
A Proof of Initialization

In this section, we will prove Lemma 4.1 and a corresponding lemma for asymmetric case as follows
(which will be used to prove Theorem 3.3):
Lemma A.1. Assume M ∈ Rd1×d2 is a rank k matrix with µ-incoherence, and Ω is a subset unformly
i.i.d sampled from all coordinate. Let U0V

>
0 be the top-k SVD of d1d2m PΩ(M), where |Ω| = m. Let

d = max{d1, d2}. Then there exists universal constant c0, for any m ≥ c0µdk
2κ2(M) log d, with

probability at least 1− 1
d10 , we have:

‖M−U0V
>
0 ‖F ≤

1

20
σmin(M),

max
i

∥∥e>i U0V
>
0

∥∥2 ≤ 10µk

d1
‖M‖ , max

j

∥∥e>j V0U
>
0

∥∥2 ≤ 10µk

d2
‖M‖ (6)

We will focus mostly on Lemma A.1, and prove Lemma 4.1 as a special case. Most of the argument
of this section follows from [14]. We include here for completeness. The remaining of this section
can be viewed as proving both the Frobenius norm claim and incoherence claim of Lemma A.1
seperately.

In this section, We always denote d = max{d1, d2}. For simplicity, WLOG, we also assume
‖M‖ = 1 in all proof. Also, when it’s clear from the context, we use κ to specifically to represent
κ(M). Then σmin(M) = 1

κ . Also in the proof, we always denote SVD(M) = XSY>, and
SVD(UV>) = WUDW>

V, where S and D are k × k diagonal matrix.

A.1 Frobenius Norm of Initialization

Theorem A.2 (Matrix Bernstein [25]). A finite sequence {Xt} of independent, random matrices
with dimension d! × d2. Assume that each matrix satisfies:

EXt = 0, and ‖Xt‖ ≤ R almost surely

Define

σ2 = max{

∥∥∥∥∥∑
t

E(XtX
>
t )

∥∥∥∥∥ ,
∥∥∥∥∥∑

t

E(X>t Xt)

∥∥∥∥∥}
Then, for all s ≥ 0,

Pr(

∥∥∥∥∥∑
t

Xt

∥∥∥∥∥ ≥ s) ≤ (d1 + d2) · exp(
−s2/2

σ2 +Rs/3
)

Lemma A.3. Let |Ω| = m, then there exists universal constant C, c0, for any m ≥ c0µdk log d, with
probability at least 1− 1

d10 , we have:∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥ ≤ C
√
µdk log d

m

Proof. We know ∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥ =
d1d2

m

∥∥∥∥PΩ(M)− m

d1d2
M

∥∥∥∥
and note:

PΩ(M)− m

d1d2
M =

∑
ij

Mij(Zij −
m

d1d2
)eie

>
j

where Zij are independence Bernoulli(m/d1d2) random variables. Let matrix

ψij = Mij(Zij −
m

d1d2
)eie

>
j

By construction, we have: ∥∥∥∥∥∥
∑
ij

ψij

∥∥∥∥∥∥ =

∥∥∥∥PΩ(M)− m

d1d2
M

∥∥∥∥
10



Clearly Eψij = 0. Let XSY> = SVD(M), then by µ-incoherence of M, with probability 1:

‖M‖∞ ≤ max
ij
|e>i XSY>ej | ≤ ‖M‖

µk√
d1d2

Also:∥∥∥∥∥∥
∑
ij

E(ψijψ
>
ij)

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ij

EM2
ij(Zij −

m

d1d2
)2eie

>
i

∥∥∥∥∥∥ ≤ m

d1d2
(1− m

d1d2
)

∥∥∥∥∥∥
∑
ij

M2
ijeie

>
i

∥∥∥∥∥∥
=

m

d1d2
(1− m

d1d2
) max

i

∑
j

M2
ij ≤

2m

d1d2

µk

d1
‖M‖2 =

2mµk

d2
1d2

‖M‖2∥∥∥∥∥∥
∑
ij

E(ψ>ijψij)

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
ij

EM2
ij(Zij −

m

d1d2
)2eje

>
j

∥∥∥∥∥∥ ≤ m

d1d2
(1− m

d1d2
)

∥∥∥∥∥∥
∑
ij

M2
ijeje

>
j

∥∥∥∥∥∥
=

m

d1d2
(1− m

d1d2
) max

j

∑
i

M2
ij ≤

2m

d1d2

µk

d2
‖M‖2 =

2mµk

d1d2
2

‖M‖2

Then, by matrix Bernstein (Theorem A.2), we have:

Pr(

∥∥∥∥∥∥
∑
ij

ψij

∥∥∥∥∥∥ ≥ s) ≤ 2(d1 + d2) · exp(
−s2/2

2mµdk
d21d

2
2
‖M‖2 + ‖M‖ µk

3
√
d1d2

s
)

That is, with probability at least 1− 1
d10 , for some universal constant C, we have:∥∥∥∥PΩ(M)− m

d1d2
M

∥∥∥∥ ≤ C ‖M‖ ·max{

√
mµdk log d

d2
1d

2
2

,
µk log d√
d1d2

}

For m ≥ µdk log d, we finishes the proof.

Theorem A.4. Let U0V
>
0 be the top-k SVD of d1d2

m PΩ(M), where |Ω| = m then there exists
universal constant c0, for any m ≥ c0µdk2κ2 log d, with probability at least 1− 1

d10 , we have:∥∥M−U0V
>
0

∥∥
F
≤ 1

20κ

Proof. Since M is a rank k matrix, we know σk+1(M) = 0, thus

σk+1(
d1d2

m
PΩ(M)) ≤ σk+1(M) +

∥∥∥∥d1d2

m
PΩ(M)−M

∥∥∥∥ =

∥∥∥∥d1d2

m
PΩ(M)−M

∥∥∥∥
Therefore:∥∥M−U0V

>
0

∥∥ ≤∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥+

∥∥∥∥d1d2

m
PΩ(M)−U0V

>
0

∥∥∥∥
≤
∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥+ σk+1(
d1d2

m
PΩ(M)) ≤ 2

∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥
Meanwhile, since rank(M) = k, rank(U0V

>
0 ) = k, we know: rank(M − U0V

>
0 ) ≤ 2k, and

therefore: ∥∥M−U0V
>
0

∥∥
F
≤
√

2k
∥∥M−U0V

>
0

∥∥ ≤ 2
√

2k

∥∥∥∥M− d1d2

m
PΩ(M)

∥∥∥∥
by choosing m ≥ c0µdk2 log d · κ2 for large enough constant c0 and apply Lemma A.3, we finishes
the proof.
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A.2 Incoherence of Initialization

Lemma A.5. Let UV> be the top-k SVD of d1d2m PΩ(M), where |Ω| = m. then there exists universal
constant c0, for any m ≥ c0µdkκ2 log d, with probability at least 1− 1

d10 , we have:

max
j

∥∥e>j (M> −VU>)
∥∥ ≤ 2

√
µk

d2

Proof. Suppose SVD(M) = XSY>. Denote X̃ = XS
1
2 and Ỹ = YS

1
2 . Also let SVD(UV>) =

WUDW>
V.

Then, we have:∥∥e>j (M> −VU>)
∥∥ =

∥∥∥∥e>j (M> − d1d2

m
PΩ(M)>WUW>

U)

∥∥∥∥
=

∥∥∥∥e>j (M> −M>WUW>
U + M>WUW>

U −
d1d2

m
PΩ(M)>WUW>

U)

∥∥∥∥
≤
∥∥e>j M>(I−WUW>

U)
∥∥+

∥∥∥∥e>j (M> − d1d2

m
PΩ(M)>)WUW>

U

∥∥∥∥
For the first term, since W>

UWU,⊥ = 0, we have:∥∥e>j M>(I−WUW>
U)
∥∥ ≤ ∥∥e>j Y

∥∥∥∥SX>WU,⊥W>
U,⊥

∥∥
=

√
µk

d2

∥∥Y>(M> −WVDW>
U)WU,⊥W>

U,⊥
∥∥

≤
√
µk

d2

∥∥M> −WVDW>
U

∥∥ ≤√µk

d2
· 1

κ

The last step is due to sample m ≥ µdkκ2 log d, and theorem A.4.

For the second term, we have:∥∥∥∥e>j (
d1d2

m
PΩ(M)> −M>)WUW>

U

∥∥∥∥ =

∥∥∥∥∥∥Ỹ>j (
d1d2

m

∑
i:(i,j)∈Ω

x̃iw
>
U,i −

∑
i

x̃iw
>
U,i)W

>
U

∥∥∥∥∥∥
≤
√
µk

d2
· d1d2

m
·

∥∥∥∥∥∥
∑

i:(i,j)∈Ω

x̃iw
>
U,i −

m

d1d2

∑
i

x̃iw
>
U,i

∥∥∥∥∥∥ (7)

Where x̃i and wU,i are the i-th row of X̃ and WU respectively.

Let φij = x̃iw
>
U,i(Zij− m

d1d2
), where Zij is Bernoulli( m

d1d2
) random variable, Zij = 1 iff (i, j) ∈ Ω.

Clearly, we have Eφ = 0, and with probability 1:

‖φij‖ ≤ 2 ‖x̃i‖ ‖wU,i‖ ≤ 2

√
µk

d1
max
i

∥∥e>i WU

∥∥
Also, we have variance term:∥∥∥∥∥∑

i

Eφ>ijφij

∥∥∥∥∥ =

∥∥∥∥∥∑
i

E(Zij −
m

d1d2
)2 ‖x̃i‖2 wU,iw

>
U,i

∥∥∥∥∥
≤ m

d1d2
(1− m

d1d2
) max

i
‖x̃i‖2

∥∥∥∥∥∑
i

wU,iw
>
U,i

∥∥∥∥∥
≤ m

d1d2

µk

d1

∥∥W>
UWU

∥∥ ≤ µkm

d2
1d2∥∥∥∥∥∑

i

Eφijφ>ij

∥∥∥∥∥ =

∥∥∥∥∥∑
i

E(Zij −
m

d1d2
)2 ‖wU,i‖2 x̃ix̃

>
i

∥∥∥∥∥
≤ m

d1d2
max
i

∥∥e>i WU

∥∥2
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Therefore, with m ≥ µdkκ2 log d, by matrix Bernstein, we have with probability at least 1− 1
d10 , we

know that for all j ∈ [d2], there exists some absolute constant C ′ so that:∥∥∥∥∥∥
∑

i:(i,j)∈Ω

x̃iw
>
U,i −

m

d1d2

∑
i

x̃iw
>
U,i

∥∥∥∥∥∥ ≤ C ′
√
m log d

d1d2
(

√
µk

d1
+ max

i

∥∥e>i WU

∥∥)

Substitue into Eq.(7), this gives:∥∥∥∥e>j (
d1d2

m
PΩ(M)> −M>)WUW>

U

∥∥∥∥ ≤ C ′
√
µkd1 log d

m
(

√
µk

d1
+ max

i

∥∥e>i WU

∥∥)

On the other hand, we also have:∥∥e>i WU

∥∥ ≤∥∥e>i WUS
∥∥∥∥S−1

∥∥ = 2κ
∥∥e>i UV>

∥∥ ≤ 2κ(
∥∥e>i (UV> −M)

∥∥+
∥∥e>i M

∥∥)

≤2κ(

√
µk

d1
+
∥∥e>i (UV> −M)

∥∥)

This gives overall inequality:

max
j

∥∥e>j (VU> −M>)
∥∥ ≤√µk

d2
· 1

κ
+ C ′′

√
µkd1 log d

m
κ(

√
µk

d1
+ max

i

∥∥e>i (UV> −M)
∥∥)

By symmetry, we will also have:

max
i

∥∥e>i (UV> −M)
∥∥ ≤√µk

d1
· 1

κ
+ C ′′

√
µkd2 log d

m
κ(

√
µk

d2
+ max

j

∥∥e>j (VU> −M>)
∥∥)

Combine above two equations and choose m ≥ c0µdkκ2 log d for some large enough c0. We have:

max
j

∥∥e>j (M> −VU>)
∥∥ ≤ 2

√
µk

d2

This finishes the proof.

Theorem A.6. Let U0V
>
0 be the top-k SVD of d1d2

m PΩ(M), where |Ω| = m. then there exists
universal constant c0, for any m ≥ c0µdkκ2 log d, with probability at least 1− 1

d10 , we have:

max
i

∥∥e>i U0V
>
0

∥∥2 ≤ 9µk

d1
and max

j

∥∥e>j V0U
>
0

∥∥2 ≤ 9µk

d2

Proof. By Theorem A.5, we know for any j ∈ [d2]:

∥∥e>j (M> −V0U
>
0 )
∥∥ ≤ 2

√
µk

d2

Therefore, we have:∥∥e>j V0U
>
0

∥∥ ≤[
∥∥e>j M>∥∥+

∥∥e>j (M> −V0U
>
0 )
∥∥] ≤ 3

√
µk

d2

By symmetry, we also know for any i ∈ [d1]

∥∥e>i U0V
>
0

∥∥ ≤ 3

√
µk

d1

Which finishes the proof.

For the special case where M ∈ Rd×d is symmetric and PSD, we can easily extends to have following:
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Corollary A.7. Let U0U
>
0 be the top-k SVD of d2

mPΩ(M), where |Ω| = m. then there exists
universal constant c0, for any m ≥ c0µdkκ2 log d, with probability at least 1− 1

d10 , we have:

max
i

∥∥e>i U0

∥∥2 ≤ 10µkκ

d

Proof. By Corollary A.6, we have:

max
i

∥∥e>i U0U
>
0

∥∥2 ≤ 9µk

d

On the other hand, by Theorem A.4, we have:

σmin(U>0 U0) = σk(U0U
>
0 ) ≥ σk(M)−

∥∥M−U0U
>
0

∥∥ ≥ 9

10κ

Therefore, for any i ∈ [d] we have:∥∥e>i U0

∥∥2 ≤
∥∥e>i U0U

>
0

∥∥2

σmin(U>0 U0)
≤ 10µkκ

d

Which finishes the proof.

Finally, Lemma A.1 can be easily concluded from Theorem A.4 and Theorem A.6, while Lemma 4.1
is also directly proved by Theorem A.4 and Corollary A.7.

B Proof of Symmetric PSD Case

In this section, we prove Theorem 3.1. WLOG, we continue to assume ‖M‖ = 1 in all proof. Also,
when it’s clear from the context, we use κ to specifically to represent κ(M). Then σmin(M) = 1

κ .
Also in this section, we always denote SVD(M) = XSX>, and SVD(UU>) = WDW>.

The most essential part to prove Theorem 3.1 is proving following Theorem:

Theorem B.1 (restatement of Theorem 4.5). Let f(U) =
∥∥UU> −M

∥∥2

F
and gi(U) =

∥∥e>i U
∥∥2

.
Suppose after initialization, we have:

f(U0) ≤
(

1

20κ

)2

, max
i
gi(U0) ≤ 10µkκ2

d

Then, there exist some absolute constant c such that for any learning rate η < c
µdkκ3 log d , with at

least 1− T
d10 probability, we will have for all t ≤ T that:

f(Ut) ≤ (1− η

2κ
)t
(

1

10κ

)2

, max
i
gi(Ut) ≤

20µkκ2

d

Theorem B.1 says once initialization algorithm provides U0 in good local region, with high probability
Ut will always stay in this good region and f(Ut) is linear converging to 0. With this theorem, we
can then immediately conclude Theorem 3.1 from Theorem B.1 and Lemma 4.1.

The rest of this section all focus on proving Theorem B.1. First, we prepare with a few lemmas about
the property of objective function, and the spectral property of U in a local Frobenius ball around
optimal. Then, we prove Theorem B.1 by constructing two supermartingales related to f(Ut), gi(Ut)
each, and applying concentration argument.

For symmetric PSD case, we denote the stochastic gradient as:

SG(U) = 2d2(UU> −M)ij(eie
>
j + eje

>
i )U

The update in Algorithm 1 can be now written as:

Ut+1 ← Ut − ηSG(Ut) (8)

We immediately have the property:

ESG(U) = ∇f(U) = 4(UU> −M)U

14



B.1 Geometric Properties in Local Region

First, we prove two lemmas w.r.t the smoothness and property similar to strongly convex for objective
function:
Lemma B.2. (restatement of Lemma 4.2) Within the region D = {U| ‖U‖ ≤ Γ}, we have function
f(U) = ‖M−UU>‖2F satisfying for any U1,U2 ∈ D:

‖∇f(U1)−∇f(U2)‖F ≤ β‖U1 −U2‖F

where smoothness parameter β = 16 max{Γ2, ‖M‖}.

Proof. Inside region D, we have:

‖∇f(U1)−∇f(U2)‖F

=‖4(U1U
>
1 −M)U1 − 4(U2U

>
2 −M)U2‖F

≤4‖U1U
>
1 U1 −U2U

>
2 U2‖F + 4‖M(U1 −U2)‖F

=4‖U1U
>
1 (U1 −U2) + U1(U1 −U2)>U2 + (U1 −U2)U>2 U2‖F + 4‖M(U1 −U2)‖F

≤12 max{‖U1‖2 , ‖U2‖2}‖U1 −U2‖F + 4 ‖M‖ ‖U1 −U2‖F

≤16 max{Γ2, ‖M‖}‖U1 −U2‖F

Lemma B.3. (restatement of Lemma 4.3) Within the region D = {U|σmin(X>U) ≥ γ}, then we
have function f(U) = ‖M−UU>‖2F satisfying:

‖∇f(U)‖2F ≥ αf(U)

where constant α = 4γ2.

Proof. Inside region D, recall we denote WDW> = SVD(UU>), thus we have:

‖∇f(U)‖2F = 16‖(UU> −M)U‖2F
=16[‖PW(UU> −M)U‖2F + ‖PW⊥(UU> −M)U‖2F]

≥16[σmin(D)‖PW(UU> −M)PW‖2F + ‖PW⊥MU‖2F]

≥16[σmin(D)‖UU> − PWMPW‖2F + ‖PW⊥MU‖2F]

On the other hand, we have:

‖PW⊥MU‖2F = ‖PW⊥XΣX>U‖2F ≥ σ2
min(X>U)‖PW⊥XΣ‖2F

=σ2
min(X>U)tr(PW⊥M2PW⊥) = σ2

min(X>U)‖PW⊥M‖2F
and

σmin(D) = λmin(U>U) ≥ λmin(U>PXU) = σ2
min(X>U)

Therefore, combine all above, we have:

‖∇f(U)‖2F ≥ 16σ2
min(X>U)[‖UU> − PWMPW‖2F + ‖PW⊥M‖2F]

≥4σ2
min(X>U)[‖UU> − PWMPW‖2F + ‖PW⊥MPW‖2F + ‖PWMPW⊥‖2F + ‖PW⊥MPW⊥‖2F]

=4σ2
min(X>U)‖UU> −M‖2F

Next, we show as long as we are in some Frobenious ball around optimum, then we have good
spectral property over U which guarantees the preconditions for Lemma B.2 and Lemma B.3.
Lemma B.4. (restatement of Lemma 4.4) Within the regionD = {U|

∥∥M−UU>
∥∥
F
≤ 1

10σk(M)},
we have:

‖U‖ ≤
√

2 ‖M‖, σmin(X>U) ≥
√
σk(M)/2
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Proof. For spectral norm of U, we have:

‖U‖2 ≤ ‖M‖+
∥∥M−UU>

∥∥ ≤ ‖M‖+
∥∥M−UU>

∥∥
F
≤ 2 ‖M‖

For the minimum singular value of U>U, we have:

σmin(U>U) =σk(UU>) ≥ σk(M)−
∥∥M−UU>

∥∥
≥σk(UU>) ≥ σk(M)−

∥∥M−UU>
∥∥
F
≥ 9

10
σk(M)

On the other hand, we have:

9

10
σk(M) ‖X⊥W‖2 ≤σmin(D) ‖X⊥W‖2 ≤

∥∥X>⊥WΣW>X⊥
∥∥

≤
∥∥X>⊥UU>X⊥

∥∥
F

=
∥∥PX⊥(M−UU>)PX⊥

∥∥
F

≤
∥∥M−UU>

∥∥
F
≤ 1

10
σk(M)

Let the principal angle between X and W to be θ. This gives sin2 θ =
∥∥X>⊥W

∥∥2 ≤ 1
9 . Thus

cos2 θ = σ2
min(X>W) ≥ 8

9 . Therefore:

σ2
min(X>U) ≥ σ2

min(X>W)σmin(U>U) ≥ σk(M)/2

B.2 Proof of Theorem B.1

Now, we are ready for our key theorem. By Lemma B.2, Lemma B.3, and Lemma B.4, we already
know the function has good property locally in the region D = {U|

∥∥M−UU>
∥∥
F
≤ 1

10σk(M)}
which alludes linear convergence. Then, the work remains and also the most challenging part is to
prove that once we initialize inside this region, our algorithm will guarantee U never leave this region
with high probability even with relatively large stepsize. The requirement for tight sample complexity
and near optimal runtime makes it more challenging, and require us to further control the incoherence
of Ut over all iterates in addition to the distance

∥∥M−UU>
∥∥
F

.

Following is our formal proof.

Proof of Theorem B.1. Define event Et = {∀τ ≤ t, f(Uτ ) ≤ (1 − η
2κ )t( 1

10κ )2,maxi gi(Uτ ) ≤
20µkκ2

d }. Theorem B.1 is equivalent to prove event ET happens with high probability. The proof
achieves this by contructing two supermartingales for f(Ut)1Et and gi(Ut)1Et (where 1(·) denote
indicator function), applies concentration argument.

The proofs follow the structure of:

1. The constructions of supermartingales

2. Their probability 1 bound and variance bound in order to apply Azuma-Bernstein inequality

3. Final combination of concentration results to conclude the proof

First, let filtration Ft = σ{SG(U0), · · · , SG(Ut−1)} where σ{·} denotes the sigma field. Note by
definiton of Et, we have Et ⊂ Ft. Also Et+1 ⊂ Et, and thus 1Et+1

≤ 1Et
. Note Et denotes the event

which up to time t, Uτ always stay in a local region which both close to M and incoherent.

By Lemma B.4, we immediately know that conditioned on Et, we have ‖Ut‖ ≤
√

2, σmin(X>Ut) ≥
1/
√

2κ and σmin(U>t Ut) ≥ 1/2κ. We will use this fact throughout the proof.
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Construction of supermartingaleG: Since gi(U) = e>i UU>ei is a quadratic function, we know
for any change ∆U, we have:

gi(U + ∆U) = gi(U) + 2e>i (∆U)U>ei +
∥∥e>i ∆U

∥∥2

We know for any l ∈ [d]:

E‖e>l SG(U)‖21Et
≤ E16d4δil(u

>
i uj −Mij)

2 max
i

∥∥e>i U
∥∥2

1Et

=16d2
∥∥e>l (UU> −M)

∥∥2
max
i

∥∥e>i U
∥∥2

1Et ≤ O(µ2k2κ4)1Et

Therefore, by update Eq.(8), and ESG(U) = ∇f(U) = 4(UU> −M)U, we know:

E[gi(Ut+1)1Et |Ft]

=[gi(Ut)− 2ηe>i [ESG(Ut)]U
>
t ei +

η2

2
E
∥∥e>i SG(Ut)

∥∥2
]1Et

=[tr(U>t eie
>
i [I− 8η(UtU

>
t −M)]Ut) +

η2

2
E
∥∥e>i SG(Ut)

∥∥2
]1Et

=[tr(U>t eie
>
i Ut(I− 8ηU>t Ut)) + 8ηtr(U>t eie

>
i MUt) + η2O(µ2k2κ4)]1Et

≤[(1− 8ησmin(U>t Ut))gi(Ut) + 8ηtr(U>t eie
>
i MUt) + η2O(µ2k2κ4)]1Et

≤[(1− 4η

κ
)gi(Ut) + 16

√
10
ηµkκ

d
+ η2O(µ2k2κ4)]1Et

≤[(1− 4η

κ
)gi(Ut) + 60

ηµkκ

d
)]1Et

The last step is true by choosing constant c in learning rate η to be small enough.

Let Git = (1− 4η
κ )−t(gi(Ut)1Et−1

− 15µkκ
2

d ). This gives:

EGi(t+1) ≤ (1− 4η

κ
)−t(gi(Ut)1Et − 15

µkκ2

d
) ≤ Git

That is Git is supermartingale.

Probability 1 bound for G: We also know

Git − E[Git|Ft−1] =(1− 4η

κ
)−t
[
−ηe>i [SG(Ut)− ESG(Ut)]U

>
t ei

+
η2

2
[‖e>i SG(Ut)‖2 − E‖e>i SG(Ut)‖2]

]
1Et−1

(9)

Since when sample (i, j) entry of matrix M, for any l ∈ [d], we have:

e>l [SG(Ut)]U
>
t el · 1Et−1

= O(1)tr(U>ele
>
l SG(Ut))1Et−1

=O(1)d2(UU> −M)ij tr[U>ele
>
l (eiu

>
j + eju

>
i )]1Et−1

≤O(1)d2
∥∥UU> −M

∥∥
∞max

i

∥∥e>i U
∥∥2

1Et−1 ≤ O(µ2k2κ4)1Et−1

and

‖e>l SG(Ut)‖21Et−1
= O(1)

∥∥e>l SG(Ut)
∥∥2

1Et−1

=O(1)d4(UU> −M)2
ij

∥∥e>l (eiu
>
j + eju

>
i )
∥∥2

1Et−1

≤O(1)d4
∥∥UU> −M

∥∥2

∞max
i

∥∥e>i U
∥∥2

1Et−1 ≤ O(µ3dk3κ6)1Et−1

Therefore, by Eq.(9), we have with probability 1:

|Git − E[Git|Ft−1]| ≤ (1− 4η

κ
)−tηO(µ2k2κ4)1Et−1

(10)
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Variance bound for G: For any l ∈ [d], we also know

Var(e>l [SG(Ut)]U
>
t el · 1Et−1

|Ft−1) ≤ E[〈∇gl(Ut), SG(Ut)〉21Et−1
|Ft−1]

=O(1)
1

d2

∑
ij

d4(UU> −M)2
ij tr[U

>ele
>
l (eiu

>
j + eju

>
i )]21Et−1

≤O(1)d2
∑
j

(UU> −M)2
lj tr[U

>elu
>
j ]21Et−1

≤O(1)d2
∥∥e>l (UU> −M)

∥∥2
max
i

∥∥e>i U
∥∥4

1Et−1
≤ O(

µ3k3κ6

d
)1Et−1

and

Var(‖e>l SG(U)‖21Et−1 |Ft−1) ≤ E[∇2gk(SG(Ut), SG(Ut))
21Et−1 |Ft−1]

=O(1)
1

d2

∑
ij

d8(UU> −M)4
ij

∥∥e>k (eiu
>
j + eju

>
i )
∥∥4

1Et−1

≤O(1)d6
∑
j

(UU> −M)4
kj ‖uj‖

4
1Et−1

≤O(1)d6
∥∥UU> −M

∥∥2

∞

∥∥e>k (UU> −M)
∥∥2

max
i

∥∥e>i U
∥∥4

1Et−1
≤ O(µ5dk5κ10)1Et−1

Therefore, by Eq.(9), we have

Var(Git|Ft−1) ≤ (1− 4η

κ
)−2tη2O(

µ3k3κ6

d
)1Et−1

(11)

Bernstein’s inequality for G: Let σ2 =
∑t
τ=1 Var(Giτ |Fτ−1), and R satisfies, with probability 1

that |Giτ − E[Giτ |Fτ−1]| ≤ R, τ = 1, · · · , t. Then By standard Bernstein concentration inequality,
we know:

P (Git ≥ Gi0 + s) ≤ exp(
s2/2

σ2 +Rs/3
)

Since Gi0 = gi(U0)− 15µkκ
2

d , let s′ = O(1)(1− 4η
κ )t[

√
σ2 log d+R log d], we know

P

(
gi(Ut)1Et−1

≥ 15
µkκ2

d
+ (1− 4η

κ
)t(gi(U0)− 15

µkκ2

d
) + s′

)
≤ 1

2d11

By Eq.(10), we know R = (1 − 4η
κ )−tηO(µ2k2κ4) satisfies that |Giτ − E[Giτ |Fτ−1]| ≤ R, τ =

1, · · · , t. Also by Eq. (11), we have:

(1− 4η

κ
)t
√
σ2 log d ≤ ηO(

√
µ3k3κ6 log d

d
)

√√√√ t∑
τ=1

(1− 4η

κ
)2t−2τ ≤ √ηO(

√
µ3k3κ7 log d

d
)

by η < c
µdkκ3 log d and choosing c to be small enough, we have:

s′ =
√
ηO(

√
µ3k3κ7 log d

d
) + ηO(µ2k2κ4 log d) ≤ µkκ2

d

Since initialization gives maxi gi(U0) ≤ 10µkκ2

d , therefore:

P (gi(Ut)1Et−1 ≥ 20
µkκ2

d
) ≤ 1

2d11

That is equivalent to:

P (Et−1 ∩ {gi(Ut) ≥ 20
µkκ2

d
}) ≤ 1

2d11
(12)
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Construction of supermartingale F : On the other hand, we also have

E‖SG(Ut)‖2F 1Et ≤ E16d4(u>i uj −Mij)
2 max

i

∥∥e>i U
∥∥2

1Et

≤16d2‖UtU
>
t −M‖2F max

i

∥∥e>i Ut

∥∥2
1Et
≤ O(µdkκ2)f(Ut)1Et

Therefore, by update function Eq.(8),

E[f(Ut+1)1Et
|Ft]

≤[f(Ut)− E〈∇f(Ut), ηSG(Ut)〉+ η2E ‖SG(Ut)‖2F ]1Et

=[f(Ut)− η ‖∇f(Ut)‖2F + η2E ‖SG(Ut)‖2F ]1Et

≤[(1− 2η

κ
)f(Ut) + η2O(µdkκ2)f(Ut)]1Et

≤(1− η

κ
)f(Ut)1Et

Let Ft = (1− η
κ )−tf(Ut)1Et−1

, we know Ft is also a supermartingale.

Probability 1 bound for F : With probabilty 1, we also have:

Ft − E[Ft|Ft−1] =(1− η

κ
)−t[−η〈∇f(Ut), SG(Ut)− ESG(Ut)〉

+
η2

2
(∇2f(ζt)(SG(Ut), SG(Ut))− E∇2f(ζt)(SG(Ut), SG(Ut)))]1Et−1

(13)

where ζt depends on SG(Ut).

First, recall we denote SVD(M) = XSX>, and SVD(UU>) = WDW> , and observe that:∥∥UU> −M
∥∥
∞ 1Et−1

= max
ij
|tr(e>i (UU> −M)ej)|1Et−1

= max
ij
|tr(e>i (PX + PX⊥)(UU> −M)ej)|1Et−1

≤max
ij
|tr(e>i PX(UU> −M)ej)|1Et−1 + max

ij
|tr(e>i PX⊥UU>ej)|1Et−1

≤max
i

∥∥e>i X
∥∥∥∥UU> −M

∥∥
F

1Et−1 + max
i

∥∥e>i W
∥∥ ∥∥UU> −M

∥∥
F

1Et−1

≤O(

√
µkκ3

d
)
√
f(Ut)

Then, when sample (i, j) entry of matrix M, we have:

〈∇f(Ut), SG(Ut)〉1Et−1
≤ O(1) ‖∇f(Ut)‖F ‖SG(Ut)‖F 1Et−1

≤O(1)d2
√
f(Ut)(UU> −M)ij

∥∥eiu>j + eju
>
i

∥∥2

F
1Et−1

≤O(1)d2
√
f(Ut)

∥∥UU> −M
∥∥
∞max

i

∥∥e>i U
∥∥ 1Et−1

≤ O(µdkκ2.5)f(Ut)1Et−1

and

∇2f(ζt)(SG(Ut), SG(Ut))1Et−1 ≤ O(1) ‖SG(Ut)‖2F
≤O(1)d4

∥∥UU> −M
∥∥2

∞max
i

∥∥e>i U
∥∥2

1Et−1
≤ O(µ2d2k2κ5)f(Ut)1Et−1

Therefore, by decomposition Eq.(13), we have with probability 1:

|Ft−E[Ft|Ft−1]| ≤ (1−η
κ

)−tηO(µdkκ2.5)f(Ut−1)1Et−1
≤ (1−η

κ
)−t(1− η

2κ
)tηO(µdkκ0.5)1Et−1

(14)
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Variance bound for F : We also know

Var(〈∇f(Ut), SG(Ut)〉1Et−1 |Ft−1) ≤ E[〈∇f(Ut), SG(Ut)〉21Et−1 |Ft−1]

≤‖∇f(Ut)‖2F E ‖SG(Ut)‖2F 1Et−1
≤ O(1)d2 max

i

∥∥e>i U
∥∥2
f2(Ut−1)1Et−1

≤O(µdkκ2)f2(Ut−1)1Et−1

and

Var(∇2f(ζt)(SG(Ut), SG(Ut))1Et−1
|Ft−1) ≤ E[∇2f(ζt)(SG(Ut), SG(Ut))

21Et−1
|Ft−1]

≤O(1)E ‖SG(Ut)‖4F = O(1)Ed8(UU> −M)4
ij max

i

∥∥e>i U
∥∥4

1Et−1

≤O(1)d6
∥∥UU> −M

∥∥2

∞

∥∥UU> −M
∥∥2

F
max
i

∥∥e>i U
∥∥4

1Et−1

≤O(µ3d3k3κ7)f2(Ut−1)1Et−1

Therefore, by decomposition Eq.(13), we have:

Var(Ft|Ft−1) ≤ (1− η
κ

)−2tη2O(µdkκ2)f2(Ut−1)1Et−1
≤ (1− η

κ
)−2t(1− η

2κ
)2tη2O(

µdk

κ2
)1Et−1

(15)

Bernstein’s inequality for F : Let σ2 =
∑t
τ=1 Var(Fτ |Fτ−1), and R satisfies, with probability 1

that |Fτ − E[Fτ ||Fτ−1]| ≤ R, τ = 1, · · · , t. Then By standard Bernstein concentration inequality,
we know:

P (Ft ≥ F0 + s) ≤ exp(
s2/2

σ2 +Rs/3
)

Let s′ = O(1)(1− η
κ )t[

√
σ2 log d+R log d], this gives:

P (f(Ut)1Et−1 ≥ (1− η

κ
)tf(U0) + s′) ≤ 1

2d10

By Eq.(14), we know R = (1 − η
κ )−t(1 − η

2κ )tηO(µdkκ0.5) satisfies that |Fτ − E[Fτ |Fτ−1]| ≤
R, τ = 1, · · · , t. Also by Eq. (15), we have:

(1− η

κ
)t
√
σ2 log d ≤ ηO(

√
µdk log d

κ2
)

√√√√ t∑
τ=1

(1− η

κ
)2t−2τ (1− η

2κ
)2τ

≤(1− η

2κ
)tηO(

√
µdk log d

κ2
)

√√√√ t∑
τ=1

(1− η

κ
)2t−2τ (1− η

2κ
)2τ−2t ≤ (1− η

2κ
)t
√
ηO(

√
µdk log d

κ
)

by η < c
µdkκ3 log d and choosing c to be small enough, we have:

s′ = (1− η

2κ
)t[
√
ηO(

√
µdk log d

κ
) + ηO(µdkκ0.5)] ≤ (1− η

2κ
)t(

1

20κ
)2

Since F0 = f(U0) ≤ ( 1
20κ )2, therefore:

P (f(Ut)1Et−1
≥ (1− η

2κ
)t(

1

10κ
)2) ≤ 1

2d10

That is equivalent to:

P (Et−1 ∩ {f(Ut) ≥ (1− η

2κ
)t(

1

10κ
)2}) ≤ 1

2d10
(16)

Probability for event ET : Finally, combining the concentration result for martingale G (Eq.(12))
and martingale F (Eq.(16)), we conclude:

P (Et−1 ∩ Ēt) = P

[
Et−1 ∩

(
∪i{gi(Ut) ≥ 20

µkκ2

d
} ∪ {f(Ut) ≥ (1− η

2κ
)t(

1

10κ
)2}
)]

≤
d∑
i=1

P (Et−1 ∩ {gi(Ut) ≥ 20
µkκ2

d
}) + P (Et−1 ∩ {f(Ut) ≥ (1− η

2κ
)t(

1

10κ
)2}) ≤ 1

d10

20



Since

P (ĒT ) =

T∑
t=1

P (Et−1 ∩ Ēt) ≤
T

d10

We finishes the proof.

C Proof of General Asymmetric Case

In this section, we first prove Lemma 3.2, set up the equivalence between Algorithm 2 and Algorithm 3.
Then we prove the main theorem for general asymmetric matrix (Theorem 3.3). WLOG, we continue
to assume ‖M‖ = 1 in all proof. Also, when it’s clear from the context, we use κ to specifically to
represent κ(M). Then σmin(M) = 1

κ . Also in this section, we always use d = max{d1, d2} and
denote SVD(M) = XSY>, and SVD(UV>) = WUDW>

V .

Proof of Lemma 3.2. Let us always denote the iterates in Algorithm 2 by Ut, Vt, and denote the
corresponding iterates in Algorithm 3 by U′t, V′t using prime version. We use induction to prove the
equivalence. Assume at time t we have UtV

>
t = U′tV

′
t
>. Recall in Algorithm 2, we renormalize

Ut,Vt to Ũt, Ṽt, this set up the correspondence:

Ũt = U′tR
′
UD′U

− 1
2 Q′UD′

1
2

Ṽt = V′tR
′
V D′V

− 1
2 Q′V D′

1
2

Denote P′U = R′UD′U
− 1

2 Q′UD′
1
2 , and P′V = V′tR

′
V D′V

− 1
2 Q′V D′

1
2 . Clearly P′UP′V

> = I. Then
we have Ũt = U′tP

′
U , Ṽt = P′V and thus:

Ut+1V
>
t+1

=(Ũt − 2ηd1d2(ŨtṼ
>
t −M)ijeie

>
j Ṽt)(Ṽt − 2ηd1d2(ŨtṼ

>
t −M)ijeje

>
i Ũt)

>

=(U′tP
′
U − 2ηd1d2(U′tV

′
t
> −M)ijeie

>
j V′tP

′
V )(V′tP

′
V − 2ηd1d2(U′tV

′
t
> −M)ijeje

>
i U′tP

′
U )>

=(U′t − 2ηd1d2(U′tV
′
t
> −M)ijeie

>
j V′tP

′
V P′U

−1)

· (V′t − 2ηd1d2(U′tV
′
t
> −M)ijeje

>
i U′tP

′
UP′V

−1)>

=U′t+1V
′
t+1
>

Clearly with same initialization algorithm, we have U0V
>
0 = U′0V

′
0
>, by induction, we finish the

proof.

Now we proceed to prove Theorem 3.3. Since Algorithm 2 and Algorithm 3 are equivalent, we will
focus our analysis on Algorithm 2 which is more theoretical appealing. As for the symmetric PSD
case, we first present the essential ingradient:

Theorem C.1. Let f(U,V) =
∥∥UV> −M

∥∥2

F
, gi(U,V) =

∥∥e>i UV>
∥∥2

, and hj(U,V) =∥∥e>j VU>
∥∥2

, for i ∈ [d1] and j ∈ [d2]. Suppose after initialization, we have:

f(U0,V0) ≤ (
1

20κ
)2, max

i
gi(U0,V0) ≤ 10µkκ2

d1
, max

j
hj(U0,V0) ≤ 10µkκ2

d2

Then, there exist some absolute constant c such that for any learning rate η < c
µdkκ3 log d , with at

least 1− T
d10 probability, we will have for all t ≤ T that:

f(Ut,Vt) ≤ (1− η

2κ
)t(

1

10κ
)2, max

i
gi(Ut,Vt) ≤

100µkκ2

d1
, max

j
hj(Ut,Vt) ≤

100µkκ2

d2

Theorem 3.3 can easily be concluded from Theorem C.1 and Lemma A.1. Theorem C.1 also provides
similar guarantees as Theorem B.1 in symmetric case. However, due to the additional invariance
between U and V, Theorem C.1 need to keep track of more complicated potential function gi(U,V)
and hj(U,V) to control the incoherence, which makes the proof more involved.
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The rest of this section all focus on proving Theorem C.1. Similar to symmetric PSD case, we also
first prepare with a few lemmas about the property of objective function, and the spectral property of
U,V in a local Frobenius ball around optimal. Then, we prove Theorem C.1 by constructing three
supermartingales related to f(Ut,Vt), gi(Ut,Vt), hj(Ut,Vt) each, and applying concentration
argument.

To make the notation clear, denote gradient∇f(U,V) ∈ R(d1+d2)×k:

∇f(U,V) =

(
∂
∂Uf(U,V)
∂
∂Vf(U,V)

)
Also denote the stochastic gradient SG(U,V) by (if we sampled entry (i, j) of matrix M)

SG(U,V) = 2d1d2(UV> −M)ij

(
eie
>
j V

eje
>
i U

)
ESG(U,V) = ∇f(U,V) = 2

(
(UV> −M)V

(UV> −M)>U

)
By update function, we know: (

Ut+1

Vt+1

)
=

(
Ũt

Ṽt

)
− ηSG(Ũt, Ṽt)

and ŨtṼ
>
t = UtV

>
t is the renormalized version of UtV

>
t .

C.1 Geometric Properties in Local Region

Similar to symmetric PSD case, we first prove two lemmas w.r.t the smoothness and property similar
to strongly convex for objective function:
Lemma C.2. Within the region D = {(U,V)| ‖U‖ ≤ Γ, ‖V‖ ≤ Γ}, we have function f(U,V) =
‖M−UV>‖2F satisfying:

‖∇f(U1,V1)−∇f(U2,V2)‖2F ≤ β2(‖U1 −U2‖2F + ‖V1 −V2‖2F)

where smoothness parameter β = 8 max{Γ2, ‖M‖}.

Proof. Inside region D, we have:
‖∇f(U1,V1)−∇f(U2,V2)‖2F

=‖ ∂
∂U

f(U1,V1)− ∂

∂U
f(U2,V2)‖2F + ‖ ∂

∂V
f(U1,V1)− ∂

∂V
f(U2,V2)‖2F

=4(‖(U1V
>
1 −M)V1 − (U2V

>
2 −M)V2‖2F + ‖(U1V

>
1 −M)>U1 − (U2V

>
2 −M)>U2‖2F)

≤64 max{Γ4, ‖M‖2}(‖U1 −U2‖2F + ‖V1 −V2‖2F)

The last step is by similar technics as in the proof of Lemma B.2, by expanding

U1V
>
1 V1 −U2V

>
2 V2 = (U1 −U2)V>1 V1 + U2(V1 −V2)>V1 + U2V

>
2 (V1 −V2)

Lemma C.3. Within the region D = {(U,V)|σmin(X>U) ≥ γ, σmin(Y>V) ≥ γ}, then we have
function f(U,V) = ‖M−UV>‖2F satisfying:

‖∇f(U,V)‖2F ≥ αf(U,V)

where constant α = 4γ2.

Proof. Let Û, V̂ be the left singular vectors of U,V. Inside region D, we have:

‖(UV> −M)V‖2F
=‖PÛ(UV> −M)V‖2F + ‖PÛ⊥

(UV> −M)V‖2F
≥σk(V)2‖PÛ(UV> −M)PV̂‖

2
F + ‖PÛ⊥

MV‖2F
≥σk(V)2‖PÛ(UV> −M)PV̂‖

2
F + σmin(Y>V)2‖PÛ⊥

XΣ‖2F
=σk(V)2‖PÛ(UV> −M)PV̂‖

2
F + σmin(Y>V)2‖PÛ⊥

M‖2F
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Therefore, by symmetry, we have:

‖∇f(U,V)‖2F =4(‖(UV> −M)V‖2F + ‖(UV> −M)>U‖2F)

≥4γ2(2‖PÛ(UV> −M)PV̂‖
2
F + ‖PÛ⊥

M‖2F + ‖MPV̂⊥
‖2F)

≥4γ2‖UV> −M‖2F

Next, we show as long as we are in some Frobenious ball around optimum, then we have good
spectral property over U,V which guarantees the preconditions for Lemma C.2 and Lemma C.3.
Lemma C.4. Within the region D = {(U,V)|

∥∥M−UV>
∥∥
F
≤ 1

10σk(M)}, and for U =

WUD
1
2 ,V = WV D

1
2 where WUDWV = SVD(UV>), we have:

‖U‖ ≤
√

2 ‖M‖, σmin(X>U) ≥
√
σk(M)/2

‖V‖ ≤
√

2 ‖M‖, σmin(Y>V) ≥
√
σk(M)/2

Proof. For spectral norm of U, we have:

‖U‖2 = ‖D‖ =
∥∥UV>

∥∥ ≤ ‖M‖+
∥∥M−UV>

∥∥ ≤ ‖M‖+
∥∥M−UV>

∥∥
F
≤ 2 ‖M‖

For the minimum singular value of U>U, we have:

σmin(U>U) =σk(D) = σk(UV>) ≥ σk(M)−
∥∥M−UV>

∥∥
≥σk(M)−

∥∥M−UU>
∥∥
F
≥ 9

10
σk(M)

By symmetry, the same holds for V. On the other hand, we have:
1

10
σk(M) ≥

∥∥M−UV>
∥∥
F
≥
∥∥PX⊥(M−UV>)

∥∥
F

=
∥∥PX⊥UV>

∥∥
F

= ‖PX⊥WUD‖F

≥‖PX⊥WUD‖ ≥ 9

10
σk(M) ‖X⊥WU‖

Let the principal angle between X and WU to be θ. This gives sin2 θ =
∥∥X>⊥WU

∥∥2 ≤ 1
9 . Thus

cos2 θ = σ2
min(X>WU ) ≥ 8

9 . Therefore:

σ2
min(X>U) ≥ σ2

min(X>WU )σmin(U>U) ≥ σk(M)/2

C.2 Proof of Theorem C.1

Now, we are ready for our key theorem. By Lemma C.2, Lemma C.3, and Lemma C.4, we al-
ready know the function has good property locally in the region D = {(U,V)|

∥∥M−UV>
∥∥
F
≤

1
10σk(M)} which alludes linear convergence. Similar to the symmetric PSD case, the work remains
is to prove that once we initialize inside this region, our algorithm will guarantee U,V never leave
this region with high probability even with relatively large stepsize. Again, we also need to control
the incoherence of Ut,Vt over all iterates additionally to achieve tight sample complexity and near
optimal runtime.

Following is our formal proof.

Proof of Theorem C.1. For simplicity of notation, we assume d = d1 = d2, and do not distinguish
d1 and d2. However, it is easy to check our proof never use the property M is square matrix. The
proof easily extends to d1 6= d2 case by replacing d in the proof with suitable d1, d2.

Define event Et = {∀τ ≤ t, f(Uτ ,Vτ ) ≤ (1 − η
2κ )t( 1

10κ )2,maxi gi(Uτ ,Vτ ) ≤
100µkκ2

d ,maxj hj(Uτ ,Vτ ) ≤ 100µkκ2

d }. Theorem C.1 is equivalent to prove event ET happens
with high probability. The proof achieves this by contructing two supermartingales for f(Ut,Vt)1Et

,
gi(Ut,Vt)1Et

and hi(Ut,Vt)1Et
(where 1(·) denote indicator function), applies concentration

argument.

The proofs also follow similar structure as symmetric PSD case:
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1. The constructions of supermartingales

2. Their probability 1 bound and variance bound in order to apply Azuma-Bernstein inequality

3. Final combination of concentration results to conclude the proof

Then let filtration Ft = σ{SG(U0,V0), · · · , SG(Ut−1,Vt−1)} where σ{·} denotes the sigma field.
Also let event , note Et ⊂ Ft. Also Et+1 ⊂ Et, and thus 1Et+1

≤ 1Et
.

By Lemma C.4, we immediately know that conditioned on Et, we have ‖Ut‖ ≤
√

2, ‖Vt‖ ≤
√

2,
σmin(X>Ut) ≥ 1/

√
2κ, σmin(Y>Vt) ≥ 1/

√
2κ. We will use this fact throughout the proof.

For simplicity, when it’s clear from the context, we denote:(
∆U

∆V

)
= −ηSG(Ũt, Ṽt) =

(
Ut+1

Vt+1

)
−
(

Ũt

Ṽt

)
Construction of supermartingale G: First, since potential function gl(U,V) is forth-order poly-
nomial, we can expand:

gl(Ũt+1, Ṽt+1) = gl(Ut+1,Vt+1) = gl(Ũt + ∆U, Ṽt + ∆V)

= e>l (Ũt + ∆U)(Ṽt + ∆V)>(Ṽt + ∆V)(Ũt + ∆U)>el

= gl(Ũt, Ṽt) + 2e>l ∆UṼ>t ṼtŨ
>
t el + 2e>l ŨtṼ

>
t ∆VŨtel +R2

= gl(Ũt, Ṽt) +R1

Where we denote R1 as the sum of first order terms and higher order terms (all second/third/forth
order terms), and R2 as the sum of second order terms and higher order terms.

We now give a proposition about properties of R1 and R2 which involves a lot calculation, and
postpone its proof in the end of this section.

Proposition C.5. With above notations, we have following inequalities hold true.

E[R21Et
|Ft] ≤ η2O(µ2k2κ4)1Et

|R1|1Et
≤ ηO(µ2k2κ5)1Et

w.p 1

E[R2
11Et
|Ft] ≤ η2O(

µ3k3κ6

d
)1Et

Then by taking conditional expectation, we have:

E[gl(Ũt+1, Ṽt+1)1Et
|Ft] = E[gl(Ut+1,Vt+1)1Et

|Ft]
≤E[gl(Ũt, Ṽt) + 2e>l ∆UṼ>t ṼtŨ

>
t el + 2e>l ŨtṼ

>
t ∆VŨtel +R2]1Et

The first order term can be calculated as:

[−E2e>l ∆UṼ>t ṼtŨ
>
t el + 2e>l ŨtṼ

>
t ∆VŨtel]1Et

=[−4e>l (ŨtṼ
>
t −M)ṼtṼ

>
t ṼtŨ

>
t el − 4e>l ŨtŨ

>
t (ŨtṼ

>
t −M>)ṼtŨ

>
t el]1Et

=[−4e>l ŨtṼ
>
t ṼtṼ

>
t ṼtŨ

>
t el + 4e>l MṼtṼ

>
t ṼtŨ

>
t el − 4e>l ŨtŨ

>
t (ŨtṼ

>
t −M>)ṼtŨ

>
t el]1Et

≤[−4[σmin(Ṽ>t Ṽt)
∥∥∥e>l ŨtṼ

>
t

∥∥∥2

+
∥∥∥e>l ŨtṼ

>
t

∥∥∥∥∥∥ṼtṼ
>
t

∥∥∥ ∥∥e>l M
∥∥

+
∥∥∥e>l ŨtŨ

>
t

∥∥∥∥∥∥ŨtṼ
>
t −M>

∥∥∥
F

∥∥∥e>l ŨtṼ
>
t

∥∥∥]]1Et

≤[− 2

κ
gl(Ũt, Ṽt) + 80

µkκ

d
+

4

10κ
gl(Ũt, Ṽt)]1Et

≤[− 1

κ
gl(Ũt, Ṽt) + 80

µkκ

d
]1Et

In second last inequality, we use key observation:∥∥∥e>k ŨtṼ
>
t

∥∥∥ =
∥∥e>k WUDW>

V

∥∥ =
∥∥e>k WUDW>

U

∥∥ =
∥∥∥e>k ŨtŨ

>
t

∥∥∥
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By Proposition C.5, we know E[R21Et |Ft] ≤ η2O(µ2k2κ4)1Et . Combine both facts and recall
η < c

µdkκ3 log d , we have:

E[gi(Ũt+1, Ṽt+1)1Et
|Ft] ≤ [(1− η

κ
)gi(Ũt, Ṽt) +

80ηµkκ

d
+O(η2µ2k2κ4)]1Et

≤ [(1− η

κ
)gi(Ũt, Ṽt) +

90ηµkκ

d
]1Et

The last inequality is achieved by choosing c small enough.

Let Git = (1− η
κ )−t(gi(Ũt, Ṽt)1Et−1

− 90µkκ
2

d ). This gives:

E[Gi(t+1)|Ft] ≤ (1− η

κ
)−t(gi(Ũt, Ṽt)1Et

− 90
µkκ2

d
) ≤ Git

The right inequality is true since 1Et
≤ 1Et−1

. This implies Git is supermartingale.

Probability 1 bound for G: We also know:

Gi(t+1) − E[Gi(t+1)|Ft] =(1− η

κ
)−(t+1)[R1 − ER1]1Et

By Proposition C.5, we know with probability 1 that |R1|1Et ≤ ηO(µ2k2κ5)1Et . This gives with
probability 1:

|Git − E[Git|Ft−1]| ≤ (1− η

κ
)−tηO(µ2k2κ5)1Et−1

(17)

Variance bound for G: We also know
Var(Gi(t+1)|Ft) = (1− η

κ
)−2(t+1)[ER2

11Et
− (ER11Et

)2] ≤ E[R2
11Et
|Ft]

By Proposition C.5, we know that E[R2
11Et
|Ft] ≤ η2O(µ

3k3κ6

d )1Et
. This gives:

Var(Git|Ft−1) ≤ (1− η

κ
)−2tη2O(

µ3k3κ6

d
)1Et−1

(18)

Bernstein’s inequality for G: Let σ2 =
∑t
τ=1 Var(Giτ |Fτ−1), and R satisfies, with probability 1

that |Giτ − E[Giτ |Fτ−1]| ≤ R, τ = 1, · · · , t. Then By standard Bernstein concentration inequality,
we know:

P (Git ≥ Gi0 + s) ≤ exp(
s2/2

σ2 +Rs/3
)

Since Gi0 = gi(Ũ0, Ṽ0)− 90µkκ
2

d , let s′ = O(1)(1− η
κ )t[

√
σ2 log d+R log d], we know

P

(
gi(Ũt, Ṽt)1Et−1 ≥ 90

µkκ2

d
+ (1− η

κ
)t(gi(Ũ0, Ṽ0)− 90

µkκ2

d
) + s′

)
≤ 1

3d11

By Eq.(17), we know R = (1 − η
κ )−tηO(µ2k2κ5) satisfies that |Giτ − E[Giτ |Fτ−1]| ≤ R, τ =

1, · · · , t. Also by Eq. (18), we have:

(1− η

κ
)t
√
σ2 log d ≤ ηO(

√
µ3k3κ6 log d

d
)

√√√√ t∑
τ=1

(1− η

κ
)2t−2τ ≤ √ηO(

√
µ3k3κ7 log d

d
)

by η < c
µdkκ3 log d and choosing c to be small enough, we have:

s′ =
√
ηO(

√
µ3k3κ7 log d

d
) + ηO(µ2k2κ5 log d) ≤ 10

µkκ2

d

Since initialization gives maxi gi(U0,V0) ≤ 10µkκ2

d , therefore:

P (gi(Ũt, Ṽt)1Et−1
≥ 100

µkκ2

d
) ≤ 1

3d11

That is equivalent to:

P (Et−1 ∩ {gi(Ũt, Ṽt) ≥ 100
µkκ2

d
}) ≤ 1

3d11
(19)

By symmetry, we can also have corresponding result for hj(Ũt, Ṽt).
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Construction of supermartingale F: Similarly, we also need to construct a martingale for
f(Ũt, Ṽt). Again, we can write f as forth order polynomial:

f(Ũt+1, Ṽt+1) = f(Ut+1,Vt+1) = f(Ũt + ∆U, Ṽt + ∆V)

= tr
(

[(Ũt + ∆U)(Ṽt + ∆V)−M][(Ũt + ∆U)(Ṽt + ∆V)−M]>
)

= f(Ũt, Ṽt) + 2tr(∆UṼ>t (ŨtṼ
>
t −M)>) + 2tr(∆VŨ>t (ŨtṼ

>
t −M)) +Q2

= f(Ũt, Ṽt) +Q1

Where we denote Q1 as the sum of first order terms and higher order terms (all second/third/forth
order terms), and Q2 as the sum of second order terms and higher order terms.

We also now give a proposition about properties of Q1 and Q2 which involves a lot calculation, and
postpone its proof in the end of this section.

Proposition C.6. With above notations, we have following inequalities hold true.

E[Q21Et
|Ft] ≤ η2O(µdkκ2)f(Ũt, Ṽt)1Et

|Q1|1Et
≤ ηO(µdkκ3)f(Ũt, Ṽt)1Et

w.p 1

E[Q2
11Et
|Ft] ≤ η2O(µdkκ2)f2(Ũt, Ṽt)1Et

Then by Proposition C.6, we know E[Q21Et |Ft] ≤ η2O(µdkκ2)f(Ũt, Ṽt)1Et . By taking condi-
tional expectation, we have:

E[f(Ut+1)1Et
|Ft]

≤[f(Ũt, Ṽt)− E〈∇f(Ũt, Ṽt), ηSG(Ut)〉+ EQ2]1Et

=[f(Ũt, Ṽt)− η
∥∥∥∇f(Ũt, Ṽt)

∥∥∥2

F
+ EQ2]1Et

≤[(1− 2η

κ
)f(Ũt, Ṽt) + η2O(µdkκ2)f(Ũt, Ṽt)]1Et

≤(1− η

κ
)f(Ũt, Ṽt)1Et

Let Ft = (1− η
κ )−tf(Ũt, Ṽt)1Et−1

, we know Ft is also a supermartingale.

Probability 1 bound: We also know

Ft+1 − E[Ft+1|Ft] = (1− η

κ
)−(t+1)[Q1 − EQ1]1Et

By Proposition C.6, we know with probability 1 that |Q1|1Et
≤ ηO(µdkκ3)f(Ut,Vt)1Et

. This
gives with probability 1:

|Ft − EFt| ≤ (1− η

κ
)−tηO(µdkκ3)f(Ut−1)1Et−1 ≤ (1− η

κ
)−t(1− η

2κ
)tηO(µdkκ)1Et−1 (20)

Variance bound: We also know

Var(Ft+1|Ft) = (1− η

κ
)−2(t+1)[EQ2

11Et
− (EQ11Et

)2] ≤ (1− η

κ
)−2(t+1)E[Q2

11Et
|Ft]

By Proposition C.6, we know that E[Q2
11Et |Ft] ≤ η2O(µdkκ2)f2(Ut,Vt)1Et . This gives:

Var(Ft|Ft−1) ≤ (1− η
κ

)−2tη2O(µdkκ2)f2(Ut−1)1Et−1
≤ (1− η

κ
)−2t(1− η

2κ
)2tη2O(

µdk

κ2
)1Et−1

(21)

26



Bernstein’s inequality: Let σ2 =
∑t
τ=1 Var(Fτ |Fτ−1), and R satisfies, with probability 1 that

|Fτ − E[Fτ ||Fτ−1]| ≤ R, τ = 1, · · · , t. Then By standard Bernstein concentration inequality, we
know:

P (Ft ≥ F0 + s) ≤ exp(
s2/2

σ2 +Rs/3
)

Let s′ = O(1)(1− η
κ )t[

√
σ2 log d+R log d], this gives:

P (f(Ũt, Ṽt)1Et−1
≥ (1− η

κ
)tf(U0) + s′) ≤ 1

3d10

By Eq.(20), we knowR = (1− η
κ )−t(1− η

2κ )tηO(µdkκ) satisfies that |Fτ −E[Fτ |Fτ−1]| ≤ R, τ =
1, · · · , t. Also by Eq. (21), we have:

(1− η

κ
)t
√
σ2 log d ≤ ηO(

√
µdk log d

κ2
)

√√√√ t∑
τ=1

(1− η

κ
)2t−2τ (1− η

2κ
)2τ

≤(1− η

2κ
)tηO(

√
µdk log d

κ2
)

√√√√ t∑
τ=1

(1− η

κ
)2t−2τ (1− η

2κ
)2τ−2t ≤ (1− η

2κ
)t
√
ηO(

√
µdk log d

κ
)

by η < c
µdkκ3 log d and choosing c to be small enough, we have:

s′ = (1− η

2κ
)t[
√
ηO(

√
µdkκ log d

κ
) + ηO(µdkκ)] ≤ (1− η

2κ
)t(

1

20κ
)2

Since F0 = f(U0) ≤ ( 1
20κ )2, therefore:

P (f(Ũt, Ṽt)1Et−1
≥ (1− η

2κ
)t(

1

10κ
)2) ≤ 1

3d10

That is equivalent to:

P (Et−1 ∩ {f(Ũt, Ṽt) ≥ (1− η

2κ
)t(

1

10κ
)2}) ≤ 1

3d10
(22)

Probability for event ET : Finally, combining the concentration result for martingale G (Eq.(19))
and martingale F (Eq.(22)), we conclude:

P (Et−1 ∩ Ēt)

=P

[
Et−1 ∩

(
[∪i{gi(Ut,Vt) ≥ 100

µkκ2

d
}]

∪ [∪j{hj(Ut,Vt) ≥ 100
µkκ2

d
}] ∪ {f(Ut) ≥ (1− η

2κ
)t(

1

10κ
)2}
)]

≤2

d∑
i=1

P (Et−1 ∩ {gi(Ut,Vt) ≥ 100
µkκ2

d
}) + P (Et−1 ∩ {f(Ut,Vt) ≥ (1− η

2κ
)t(

1

10κ
)2})

≤ 1

d10

Since

P (ĒT ) =

T∑
t=1

P (Et−1 ∩ Ēt) ≤
T

d10

We finishes the proof.

Finally we give proof for Proposition C.5 and Proposition C.6. The proof mostly consistsof expanding
every term and careful calculations.
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Proof of Proposition C.5. For simplicity of notation, we hide the term 1Et in all following equations.
Reader should always think every term in this proof multiplied by 1Et . Recall that:

SG(U,V) = 2d2(UV> −M)ij

(
eie
>
j V

eje
>
i U

)
(

∆U

∆V

)
=− ηSG(Ũt, Ṽt) =

(
Ut+1

Vt+1

)
−
(

Ũt

Ṽt

)
We first prove first three inequality. Recall that:

gl(Ũt+1, Ṽt+1) = gl(Ut+1,Vt+1) = gl(Ũt + ∆U, Ṽt + ∆V)

= e>l (Ũt + ∆U)(Ṽt + ∆V)>(Ṽt + ∆V)(Ũt + ∆U)>el

= gl(Ũt, Ṽt) + 2e>l ∆UṼ>t ṼtŨ
>
t el + 2e>l ŨtṼ

>
t ∆VŨtel +R2

= gl(Ũt, Ṽt) +R1

By expanding the polynomial, we can write out the first order term:

R1 −R2 =2e>l ∆UṼ>t ṼtŨ
>
t el + 2e>l ŨtṼ

>
t ∆VŨtel

=− 4ηd2(ŨtṼ
>
t −M)ij

(
δile
>
j ṼtṼ

>
t ṼtŨ

>
t el + (ŨtṼ

>
t )lj(ŨtŨ

>
t )il

)
Second order term:

R2 −R3

=e>l ∆UṼ>t Ṽt∆
>
Uel + e>l Ũt∆

>
V∆VŨ>t el + 2e>l ∆UṼ>t ∆VŨ>t el + 2e>l ∆U∆>VṼtŨ

>
t el

=4η2d4(ŨtṼ
>
t −M)2

ij

·
(
δil

∥∥∥e>j ṼtṼ
>
t

∥∥∥2

+ (ŨtŨ
>
t )2

li + 2δil(ṼtṼ
>
t )jj(ŨtŨ

>
t )ii + 2δil(ŨtṼ

>
t )2

ij

)
Third order term:

R4 −R3 =2e>l ∆UṼ>t ∆V∆>Uel + 2e>l ∆U∆>V∆VŨ>t el

=− 16η3d6(ŨtṼ
>
t −M)3

ijδil

(
(ṼtṼt)jj(ŨtṼt)ij + (ŨtṼt)ij(ŨtŨt)ii

)
Fourth order term:

R4 = e>l ∆U∆>V∆V∆>Uel = 16η4d8(ŨtṼ
>
t −M)4

ijδil(ŨtṼt)
2
ij

For the ease of proof, we denote χ = µkκ2

d , then we know conditioned on event Et, we have:

maxi

∥∥∥e>i ŨtṼ
>
t

∥∥∥2

≤ O(χ), and maxj

∥∥∥e>j ṼtŨ
>
t

∥∥∥2

≤ O(χ). Some key inequality we need to use
in the proof are listed here:∥∥∥e>l ŨtṼ

>
t

∥∥∥ =
∥∥∥e>l ŨtŨ

>
t

∥∥∥ and
∥∥∥e>l ṼtŨ

>
t

∥∥∥ =
∥∥∥e>l ṼtṼ

>
t

∥∥∥ (23)

and
|(ŨtṼt)ij | ≤

∥∥∥e>i ŨtṼ
>
t

∥∥∥ ≤ O(
√
χ) (24)

The same also holds true for:
|(ŨtŨ

>
t )ii| ≤ O(

√
χ) and |(ṼtṼ

>
t )jj | ≤ O(

√
χ) (25)

Another fact we frequently used is:
1

2

∥∥e>i UV>
∥∥2 ≤

∥∥e>i U
∥∥2 ≤ 2κ

∥∥e>i UV>
∥∥2

This gives:∥∥∥ŨtṼ
>
t −M

∥∥∥
∞
≤ max

k

∥∥∥ekŨt

∥∥∥max
k

∥∥∥ekṼt

∥∥∥+ max
k
‖ekX‖max

k
‖ekY‖ ‖S‖ ≤ O(χκ)

and recall we choose η < c
µdkκ3 log d , where c is some universal constant, then we have:

ηd2
∥∥∥ŨtṼ

>
t −M

∥∥∥
∞

= O(ηd2χκ) ≤ O(1) (26)

With equation (23), (24), (25), (26), now we are ready to prove Lemma.
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For the first inequality E[R21Et |Ft] ≤ η2O(µ2k2κ4)1Et :

E[R21Et
|Ft] ≤ E[|R2 −R3|1Et

|Ft] + E[|R3 −R4|1Et
|Ft] + E[|R4|1Et

|Ft]

For each term, we can bound as:

E[|R2 −R3|1Et
|Ft] ≤ η2O(d2)

∑
ij

(ŨtṼ
>
t −M)2

ij

(
δilO(χ) + (ŨtŨ

>
t )2

li

)
≤η2O(d2) max

l′

∥∥∥e>l′ (ŨtṼ
>
t −M)

∥∥∥2∑
i

(
δilO(χ) + (ŨtŨ

>
t )2

li

)
≤ η2O(d2χ2)

E[|R3 −R4|1Et
|Ft] ≤ η3O(d4)

∑
ij

|ŨtṼ
>
t −M|3ijδilO(χ)

≤η3O(d4)
∥∥∥ŨtṼ

>
t −M

∥∥∥
∞

∥∥∥e>l (ŨtṼ
>
t −M)

∥∥∥2

O(χ) ≤ η2O(d2χ2)

E[|R4|1Et
|Ft] ≤ η4O(d6)

∑
ij

(ŨtṼ
>
t −M)4

ijδilO(χ)

≤η4O(d6)
∥∥∥ŨtṼ

>
t −M

∥∥∥2

∞

∥∥∥e>l (ŨtṼ
>
t −M)

∥∥∥2

O(χ) ≤ η2O(d2χ2)

This gives in sum that

E[R21Et
|Ft] ≤ η2O(d2χ2)1Et

= η2O(µdkκ2)f2(Ut)1Et

For the second inequality |R1|1Et
≤ ηO(µ2k2κ5)1Et

w.p 1:

|R1|1Et
≤ |R1 −R2|1Et

+ |R2 −R3|1Et
+ |R3 −R4|1Et

+ |R4|1Et

For each term, we can bound as:

|R1 −R2|1Et
≤ηO(d2)

∥∥∥ŨtṼ
>
t −M

∥∥∥
∞
O(χ) ≤ ηO(d2χ2κ)

|R2 −R3|1Et ≤η2O(d4)
∥∥∥ŨtṼ

>
t −M

∥∥∥2

∞
O(χ) ≤ ηO(d2χ2κ)

|R3 −R4|1Et
≤η3O(d6)

∥∥∥ŨtṼ
>
t −M

∥∥∥3

∞
O(χ) ≤ ηO(d2χ2κ)

|R4|1Et
≤η4O(d8)

∥∥∥ŨtṼ
>
t −M

∥∥∥4

∞
O(χ) ≤ ηO(d2χ2κ)

This gives in sum that, with probability 1:

|R1|1Et
≤ ηO(d2χ2κ)1Et

= ηO(µ2k2κ5)1Et

For the third inequality E[R2
11Et
|Ft] ≤ η2O(µ

3k3κ6

d )1Et
:

ER2
11Et

≤ 4
[
E(R1 −R2)21Et

+ E(R2 −R3)21Et
+ E(R3 −R4)21Et

+ ER2
41Et

]
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For each term, we can bound as:

E(R1 −R2)21Et
≤ η2O(d2)

∑
ij

(ŨtṼ
>
t −M)2

ij

(
δilO(χ2) + (ŨtṼ

>
t )2

lj(ŨtŨ
>
t )2

il

)
≤η2O(d2) max

l′

∥∥∥e>l′ (ŨtṼ
>
t −M)

∥∥∥2∑
i

(
δilO(χ2) + (ŨtṼ

>
t )2

lj(ŨtŨ
>
t )2

il

)
≤ η2O(d2χ3)

E(R2 −R3)21Et
≤ η4O(d6)

∑
ij

(ŨtṼ
>
t −M)4

ij

(
δilO(χ2) + (ŨtŨ

>
t )4

li

)
≤η4O(d6)

∥∥∥ŨtṼ
>
t −M

∥∥∥2

∞
max
l′

∥∥∥e>l′ (ŨtṼ
>
t −M)

∥∥∥2∑
i

(
δilO(χ2) + (ŨtŨ

>
t )4

li

)
≤ η2O(d2χ3)

E(R3 −R4)21Et ≤ η6O(d10)
∑
ij

|ŨtṼ
>
t −M|6ijδilO(χ2)

≤η6O(d10)
∥∥∥ŨtṼ

>
t −M

∥∥∥4

∞

∥∥∥e>l (ŨtṼ
>
t −M)

∥∥∥2

O(χ2) ≤ η2O(d2χ3)

ER2
41Et

≤ η8O(d14)
∑
ij

(ŨtṼ
>
t −M)8

ijδilO(χ2)

≤η8O(d14)
∥∥∥ŨtṼ

>
t −M

∥∥∥6

∞

∥∥∥e>l (ŨtṼ
>
t −M)

∥∥∥2

O(χ2) ≤ η2O(d2χ3)

This gives in sum that:

ER2
11Et

≤ η2O(d2χ3)1Et
= η2O(

µ3k3κ6

d
)1Et

This finishes the proof.

Proof of Proposition C.6. Similarly to the proof of Proposition C.5, we hide the term 1Et
in all

following equations. Reader should always think every term in this proof multiplied by 1Et
. Recall

that:

f(Ũt+1, Ṽt+1) = f(Ut+1,Vt+1) = f(Ũt + ∆U, Ṽt + ∆V)

= tr
(

[(Ũt + ∆U)(Ṽt + ∆V)−M][(Ũt + ∆U)(Ṽt + ∆V)−M]>
)

= f(Ũt, Ṽt) + 2tr(∆UṼ>t (ŨtṼ
>
t −M)>) + 2tr(∆VŨ>t (ŨtṼ

>
t −M)) +Q2

= f(Ũt, Ṽt) +Q1

By expanding the polynomial, we can write out the first order term:

Q1 −Q2 =2tr(∆UṼ>t (ŨtṼ
>
t −M)>) + 2tr(∆VŨ>t (ŨtṼ

>
t −M))

=− 4ηd2(UV> −M)ij

(
e>j ṼtṼ

>
t (ŨtṼ

>
t −M)>ei + e>i ŨtŨ

>
t (ŨtṼ

>
t −M)ej

)
The second order term:

Q2 −Q3

=tr(∆UṼ>t Ṽt∆
>
U) + tr(Ũt∆

>
V∆VŨ>t ) + 2tr(∆UṼ>t ∆VŨ>t ) + 2tr(∆U∆>V (ŨtṼ

>
t −M)>)

=4η2d4(UV> −M)2
ij

·
(∥∥∥e>j ṼtṼ

>
t

∥∥∥2

+
∥∥∥e>i ŨtŨ

>
t

∥∥∥2

+ (ṼtṼ
>
t )jj(ŨtŨ

>
t )ii + (ŨtṼ

>
t )ij(ŨtṼ

>
t −M)ij

)
The third order term:

Q3 −Q4 =2tr(∆UṼ>t ∆V∆>U) + 2tr(∆U∆>V∆VŨ>t )

=− 16η3d6(UV> −M)3
ij

(
(ṼtṼt)jj(ŨtṼt)ij + (ŨtṼt)ij(ŨtŨt)ii

)
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The forth order term:

Q4 = tr(∆U∆>V∆V∆>U) = 16η4d8(UV> −M)4
ij(ŨtṼt)

2
ij

Again, in addition to equation (23), (23), (24), (25), we also need following inequality:∥∥∥ŨtṼ
>
t −M

∥∥∥
∞

1Et = max
ij
|tr(e>i (ŨtṼ

>
t −M)ej)|1Et

= max
ij
|tr(e>i (PX + PX⊥)(ŨtṼ

>
t −M)ej)|1Et

≤max
ij
|tr(e>i PX(ŨtṼ

>
t −M)ej)|1Et

+ max
ij
|tr(e>i PX⊥ŨtṼ

>
t ej)|1Et

≤max
i

∥∥e>i X
∥∥∥∥∥ŨtṼ

>
t −M

∥∥∥
F

1Et + max
j

∥∥e>j WV

∥∥ ∥∥∥ŨtṼ
>
t −M

∥∥∥
F

1Et

≤O(κ
√
χ)
√
f(Ut) (27)

Now we are ready to prove Lemma.

For the first inequality E[Q21Et |Ft] ≤ η2O(µdkκ2)f(Ũt, Ṽt)1Et :

E[Q21Et
|Ft] ≤ E[|Q2 −Q3|1Et

|Ft] + E[|Q3 −Q4|1Et
|Ft] + E[|Q4|1Et

|Ft]

For each term, we can bound as:

E[|Q2 −Q3|1Et |Ft] ≤η2O(d2)
∑
ij

(ŨtṼ
>
t −M)2

ijO(χ) = η2O(d2χ)f(Ũt, Ṽt)

E[|Q3 −Q4|1Et |Ft] ≤η3O(d4)
∑
ij

|ŨtṼ
>
t −M|3ijO(χ)

≤η3O(d4χ)
∥∥∥ŨtṼ

>
t −M

∥∥∥
∞
f(Ũt, Ṽt) ≤ η2O(d2χ)f(Ũt, Ṽt)

E[|Q4|1Et |Ft] ≤η4O(d6)
∑
ij

(ŨtṼ
>
t −M)4

ijO(χ)

≤η4O(d6χ)
∥∥∥ŨtṼ

>
t −M

∥∥∥2

∞
f(Ũt, Ṽt) ≤ η2O(d2χ)f(Ũt, Ṽt)

This gives in sum that

E[Q21Et
|Ft] ≤ η2O(d2χ)f(Ũt, Ṽt)1Et

= η2O(µdkκ2)f(Ũt, Ṽt)1Et

For the second inequality |Q1|1Et ≤ ηO(µdkκ3)f(Ũt, Ṽt)1Et w.p 1:

|Q1|1Et
≤ |Q1 −Q2|1Et

+ |Q2 −Q3|1Et
+ |Q3 −Q4|1Et

+ |Q4|1Et

For each term, we can bound as:

|Q1 −Q2|1Et
≤ηO(d2)

∥∥∥ŨtṼ
>
t −M

∥∥∥
∞

∥∥∥ŨtṼ
>
t −M

∥∥∥
F
O(
√
χ) ≤ ηO(d2χκ)f(Ũt, Ṽt)

|Q2 −Q3|1Et ≤η2O(d4)
∥∥∥ŨtṼ

>
t −M

∥∥∥2

∞
O(χ) ≤ η2O(d4χ2κ2)f(Ũt, Ṽt) = ηO(d2χκ)f(Ũt, Ṽt)

|Q3 −Q4|1Et
≤η3O(d6)

∥∥∥ŨtṼ
>
t −M

∥∥∥3

∞
O(χ) ≤ ηO(d2χκ)f(Ũt, Ṽt)

|Q4|1Et ≤η4O(d8)
∥∥∥ŨtṼ

>
t −M

∥∥∥4

∞
O(χ) ≤ ηO(d2χκ)f(Ũt, Ṽt)

This gives in sum that, with probability 1:

|Q1|1Et
≤ ηO(d2χκ)f(Ũt, Ṽt)1Et

= ηO(µdkκ3)f(Ũt, Ṽt)1Et
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For the third inequality E[Q2
11Et |Ft] ≤ η2O(µdkκ2)f2(Ũt, Ṽt)1Et :

EQ2
11Et

≤ 4
[
E(Q1 −Q2)21Et

+ E(Q2 −Q3)21Et
+ E(Q3 −Q4)21Et

+ EQ2
41Et

]
For each term, we can bound as:

E(Q1 −Q2)21Et
≤η2O(d2)

∑
ij

(ŨtṼ
>
t −M)2

ij

∥∥∥ŨtṼ
>
t −M

∥∥∥2

F
O(χ) ≤ η2O(d2χ)f2(Ũt, Ṽt)

E(Q2 −Q3)21Et
≤η4O(d6)

∑
ij

(ŨtṼ
>
t −M)4

ijO(χ2)

≤η4O(d6χ2)
∥∥∥ŨtṼ

>
t −M

∥∥∥2

∞

∥∥∥ŨtṼ
>
t −M

∥∥∥2

F
≤ η4O(d6χ3κ2)f2(Ũt, Ṽt)

≤η2O(d2χ)f2(Ũt, Ṽt)

E(Q3 −Q4)21Et
≤η6O(d10)

∑
ij

|ŨtṼ
>
t −M|6ijO(χ2)

≤η6O(d10χ2)
∥∥∥ŨtṼ

>
t −M

∥∥∥4

∞

∥∥∥ŨtṼ
>
t −M

∥∥∥2

F
≤ η2O(d2χ)f2(Ũt, Ṽt)

EQ2
41Et ≤η8O(d14)

∑
ij

(ŨtṼ
>
t −M)8

ijδilO(χ2)

≤η8O(d14χ2)
∥∥∥ŨtṼ

>
t −M

∥∥∥6

∞

∥∥∥ŨtṼ
>
t −M

∥∥∥2

F
≤ η2O(d2χ)f2(Ũt, Ṽt)

This gives in sum that:

EQ2
11Et

≤ η2O(d2χ)f2(Ũt, Ṽt)1Et
= η2O(µdkκ2)f2(Ũt, Ṽt)1Et

This finishes the proof.
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