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1 Main Theorems

For convenience of presentation, we repeat the main results as follows. To begin with, the noiseless model,
the general additive noise model, and the Poisson noise model are given respectively as follows.

(noiseless:) yi = [{a;, z)?, i=1,---,m, (1)
(general noise:) v = [(ai, 2)|° +n;, 1=1,---,m, (2)
(Poisson noise:) Yi - Poisson ( |(a;, x)|? ) i=1,---,m. (3)

Theorem 1 (Exact recovery). Consider the noiseless case with an arbitrary signal © € R™. Suppose
that the step size p; is either taken to be a positive constant py = p or chosen via a backtracking line search.
Then there exist some universal constants 0 < p,v < 1 and pg,co,c1,c2 > 0 such that with probability
exceeding 1 — c1 exp (—cam), the truncated Wirtinger Flow estimates (Algorithm 1) obey

dist(z®,x) < v(1-p)lz|, VteN, (4)

provided that
m>con  and p < po.

Theorem 2 (Stability). Consider the noisy case (@ Suppose that the step size u; is either taken to be a
positive constant s = b or chosen via a backtracking line search. If

mZcon, p<po, and |n < ellzl?, (5)

then with probability at least 1 — co exp (—cam), the truncated Wirtinger Flow estimates (Algorithm 1) satisfy

dist(=0,2) § (1), veen (©)
]

simultanesouly for all x € R™. Here, 0 < p < 1 and g, cg, c1, c2,c3 > 0 are some universal constants.
In particular, under the Poisson noise model, there exists an an event of probability at least 1 —
¢o exp(—cgm) on which

P{dist(z),2) S 1+ (1= p)lall, VteN | {aihsion} 1. (7)

holds for all & € R™ satisfying ||| > log"®m. In what follows, we prove the above two theorems for a
broader range of algorithmic parameters, as summarized in Table [I]

Encouragingly, this is already the best statistical guarantee any algorithm can achieve. We formalize this
claim by deriving a fundamental lower bound on the minimax estimation error.
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Table 1: Range of algorithmic parameters

(a) When a fixed step size y; = u is employed: (o, o', ay, ) obeys

G = max {E €10 roran or (¢3vemsan} )P (€] < V0T or [¢] > v0.99a2) }

G = E[1¢50.4730n1] » (8)
2(G1+C2) + v/8/(9m) e, < 1.99,
ay >3,

where £ ~ N(0,1). By default, o’ = 0.3, a®® = oy, = 5, and «,, = 3.

(b) When , is chosen by a backtracking line search: (o', o, ay,ay, a;) obeys
0< alzb <0.1, o};b >5, ap>6, ay>3, and oy >5. (9)

By default, o!” = 0.1, o =5, aj, = 6, oy =3, and oy, = 5.

Theorem 3 (Lower bound on the minimax risk). Suppose that a; ~ N(0,I), m = kn for some fized
K independent of n, and n is sufficiently large. For any K > log™®m, deﬁn

Y(K) = {z e R" | |z| € (1+0.1)K}.

With probability approaching one, the minimaxz risk under the Poisson model (@ obeys
€1

inf sup E|dist (&, a;ti<i<cm| = —, 10
imer(K)[ (#,2) | {ai}bi<icm) 7 (10)

where the infimum is over all estimator . Here, £1 > 0 is a numerical constant independent of n and m.

2 Exact recovery from noiseless data

This section proves the theoretical guarantees of TWF in the absence of noise (i.e. Theorem. We separate
the noiseless case mainly out of pedagogical reasons, as most of the steps carry over to the noisy case with
slight modification.

The analysis for the truncated spectral method follows similar argument as in [1, Section 7.8], which
we defer to Appendix [C| In short, for any fixed § > 0 and & € R™, the initial point z(®) returned by the
truncated spectral method obeys

dist (29, z) < 8|z

with high probability, provided that m/n exceeds some large constant.

The remaining section then boils down to establishing convergence for the gradient flow stage. To this
end, we recall a (local) regularity condition given in [1], which has been shown to be a fundamental criterion
that dictates rapid convergence of iterative procedures (including WF and other gradient descent schemes).
When specialized to TWF, we say that —%V&r (+) satisfies the regularity condition, denoted by RC (p, A, €),
if
1

m

1

(h—29ta@) = L vt @[+ 2 ()

holds for all z obeying ||z — | < €|lx||, where 0 < ¢ < 1 is some constant. Such an e-ball around  is

IHere, 0.1 can be replaced by any positive constant within (0, 1/2).



sometimes referred to as a basin of attraction. Formally, under RC (i, A, €), a little algebra gives

.2 % 4 2
dist (z—l—av&r(z)ﬂc) < Hz—i—avar(z)—wH
2 H 2 1
= P+ [ £t &)+ 20 (B Ve (2)
m m
2 H 2 2|l 1 ? 2
< ABP + || £Vt ()| -2 | Vi )| = wrlnl
= (1—p\)dist? (z,z) (12)

for any z with ||z — z|| < e. In words, the TWF update rule is locally contractive around the planted solution,
provided that RC (p, A, €) holds for some nonzero p and A. This is stated in the following proposition.

Proposition 1 (Local error contraction). Consider the noiseless case (1)). Under the condition (&),
there exist some universal constants 0 < pg < 1 and cg,c1,co > 0 such that with probability exceeding
1 — ¢y exp(—cam),

dist? (z + %Vﬁtr (2) ,:B) < (1= po)dist?® (z,x) (13)

holds simultaneously for all x,z € R™ obeying

dist (2, ) < {1 alPaolb 5.7(a1zb)2} (14)
—— < min = El

|z 117 3ap’ 6 7 228+ alb

_ _ _ -1
provided that m > con and that p s some constant obeying 0 < p < pg := 0‘9942(302%0.6%;//;%)a" .

Proposition [I| reveals the monotonicity of the estimation error: once entering a neighborhood around
of a reasonably small size, the iterative updates will remain within this neighborhood all the time and be
attracted towards x at a geometric rate.

As shown before, under the hypothesis RC (i, A, €) one can conclude

dist? (z + %V@tr(z),w) < (- pNdist?(z, @), V(z,z) with dist(z, z) < e. (15)

Thus, everything now boils down to showing RC (u, A, €) for some constants p, A,e > 0. This occupies the
rest of this section.

2.1 Preliminary facts about {£}} and {£i}

Before proceeding, we gather a few properties of the events £} and &3:

’
i) = {ar< o canl, (16)
i T2 <« @ Ty e 2|

&) = - lala < 2y - A=), T ")

which will prove crucial in establishing RC (i, A,€). To begin with, recall that the truncation level given
in £ depends on - HA (mm T) Hl Instead of working with this random variable directly, we use
deterministic quantltles that are more amenable to analysis. Specifically, we claim that + ||A (mw —zz ) H L
offers a uniform and orderwise tight estimate on ||h|| ||z||, which can be seen from the followmg two facts.

Lemma 1. Fiz ¢ € (0,1). If m > con¢ =2 log %, then with probability at least 1 — Cexp(—c1(?m),

0.9(1 = Q) [M]l < % MMl < (1+0) V2| Ml (18)

holds for all symmetric rank-2 matrices M € R"*™. Here, cg,c1,C > 0 are some universal constants.
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Figure 1: i s a function of ¢.
Proof. Since |2, Lemma 3.1] already establishes the upper bound, it suffices to prove the lower tail bound.

Consider all symmetric rank-2 matrices M with eigenvalues 1 and —t for some —1 <t < 1. When ¢ € [0, 1],
it has been shown in the proof of |2, Lemma 3.2] that with high probability,

1

A = A=) @), (19)
for all such rank-2 matrices M, where f(t) := 2 {2Vt + (1 —t) (7/2 — 2arctan(v/?)) }. The lower bound
in this case can then be justified by recognizing that f@®)/vV1+t2 > 09 for all t € [0,1], as illustrated in
Fig. |1l The case where ¢ € [—1,0] is an immediate consequence from |2, Lemma 3.1]. O

Lemma 2. Consider any @,z € R" obeying ||z — x|| < 6 ||z|| for some 6 < 5. Then one has
V2— 48|z —al||z] < [lezT — 22T, < 2+0) |z — =l ]2 (20)

Proof. Take h = z — x and write

H —hz" —zh" + hhTH;
= |hzT + 2|5+ Bt —2(hzT + 2R ", RAT)
22|17 [B]* + 2/h " 2 + |b]* = 2||h|* (R "z + 2" h).

T _ TH2
Hwa: zz ||p

When ||h|| < 3| 2|, the Cauchy-Schwartz inequality gives

2
2|zl [R]® — 4]zl [|R]® < [|ezT — 227 ||, < 4]lz]? |k + 4R 2] + [R]*, (21)
= V@lzll =41k =] -kl < |lea’ —z2zT ||, < @zl + |k]) - k] (22)
as claimed. O

Taken together the above two facts demonstrate that with probability 1 — exp (= (m)),
1
1151z — |12 < | A (ma” — 2=")||, <3z~ al || (23)

holds simultaneously for all z and @ satisfying ||h| < 7 [z]|. Conditional on , the inclusion

& € & cé& (24)

holds with respect to the following events
i = {Ha;ra:|2 - |a;-rz|2| < 1.15ay, ||h]| - |a:z|} , (25)
g = Allajzf? —la/ 2’| < 3an[|h] - |a; =} . (26)



The point of introducing these new events is that £i’s (resp. £i’s) are statistically independent for any fixed
x and z and are, therefore, easier to work with.

Note that each &} (resp. £i) is specified by a quadratic inequality. A closer inspection reveals that in
order to satisfy these quadratic inequalities, the quantity a, h must fall within two intervals centered around
0 and Qa;-'—z, respectively. One can thus facilitate analysis by decoupling each quadratic inequality of interest
into two simple linear inequalities, as stated in the following lemma.

Lemma 3. For any v > 0, define

D, = {llajz’ —|a/ 2’| < 7[Rl |a] 2|}, (27)
) Th|
DLt = { la; < 'y} , (28)
K IRl
. a'h 2az
and D-? = { L — 1 < 7} . (29)
K (1 T
Thus, Di’l and DQQ represent the two intervals on a; h centered around 0 and 2a] z. If % < a‘j:b , then the
following inclusion holds
i1 i i,2 i i i i1 i 0,2 ~ oi
(Dlﬁﬁ N Sl> U (Dlﬁﬁ 051) C Din& < (DY nE)U(DLPnE). (30)

2.2 Proof of the regularity condition

By definition, one step towards proving the regularity condition is to control the norm of the truncated

gradient. In fact, a crude argument already reveals that |2 V/.(2)|| < ||h|. To see this, introduce v =

2
a?m| -

. a:z|2
(Vi1 <icpm With v; == 2 1

property that

- cingi- It comes from the truncation rule &£ as well as the inclusion
a, z 1 2

2 1
laf z| Z Iz and |y — |a] 2| ‘ < EIIA(mT —zz )|l < ||k[l]|2],

implying |v;| < ||k|| and hence ||v|| < v/m]|h||. The Marchenko—Pastur law gives ||A| < v/m, whence
IV = —ATol < Al o] S 4] (31
—IVe ()l = — vl < — v|| <Al

A more refined estimate will be provided in Lemma[7]
The above argument essentially tells us that to establish RC, it suffices to verify a uniform lower bound
of the form

1

—(h —Vtu(2)) 2 0l (32)
m

as formally derived in the following proposition.

Proposition 2. Consider the noise-free measurements y; = |a, x|*> and any fized constant € > 0. Under

the condition @, if m > cin, then with probability exceeding 1 — C exp (—com),

- <h %wtr (2) > ) {1.99 —2(C+ G) — /3 (9m)a; ! — e} || (33)

holds uniformly over all x, z € R™ obeying

h 1 b b 57 b\ 2
IRl min{ of ay 57(ex) | (34)

2]l 117 3a,’ 6 2au +alPb

Here, cy,c1,C > 0 are some universal constants, and (1 and (o are defined in (@



1 1 <& (a] 2)? — (a x)?
SVl (2) = Y L algines
om Vbt (z) m 2 a;.'—z Aileingi
1 & 1 & (a; h)?
= E E Q(G;Fh)azlglbﬂgg — E E aTz ailgi'mgéi. (35)

One would expect the contribution of the second term of (which is a second-order quantity) to be small
as ||k / ||z|| decreases.

To facilitate analysis, we rewrite 1.) in terms of the more convenient events D’ L and DZ 2. Specifically,
the inclusion property (24 . ) together with Lemma |3 I reveals that

DLl NE C & NEC ENE C & NE C (D UDL) nEl (36)
where the parameters vz, y4 are given by
v3 :=0.476ay,, and 4 := 3ay,. (37)
This taken collectively with the identity leads to a lower estimate
Ih| 1 & |a/h

1 2 2 1 & a;
(g V)t = 537 (@l 1) Legpiy = 3 TaT ] S04 i 2 TaTal

i=1 =1 =1

EinDy2 (38)

leaving us with three quantities in the right-hand side to deal with. We pause here to explain and compare
the influences of these three terms.

To begin with, as long as the truncation step does not discard too many samples, the first term should
be close to 2 3", |a h|?, which approximately gives 2||h||? from the law of large numbers. This term turns
out to be dominant in the right-hand side of (38) as long as Hh||/Hz|| is reasonably small. To see this,
please recognize that the second term in the rlght hand side is O(||h||*/||z||), simply because both a; h and
a; z are absolutely controlled on D’ LN &L However, D“ does not share such a desired feature. By the

very definition of D , each nonzero summand of the last term of (| . ) must obey ’aTh| 2 |ai z| and,

Y
therefore, Hl £inD? is roughly of the order of ||z||?; this could be much larger than our target level

Hh|| Fortunately, DZ 2 is a rare event, thus precluding a noticable influence upon the descent direction.

All of this is made rlgorous in Lemma [4] (first term), Lemma [5] (second term) and Lemma [6] (third term)
together with subsequent analysis.

Lemma 4. Fiz v > 0, and let & and D,’;l be defined in @) and (@), respectively. Set

¢1:=1-—min {E |:€21{\/1.010412‘)§|E|§\/0.99a‘z‘b}:| E |:1{\/1.01a12b§|£|§\/0.99a‘z‘b}:| } (39)
and (o =E {521{|§|>m7}} , (40)

where € ~ N (0,1). For any e > 0, if m > cyne 2loge™!, then with probability at least 1 — C exp(—coe’m),
1 i T412 2
EZ’ai h| Lenpin =2 (1=G—=G—elh] (41)

holds for all non-zero vectors h,z € R™. Here, cg,c1,C > 0 are some universal constants.

We now move on to the second term in the right-hand side of (38). For any fixed v > 0, the definition of
&} gives rise to an upper estimate

L= lalnl o (+0) Vx|
EZ ’aTz’ Leinpir < alez” mZ‘ h| Ipin = ol || z|] (42)



where \/8/7 ||h||® is exactly the untruncated moment E[|a;] h|?]. The second inequality is a consequence of
the lemma below, which arises by observing that the summands \a?h|31D3,1 are independent sub-Gaussian
random variables.

Lemma 5. For any constant v > 0, if m/n > co - e 2loge™!, then
1 & :
— S jal b 1 < (14 0 VE/x|IR|F, YR eR" (43)
m Y
i=1

with probability at least 1 — C exp(—c1e2m) for some universal constants cg,c1,C > 0.

It remains to control the last term of . As mentioned above, the influence of this term is small since
the set of a;’s satisfying Dﬁf accounts for a small fraction of measurements. Put formally, the number of

equations satisfying ’a;-'—h’ > 7 ||h|| decays rapidly for large v (at least at a quadratic rate), as stated below.

Lemma 6. For any 0 < € < 1, there exist some universal constants cy,c1,C > 0 such that

1 2 € n
aTh|> AR} < 00, &P (—0.485v%) + = Vh € R"\{0} and v > 2 (44)

2

with probability at least 1 — C exp (—coe m). This holds with the proviso m/n > c; - e ?loge™!.

To connect this lemma with the last term of (38]), we recognize that when v < iR > one has

Leipi? < jaTn|zar)z)} (45)
.
The constraint Hhﬁl 2“|’th <~ of Dl2 necessarily requires
laih| | 2lalz] 2Pz a2zl (46)
(12— — Al — Al

where the last inequality comes from our assumption on v. With Lemma |§| in place, (45 immediately gives
m 2 2
IRl (alb IIZ> ellh]]
1o mi2 < —————exp | —0.485( =2 +—
2 T 0.490% ||2|] || (a?)? | 2|2

=1
LRl N e (IRl
< - 47
= 5800 (a;bzn AN (7)

> %exp (—0.485x2) holding for

1b
as long as % <

any x > 6.
In addition, on & N Df;Q, the amplitude of each summand can be bounded in such a way that

1
20000z*

lalnl” _ [2a]z] ++ A

ol = a7

(o) )

where both inequalities are immediate consequences from the definitions of Dz 2 and &} (see (29) and )
Taking this together with the cardinality bound ( and picking € approprlately, we get

u 2
(202" [|z]| + [|]]) (48)

- 5 1811} (90 4 8L

| & JaTh (2+ ) (20 44) " 2 :

— L 1. iz < + € hl|”. 50

m 'Lz:; |a;rz| &b 9800 (O[Lb)4 HZ||2 H || ( )
91



Furthermore, under the condition that

2
| A V8 (o)
v <o, and < ,
IRl 121 = V3 (2o 1 o)

one can simplify by observing that ; < which results in

1007

aTh 1
Z||a z|| oo < (g5 ) Il (51)

Putting all preceding results in this subsection together reveals that with probability exceeding 1 —
{1.992(C1+C2) -V 8/ 1‘1|3 HH || } Hh||2

exp (—=Q (m)),
1
_ <h, %Vftr (Z)>
> {199 -2+ ) — VE/m(3an) " — 3} ] (52)

holds simultaneously over all  and z satistying

[ m{ ol ol OS/3 (o)’ 1} (53)

||zH 3ap,” 67 2aub 4ol 711

Y

as claimed in Proposition [2]
To conclude this section, we provide a tighter estimate about the norm of the truncated gradient.

Lemma 7. Fiz § > 0, and assume that y; = (a; z)%. Suppose that m > con for some large constant cq > 0.

There exist some universal constants ¢, C' > 0 such that with probability at least 1 — C'exp (—cm),

1
EHW” (2)|| < (1+6)-4y/1.02+0.665/cv, ||| (54)
o Y 1)

3an’ 6 2aub+alP 0 11

holds simultaneously for all , z € R™ satisfying % < mm{

Lemma [7] complements the preceding arguments by allowing us to identify a concrete plausible range for
the step size. Specifically, putting Lemma [7] and Proposition [2] together suggests that

. 2{1.99—2(<1+<2) — \/3/9m)a; —e 2
- <h, — Ve (2) > > 2 — Vi (2) (55)
m (1+9)"-16(1.02 + 0.665/ay,)
Taking € and § to be sufficiently small we arrive at a feasible range (cf. Definition )
0.994 — 1 — & — /2/(9m) e !
< G =G /Om)ay = lp. (56)

o= 2(1.02 + 0.665/ay,)

This establishes Proposition [I] and in turn Theorem [1| when p; is taken to be a fixed constant.
To justify the contraction under backtracking line search, it suffices to prove that the resulting step size
falls within this range , which we defer to Appendix @

3 Stability

This section goes in the direction of establishing stability guarantees of TWF. We concentrate on the iterative
gradient stage, and defer the analysis for the initialization stage to Appendix [C]
Before continuing, we collect two bounds that we shall use several times. The first is the observation that

1 T 1 T T 1 L
Ly - < _ “lmlh < Ik il < |k 57
Ly~ A2z < AT — 22T+ =l < IRl -l S )+ 67)

\ﬁ\lnll



where the last inequality follows from Cauchy-Schwarz. Setting

i — |af z|?

Y
V= 25——=—1ciqgi
a;rz EINE]

as usual, this inequality together with the truncation rules £ and £? give

oi| < R + A2l

V| z]
1 1AT 1 1 9 [l (58)
—  [|2Vlu(z)] = L|ATo| < HﬁAHﬁHvII Szl S Ikl + 2R

where (i) arises from |3 Corollary 5.35].
As discussed before, the estimation error is contractive if —%V@tr (z) satisfies the regularity condition.
With in place, RC reduces to

(Ve () B 2 P (59)

Unfortunately, does not hold for all z within the neighborhood of & due to the existence of noise.
Instead we establish the following:

e The condition holds for all h obeying
[nll /vm

< [lhll < el (60)
=]

C3

for some constants c3,cqy > 0 (we shall call it Regime 1); this will be proved later. In this regime, the
reasoning before gives

dist (z + ﬁVEtr(z), a:) < (1 - p)dist(z,x) (61)
m
for some appropriate constants p, p > 0 and, hence, error contraction occurs as in the noiseless setting.
e However, once the iterate enters Regime 2 where

cs |Imll
Vv ||z

the estimation error might no longer be contractive. Fortunately, in this regime each move by £V/y, (z)

[h] < (62)

is of size at most O( \/%IHHZH ), compare 1) As a result, at each iteration the estimation error cannot

increase by more than a numerical constant times \/%]HHZII before possibly jumping out (of this regime).

Therefore,

. 0 [l
dist(z + —VVlyu(2), ) < cs——17——
(24 5 Veul2). @) < oo

for some constant c5 > 0. Moreover, as long as ||n]|o/||z||? is sufficiently small, one can guarantee

(63)

that cs \/%l‘lc” < e5llnlee < cq||z]]. In other words, if the iterate jumps out of Regime 2, it will still fall

[E3]
within Regime 1.

To summarize, suppose the initial guess z(°) obeys dist(z(?), 2) < c4||z||. Then the estimation error will
shrink at a geometric rate 1 — p before it enters Regime 2. Afterwards, z® will either stay within Regime

2 or jump back and forth between Regimes 1 and 2. Because of the bounds and , the estimation

lInll ; :
Tmla] from then on. Putting these together establishes (6], namely,

errors will never exceed the order of
the first part of the theorem.

Below we justify the condition for Regime 1, for which we start by gathering additional properties
of the truncation rules. By Cauchy-Schwartz, - ||n||; < \/% Inll < L ||k| |lz]|. When c3 is sufficiently large,

<5
applying Lemmas [I] and [2] gives

N
‘ -

LSy — o) 2| < L A (zaT —22")||, + L lInll, < 2.98|R]l|=];

L §m T2 1 T T T (64)
i [y = el 2T = [ A(ea T —22T) || = S inll, = L151]R[]|=]).

Y
\



From now on, we shall denote £} := { lla] @|® —|a] z[*| < 2 ||ly — A(227) ||, 'll‘ } to differentiate from

&L, For any small constant € > 0, we introduce the index set G = {i:|n| <Cc|n|l /v/m} that satisfies
|G| = (1 — €)m. Note that C. must be bounded as n scales, since

Inl* > Ziggn? > (m—|G])- C2lnl*/m > eCZn|* = C.<1/Ve (65)

We are now ready to analyze the truncated gradient, which we separate into several components as follows

oty - e ol
i€g i¢g v
.7Vclcane( )
n vi— |a 2 jal@[* —|a] 2|’
+ 2; azlgtmgl + 22€Zg ( L a . g;‘ _ 7 a;rz T 15{ﬂg§ a;. (66)
—Vioee(z) —Vgreg(2)

e For each index i € G, the inclusion property (i.e. £ C & C &1) holds. To see this, observe that
lyi — lal zI?| € |la] z|* — |a] | £ |ni].

Since |n;| < Ce|nl|l/vm < ||k||||z|| when ¢z is sufficiently large, one can derive the inclusion
immediately from (64)). As a result, all the proof arguments for Proposition [2| carry over to Vleany ( ),
suggesting that

1
— (R, (z) ) > 2{1.99 - 2(C+G) = VB/Oma;! — e} b)) (67)
e Next, letting w; = %lg{mgél{ieg}7 we see that for any constant > 0, the noise component obeys

(“) 144 2
Ol < (1452l

1
Al ——w Il vm
H\/ﬁ H Hm H s m el s a2

when m/n is sufficiently large. Here, (ii) arises from [3, Corollary 5.35], and the last inequality is a
consequence of the upper estimate

1 ; 1
_—_\yhoisey _ 7AT
[irve=co] = [5a] 9

m m

2 T
2 4 |7h ; < 4 |772| _ . 69
lwl* <43 rpteces < 42 Goa? = @l (69)

In turn, this immediately gives

1 noise 1 nois (1 + 6) ||77||
_ < - se <
(novira)| < gl Lviee)| < IAl. (70)

ol |

e We now turn to the last term V&2 (z). According to the definition of £ and £ as well as the property
_laT z|?
, the weight ¢; := 2 (%1&055 —
6||h||. This gives

T2 |07 5|2
Mls{mé;)l{i@} is bounded in magnitude by

aiz

lall < v/m = 1G] - 6l|A|| < 6v/emlh],
1 1 1
= (e (@) )| < bl (| —vEre ) | = k) - ATq] < 6(1+6) VaRI® (1)

10



Taking the above bounds together yields

1 51 2 2(1+6) |l
(Yl (2),B) = 2{1.992<cl+<2>\/;ahaua)\/ée}nhn - = Ty

Since ||h|| > ¢3 \/lleLH for some large constant c3 > 0, setting € to be small one obtains

(Ve (2), ) > 2{195-2( + &) — VETOmaq !} IR (72)

for all h obeying

csl|mll/vm

1zl

< Il < ming
min{ —
- - 117 3a,” 67 2atP +alP

1b) 2
a® ol (/9873 (alb) } Iz
which finishes the proof of Theorem [2| for general 7.
Up until now, we have established the theorem for general 7, and it remains to specialize it to the Poisson
model. Standard concentration results, which we omit, give

L In|l” ~ - iE [n7] = 1y (aTw)2 ~ |zl (73)
m m ¢ m ' '

l

i=1 i=1

Substitution into (6) completes the proof.

4 Minimax lower bound

The goal of this section is to establish the minimax lower bound given in Theorem[3] For notational simplicity,

we denote by P (y | w) the likelihood of y; - Poisson(|a; w|?), 1 < i < m conditional on {a;}. For any

two probability measures P and @, we denote by KL (P||Q) the Kullback-Leibler (KL) divergence between
them: P

KL (P = /1 — | dP. 74

(P1Q)+= [ 10g (55 ) ar (74)

The basic idea is to adopt the general reduction scheme discussed in [4, Section 2.2], which amounts to

finding a finite collection of hypotheses that are minimally separated. Below we gather one result useful for

constructing and analyzing such hypotheses.

Lemma 8. Suppose that a; ~ N (0,1,), n is sufficiently large, and m = rn for some sufficiently large
constant k£ > 0. Consider any x € R"\{0}. On an event B of probability approaching one, there exists a
collection M of M = exp (n/30) distinct vectors obeying the following properties:

(i) € € M;
(ii) for all w®, w\) € M,

1/V8—(2n) 2 < |[w® —wD|| < 3/2 4 n~V/%; (75)
(iii) for all w € M,
o/ (w—=)]” _ Jw-—z| 3 ,
: 2+171 1<i<m.
alaf = e CTITesmhotsisw (79)

In words, Lemma [§] constructs a set M of exponentially many vectors/hypotheses scattered around
and yet well separated. From (ii) we see that each pair of hypotheses in M is separated by a distance
roughly on the order of 1, and all hypotheses reside within a spherical ball centered at x of radius 3/2+o(1).
When ||z|| > log"® m, every hypothesis w € M satisfies ||w]|| ~ ||| > 1. In addition, (iii) says that the

11



quantities |a; (w — x)|/|a; x| are all very well controlled (modulo some logarithmic factor). In particular,
when ||| > log"® m, one must have

[

_ 2 _

o [llf? log*m

log®m < 1. (77)

In the Poisson model, such a quantity turns out to be crucial in controlling the information divergence
between two hypotheses, as demonstrated in the following lemma.

Lemma 9. Fiz a family of design vectors {a;}. Then for any w and r € R,

mo (g 2ed Tl
KL(P(y|lw+r) [Py w) < > lafr?(8+ o) (78)

Lemma 9] and taken collectively suggest that on the event BNC (B is in Lemma [8and C := {||A]| <
v2m}), the conditional KL divergence (we condition on the a;’s) obeys

KL(P(y|w) |[Ply|z)) <cs ZZI |alT (w— w)‘2 < 2esm|jw —x|?, Yw e M; (79)

here, the inequality holds for some constant ¢ > 0 provided that ||z| > log"® m, and the last inequality is
a result of C (which occurs with high probability). We now use hypotheses as in Lemma [§] but rescaled in
such a way that

lw—2z|| <§, and |w-—w|=x§ VYw,®eM withw #w. (80)

for some 0 < 6 < 1. This is achieved via the substitution w +— x4+ §(w —x); with a slight abuse of notation,
M denotes the new set.

The hardness of a minimax estimation problem is known to be dictated by information divergence in-
equalities such as . Indeed, suppose that

holds, then the Fano-type minimax lower bound |4, Theorem 2.7] asserts that

inf sup E [|& — 3z mi — . 82
inf sup B[l —2| [ {ai}] 2 | _min _lw -] (82)

Since M = exp(n/30), would follow from
2c3||w — x| < n/(300m). w e M. (83)

Hence, we just need to select 4 to be a small multiple of \/n/m. This in turn gives

inf sup E [|& — 2| | {a:}] 2 min lw —w]| 2 \/n/m. (84)
T xeM

w, wEM, w#w

Finally, it remains to connect ||& — || with dist (&, ). Since all the w € M are clustered around x
and are at a mutual distance about § that is much smaller than ||z||, we can see that for any reasonable
estimator, dist(&, ) = || — x||. This finishes the proof.

A Proofs for Section [2
A.1 Proof of Lemma [3
-

First, we make the observation that (a; 2)? — (a] ) = (2a;'—z —a h) a h is a quadratic function in a; h.

1b .
If we assume v < aﬂ,ﬂﬁ“, then on the event £} one has

(a/2)* > 2|z -la/ 2| > v[lhl|a 2|. (85)

12



Solving the quadratic inequality that specifies Dg gives

aTh e {a;z—wa:z)%vnmuaﬁ

, a;rz — \/(a;z)2 — vk ’ajz@ ,

or a;rh € {az—z—i—\/(a;-'_z)2—'y||h|||a;'—z|, a;'—z+\/(a;rz)2+7||h|| ’a;'—z@,

which we will simplify in the sequel.
Suppose for the moment that @, z > 0, then the preceding two intervals are respectively equivalent to

Th e — vk |a! =] | 71k |a/ =] y
lalz+/(al2)* +~|Ihll|al 2| alz+1/(a] =)’ — |kl |a 2]
[ N T T
aTh—2aTz « vl a2 | vt ai 2 s
lalz+/(a]2)’ =7 Ihl|al =] alz+/(al2)" +7h]|a] 2]

Assuming and making use of the observations

vk |a] z vk |a; z
1o+ BETUIOE I
alz+ \/(ajz) — [kl |a] 2| a; #
vkl |a 2| 7Rl |a 2| gl
and > = IRl
alz+/(al2)" +7 |k |a] 2] (1+V2)[alz|  1+v2

we obtain the inner and outer bounds
-1
[EQ+v2) IRl € hok S [EvlRl).

Setting v, := 1+’Y 7 gives

(D,iy’ll N 5,‘71) U (D,ZY’IQ N 51‘71) - Dry n gi,l - ('D,Zy’l n 51,1) U (D,Zy’2 N (91‘71) .

Proceeding with the same argument, we can derive exactly the same inner and outer bounds in the regime
where a;r z < 0, concluding the proof.

A.2 Proof of Lemma [4]

By homogeneity, it suffices to establish the claim for the case where both h and z are unit vectors.
Suppose for the moment that h and z are statistically independent from {a;}. We introduce two auxiliary
Lipschitz functions approximating indicator functions:

1, if |7] € [v1.01a!P,v/0.99a1"] ;
) = ~100 (a;b)2‘272+100, if [7] € [v0.99aL®, at®]; (56)
: 100 (a*) 72 —100,  if |7] € [ol, V1.01aP];
0, else.
1, if |7| € [0,v/0.997];
Xn(T) = —1,%07'2 +100, if |7] € [v0.997,7]; (87)
0, else.

Since h and z are assumed to be unit vectors, these two functions obey

0<x:(aj2) < lei, and 0<xp (alh) < Lpin (88)
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and thus,

IS T3)\2 1 ¢ T72 T T
— ch) 1. pin > — ch)*x.(a; . h). 89
m 2 (00 Lot 2 Z_zzjl(az )*x:(a] z)xn(al h) (89)
We proceed to lower bound - (a )2 Z gra;'—z) (
Firstly, to compute the mean of (a h)?x.(a; z)xn( ) we 1ntroduce an auxiliary orthonormal matrix
T/ 2]l
[ ] (o)
whose first row is along the direction of z, and set
h:=U.h, and a;:=U.a;. (91)

Also, denote by a;1 (resp. i~11) the first entry of a; (resp. fl), and @;\; (resp. ft\l) the remaining entries of
a; (resp. h), and let € ~ A (0,1). We have

E[(alh)’x- (al2)vi (alh) | = El(a]h)*x. (] 2)] ~E[(alh)’ (1~ xu (aT )]

> E[(as1h)"x- (a] ﬂ+Ekzumo}EhA 2)] — WP E (€10 ooy |
> [ha*(1 = ¢1) + [lhaa |21 = ¢1) — GallA)? (92)
> (1-G—G) k|7,

where the identity arises from and . Since (aiTh)2 x- (a z) x1 (a; h) is bounded in magnitude

by 72 ||h|)?, it is a sub-Gaussian random variable with sub-Gaussian norm O(y2 ||h||?). Apply the Hoeffding-
type inequality |3, Proposition 5.10] to deduce that for any € > 0,

%i(ajh)"’xz T2)xn(alh) = E|(a[h)’x. (a] 2) 0 (a] B)| = €|nl? (93)

i=1
> (1-G-G-olhl? (94)

with probability at least 1 — exp(—Q(e*m)).

The next step is to obtain uniform control over all unit vectors, for which we adopt a basic version of an
e-net argument. Specifically, we construct an e-net NV, with cardinality [N;| < (1 +2/€)*" (cf. |3]) such that
for any (h, z) with |h|| = ||z]| = 1, there exists a pair hg, zg € N, satisfying ||h — ho|| < e and ||z — z¢|| < e.
Now that we have discretized the unit spheres using a finite set, taking the union bound gives

m

1
— =3 (@l ho)” x: (a] z0) xu (@] ho) = (1~ (1 — G — o) |holl®,  Vho,z0 € N, (95)

i=1

with probability at least 1 — (1 + 2/¢)?" exp(—Q(e?m)).
Define f1(-) and fa(-) such that f1(7) := 7xn(/7) and fo(7) := x.(1/7), which are both bounded functions
with Lipschitz constant O(1). This guarantees that for each unit vector pair h and z,

[(a'R)*x- (a] 2) v (a] B) = (a] ho)” x- (] 20) xu (a] ho)|

xn (af 2) || (ol B)*xn (@l h) = (a] ho)” x (a] ho) | + (@] ko) xn (a] o) |- i (@] 2) = xu (a]
xn (af 2) | |f1(la] h?) = fi(la] hol*)| + [ (@ ho)*xn (a] ho) | - |f2 (laf 27) = f2 (la] 2o[?) |
(] h)* = (ai ho)*| + (a] 2)” = (] 20)°].

AN VAN VAN
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Consequently, there exists some universal constant cg > 0 such that

1 & 1 —
‘E Z (azTh)QXz (aiTZ) Xh (aiTh) T (aiTho)QXz (ajzo) Xh (aiTho) ‘
i=1 i=1
1 1
S —||ARRT —hohd) ||+ —[A(z2" - 202]) |,
Q)
< e {|[RhT = hohq || + 22" = 202 |}

(i)
< 253 {|[h = hol| - [l + [z = =] - |=]]} < 5ese,

where (i) results from Lemmal[l] and (ii) arises from Lemma [2] whenever € < 1/2.
With the assertion in place, we see that with high probability,

(@[ h)x. (al z) xn (@l B) > (1—=Ci—Go— (5es+1)€) ||
1

m

?

for all unit vectors h and z. Since € can be arbitrary, putting this and together completes the proof.

A.3 Proof of Lemma [G

The proof makes use of standard concentration of measure and covering arguments, and it suffices to restrict
our attention to unit vectors h. We find it convenient to work with an auxiliary function

7|2, if 7] < ~2,
x2 (1) =4 =y (7| =% +73, if+* <|7| <292,
0, else.

Apparently, x2 (7) is a Lipschitz function of 7 with Lipschitz norm O (7). Recalling the definition of ny’l,
we see that each summand is bounded above by

|aiTh|3 ]_D"iy,l S x2(|a;h|2).

For each fixed h and € > 0, applying the Bernstein inequality |3, Proposition 5.16] gives

1 & 3 1 «— 2 2
moolalhl o < 5 v (jalhl7) < Efvo (Jalnf)] +o
< IEHa,L-Th’B] +e = /8/m+e

with probability exceeding 1 — exp (—Q (e2m)).

From |3, Lemma 5.2|, there exists an e-net N, of the unit sphere with cardinality |N| < (1+ %)n For
each h, suppose that ||hg — h|| < € for some hg € N.. The Lipschitz property of x2 implies

LS e (larnf) e (Jarmol)y < 2 [laTnl =~ Jarmof’| £ 1n ol = e
=1 =1

where (i) arises by combining Lemmas [} and 2} This demonstrates that with high probability,

;l; |a;rh|3 Ipin < ;;XQ (la] B|?) < /8/m+ O ()

for all unit vectors h, as claimed.
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A.4 Proof of Lemma

Without loss of generality, the proof focuses on the case where ||h|| = 1. Fix an arbitrary small constant
0 > 0. One can eliminate the difficulty of handling the discontinuous indicator functions by working with
the following auxiliary function

1, if /7> ¢ (7):
X3 (1,7) = 11)112?,?;) -99, if 7€ [V 0.99¢1, (7), Y (’Y)} ; (96)
0, else.

Here, 91 (+) is a piecewise constant function defined as
b (7) == (1 + 8) Leectim ]

which clearly satisfy 1% < ¢, () <. Such a function is useful for our purpose since for any 0 < ¢ < 0.005,

T2
Lijara|zyy S X0l hl™ v) S 1amps vomo0m () < 1jaTa|20.004}: (97)

For any fixed unit vector h, the above argument leads to an upper tail estimate: for any 0 < ¢t < 1,

P{XS( |aiTh|2’ 7) = t} < P{1{|a:h|20.997} =z t} - P{l{\ajh\zo.ggy} = 1}
> 2
= 2/0997(/) (x)dx < m¢(0.99*y), (98)

where ¢(z) is the density of a standard normal, and (98) follows from the tail bound [~ ¢(z)dz < 16 (z)
for all x > 0. This implies that when v > 2, both X3(|ai h|?, 7) and 1{|a,Th|>0.99«,} are sub-exponential with
sub-exponential norm O(y~2) (cf. |3, Definition 5.13]). We apply the Bernstein-type inequality for the sum
of sub-exponential random variables [3| Corollary 5.17], which indicates that for any fixed h and ~ as well
as any sufficiently small € € (0,1),

IN

1 & 2 1 & 1
E;Xﬁ‘“a?“ 77) E;l{‘ajh‘zo.%)'y} SE{I{\@MZO.%W} Jre?

exp (—0.4972) + ei

< 2

0.99y

holds with probability exceeding 1 — exp (*Q(EZm)).

We now proceed to obtain uniform control over all h and 2 < v < 2™. To begin with, we consider all
2 < v < m and construct an e-net N, over the unit sphere such that: (i) |N.| < (14 2)"; (ii) for any h
with ||k|| = 1, there exists a unit vector hg € N; obeying ||k — hy| < e. Taking the union bound gives the

following: with probability at least 1 — lolg(g%é) (1+ %)n exp(—Q(e?m)),

1 m
EZmWMﬁw@s (0.49570) " exp (—0.4973) + 75
=1

holds simultaneously for all hg € A and 7, € {(1 + (5)]€ [1<k< lolgo(g%é)}.
100

Note that x3 (7,70) is a Lipschitz function in 7 with the Lipschitz constant bounded above by TEACHE
1b
With this in mind, for any (h,~) with ||h]| = 1 and 7o := (1+68)" <y < (1+ 6)**", one has

‘Xs(la?ho|27 7o) = x3(|ai |*, 7)’ ‘Xg(\a?ho * ) = xs(lal B, ’Yo)‘
100

—— |lalh[* — [a] ho[*|.

Ui, (0)
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It then follows from Lemmas [1}2] that

Zx:; (lalhol*, 7o) - ZX3(|‘1 R, 9)| < wllHA(hhT hohy ).
gwnh ol Jnf < 20

log m
Putting the above results together gives that for all 2 <y < (1 4 6) Ta(119) = m,

1 m 2 1 m ) 250(1+6)2
m i=1 o Ua;h ’ 7) = %;X?) (‘a;rho ) 0) + Te
€
S Gaoay, P 0.4973) + 251 (1 + 6)* 7
1 ) ,
< 0497 exp (—0.4857%) + 251 (1 4 4) ?

with probability exceeding 1 — 101g0(1T6) (1 + ) exp ( ce m) This establishes forall 2 <~y <m.

It remains to deal with the case where v > m. To this end, we rely on the fo owing observation:

*Zlﬂawm} < Z s

where (i) comes from [2, Lemmas 3.1]. This basically tells us that with high probability, none of the indicator
variables can be equal to 1. Consequently, % S 1{|aTh\>m} = 0, which proves the claim.

Th| 1

1) 1
2R < - Whowith 8] = 1,

A.5 Proof of Lemma [T

Fix § > 0. Recalling the notation v; := Q{QaTh T2 }lg{ﬂgé, we see from the expansion that

[[v]]

| 9t@] = || Ao < Al ol < 0+8) 2 (99)

as soon as m > cin for some sufficiently large ¢; > 0. Here, the norm estimate ||A|| < /m (1 + J) arises
from standard random matrix results |3, Corollary 5.35].
Everything then comes down to controlling ||v||. To this end, making use of the inclusion yields

Ls (oo7p  lal B2 T lal B2’
mz<2aih— ) e < 503 (2Tl ) Sacomy

1 2
ol
m

dalbf* JalRt\
72 la] z| + la] 2| gin(Dyupi?)
T Tp3
T |a h|\ la; h| ) )
m;{“(“" W)+ <4+| o) ey (oot +epomsz)

The first term is controlled by |2, Lemma 3.1 in such a way that with probability 1 — exp(—Q(m)),

IN

LS 4 (al k) < 4(1+0) R

m
i=1

Turning to the remaining terms, we see from the definition of ny*l and fo that

h . . . .
aﬁl’ﬂui‘”’ on g{ N D}y’l 1, on g{ N ny’l
2+ el on & NDE? 3, on & NDL?

oz
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1b
as long as v < alzl ,Hﬁ“. Consequently, one can bound

LS (L Tkl laThE
EZZ + la]z|) |a] 2| (Eii”DZ/IJr ‘gliﬂpi’z)

< oY
= S’le 1 SIOD;’Z

T la] z|
51+ 8) /57 I T8 h)?
< ol [z 100 |

where the last inequality follows from (42)) and (| .
Recall that v4 = 3ay,. Taken together all these bounds lead to the upper bound

Ll < <1+6>{4 5v8/””””+}||h|| (1+6>{ TS L mo}nhn

im Bz " 100

ub 1 o 1b
2a2P 4o

. b Wb /9873(al?)? i .
whenever % < min { ;jw 2, M, 111} . Substituting this into completes the proof.

B Proofs for Section [4]
B.1 Proof of Lemma

Firstly, we collect a few results on the magnitudes of @, = (1 < i < m) that will be useful in constructing
the hypotheses. Observe that for any given x and any sufficiently large m,

2 1 "
P P la; >(1- — >1-o(1).
{1gl<nm jai @] > mlogm I H} < {|a’ 2l mlogm” ”}) - ( V2r mlogm) - o(1)

. . 1 2
Besides, since E [ {|a7 =|< Szl ] < JomSTogm < 510gm, applying Hoeffding’s inequality yields

m m
]P{ Zi:l 1{|affc|Ss{'fg‘Lﬂ - 4logm}
1 «—m 1 m
—P{ - (1 .1 —E {1 . D < —Q( ) .
{m Zi:l {laT $|—51Hog”m {lal w|751”0g“7n > 20logm | — P log2 m

To summarize, with probability 1 — o(1), one has

. 1
min<;<pm |a; | > ll|l; (100)
mlogm
m m
< = k. 101
Zz 1 {|a e|<gfle} = 4logm (101)

In the sequel, we will first produce a set M of exponentially many vectors surrounding « in such a way
that every pair is separated by about the same distance, and then verify that a non-trivial fraction of My
obeys . Without loss of generality, we assume that x takes the form = [b,0, - - ,O}T for some b > 0.

The construction of M; follows a standard random packing argument. Let w = [wq,--- ,wn]T be a
random vector with

w; = x; + zi, 1<i<mn,

1
V2n
where z; N (0,1). The collection M, is then obtained by generating M; = exp (2%) independent copies
w® (1 <1< M) of w. For any w®, wl) € M, the concentration inequality [3, Corollary 5.35] gives

P{0.5yn 1< /n||lw® —w| <15/n+1} >1—2exp(—n/8);
P{0.5y/n —1<v2n|w" —z| < 1.5y/n+1} >1-2exp(-n/8).
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Taking the union bound over all ( ) pairs we obtain

05-—n"12< |lw® —w@| <154+n7Y2 Vi#£j
1/V8—(2n)"12 < |w® —x|| < /9/8+ (2n)712, 1<1< M,

with probability exceeding 1 — 2M? exp (f%) >1—2exp (74%).
The next step is to show that many vectors in M satisfy (76). For any given w with r := w — x, by

(102)

. T .
letting a;, 1 := [ai2, - , @i, ,r):=71,and 7L :=[ro,--- ,7,] , we derive

jalr2 _ 2laiary? +2la] . 2k 2alirif? _2r|?  2leliril®

< < < . (103)
la] x| laia* |2 l*  aaa* lzl® ~ fal® - faial® @]

T 2
It then boils down to developing an upper bound on % This ratio is convenient to work with since

the numerator and denominator are stochastically independent. To simplify presentation, we reorder {a;}
in a way that

(mlogm)~"||z|| < |afa| < |aga| <--- <
this will not affect our subsequent analysis concerning a, | 7 since it is independent of a, .

To proceed, we let ’I’Sf) consist of all but the first entry of w®) — z, and introduce the indicator variables

l 1{ TLY)<1\/71271 1<i<k,
gi = g —=m n . (104)
1{],1143’5@}7 i >k,
foneins ﬁ as before. In words, we divide az'T,ﬂ"(Ll)a 1 <4 < m into two groups, with the first group

enforcing far more stringent control than the second group. These indicator variables are useful since any
w® obeying H:’;l ¢ = 1 will satisfy when n is sufficiently large. To see this, note that for the first
group of indices, ¢! = 1 requires

alr| < oS < A IO <

where the second inequality follows from (102]). This taken collectively with (100]) and (103]) yields

1<i<k, (105)

2 2 2
D R e Y L) R R Y Y el
alal> T l2l® gmlel® ER Lo
Regarding the second group of indices, & = 1 gives
) 2(n—1) logn W )
alLrl’< —_ Vl?logn”r ||, i=k+1,---,m, (106)

where the last inequality again follows from (102)). Plugging (106]) and ( into gives

‘a?r(l)f - 2| @2 17Hr(l)H2logn - (2 + 171log® m) Hr(l)H

i>k+1.
la] 2|’ [Els l|* /log?m || e
Consequently, is satified for all 1 <4 < m. It then suffices to guarantee the existence of exponentially
many vectors obeying [/, & = 1.

Note that the first group of indicator variables are quite stringent, namely, for each ¢ only a fraction
O(1/m) of the equations could satisfy ¢! = 1. Fortunately, M; is exponentially large, and hence even
M, /mF is exponentially large. Put formally, we claim that the first group satisfies

l } M, 1 k._N
;ZHlf > 3 )’“/2(1+4\//<Tn)k/2<\/%m> = M, (107)
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with probability exceeding 1 — exp (—Q (k)) — exp(—]\7 1/4). With this claim in place (which will be proved
later), one has

My k
! 1 1 1 k(2+logm) 1 1
16 bl b (- H2525)1) o )
when n and m/n are sufficiently large. In light of this, we will let M2 be a collection comprising all w®
obeying Hle ¢ = 1, which has size My > %exp (%n) based on the preceding argument. For notational
simplicity, it will be assumed that the vectors in My are exactly w'?) (1 < j < My).

We now move on to the second group by examining how many vectors w) in My further satisfy
HZ’;,CH ¢} = 1. Notably, the above construction of My relies only on {a;}1<;<r and is independent of
the remaining vectors {a;};>%. In what follows the argument proceeds conditional on My and {a;}1<i<k-
Applying the union bound gives

E {ZJM: (1 - szﬂgg‘)} - Z]_WZIP{EIZ' (k<i<m):

Jj=

T W0 2(n—1)logn 1
ai,LrL‘>\/T SMgmﬁ.

This combined with Markov’s inequality gives

My m . mlogm
_ 1) < .
Zj=1 (1 Hi=k+1 gl) - n2 My

with probability 1 — o(1). Putting the above inequalities together suggests that with probability 1 — o(1),

there exist at least
mlogm 1 mlogm 1 n
(1 — n2 > M2 Z 5 <1 — n2 > exp (25n> 2 exp (%)

vectors in My satisfying H;Z,H_l 55 = 1. We then choose M to be the set consisting of all these vectors,
which forms a valid collection satisfying the properties of Lemma
Finally, the only remaining step is to establish the claim (107). To start with, consider an n x k matrix

l

2(n—1)logn}

B := by, - ,by] of i.i.d. standard normal entries, and let w ~ N (0, 21,,). Conditional on the {b;’s,
b1 b u .
b, = : = : ~N <O, BTB> .
: : "
bk,u bk u

For sufficiently large m, one has k = 58— < in. Using [3, Corollary 5.35] we get

H%BTB—IH < 4/k/n (108)
with probability 1 —exp (—€(k)). Thus, for any constant 0 < € < 3, conditional on {b;} and we obtain
P (k] bTul< W\ s ontat(lBTB LT (LB7B) by )db

Nl oy 2 @n taad(C ), ow (- 50i(5BTB) o)
_k - 1 -1 F 9
(2m) "% (1 + 4\/k/n) /buET exp ( -3 (1 —4 k/n) ;bm)dbu (109)
@m) " (1+4/kfn) " ? (V2rm) ", (110)

where Y := {b | |b;| <m~!,1<i <k} and (109) is a direct consequence from (108].
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When it comes to our quantity of interest, the above lower bound (110]) indicates that on an event (defined
via {a;}) of probability approaching 1, we have

ST 2 e (1+aviT)

Since conditional on {a;}, Hle ¢! are independent across [, applying the Chernoff-type bound |5, Theorem
4.5] gives

E
2

(vV2rm) ™", (111)

_k
2

ST e SrenF (1 avin) - (Varm)

2mm

k
with probability exceeding 1 — exp ( — %(2 )k/Z(lﬁl\/W)k/2 ( 1 ) ) This concludes the proof.

B.2 Proof of Lemma

Before proceeding, we introduce the y2-divergence between two probability measures P and @ as

¢ Ple) = | (jg)zdcz 1 (112)

It is well known (e.g. |4, Lemma 2.7]) that
KL (P[Q) <log(1+ x* (PIlQ)), (113)

and hence it suffices to develop an upper bound on the x? divergence.
Under independence, for any wg, w; € R™, the decoupling identity of the x? divergence |4, Page 96| gives

V(B [w) [Py w) = T[] (x| wn) | Py |wo) ~1

m Twql?2 — laTwg|2)?
exp<2 (lo, w1 |alw0|))—1. (114)

i=1 la wol?

The preceding identity (114 arises from the following computation: by definition of x2(:|-),

oo (/\’fexp(—/\l))2 1
k=0 )\’gexp(f)\o) k!

:exp()\o—2)\1+)\—%){zoo Wexp(—i\\%)}—l = exp(w)—l.

)\0 k=0 0 )\0

x? (Poisson (A1) || Poisson (o)) = { Z

Set r := w; — wg. To summarize,

" (Jaf wi|? — |a] wol?)

KL (P P = v
(Bl wn) [Py wo) < 3=l w
- Jal vl (2[a] wo| + fa] 7))
<
> ; la wol?
m 8(1:’11) 2+2aiT1°2
- Za?rlz( | |Z|Tw0|2| | ) e

C Initialization via truncated spectral Method

This section demonstrates that the truncated spectral method works when m = n, as stated in the proposition
below.
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Proposition 3. Fiz§ > 0 and x € R™. Consider the model where y; = a; z+n; and a; g N(0,I). Suppose
that |||, <e lz||? for some sufficiently small constant € > 0. With probability exceeding 1 — exp (— (m)),
the solution z(9) returned by the truncated spectral method obeys

dist(2(9, z) < 8]z, (117)
provided that m > con for some constant co > 0.

Proof. By homogeneity, it suffices to consider the case where ||z| = 1. Recall from |2, Lemma 3.1] that
L3 (af x)? € [1 £€]|x||?. Under the hypothesis ||no < e||z[|?, one has L ||n||; < el|||?, which yields

m

-y y = — (a/ x) m € [1+2¢]|x|?
mi3 mi3

with probability 1 — exp(—§2(m)). This in turn implies that

A

LiaT w2 4nil <oz (L S 00} S {\a zl2<a2(L 5 p)+iml} S HjaT 22<(1+2e)a2 +e)
@7 epz+mi<az(2 5,00} = YlaTz<az(2 55, w)—tmil} 2 L{laTelz<(-2c)a2—c}

\/

and, hence,

72(12 $ 1{|a z|</(1-2e)a2— a} Zaz .’13 1{|a z|<\/(142¢e)a? +6} (118)

Z:Yz ::Yl

Letting £ ~ N (0,1), one can compute

EY:] = fixzx’ + oI, and E[Y,] = sz’ + A, (119)

where f1 = E[¢' < mrmmazie] — Bl < mrmmarra ) 02 = El€Lyg < mmmaal), S =
E[€1 < /mmmar—a)] — Bl q< mmmmar—a] and s = E[Ly < romaz—]- Recognizing that
a;a] (a;rw)2 1{|ajw)|§c} can be rewritten as bibiT for some sub-Gaussian vector b; := a; (a;'—:c) 1{|ajw)|gc}7

we apply standard results on random matrices with non-isotropic sub-Gaussian rows |3, Equation (5.26)] to
deduce
[Yi-E[Yi][| <6, [[Y2-E[Yy][ <0 (120)

with probability 1 — exp (= (m)), provided that m/n exceeds some large constant. Besides, when ¢ is
sufficiently small, one further has [|[E[Y ;] — E[Y 2] || < §. These taken together with (118]) give

1Y — Brzx” — BoI| < 30. (121)

Fix 6 > 0. With |i in place, repeating the same proof arguments as in |1, Section 7.8] (which we omit
in the current paper) and taking d,¢ to be sufficiently small, we obtain

dist (2@, z) <6 (122)

as long as m/n is sufficiently large, as claimed.
O

We now justify that the Poisson model (3)) satisfies the condition ||n|| < e||#||*> whenever ||z|| > log"® m.

Suppose that p; = (a] )? and hence y; ~ Poisson(s;). It follows from the Chernoff bound that

Ele™] _exp(u(e'=1) _ bt 1)
P(yi_ﬂiZT)Sexp(t(‘uiJrT))—exp(t('ui+7_)) =exp (u; (e —t —1) —tr), Vt>0.
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Taking 7 = 2éu; and ¢t = € for any 0 < € < 1 gives

®)
Py, —p; > 26p;) < exp (,ui (et —t—1-— 25t)) < exp (ﬂi (t2 — 2575)) = exp (fuiéz) ,
where (i) follows since ! <1+t +12 (0 <t < 1). Letting x; = u;/||z||? and setting & = £/2k;, we obtain

€2||w||2>

Py — pi > ellz)|?) =Py — pi > 261:) < exp (—ryl|z]?e?) = exp ( -

In addition, standard results on Gaussian measures indicate that maxi<;<m, k; < logn. As a consequence, if
? =t > ~ b)

||| 2 . . .
|lz||? > log® m, then ‘T 2 log”m (1 <i < m), which further gives

P(Vi:n >ellz)?) =P (Vi:y; — i > ellz)|?) < mexp(—Q(e?log’m))

from the union bound. Similarly, applying the same argument on —y; we get 1; > —¢||z||* for all 4, which
together with (123) establish that
7o < ellll? (123)

with high probability. In conclusion, the claim (117]) applies to the Poisson model.

D Local error contraction with backtracking line search

In this paper, we also consider a backtracking line search with truncated objective to determine the learning
rate. This strategy performs a line search along the descent direction

1
pt = Ev&r(zt)

and determines an appropriate step size that guarantees a sufficient improvement. In contrast to the con-
ventional search strategy that determines the sufficient progress with respect to the true objective function,
we propose to evaluate instead a truncated version of the objective function. Specifically, put

Uz):= > {yilog(la] z*) — |a; z*}, (124)
ie%(z)

where R
T(z):={il||a) z| > a||z] and |a;p| < a,pll}-

Then the backtracking line search proceeds as
1. Start with 7 = 1;

2. Repeat 7 < 7 until

1~ 1 )
(t) (t) (t) - (t)
— (2" +pM) = —0(2M) + 27'Hp |7, (125)

1
m
where § € (0,1) is some pre-determined constant;

3. Set uy = 7.

By definition , evaluating 7 (20 +7p™®) mainly consists in calculating the matrix-vector product A(z® 4+
p®). In total, we are going to evaluate Z(z(t) +71p®) for (9( log 1/5) different 7’s, and hence the total cost
amounts to computing Az®, Ap®) as well as O(mlog1/3) additional flops. Note that the matrix-vector
products Az(®) and Ap® need to be computed even when one adopts a pre-determined step size. Hence,
the extra cost incurred by a backtracking line search, which is O(mlog1/8) flops, is negligible compared to
that of computing the gradient even once.

In this section, we verify the effectiveness of a backtracking line search strategy by showing local error
contraction. To keep it concise, we only sketch the proof for the noiseless case, but the proof extends to the
noisy case without much difficulty. Also we do not strive to obtain an optimized constant. For concreteness,
we prove the following proposition.
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Proposition 4. The claim in Propositz'on continues to hold if ap, > 6, agb > 5, 042’ <0.1, ap > 5, and
Ihll/ll2]l < € (126)

for some constant ey, > 0 independent of n and m.

Note that if ay > 6, a‘;b > 5 and ozlzb < 0.1, then the boundary step size pg given in Proposition

satisfies !
0.994 =G =& = V2/Omay” gy
2 (1.02 + 0.6650, ")

Thus, it suffices to show that the step size obtained by a backtracking line search lies within (0,0.384). For
notational convenience, we will set

p:i=m 'V, (z) and & := {’a;rz| > ol ||z|| and |a;rp| < ay, ||pll}
throughout the rest of the proof. We also impose the assumption

el /12l <€ (127)

for some sufficiently small constant € > 0, so that ‘a;r p‘ / ’a;'—z’ is small for all non-truncated terms. It is
self-evident from that in the regime under study, one has

Ipll > 2{1.99 = 2(¢: + ) = v/8/x(3en) ™ — o (1) }[IB]] > 3.64 A (128)

2 2
To start with, consider three scalars h, b, and §. Setting bs := W, we get

(b+6)?
b2

(b+ h)?log — (b+8)* +b% = (b+ h)?log (1 + bs) — b%bs

i)
< (b+h)? {bs — 048753} — b%bs = ((b+ h)?> —b*)bs — 0.4875 (b + h)* b}

= h& (2+ h/b) (24 6/b) — 0.4875 (1 4+ h/b)* |6 (2 + 6/b)|

2h2 2h52 252 2 2
= 4hd + h5+ ho +h5 — 0.487552 <1+h> <2+5> , (129)

—~

b b b2 b b

where (i) follows from the inequality log (1 + x) < o — 0.487522 for sufficiently small x. To further simplify
the bound, observe that

2 2 2 2 2
4 2 2 252
62<1+Z> <2+g) 2452<1+Z> +62(1+Z) ?5 and ’? +hbf =<(1+2) —1)52.

Plugging these two identities into (129)) yields

2 2 2
(129) < 4ho+ 212 o _ (0.95 (1 + Z) + 1) 62 — 0.487552 (1 + Z) %5

2h% (6] 1.9|h) 1.95 67| h\>
< 4h6 —1.956% + + 6% + 1+—) .
|b] 0] 14 b
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Replacing respectively b, §, and h with a;rz, Ta;'—p, and —a;'—h7 one sees that the log-likelihood ¢; (z) =
yilog(la! z|*) —|a] z|* obeys

la] (= +7p)|?

’aTzP _’a;l' (Z+Tp>‘2+|a;rz‘2
i

li(z+71p) — ;i (2) = y;log

27(a?h)2|a;—p| 1.97'2|a;rh’ T \2
ozl T lars (P

< —4r (a]h) (a] p) — 1.957 (a]p)" +
::Il,i :=I2,'i

PREL lal p|’ (1 ~ a,jh>2.

la 2| al z

::I3,,j 12[4,72

=I5

The next step is then to bound each of these terms separately. Most of the following bounds are straight-
forward consequences from |2, Lemma 3.1] combined with the truncation rule. For the first term, applying
the AM-GM inequality we get

m

Ar 3642, — o 1, ¢ o) _Ar(1+06) (3642 5 1.
— E ; E : = (a; < - .
Diley < 3500 1{ 5 (aih)"+ 5 (aip) } =364 5 IRI7+ 5 el

=1

Secondly, it follows from Lemma [] that

m

1 — 1 2
E;IQ,,;E% = —L957°— " (a]p) 15‘%§f1.95(1f41 ) Ip|?,

i=1

where ¢; := maX{EKQl{\g\gmal}}}’E[l{\é\é 1.01a12b}]} and (o := ]E[§21{|§|>\/Wah}]' The third term is

controlled by
lzmy&;gigzﬂi”p” izm:(ajhf < el
m 2 =TT 2] | m

i=1

Fourthly, it arises from the AM-GM inequality that

1 1970‘1)”17“1 T R T2, LT 2 2 (1|12
EZI‘UIS; Qe L Z|a hHa p’<e EZ 2|ai h| +§|aip| <er’|pll”-

Pzl m 2

Finally, the last term is bounded by
1™ 1.957% |a p| alx 1.957%03 [|p|® 1 & 2 [Els
LS kg < fz (& ) < T PL LS (@ w)’ 5 e 2 p
mi= ’ la] 2| a; (@) |z)* m= 2]

Under the hypothesis 1) we can further derive % S Iiilg <7 (1.1+9) HPH2 Putting all the above
bounds together yields that the truncated objective function is majorized by

1 1
EZ{EZ (Z+Tp) —é }lgl S EZ Il,i +I2,i +13,i +I477; +I5,i) ]_5%

<7 (1+9)pl* - 195 (1= G = &) 7 o + ¢ |Ipl)
- {T (1.1+4) — 1.95 (1 - 52) 7 +7e} Ip|> (130)

for some constant € > 0 that is linear in e.
Note that the backtracking line search secks a point satisfying = > {¢; (z + 7p) — {; ()1 >

3T Ipll*. Given the above majorization lb this search criterion is satisfied only if

7/2<7(11468)—1.951 ¢ — Co)r2 4 7€
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or, equivalently,
0.6+0+¢€
T< = =
L95(1 = G — (o)
Taking 6 and € to be sufficiently small, we see that 7 < 7, < 0.384, provided that aLb < 0.1, agb > 5,
ap, > 6, and oy, > 5.
Using very similar arguments, one can also show that % Sl (z+7p) — 4 (2)} 1¢; is minorized by a
similar quadratic function, which combined with the stopping criterion = > {¢; (z 4+ 7p) — 4; (2)} lgi >

m

‘= Tub-

3T |p||* suggests that 7 is bounded away from 0. We omit this part for conciseness.
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