {1,2,3}, based on the latent labels. The k-th group corresponds to the k-th
term in (A.17). Note that E(n,) = n/2,E(n2) = E(n3) = n/4. Define event & as
E1:={|n1—n/2 <1/8n, Ing—n/4 <1/8-n, |ng—n/4 <1/8-n}. (A.18)
By Hoeffding’s inequality, we have P(£1) > 1 — 6 exp(—n?/32).
From now on, we condition on event £ . By the standard x2-tail bound (Lemma C.1), forany ¢ € (0, 1)
and k € {1,2, 3}, we have

Nk
PG < Z(@UC) —my)? —ngr| > nkVt> < 267 /8 < 9t /64, (A.19)
i=1
where my = 0, mg = —mgs = m. Moreover, using tail bound of Gaussian (A.15), for t' > 1/,/ny
and k = 2,3,
ng
P} ( Sl — | > nkﬁt’> < 2e7m/2 < 910, (A.20)
i=1
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Excluding the small chance events in (A.19) and (A.20), we find that

n 3 3 3
Sar=3" nzk(wg’f) —me)? 42y nz mpw ™ — (ny + ng)m?
=1

k=11i=1 k=2 i=1
3 ng
>av(l—1)+23 3 mil” — (ng + ng)m?
k=2 i=1
> nv(1 —t) + (ng 4+ n3)m? — 2(ny + nz)V/vt'm
>nv(l —t)+1/4-nm? —3/2 - ny/vt'm,
where the last step follows from (A.18). Note that 2v*TE~1y* = p. We thus have

v TS vt . S w? 1> m* . 3mt’
2v* T3 —ly* - 2pvr T E Ly T 4 2/v
= 1/8-p(0) —t — 3t'/4- \/2p(0). (A21)

Now we choose t = t' = 84/slog(ed/s)/n, which is less than one under condition n >
64slog(ed/s). When p(0) > Ck+/slog(ed/s)/n for sufficiently large constant C, we can have
t < p(8)/32and t' < /' < \/p(8)/48. Accordingly, proceeding with (A.21) gives

1/2 v Spvi v TRV 1> 1/16- p(0) > 1.
Plugging the value of ¢, ¢ into the tail bounds in (A.19) (A.20) and using the probability of event £,
we have the type-II error of ¢; is most 10d~1 + 6e=""/32 < 164,

Case (ii). Now we turn to analyze the performance of ¢3. We introduce shorthands g :=
diag(X)~?Ap and A := diag(X)'/2. Then it holds that
p(0) = Ap ST Ap = ApTATIAS T AAT Ap < |l AZ T Aoy
< [BIZIAIZIZ 2 < wlAl3,
where the last step follows from the fact that ||diag(X)||2 < ||X]|2- Suppose the j-th coordinate of g,
denoted by 3, has largest magnitude. Since ||u||2 < s/32, we have 32 > p(0)/(sk). Under condition
400xs logd

)

we have
B > 20/logd/(a2n). (A.22)
Let v* = sign(f) - e;. We have

sup (v,A7'a) > (v¥,A7'a) =
veBs(1)

)

n

1 ZN

_ Wis

n “ t
i=1

where we denote the j-th coordinate of A~'u; by ;.

Let U, be the j-th coordinate of U. Note that {u;; } , are i.i.d. samples of U;/, /7. Recall that o

is the j-th diagonal term of 3. According to (A.13), U;/,/a; has the mixture distribution
(1+a)?/4-N(B,2) + (1 —a?)/2-N(0,2) + (1 — a)?/4- N (-5,2). (A.23)

We can cluster these samples into three groups {ﬂg? bk, k € {1, 2, 3} based on latent labels, where

k-th group corresponds to the k-th term in (A.23). Using tail bound of Gaussian (A.15), we have for
t>1landk € {1,2,3},
P (

where m; = —mg = 8, mo = 0. Therefore, with probability at least 1 — 6et"/ 2 it holds that

3
2 ¢
<ty /< ot (A.24)
n

k=1

ng

E a® _nm
ij kTTlk

i=1

> \/2nkt> < 2e_t2/2,

I -
HZ“” _(m nns)ﬁ

Bl

=1
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It remains to bound n; — n3. Note that n; — ns is a summation of n i.i.d. random variables V;
satisfying P(V; = 1) = (14+«a)?/4,P(V; = 0) = (1 —a?)/2,and P(V; = —1) = (1 — a)?/4. Then
V; has mean , variance (1 — a?)/2 <1 — a, and |V; — E(V;)| < 2. By Bernstein’s inequality, we
have that for ¢’ > 0,

t/2
P —ng — >t) < — )
(jny = ng —an| > )—eXp{ 2(1—a)n+4t’/3}

Choosing t' = an/2, we thus have

a’n
8(1 —a)+8a/3
where the last step follows from condition 8slogd/(a?n) < y/slog(ed/s)/n < 1. Combining
(A.24) and (A.25), we have that with high probability 1 — Get/2 — a1,

1/n - | > af/2 = 5t/v/n > 10\/logd/n — 5t/\/n > 2,
=1

where the second step follows from (A.22) and the last inequality holds by setting t = /2logd,
which gives the type-II error of ¢ is at most 7d 1.

P(lny —ng —a-n| > an/2) <exp {— } <exp(—a’n/8) <d~', (A.25)

Using (A.16) and the conclusions in the above two cases, we thus show Type-II error of ¢ is at most
16d~! and thus complete the proof.

A.3 Proof of Theorem 3.3

In this section, we prove the computational lower bound. We first show that the information-theoretic

lower bound in (3.4) is a lower bound of the computationally tractable minimax rate. To see this,
we consider the oracle * that returns sample average n ! > 1 q(yi, x;) for any query function g.
As discussed in §2.2, Bernstein’s inequality in (2.6) and uniform concentration of empirical process

imply that 7* € R[¢, n, T, n(Q.r)]. In addition, every test function ¢ that is based on the responses

of r* is also a function of {(y;,x;)}!_;. Thus combining (2.4) and (2.7), it holds that

R,\(Go. G /1) 2 R},(Go, Gh).
Therefore, by Theorem 3.1, for any ~,, satisfying

Y =0 [ slogd/n A (1/a? - slogd/n)} ,

we have lim,, o EZ [Go, G1(n); &, r*] = 1. Here the equality holds because a test based on purely
random guess incurs risk one.

Based on this observation, to show Theorem 3.3, it the following, we assume that
'ynzo{ sQ/n/\(l/oz2~s/n)} . (A.26)

We show that under this assumption, there exists an oracle r such that the minimax testing risk is
not negligible. Similar to the derivation of the information theoretical lower bound, we also focus
on the restricted testing problem defined in (A.1). Following the same notations, we denote by Pg
the distribution of model (0, 0,1, «) and by Py, the distribution of model (—v/2,v/2,1, «) for all
v € H(s) = {u € {0,8}?: |lullo = s}. Here we assume that the SNR under H; satisfies 3%s = ;.
Moreover, we define Py as the distribution of the random variables returned by the statistical query
model under the null hypothesis Hj and define P, correspondingly. Then the minimax testing risk
R, (Go,G1; o/, r) defined in (2.7) is lower bounded by

—x . ™ _ 1 ™ J—
S RG0(8). Gi(Timn)i o1l 2 _inf (Po(6 =1+ s 3 Pu(0=0)

The following lemma establishes a sufficient condition that any hypothesis test under the statistical
query model is asymptotically powerless. See [27] and [8] for a proof.
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Lemma A.3. For any algorithm o/ € A(T') and any query function q € Q o7, we define

Ci(q) = {v e H(s) : Ep, [¢(Y, X)] = Eg, [q(V, X)] > 74(Py)},

Ca(q) ={v € H(s) : Ep, [q(Y, X)] — Ep, [q(Y, X)] > 74(Py)} .
Here 1,(Py) is the tolerance parameter defined in (2.5) when (Y,X) ~ Py. Then if T -
sup,eo,, ([C1(q)] + |Ca(q)]) /IH(s)| = o(1), there exists an oracle r € R[E,n, T, n(Qr)] such that

_ 1 _
inf |Po(¢=1)+ Pvlp=0)| =1.
ety [P0 =0 iy 2 B0=0)

By this lemma, we need to construct an upper bound for sup o, (|C1(g)| + [C2(g)]). In the sequel,
we achieve this goal by studying the uniform mixture of {Py,: v € C;(q)} for £ € {1, 2}. Specifically,

we define
Pesta) = ] 61 Z By and Pey) = | C Z P,. (A27)
veCa(q)

The following lemma, obtained from [8], estabhshes an upper bound for the x2-divergence between
]P)Cg(q) and Pg.

Lemma A4. For{ € {1,2} we define

_ 1 dP, dP,-
ce<q,v>=argglax{m > En| (Y’X)}—1‘|C=|Ce(fﬂ|}- (A28)
(s)

v'ECCH(s dIPO dPO

Then the x>-divergence between Pe,,, and Po is bounded by

S Er, {dpv Py iy X)] 1 (A29)

Dy2(Pey(q):Po) < sup dPo dPo

veCe(q) ‘CIZ (q) |

v'€Cy(g,v)

Notice that Lemma A.1 enables us to compute the right-hand side of (A.29) in closed form. For any
a € [0, 1], function h, (t) = cosh[3?/2-(s—t)] +a? sinh[3%/2- (s —t)] is monotone nonincreasing
fort € {0,...,s} and f(s) = 0. In addition, for any v € H(s) and any j € {0,..., s}, we define

Ci(v)={v e H(s): (v) Nsupp(v’)| = s —j}. (A.30)
For £ € {1,2}, any query function ¢ € Q., and any v € Cy(g), by Lemma A.1 and the definition
of C¢(gq, v) in (A.28), there exists an integer k;(q, v) that satisfies

Ce(q,v) =Co(v ) UCI( YU+ UChy(gv)—1(v) UCh(q, v), (A31)
where C)(q,v) = Ce(gq,v) \ U’“ $V’77C;(v) has cardinality
ke(gq,v)—1
Cila V)l =1Ca)l = Y 1) < [Crtqm) (V)] (A32)
Jj=0

Thus we can sandwich the cardinality of C¢(q, v) by

ke(q,v) B ke(q,v)—1
SIG™ > Colav) = D el (A.33)
j=0 j=0

Combining Lemmas A.1 and A.4, we further have

S hal) - 163+ halkela, V)] - Ca V)
SR e (v)] + (Cy(a, V) forallv e Gla)

L+ Dy (Pe,q), o) <

(A.34)
Moreover, by (A.34) and the monotonicity of &, (t) we obtain
ke(q,v)— .
S ha(d) - 165(v)
T . (A.35)
sG]

L+ Dy2(Pe,(q), Po) <
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By the definition of C;(v) in (A.30), the cardinality of C;(v) does not depend on the choice of

v € H(s) and we have |C;(v)| = (,,) (d;S). Thus for any j € {0,...,s — 1} we have
CMI/IGO = (s =) - (d—s— /G + 12 = (d—25)/s%  (A36)

Under the assumption that s2/d = o(1), the right-hand side of (A.36) is lower bounded by ( =

d/(2s%) when d and s are sufficiently large. Then we have |C;(v)| < ¢?7%|Cs(v)] for j € {0,...,s}.
By the definition of k;(q, v) in (A.31) and (A.32), for any ¢ € Q,, we further obtain

ke(q,v) ke(q,v) .
ICe(q)] < Z v <IC(v) > ¢
§j=0

s hia )
< T=¢!
where the last inequality follows from the fact that (% = 2s%/d = o(1).
Moreover, for any two positive sequences {a;}5_, and {b;}7_, satisfying a;/a;—1 > b;/b;—1 > 1
for all ¢ € [s], since h,,(¢) is nonincreasing, for any k € [s], we have

< o¢ [shelal gy (s)), (A.37)

Y (@ibj = ajbi) - [ha(i) = ha()] < 0. (A.38)
0<i<j<k
Further simplifying the terms in (A.38), we have
k . k ,
1 iha = biha
Zl:o][ca (4)] < Zz_o][c (4)] . (A.39)
Dimo i im0 bi

In what follows, we upper bound k¢(q, v) for £ € {1,2} and v € Cy(q). We employ the shorthand
ke = ke(g, v) to simplify the notations. Combining (A.29), (A.35), and (A.39) with a; = |C;(v)| and
bj = ¢7, we have

Y5 (hali)
DS
B Zkz 1 ¢J {cosh [52/2 (s —j)] + o? sinh [62/2 (s —j)]}
- S
55" ¢ cosh [B2(s — )] 35" ¢ exp [a282(s — )]

Zkﬁ 1 C] \/ Zkl 1 CJ .

Here the second inequality follows from Lemma A.2. We bound the two terms in (A.40) separately.

Note that for notational simplicity, we denote for any ¢ € {0,..., s}, we define

f(t) = cosh [52(3 — t)] , g(t) =exp [a262(s — t)] .
Note that both h(¢) and ¢(¢) are monotone non-increasing, and thus f(t) > f(s) = 1 and g(t) >
g(s) = 1. Moreover, by calculation, we have f(j —1)/f(j) > cosh(3?) forall j € {1,...,s}. Thus
we have

1+ Dy2(Pe,(g), Po) <

<

(A.40)

£(G) < fke —1) - [cosh(8%)]™ 777" forall j € {0,... ke — 1}.
Then we have .
Zfi)l Cljf( J) < flh—1) ng)l ¢ [C]:)shl(ﬁ?)}ke—aﬂ
dito ¢ dito ¢
Sohes! [eosh(82)/¢)™ o
St ¢ kemit)

1-— [Cosh(ﬁz)/d e 1-¢!
1— (ke "1— (¢ Tcosh(8?)

< flke—1)-

= flke—1)- (A.41)
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Since cosh(/3?) > 1, by (A.41) we have
Yjto Ceosh [B(s—f)] _  1-¢!

2
Z?Z)l ¢i ~ 1— ¢ 'cosh(B?) cosh [ﬂ (o= ke 1)] ' (A42)
In addition, since g(j — 1)/g(j) = exp(a?$?), similar to (A.41) we have
Yot ¢ exp [a2B%(s — j)] 1-¢ ! 2 42
iy ¢ ST Cegezgy OVl Tkt DA

Combining (A.42) and (A.43), we obtain that
1+ Dy2(Pe,(q), Po)

< (1 —¢ 1) cosh [B2(s — kg +1)] \/ (1=¢ Y exp [a?B%(s — ke +1)] (A4
1= ¢ cosh(57) 1= C L exp(a?B?)
Moreover, we use the following lemma obtained from [27] to establish a lower bound for
Dy (Pe,(q), Po).

Lemma A.5. For any query function q and ¢ € {1,2}, we have
Dy2(Pe,(q), Po) = log(T'/€)/n.

We denote /log(T'/€)/n by 7 for simplicity of notations. Combining (A.44), Lemma A.5 and
inequality cosh(z) < exp(2?/2), at least one of the two inequality holds

(1+7%) - [ = ¢ eosh(8?/2)] /(1 - (1) <exp [Y/2- (s — ke +1)7] (A.45)
(1472 [1 = texp(@®B?)] /(1 — (") <exp [a?B%(s — ke +1)]. (A.46)
If (A.45) holds, taking the logarithm of the both sides, we have

4 _ 2 2y 1-¢!
B%/2-(s—ke+ 1) >log(l+7°) — log [1 — C—lcosh(BQ)] ) (A47)
Whereas if (A.46) is true, it holds that
1-¢!
a252(s —ke+1) >log(l+ 7'2) — log {1 i eXp(OzzﬁQ)} . (A.48)

In addition, by Taylor expansion and the fact that [cosh(3%/2) + exp(a?3?)]/¢ = o(1), we have

1-¢! ¢ !cosh(B?) —1 -
o [1 — ¢! cosh(BQ)] - log{l 3 _[C—l coSh(/BQ)} } =0(¢18Y), (A.49)
1—C—1 Cfl ex (a2ﬂ2)71 B
o [1 - C‘leXP(aQBQ)] B log{l - 1—E_fexp(a252))} } =0(¢T1e?F). (AS0)

Since v, = 532, by (A.26) we have (a?3?) vV * = o(logd/n). Hence, by (A.49) and (A.50), the
second terms on the right-hand sides of (A.47) and (A.48) are asymptotically negligible compared
with log(1 + 72). Therefore, by (A.47) and (A.48), for £ € {1,2}, at least one of the following two
arguments hold:

ke(q,v) < s+ 1—/log(1+72)/8%, ke(q,v) < s+ 1—log(1+7%)/(20%5%).
Equivalently, we have
ke(q,v) < {s +1—+/log(1+ T2)/54] V [s+1—1log(l+7%)/(228%)] . (A51)

Recall that 7 = +/log(T/£)/n where & = o(1). For any constant > 0, we set T' = O(d"). By
combining Lemmas A.3 and A.4, (A.37), and (A.51), we further obtain

T SUPgecg,, (||2Ez))| +[C2(9)) < AT - exp {710g<. {\/W* 1} } A
AT -exp {—log (- [log(1 + 7%)/(2° %) — 1]} . (A.52)

Under the assumption of the theorem, there is a sufficiently small constant § > 0 such that s2 /d'~% =
O(1). Thus we have ¢ = d/(2s?) = Q(d%). By inequality log(1 4 x) > /2, it holds that log(1 +
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72) > 72/2 = log(T/€)/(2n). Under the condition in (A.26) , we have
log(T'/€) \ s 1log(T'/€) _ log(1/€) \ log(1/€)
. A.53

2n34 \/ 4na? 32 o 2n /34 \/ 40232 - ( )
Hence if n is sufficiently large, the left-hand side in (A.53) is greater than an absolute constant C'
satisfiying 6(C' — 1) > 7. Then by (A.52) we have
subyca, (1€ (a)] + ICa(a))

[H(s)]

Combining (A.54) and Lemma A.3, we conclude that RZ(QO, G1;,r) — 1if (A.26) holds. This
concludes the proof of Theorem 3.3.

A.4 Proof of Theorem 3.4

T = 0[4d"¢ (€Y = O[4d"d—°C V] = o(1). (A.54)

To ease notation, we denote the joint distribution of (Y, X') by Pg where the model parameter is
given by 6 = (uo, 1, X, «). In addition, we let Ay = g — po. Thus A = 0 for all 8 € Go(X)
and Ap € B(s) for all @ € G1(2;,). In what follows, we bound the type-I and type-II errors of ¢
respectively.

Type-I error. For any 8 € Gy(X), by the definition of ¢, the type-I error is bounded by

Po(p =1) <Po(hy = 1) +Po(pp = 1).
For test function ¢, since marginally, X ~ 1/2-N(po, ) +1/2-N (1, X), forany 8 € Go(X)U
G1(3; ), for any j € [d], we have

2
Epy (X3 /05 — 1) — [Epe (X;//75)]

= 1/4- (o — py)* /o5 = 1/4- (Ap)j /oy, (A.55)
Here ju0; and 11 ; denote the j-th entries of po and g1, and (Ap); is the j-th entry of Ap. In
addition, by the definition of ¢; in (3.13) we have

|[B20a,(¥, X)) = [Br, (X,/ /37|

2

< 2[Eo (X;/v/T))] - [Bro (X5/v/75) — Broq; (Y, X)| + [Ero (X;/1/T5) — Erpq; (Y, X[
Since X/ /75 —q;(Y, X) = X;/,/7;-1{|X;/\/7;| > R-+/logd}, by Cauchy-Schwarz inequality
we have

2 2

|Epe (X;/\/05) — Ereq; (Y, X)|” < Epo (X3 /0;) - Po(|X;//a5] > R-+/logd).  (A.56)
Since || to|oo V [[11]loc < Co and {X;/,/57}{, are sub-Gaussian random variables, for any ¢ > 0,
there exists a constant C'; such that

Po(|X;//T5] > t) < 2exp(—Cit?). (A.57)
Thus setting t = R - v/log d for some sufficiently large R, by (A.56) and (A.57) we obtain
Ery (X;//T7) — Eppq; (Y, X)| < Cod™
for some constant Cs. Thus we have
|[Erga; (Y, X)) = (B, (X;/ 7)) | £2C0 - Cod ™ + C3a 2 1/16- (Ap)3/oy. (ASH)
In addition, since X7 /o; — 1 — q;(Y, X) = (X7 /o; — 1) - 1{|X;/\/7;] > R -+/logd}, for g;
defined in (3.14), we similarly we obtain
(e, (Y. X) — B, (X2 /0j — 1)| < 1/16 - (Ap)? /o, (A59)
Combining (A.58) and (A.59) we have
Er,; (Y, X) — [Ep,q; (Y, X)]> > 1/8 - (Ap)?/o; forall j € [d].
Taking supremum over j € [d], we have

sup { B, (Y, X) — [Ezoq;(V, X)I } = 1/8 - sup [(Aw)?/o;] (A.60)
jeld] Jeld]
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Note that the test function ¢ involves 4d queries functions. Thus, for any 8 € Go(2) U G1(Z;7x),
under Py the tolerance parameters for ¢; and g; are given by

74, < Ry/logd - \/[log(4d/&)]/n, 77, < R*logd - +/[log(4d/€)]/n, forall j € [d]. (A.61)

Under the assumption that

sup ()3 o5 = 2 [log” d - og(d/€)/ (o) Alogd - /log(@/) ]

we have

Tq; V 7q, < R*logd - /[log(4d/€)]/n
< (1/0)- {_Sg[g] (/o) v s |<Au>j/¢07|} , (A62)

where the absolute constant C is the same as in (3.16). Note that we denote R* log d - y/log(4d/€)/n
by 71. Hence by (A.62), for any 8 € Gy(X), the type-I error of ¢, is bounded by

Pg | sup (Zz — Zg ) > C7y

jeld) T
=Po (Uje {(Za, = Z2) — {Beo@i(Y, X) = [Brpq; (V. X} = C71 })

< Po (Ujepa {Za — Bros (V. X) 2 71}) +Bo (Uyeia { 22 — [Broqs (V. X)J2 = (C = 171 } ).

For the first term, we have
Po (UjE[d] {Z3 — Ep,q; (V. X) = ?1})

<P, (Uje[d] {173, — Bey; (Y, X)| > T%}) <e. (A.63)
Note that under the null hypothesis 8 € Go(X), we have Ep,q;(Y, X) = 1o ;/,/0;. Under the
assumption that ||eo]|co V [[41]|cc < Co, When n is sufficiently large such that
71 <3(C -1)"'Co/ /75,
by Zgj — [Epyq; (Y, X)]? > (C — 1)71 we have
1Z4; = Broq; (Y, X)[ = (C = )71 - /35/(3C0). (A.64)

Thus we can set absolute constant C sufficiently large such that | 7, — Ep,q;(Y, X)| > 71. Thus by
(A.64) we have

Po(Useq {22 — [Erya; (Y, X1 = (C = 171 })
< Po (Ujera {120, — Broas(V, X)| 2 7, }) <€ (A.65)

Combining (A.63) and (A.65), we can bound the type-I error of ¢, by 2¢. For the type-I error of
¢4, we define Z = (2Y — 1) - X. Under the data-generating model defined in (2.1) and (2.2), the
distribution of Z is given by

7z~ N (—po. E) + %N(Nla )+ %N(MO,E) L= N (1, Z).
Then by definition, for all 8 € Gy (), we have
Ep, [v ' diag(X)"1/2Z] =0, forall v € By(1). (A.66)
In addition, for any € € G1(3;,,), by the distribution of Z, for all v € By(1), we have
Ep, [v ' diag(2)"V/2Z] = /2 - v diag(Z) "2 Ap. (A.67)

Moreover, by definition we have
v'diag(2)2Z - g, (Y, X) = v'diag(2)"/2Z - 1{|v "diag(2)"'/2Z| < R\/logd}.
By setting the constant R sufficiently large, for any for any 6 € Gy(X) U G1(3; 7, ), we have
[Ezody (Y, X) — Ep, (v diag(2)""/?Z)| < a/4-|(Ap);/ /7.
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Combining (A.66) and (A.67) we obtain that
Bry@y (Y, X) < a/d- |(Aw);/ 7| forall 8 € Go(S);
Epyqy (Y, X) > a/4-[(Ap);/\/o;| forall 8 € Gi(X,7,).
Thus, taking the supremum over By (1) yields

sup Ep,q,(Y,X) > a/4- sup |(Ap),/\/o;] forall 8 € G(X,,). (A.68)
vEBy (1) jeld]
In addition, since we have 4d queries, by Definition 2.2, the tolerance parameters for g,,’s are bouded

by

7, < R\/logd - \/Tlog(4d/€)]/n, forall v € Ba(1).
Note that we denote 7o = Rv/logd - \/[log(4d/&)]/n. Similar to (A.62), we have
77, <T1 < (1/C)- {Sup[(Au)?/Uﬂ V sup Oél(Au)j/\/Fj} : (A.69)
J€ld] Jeld]
Hence by (A.69), for any 8 € Gy(X), the type-I error of ¢, is bounded by

P ( sup Zg, = 271) =Py (UVEBQ(I) {Zg, — Epelg, (Y, X)] > ?1})
vEB, (1)

<Ps (Uv%(l) {|Za, — Ep, (3, (Y, X)]| > Tav}) <. (A.70)
Combining (A.63), (A.65), and (A.70), we have

P9(¢ = 1) < 3¢, for all 0c go(E)

Type-II error. Now we consider 8 € G;(X;~,,). Note that = 0if ¢, = 0 and ¢, = 0. Thus, for
any 6 € G1(3;7,), we have

Po(¢ = 0) =Po(¢; = 0N ¢y = 0) < Po(¢y = 0) APo(¢y = 0).
Recall that we denote Ap = p1q — po. Similar to the proof of Theorem 3.2, we consider two cases
of the condition

sup (Ap)?/o; = Q [log(d/€)/(a* - n) A /og(d[€) /]
Jj€ld]

Case (i). We show that the type-II error of ¢, is negligible under the assumption that
up (4005 = |log(dfE)
€

J
Let j* = argmax; ¢4 (Ap)3 /0. Then by (A.62), when we have

1+ CF < (Ap)i. Joje +1— CF = Ep, - (Y, X) — [Ep,q;- (Y, X)]* - CT. (A.71)
Thus combining (A.58), (A.59), and (A.71), we have

Po {sup (Zy; — quj) < C?l}
jeld]

<Bo {Zy; — 22 < Er,- (V. X) — [Brpq- (V. X)* — 071}

< Py [Er, - (Y, X) = Zg,. > 1] + Po {[Brpqy- (¥, X)2 = 22 > (C= )71 }. (A7)
Moreover, by (A.62) the first term on the right-hand side of (A.72) can be further bounded by
Po [Epoqj- (Y, X) — Zg,. > 71
< Po {Ep,q;- (Y, X) — Zg.. > 75}

< Po (Ujera {175 — Ero@s (v, Xl 2 73, }) <& (A73)

22



Similarly, for the second term on the right-hand side of (A.72), by (A.62) and (A.64)we have
Po { [Brya;- (Y, X)) - 2% > (C - )71}

< Po (Ujea {120 = Bro@i (V. X)) 2 7, }) <€ (A74)

Therefore, combining (A.73) and (A.74), we conclude that the type-II error of 62 is no more than 2¢.

Case (ii). Now we assume study the type-II error of ¢, under the assumption that

Ag{g}(ﬁu)ﬁ/% = Q [log(d/€)/(a* - n)] .

Let j* = argmax;c(q(Ap)?/o; and v* = argmax,cp, ) Ep,q, (Y, X). Then by (A.62) and
(A.68), when C' > 4 we have
2T < /2 - 311[p]\(Au)j/\/ch\ — 279 = Ep, Gy« (Y, X) — 272. (A.75)
JjEld
Then by (A.69) and (A.75) the type-II error of ¢, is bounded by
Po| sup Zg, <272 | <Pg| sup Zg < Ep,qy.(Y,X) — 27>
VGBQ(l) VEBQ(l)

<Py [Zg,. <Ep,qy-(Y,X)— 272]
<Po (Uveszm {125, — Ep,[7,(Y, X)]| > 3, }) <Et. (A.76)

Thus by (A.76), the type-II error of ¢, is no more than €. Then together with Case (i), we have
Po(¢) < 2¢ for all @ € G1(X; yy,). Therefore the total risk of ¢ is bounded by

R,(¢)= sup Po(p=1)+ sup Pg(¢p=0)<5¢E.
0eGo () 0€G1(Z5vn)

B Proofs for Technical Lemmas
In this section, we prove the technical lemmas which appear in the proofs of the main results.
B.1 Proof of Lemma A.1

Under Py, X and Y are independent with X ~ N (0,1I) and Y is uniform over {0, 1}. We denote by
f(x; w) the density of N (g, I) and by po(y,x) the density of Pg. Then for any y € {0,1} and x €
R?, we have po(y,x) = 1/2 - f(x;0). In addition, for any v € H(s), we denote the density of
P, by py(y, x). By the definition of the statistical model, we have

pv(1,x) =1+ a)/d- f(x;v/2)+ (1 —a)/4- f(x;—v/2),
po(0,%) = (1 =) /4- f(x;v/2) + (1 + a)/4- f(x;—v/2).
Thus for any y € {0, 1} and x € R%, we have
o= b [LY2 | S/ oCyot) 1059/ _ gty

B YT | Tfmo) T o) 2 fx0)  F(x0)

(B.1)
Note that by definition, for any u € R, we have
g ) = f(x; 1)/ f(x;0) = exp(p'x = 1/2 - [|p]]3).
Thus (B.1) is reduced to

%(y, x) = [g(x,v/2) + g(x; —v/2)] /2 + a(2y — 1) - [9(x,Vv/2) — g(x; —Vv/2)] /2. (B.2)
For any v1, vy € H(s), by (B.2) we have
dP,, dP,,

Fo | "Ry dPo

= Ep, {[9(X,v1/2) + 9(X;—v1/2)] - [9(X,v2/2) + g(X; —v2/2)] /4}

+a® B {[9(X,v1/2) = g(X;—v1/2)] - [9(X,v2/2) — 9(X;-v2/2)] /4},  (B.3)

(¥, X)
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where we use the independence of Y and X under Pg. In what follows, we calculate the two terms
on the right-hand side of (B.3), respectively. Let n; and 72 be two independent Rademacher random
variables over {—1, 1}. Then for £ € {1, 2}, we have

[9(X,ve/2) + 9(X5=ve/2)] /2 = By, [9(X,meve/2)], (B.4)
[9(X,ve/2) = 9(X;5=ve/2)] /2 = By, [0 - 9(X,meve/2)] (B.5)
Then by (B.4) and (B.5) we have
Epo {[9(X,v1/2) + 9(X;5—v1/2)] - [9(X, v2/2) + 9(X; —v2/2)] /4}
= EpoEyy s [9(X5mV1/2) - (X5 m2v2/2)]
= Eyy B exp [ X T (Vi +12v2) /2 = 1/8 - ([va[l3 + [|v2]13)] - (B.6)
Using the moment-generating function of X, by (B.6) we have
Ep, {[9(X,v1/2) + 9(X; —v1/2)] - [9(X,v2/2) + 9(X; —v2/2)] /4}
=Ep 0, [exp(1/2 Mg - v, Vo) = cosh(1/2 - <v1,vQ))] .
Similarly, for (B.5) we have
Epo {[9(X,v1/2) = g(X;5—v1/2)] - [9(X, v2/2) — g(X; —v2/2)] /4}
= Epy Koy, iy [mn2 - 9(X5mv1/2) - g(X37m2v2/2)]
=K, [7]1772 ~exp(1/2-mmns - VIVQ)] =sinh(1/2 - (vq, va)).
Thus we conclude the proof of Lemma A.1.

B.2 Proof of Lemma A.2

It is straightforward to verify (A.4) holds when = = 0. We focus on region x > 0. It is then sufficient
to prove the result for these two cases below.
Case 1: 'We consider the case v < 1/(2z) - log[cosh(2z)]. Then we need to prove
cosh(z) 4+ vsinh(z) < cosh(2x). (B.7)
Using the bound of v, it remains to show the function
f(z) = 1/(2z) - log[cosh(2z)] - sinh(z) + cosh(x) — cosh(2z) < 0.
holds for all & > 0. It’s easy to verify f(x) is monotonically decreasing over (0,cc] and
lim, o f(x) = 0. We thus finish proving (B.7).
Case 2:  We consider the case v > 1/(2z) - log[cosh(2z)]. We would like to show
cosh(z) + vsinh(z) < exp(2vx). (B.8)
Let us define g(v) := exp(2vz) — cosh(x) — vsinh(x). We have that for any = > 0,
g (v) = 2z exp(2vx) — sinh(z) > 2z cosh(2x) — sinh(z) > 0.
Hence, g(v) is a monotonically increasing function. We thus have
9(v) = g{1/(2x) - log[cosh(2z)]}
= cosh(2x) — cosh(z) — 1/(2x) - log[cosh(2x)] - sinh(x) = — f(z) > 0.
We thus finish proving (B.8).

C Supporting Lemmas

In this section we list the supporting lemmas that establish two concentration inequalities for Gaussian
random variables.

Lemma C.1 (x2-tail bound, [16]). Let X, ..., X, be n i.id. standard normal random variables.

Forallt € (0,1),
1 n
Pl]=) XZ2-1
( nz '

i=1
Lemma C.2 (Gaussian covariance estimation, [25]). Suppose {X;}"_, are n i.i.d. Gaussian random
vectors in RY and X; ~ N(0,X). For every e € (0,1), andt > 1, if n > C(t/e)?d for some

> t) < 2exp(—nt?/8).

24



constant C, then with probability at least 1 — 2e~t°m,
1% — X2 < €22,

where 3 :=1/n - YrXX
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