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1 Uniform equicontinuity of the marginals

We discuss condition (%) stated in the main text. We conjecture and assume that the following technical
condition holds on all spatial graphs.

(x) For t = ©(g,,?), the rescaled marginal density ng;(x,z;) is a.s. eventually uniformly equicontinuous.
To make the terminology we use in (%) clear, we rephrase it as follows.

Definition S1.1 (Condition *). If t = ©(g,,2), with probability 1, for any § > 0, there exist v > 0 and ng
s0 that for n > ng, any x € Xy, and any x;,x; € X, with |x; — x| < v, we have

[nge (24, xx) — nge(xj, xr)| < 0.



This statement allows us to convert the weak convergence in distribution ensured by Theorem 2.2 and
the results of (Stroock & Varadhan, 1971) to the convergence in density required by Corollary S2.6. Such
a statement rules out the possibility that the density function ¢;(z,x;) oscillates at frequencies increasing
with n as n — oco. Controlling regularity of ¢;(x, ;) seems to be a critical ingredient for approaching (x).

In the case of an undirected graph, (x) follows from results in the literature. The strong local limit law
for simple random walks shown in (Croydon & Hambly, 2008) yields an even stronger result than (%). In
addition, in the same setting, the convergence result for spectral clustering of (von Luxburg et al., 2008)
yields an equicontinuity result for eigenvectors of the Laplacian which implies (x).

However, for directed graphs no such result exists, and non-reversibility of the Markov chain seems to
be an obstacle to proving such a result. Some results on utilizing the directed Laplacian as a smoothing
operator (Zhou et al., 2005) exist in this direction. We believe these techniques could lead to an approach
to (%) but thus far they have not yielded a sufficiently strong equicontinuity result.

Remark 1. In Hashimoto et al. (2015), a similar conjecture was made on the uniform equicontinuity of
the rescaled stationary distribution nmxn(z). We believe “uniform equicontinuity” should be corrected to
“eventual uniform equicontinuity” there. In Corollary S2.6, we show that (%) implies the conjecture of
Hashimoto et al. (2015).

One consequence of equicontinuity is that convergence in distribution implies convergence in density. We
prove this for the marginal distribution gg(z, x;) of Yz for the purpose of Theorem 3.5, following the original
strategy of (Hashimoto et al., 2015).

Lemma S1.2 (Convergence of marginal densities). If t,g> =t = O(1), then under (x) we have

lim g, (@, 2) = @)

where the convergence is uniform in x and x;.

Proof. The a.s. weak convergence of processes of Theorem 2.2 (which is uniform in ;) implies by (Ethier &
Kurtz, 1986, Theorem 4.9.12) that the empirical marginal distribution

dpin, = Z qt, (24, )0z,
j=1

converges weakly to the marginal distribution dp = @z, z;)dx for Yz For any z € X and 6 > 0, weak
convergence against the test function 1p(, sy yields

Y alyw) Gy, ;) dy.
YEXn,,|ly—x|<d ly—z|<é

By eventual uniform equicontinuity of ng;(z, x;), for any € > 0 there is small enough § > 0 so that for all n
we have

S @ (52) — X 1 B(@,0)lar, (2,3)| < 071X 0 B, 0)e,
YEX,,|ly—z|<S

which implies that

Tim_ g, (x,z)p(e)n = lim Tim V;'5~ng, (z,.) /“K&p(y)dy

s —15—d . —15-d ~ ~
= (}f%)nh_{réo V07X, N B(x,0)|q, (x,2;) = (%1_1% Vo s Gy, zi)dy = gz, z;).
We conclude the desired R
x, T
lim ng(z,z;) = M7
where uniformity in z comes from (%) and uniformity in z; comes from uniformity of Theorem 2.2. O



2 Hitting times

In this section, we prove Theorem 3.5 to generalize the result of von Luxburg et al. (2014) on degenerate
behavior of hitting times via Lemma 3.1. Our proof consists of two parts. First, we show that by Lemma
3.1 we can make the random walk mix before hitting any point. Next, we use this to show that if the chain
is sufficiently mixed, then the expected hitting time is degenerate.

2.1 Typical hitting times are large

In this subsection, we give a complete proof of Lemma 3.3, reproduced here. Recall that Tj is the hitting
time of Y; from x; to a domain E C D. We will require a more general version of the Feynman-Kac theorem.

Theorem S2.1 ((Qksendal, 2003, Exercise 9.12) Feynman-Kac). Let Z; be an Ité process in R? defined by
dZt = /,L(Zt)dt + O'(Zt)dBt.

For a function V(z) and T§ the hitting time to a domain E C D, the function
u(e) = E {e— i wmds]
is the solution to the boundary value problem
%T?"[O’TH'LLO'] +p(z) - Vu—-V(z)u=0

with boundary condition ulpg = 1.
Lemma S2.2. Forx,y € D, d > 2, and any § > 0, there exists s > 0 such that E[eiTg(y«&“)] < 4.

Proof. We use Feynman-Kac to compare E[eng(w] for the general process to that of Brownian motion.
By Theorem 3.2, us(z) = E[e” 5. satisfies the boundary value problem

Aug + 2Vp(z) - Vu, — 2uE(z) "2 =0

with us|p(y,s) = 1. This is equivalent to

5 (and 20 825) <o

7

Set vs(z) = p(x)us(x) and change variables to obtain

Z (&[p(m)@ivs — vg(x)0;p(z)] — 2052%)2> = p(x)Avs — Ap(z)vs — v ip(x =0,

i

which is equivalent to

A
Avg — (M + 25(:1:)72)1)8 =0
p(x)
with boundary condition v,|sp(y,s) = 1. Theorem S2.1 for V(z) = Ap’(’—g) + 28(x) =2 implies

_ (TBw.:s) ApBr) | om(p -2
Us(l') =E |:€ Jo p(B,) T2E(Br) " dr

for B; Brownian motion started at z and T;(y)s) the hitting time of By to B(y,s). For a constant C
depending on p and €, we have

US(ZE) _ ’Us(x) < E[Q_CTE(%S)].
p(x)
Applying Lemma S2.3 with this C implies us(z) < e~ ¢, as needed. O



Lemma S2.3. For z,y € D, let By be a Brownian motion with reflecting boundary condition in D started
at x and Tg(y’s) its hitting time to B(y,s). Then for any sufficiently small C,c,6 > 0, there exists some
s >0 so that

Ele=“T5w.5] < de°.

Proof. Fix ¢ > 0 and § > 0 small enough so that e~ ¢ < 1/10. If |z — y| = p, by Theorem 3 of Byczkowski
et al. (2013), the probability density of Tg(y,s) started at x if there were no outer boundary is bounded by

p(t) < O 2

3(p — 5)e— Lo {((t/s%d;s +(p/s)F)! d>2
52 (p/s+1/5")* (1 +log(p/s)) _
pt (T log(1H/pa)) (L tlog(p/s11/57) 4= 2

for some constant C.
Choosing constants: We claim that we can choose s, p, and r with » > p > s > 0 so that:

(a) B(y,r) is contained entirely in the domain D;

2—d_ 2—d _e—C .

(b1) =P > max{1/2, 11_;_55 if d > 2;
log r—1 _e~ ¢ .

(b2) ZEL%E2 > max{1/2, 11,;7(,.5} ifd=2;

¢ 18 T+ ud/2=2¢=(P=9)ugy ) < Lge—c i > 2

1) Cys? (C71 4 [[Fud/272e=0=)ug Toecif d > 2

c2a 18 e (ps+t t < zoe “itd=2;

2a) Cys? [~ e ! V24t < Loec if d =2

(c2b) Cys%(ps +1)1/? fol t=3/2¢=(p=9)*/2t gy < Foecif d =2.

For d > 2, we have that

d/2 -1 o o o

— = (p—8)" e Tde = u_e__2u> u_e__2u.
F( / y 2) 2—d d/2—2 zq d/2—2 _—(p—s) ug d/2—2_—(p—s) uq
(p—s)* 0 0 1

Then for p = 2¢r and s = gr, we have that

T2_d _ n2—d 1— 2d—2qd—2

p _ d—2 d—2
p2=d _g2-d . {_ a2 >1-2""q

and that
T(d/2-1)

(p— )2
Therefore, sending » — 0 and ¢ — 0 gives a choice of » > p > s satisfying (a), (bl), and (c1) as needed.
For d = 2, notice that for t = v~ !, we have

< @*r’T(d/2 - 1)

1 oo
/ t73/267(p75)2/2tdt _ / u71/267(p78)2u/2du'
0 1

Observe now that
—-s)" =p—-s5) t /e dt = u/2e=(ps)? u > u/2e=(ps)? u,
P 1F 1/9 1 1/2 td 1/2 —(p—s) g 1/2 —(p—s) u g
0 0 1
whence we conclude that

2 1 1

VP T 9y sy (ps + 1)1/ / $73/2e=(0=)" /2t gy
p—3s 0

Again choose p = 2qr and s = gr, for which we obtain

1
Cis%(ps + 1)1/2/ t3/2e= =)/ g < C1T(1/2)qr/4¢?r% + 1.

0



Sending ¢ and r to 0 then yields r > p > s satisfying (a), (b2) because ¢ — 0, (c2a) because s — 0 and
(ps +t)1/2 < (1 +t)*/2, and (c2b) by the estimate above.
Bounding the Laplace transform: Having chosen r > p > s > 0 with the desired properties, we have for
any z € D that
E[e_CTE*(w)] < max ]E[e_CT§<y>S>].

lz—y|=p
Our strategy will be to bound E[e~“T5w.)] for any « with |z — y| = p. Fix such an z. Let E be the event
that the walk hits B(y, s) before B(y,r). By Theorem 3.17 of Mérters & Peres (2010), the probability of

2—d —d
Eis =gy if d > 2 and bgr-logp it ¢ = 2. By our choice of parameters, this probability is at least

logr—log s
P(E) > max{1/2, 5},
2

Let E'[e~“T5w.] denote the case where there is no outside boundary. For d > 2, we have

oo
E'[e~“Tow] < C’lsd/ e~ Cty=d/2e=(p=9)*/2t gy
0

1
< ClSd (C—l _|_/ t—d/26—(p—s)2/2tdt)

0
[ee]
< Clsd (C—l +/ ud/z_ze_(p_s)2udu>
1
1
< zée_c

by the choice of s and p. For d = 2, we have
E'[e~“T5w.0] < C)s? /000 e_Ctt_3/26_(p_s)2/2t(ps + )24t < i&e‘c
again by our choice of s and p. Conditioning on E, we find that
Ele “"Bwo|E] < P(E)'E'[e”Thwe] < %56—0.

This implies the desired

Ele"“"5w.»] < P(E)E[e”“Tbwo)] + (1 — P(E)) < de™°. O

2.2 Exponential mixing on spatial graphs
In this subsection, we show that mixing rates are exponential on spatial graphs as assuming (x).

Lemma S2.4 (Uniform Doeblin condition). Assuming (), there exist « > 0 and K < oo so that for some
nog > 0 and tg > 0, we have for n > ng and t > tg that
1. ming 4. cx, QF?g;21($7$i) > a;

n K
2. maxy z,cx, qﬁggg](m,xi) <o

Proof. By Lemma S1.2, assuming (x) we have nq%g;21 (x,2;) = ¢z, z;)/p(z), where convergence is uniform
in z and x;. Therefore, we may choose ng > 0 and tg > 0 so that for n > ng and ¢t > ¢y, we have for any
xz,x; € X, that

i, G a0) [pla) < gl (0 ) < ma G, ) /p()
where the first and last quantities are well-defined by compactness of D. Taking

1
a=g min g(z,y)/p(z)  and K =2 max gy(z,y)/p(z)

thus fulfills the desired conditions. O



Theorem S2.5. Then we may choose to,no > 0 and C, 8> 0 so that for t>to, n>ng and x;,x € X, we
have

|q7rl?g;2w (@, ;) — 7, ()| < Cexp(—ph)mx, (z).

Proof. By Lemma S52.4, the family of processes X' satisfies the uniform Doeblin condition of (Eloranta,
1990, Section 2.8). The claim follows by the consequences for exponential mixing given in the analogue of
(Eloranta, 1990, Theorem 2.7). O

Corollary S2.6. Assuming (x), the rescaled stationary distribution nmxn(x) is a.s. eventually uniformly
equicontinuous.

Proof. Choose a, K, t,n by Lemma S2.4 so that for n > n1,t > t1, we have
a n . -
< gy (@ %0) <
Choose C, 3,12, no by Theorem S2.5 so that for n > na,t > ta, we have
|, 2 (@, 5) = 7x, ()| < Cexp(—Bi)mx, (x).

Thus, for n > max{ni,n2} and t> max{tAl,tAg}, we have

~

|, 2 (@, 25) = 7x,, ()] < Cexp(—Ft)nx, (z) < % exp(—ft). (1)
Now, for any v > 0, choose ng > max{ny,ns} and to > max{fl,fg} large enough and ¢ > 0 so that
. % exp(—fto) < 7/3;
e by eventual uniform equicontinuity of nq%ogﬁ] (x,2;), for n > ng, if |z — y| <, then
gy, 2 (@, @0) =gl e (v, @) < 7/3.
Now, for n > ng and |z — y| < d, we find that

e (@) — nen ()] < gl o (@ 22) = gl o (. 2)| + [ngls o (2,2) — ne ()

+nqf, -2 (W, 21) — nxn (y))

2CK .
<~v/3+ - exp(—fto)
<7
where we apply (1). This implies that nmxn» (x) is eventually uniformly equicontinuous, as needed. O

2.3 Expected hitting times degenerate to the stationary distribution

For any x;, let 'y, be the stationary distribution of the simple random walk on the graph G/, formed from
G, by removing z; and all edges incident to it.

Lemma S2.7. Assuming (x), the rescaled stationary density nw.(x) is a.s. eventually uniformly equicon-
tinuous and satisfies
. ’ oA~
nl;ngo n'yn (z) = 7(x).
Proof. Let q;(z,x;) be the marginal distribution of the simple random walk on the modified graph G,.
Because G, is also a spatial graph, by (Hashimoto et al., 2015, Theorem 3.4), the time-rescaled simple
random walks on G/, and G,, converge to the same continuous-time Ité process, and we have under (x) that

lim nr'yn(z;) = 7(x:),
n—oo

where the convergence is uniform in z;. O



Lemma S2.8. There exist tg > 0, ng > 0, and C, 8 > 0 so that for all t >ty and n > ng and any integer
t > tg,?, we have

xi T4 T‘-_an (.13) 2
nlP (ij,n =t| T, > t) -n 6'\%:( )M < Cexp(—ptg;).
T n(zj

Proof. By Theorem S2.5, we may choose to > 0, ng >0, Cy > 0, and 8 > 0 so that for t>1% and n > ni,
we have

A7,y (@ @) = when (2)] < Crexp(=B8)mcn(a5).

We claim that the desired result will hold for ¢, and this ng.
By definition, we have

. . q;,l(l',ifi)
P(Tj?n:t Tj,”?nzt): Yoo Bt
” Iz = INBy(z)]
zeNB} (z;)

from which we conclude that for ¢ > tog;-2 we have

Ti T; TrX”( )
‘IP’ (T7, =1 T, =) = > ‘ <

Z Q1 (T, 25) — Tn ()

2ENBI () INB. ()] 2ENB (z;) INB, (2)]
!
C _Btq? Ty (2)
<crmom ¥l
n J
INBJ ()|

< Cy exp(—Ptg?) max Ty (2).

min, [NB, ()|

We now show there exists Cy > 0 such that % < (9 almost surely due to the construction of g,
and Z. By the out-degree estimate of an isotropic graph (Hashimoto et al., 2015, Theorem S3.2)!, we have
INB, (z)|

C(h
XA Blo,en@y]  CP@)
for some constant C'(h) independent of 2 and n. Further, since the number of points in |X,, N B(z, &, (z))| ~
Pois (e, (2)Vyp(z)), we obtain for a constant 0 < C,, < co dependent on p, Vy and C(h) that

INB, ()]

7%(96)% — Cy.

For the denominator min, [NB,(z)|, the above limit immediately implies that min, [NB,(z)le,n"! —
min, C; > 0 by the lower bounds on p(x) and &, (x).

For the numerator, note that by construction of &, for any 6 > 0 there exists a n such that &,(z)~% <
(1 4 ) max, z(x)~9g;;? almost surely. By the expectation in (Hashimoto et al., 2015, Theorem S3.2), the
out-neighborhood of a graph constructed with uniform scale max, g(z)g, asymptotlcally dominate the in-
neighborhood of the original graph. Therefore,

max [NB,, (z)"E(z) g, %n~! < maxC,(1 + ) < oo
Combining the two bounds gives that

INBJ, ()]

max, C,z(z)?
min, |[NB,, (z)|

<(+9) min, C,g(x)4"

The ratio max* &= is bounded by definition of p(z), and therefore there exists Co > 0 such that % <

C5 almost surely Finally, by Lemma S2.7, there exists C5 > 0 such that 7'y, (z) < Cs/n for large enough
n. The original statement follows by setting C' = C1C>C}. O]

!Note that there is a typographical error in Hashimoto et al. (2015) adding an additional factor of e, (x) 9.



Lemma S2.9. We have the limit

1
lim —_— =1
2 INB,,(2)]|

2ENB (z5)

Proof. We will proceed through three estimates.

Estimating £(x) for « € NB},(x;): For o > 0, define v = o min, £(x) > 0. We may choose ¢ > 0 so that if
|z —y| < 6, then [g(z) —E(y)| < 7. Choose ng so that if n > ng then g, max, z(z) < §/2. For n > ng, we
find that for = € NB"(x;), we have

|z — x| < ep(z) < gpmaxé(z) <0
€T

and therefore that
[g(z) — &(x;)| < oming(z) < o&(z;).

This implies that for n > ny we have
(1= o)e(wy) < E(w) < (1 + )e(ay). 2)
Estimating |[NB, (z)| for € NB"(z;): By (Hashimoto et al., 2015, Theorem $3.2), we have

INB, ()]

T A Blo.en@y] S0P

for some constant C'(h) independent of x and n.? For any 7 > 0, we may therefore find some n; so that for
n > n, we have

(1 =7)C(R)p(2)|Xn N B2, en(2))] < [NBp ()] < (14 7)C(h)p(x)|Xn N B(z,en(2))]-
On the other hand, by (2), for 2 € NBI"(z;) and any ¢ > 0 there is some ng so that for n > ny we have
[ X0 OV B(2, (1 = 0)en(2))| < |Xn N Bz, n(2))] < [Xn 0Bz, (1+ 0)en(z))]- 3)

Estimating |NB"(z;)|: By (2) and an analogue of the proof of (Hashimoto et al., 2015, Theorem S3.2), we
have for z € NB))(z;) that for any p > 0, there is ny > 0 so that if n > ny then

(1= p)C(h)p(@)| X, N B(x, (1 = 0)en(z;)| < INBY (2;)] < (1+ p)C(h)p(2)| X 0 Bz, (1+ 0)en(2;))]. (4)

Completing the proof: The conclusion follows by taking 7,0, p — 0, choosing n large, and combining (3)
and (4). O

Lemma S2.10. The quantity 6, (z;) = ZmeNB‘;;(z]-) \:'EZE;E))I satisfies

nhﬁrr;o by (z;) = 7(z;).

Proof. Fix a sequence of points yi,ys,... in X with y, € G}, so that limy_,o yx = ;. Fix any 6 > 0. By
Lemma S2.7, we may find some ng so that for n > ng, for each € NB}(z;) we have

[ () = T ()] < 6/2.

This implies that for n > ng we have

/ 1 6 1
P VRN XTI oI =

2ENBI (z5) zENBI (2

g

The result then follows by Lemma S2.9 and Lemma S2.7. O

2Note that there is a typographical error in Hashimoto et al. (2015) adding an additional factor of e, ()~



Theorem S2.11. For any x; and x;, we have

BTz, 1
no O R)

where the convergence is a.s. in the draw of X.

Proof. By definition, we have
E[T, | Toin > 19, %] 2 BT ) 2 P(T3 > 19, )BT, | T3, > 19,7, (5)

By Lemma 3.1, for any § > 0 and to > 0, there is some n1 so that for n > ny and ¢ > %, we have
P(Ty:, > tg,2) > (1 —6). Define now p; = P(Ty, =t |15, >1); by definition we have
o] t—1
BITE, | T8, > 1,71 = > tpe [ (1—pw).
t=ltgn"1  r=[ign”]
By Lemma S2.8, we have for some no that for n > ns and ¢ > tog’2 that
C exp(—ptg;)
Ipe— O(ay)] < SR
so in particular for § = £ mingep 7(z) and 7 = 2max,ep 7(z), we have for some nz that for n > ng we have
d <np, <7 and § <nby,(z;) <.
For ny4 large enough that 1 — 7/ny > §/ny, for n > ny we have

t—1 t—1
b T1 (- p0) = bula)( -,y 007 < 32 COREII) gyt

n
r=[tgn 2] r=[tgn "]
C 67’8? t—TTa—2
Z_ = (1_ —[tg,"1-1
< o (1—-7/n) .
This implies that
[e%e} R 0 C e_ﬁ?

z; z; o2 ) \t—[tg;? < . t—[tg,;21-1
BT | Tofn > B2 = 3 n(e)(L=ba(ag) 1N < 3 ogm (L= r/my ]
t=[%gn 2] t=[tgn

3\'—'

where we note that for n > 27, we have

C e=ht < 2Ce= Pt ~1(g? + + L)
n il
T(n—7)1—e P9 T 2 " 129

Because limy, oo n7 (g, 2 4+ 3 + 592) = 0, considering n > max{n1,ns,n3,n4}, we conclude that

oo

i | — tim L . NS
lim. nE[T | T > 19,7 = lim — Z 10, () (1 — On (7))
t=[tg, "]
— lim 11 0 )+ )I/t\gn
n—oo N Hn(xj)
) 1 1
= lim =

oo nfn(x;)  F(wj)




2.4 The case of one dimension

The Laplacian-based bounds in (von Luxburg et al., 2014) suggest that the hitting time should diverge
even when the dimension of the underlying geometric graph is 1. This is a very surprising result, since the
continuous random walk in one dimension converges to a non-trivial limit. We provide another explanation
of this result in our framework.

Intuitively, this happens since we are concerned with the hitting time to a single point, and the discrete
random walk may jump over the point, while the continuous walk cannot. To demonstrate this, we show
that considering the hitting time to a sufficiently large out-neighborhood of a vertex instead of the vertex
itself fixes this problem.

Pick z;,x; € Gy, and let X be the simple random walk on G,,. Suppose without loss of generality that
z; < x; and define

v = 112f xr,;rg)?n T;
to be the left boundary of D. Pick a sequence of sets of vertices S,, C &, so that every element in S, is
reachable from z; in o(g, ') steps and the removal of S,, from G,, disconnects G,,. Let Tg' be the hitting
time to any point in S,,. We will use the Feynman-Kac theorem for functionals of hitting tlme

Theorem S2.12 ((Qksendal, 2003, Exercise 9.12) Feynman-Kac). Let Z; be an It6 process in R? defined by
dZt = ,U(Zt)dt + O'(Zt)dBt.

For a function f(x) and T the hitting time to a domain E C D, the function

/0 * f(Z2)ds

%ﬂbﬁwﬂ+u®%VU+ﬂ@:

is the solution to the boundary value problem

with boundary condition u|pr = 1.

Theorem S2.13. Such a sequence of vertex sets S, always exists and the expected hitting time ]E[Tgnn]
converges to a non-degenerate continuum limit defined by

. i1 Y 2p(2)?
EWlZa/ /7 dzd
Tosntnl = | w7 ), =62

i

Proof. First we prove a sequence S, exists. Take the set of points §n = {xy : |zx — x| < ¢, } for a sequence
¢, with ¢, — 0 and ¢, g, — o0. Let s be the maximum shortest path distance to any element in §n Then
we have s = o(g,;!) since ¢, — 0 and the length of the shortest path between any two points scales as
O(g, ). Therefore the set S, defined by all points whose shortest path distance to z; is at most s fulfills
the requirements.

Let T;; be the hitting time to x; of Y7 started at x;. Note that it is not infinite because we have d = 1.
By Corollary 4.4 and the fact that sg,;* — 0, we have

X 2 d 7
TSn,ngn - T‘ZJ

Finally, by Theorem S2.12 with f(z) = 1, the expected hitting time u(x) to ; under the continuous process
Y; started at x is the solution to the boundary value problem

(@)’ (z) +1=0

We may rewrite this as




after which integration of both sides and application of u'(y) = 0 implies that
p@fu' () =~ [ B
v E(2)?

Another integration and application of u(x;) = 0 implies that

L e,
ule) = / p(y)zL (2 W

Setting z = x; then implies that

. . - 1 [V 2p(2)?
lim E[Tg i:ETi-:/ / - —dzdy. O
3 Bl ol =ElG1= | oo | Zir

For cases where the kernel function takes values in {0,1}, such as the k-nearest neighbor graph, the
following corollary is useful.

Corollary S2.14. Suppose that G, is constructed by the kernel h(x) = 1jg,1). Then the expected hitting time
of X{* started at x; to the out-neighbors of x; converges to the limit of Theorem S2.13

Proof. From the fact that the out-neighborhood of z; satisfies the conditions for .S;, in Theorem S2.13. [

Although this metric is nontrivial in the sense that it retains some information about the latent space
metric, it is still highly distorted. We examine this phenomenon in the case of €(x) =1 and p(z) = 1 in the
following Corollary.

Corollary S2.15. Ifg(z) =1 and p(xz) =1 in Corollary S2.14, for any x; and x; the rescaled expectation
of the hitting time T, of X{* started at x; to the out-neighborhood of x; has the limit

NB, (z;),n
EIT55 (o)n92) = |y — il -l + i — 29].
Proof. This follows by applying Theorem S2.13 with our £(z) and p(z). O

Remark 2. Note that the boundary condition in Corollary 2.15 induces a large non-uniform multiplicative
error. Because of this, the expected hitting time is not consistent even in the ideal situation of a one-
dimensional latent space with random walk converging to Brownian motion. Compare this result with
Theorem 4.5, which shows a much stronger consistency property.

3 Computing the LTHT

Algorithmically, computing the LTHT can be done in two major ways: matrix inversion, or sampling. For
the results in the paper, we use the direct sampling method of drawing a simple random walk and calculating
the exponentially discounted hitting time. This same computation can be performed using a truncated power
method (Yazdani, 2013, Algorithm 1).

Alternative approaches for computing the LTHT involve the following matrix inversion method. Let P
be the transition matrix for some random walk. Then the LTHT Elexp(—ST7" )] is given by

Elexp(—BT; )] = (I — Wexp(—5))};"-

Note that this expression is a close discrete analog of Feynman-Kac (Theorem 2.1). This relationship was
used in prior work (Smith et al., 2014, Eq. 22) to calculate the LTHT in a different setting and formulation.
Correctness of this expression can be seen via the series expansion which was computed as a normalizer for
randomized shortest paths (Frangoisse et al., 2013, Algorithm 2). This method has been used to calculate
the LTHT in in prior work (Kiviméki et al., 2014).
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4 Reweighting the random walk

Recall that A7, was the adjacency matrix of G,. In Corollary S4.2, we give a complete proof of Theorem
4.1 from the maintext.

4.1 General construction and application to Brownian motion

Let an(z) and b, (z) be scalar functions on &,, with possibly stochastic dependence on X, so that

lim a,(z) =a(x) and lim b, (z) = b(z)

n—oo n—oo
uniformly in z for some deterministic @(x) and b(z).

Theorem S4.1. If a,(z) is a.s. eventually equicontinuous, a(x) is smooth with bounded gradient, and b(x)
is continuous and bounded in (0,1], the weighted random walk Z; defined by the transition matrix

A” an(;) by (z;) i
P(Zysr = | Zo = a;) =4 7 2enenencey Onl@r) (7:) 17
1 —bp () t=7

converges to the Ité process with drift V log(p(x)a(z))/3 and diffusion z(x)*b(z)/3.

Proof. To show convergence to an It6 process, it suffices to check the Stroock-Varadhan criterion (Stroock
& Varadhan, 1971). Since the boundary for both the original and modified walk are the same, we only need
check that

1 Vlp(zi)a(z)] _, o7
B[Zip1 — 2 | Ze = x5) B = )2b(x; d
(Zi41 — i | Ze = 2] — 3 plw)alar) E(z:)°b(xi), an
1 _
E[(Zip1 —m:)? | Zo = wi] & gg(fﬂi)zb(xi)-
For this, by definition we have that
1
E[Zt+1 — X; | Zt = CEl] = P(Zt+1 7é ZL’Z) Z (xk - xi)an(xk)a a'nd
ZIkENBn(Ii) an(xk) 2, ENB,, (z4)
1
E[(Ziy1 — 2:)? | Ze = @) = P(Ziy1 # 231) (zr — )% an (),
' " kaeNB"(mi) an(l'k) Ike%(ml)

from which the desired estimates follow by using P(Z; 1 # x;) = b, (2;) and the values and concentration of
conditional moments E[f(Z; — Zi—1) | Zi—1,Z¢ # Z;—1] given by applying Lemma S4.3 and Lemma S4.4 to
f(x) =z and f(z) = 2% O

Corollary S4.2. Let p and & be_consistent estimators of the density and local scale and A be the adjacency
matriz. Then the random walk X' defined by the following transition

N N AijPla))™" N2 ;
P(X] = | X =) = 2x Ai,kﬁ(zk)’le(xl) P77

1—&(x) 2 1=
converges to a Brownian motion.

Proof. Set a,(x) = p(x)~! and b, (x) = £(z) 2 as estimated by (Hashimoto et al., 2015) so that lim,, o, a,,(z) =
p(x)~! and lim,, o b, (z) = E(x)~2. These satisfy the conditions of Theorem S4.1 and yield limiting drift
and diffusion coefficients for Brownian motion. O
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4.2 Technical moment estimates

In this subsection, we give the moment estimates necessary in the proof of Theorem S4.1. We first derive
the expected values of each moment quantity averaged over draws of A,.

Lemma S4.3 (Expected values of reweighting). Let x = X[* andy = X[',. Then the conditional expectation
after weighting by a,(x) converges to the weighted draw over p(x)a,(x); that is, we have a.s. that

lim hi|NBn(x)|IE

n—oo

an(y) - -
—ZzeNBn(:z:)an(z)f(y )y # ]

1 p(y)aly)

- fly—=) =
hn JyeB(z.en(a)) fzeB(z,gn(m)) p(z)a(z)dz

dy| = 0.

Proof. By the continuity of p and a.s. eventual equicontinuity of a,(y), we have sup,c (s <., (2)) lan (¥)P(y) —
an(2)p(z)| = 0 and sUp,e (s e, (2)) IP(Y) — p(z)| — 0. These together imply

fyeB(a:,enm) an(Wp(Y)dy .

nyB(w,En(;ﬂ)) p(y)dy a(z). (6)

Because a,(x) — @(z) uniformly in z, for any § > 0, we may choose ng so that for n > ng, we have
lan(z) —a(x)| < §/2 and e, (z) is small enough so that if |y — x| < e,(x), then |a(y) — a(z)| < §/2. For
n > ng, we then have

sup |an(z) —a(z)| < sup fan(2) —a(z)| + [a(z) —a(z)| <é.
z€NB,, () z€NB,, (z)

This shows that sup,eng, () |an(2) — @(z)| — 0 and therefore

ZzENBn(x) a‘n(z) a.s. —
T NB. (o) — a(x). (7)

Applying (6) and (7), we find that

SLLC) BT P

1
lim [—|NB,(z)|E
hy, ZzeNBn(x) an(z)

n—oo

1 J, p(y)dy
— 1R, _ YEB(2n (2)) ’
™ lan(y)f(y —2) |z # y] T bos oy anDP)

We apply the argument of (Hashimoto et al., 2015, Lemma 3.2) to this iterated expectation to obtain

1 J, p(y)dy
lim |—E]a, _ yEB (e, (x))
n—oo | by, lan(y) fly — ) | v # Y] nyB(I,En(I)) an(y)p(y)dy
! p(y)ay)

- f(y—x)f dy‘—>0. O

ha JyeB(a.en(a)) € B(nen(a)) P(2)A(2)d2

Evaluating the integrals for f(z) = z and f(z) = 2? in Lemma S4.3 implies that the expected value

of an increment of the reweighted walk across all draws of X, limits to V log[p(z)a(x)]/3 and the expected

variance of the increment limits to £(z)?b(x)/3. However, in order to apply the Stroock-Varadhan criteria
we require that this hold with high probability over all draws of X,,.

Lemma S4.4 (Strong LLN for local moments). For a function f(z) such that sup,ep . |f(2)] < € for

small € > 0, we have a.s. that

lim
n— o0

1 an(y) 1 p(y)aly)
— —f(y—x)—*/ fly—x) - dy| = 0.
fin yeNXB:"<I> 2 cenB,.(a) @n(2) hn Jyepaen@) JeeBa,entey PEIA(Z)d2
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Figure 1: Distance estimates for various values of 8 on re-weighted walks on a simulated dataset

2.0 2,0
15 15
1.0 1.0
0.5 0.5
0.0 0.0
-0.5 -0.5
-1.0 -1.0

=15 -1.5

15 -2.0

15

(a) Simple random walk is biased toward region (b) Re-weighted walk diffuses evenly on the true
with high density metric

Figure 2: Visualization of the marginal distribution P;;(t) of a random walk over a k-nn graph on a Gaussian restricted
to a disk, starting at the blue initial point and run for 40 steps. The re-weighted walk diffuses evenly from the starting
point, ignoring biases due to density p and neighborhood size ¢.

Proof. Define the quantity

1 / p(y)a(y)
N fly—x) — dy.
hn yEB(z,e,(x)) fZeB(w,En(QJ)) p(z)a(z)dz

We wish to bound

pu(t) =

Ly ))f@x)u(x) >t (3)

" eNBa (o) EzeNB () (2

By a.s. eventual equicontinuity of a,(y), we have for some ¢ > 0 and large enough n that

an(y) 1
<c .
ZZENBn(x) an(2) INB, ()|

By the construction of e, (z), if |y — 2| < e,(x), then |f(y — x)| < e,(z). Combining these two we apply
Hoeffding’s inequality to obtain that

2 T 202 2 5
i (BRI

where we use that [NB,,(z)| = w (n?(4+2) log(n)?/(4+2)) . This completes the proof by Borel-Cantelli. O
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Figure 3: Distance estimates for various values of 5 on re-weighted walks on a simulated dataset

5 Consistency at 3 = w(log(gin)) via shortest paths

Definition S5.1. Define the f-length of any path v C D as given in (Alamgir & von Luzburg, 2012) as

Diy = / [y (t)]dt.
Let the f-distance from x to y be the minimum path length between two points

Ds(z,y) = min Dy .
s(@,) YECH y(0)=z,y(1)=y I

Theorem S5.2. Let 3 = w(log(gin)), then for f(z) = &(z)~! we have
—log(Elexp(=AT; ,)1)/Bgn — Dy (i, ;).

Proof. Define H;;(t) to be the probability of not hitting x; by step ¢, and P;;(t) to be the probability of
going from z; to x; in exactly ¢ steps. The expected value is the series

—log(Elexp(—BT5 )1/ Bgn = —B ' gnlog (Z Pij(t)Hi;(t) exp(— ﬁﬂ) ~

t=0

Now, let D;; be the length of the shortest path from ¢ to j. By definition H;;(D;;) = 1 and

H;j(t) exp(—=B(t — Dij)) g—n.

—log(Elexp(—BT; ,)1)/Bgn = Dijgn—log(Pi;(Di; )),3 —log | 1+ Z 3

tD+1” )

This forms the upper bound

—log(Elexp(~AT ,)])/Bgn < Dijgn — log(Pyy(D; J>>gg
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The probability P;;(D;;) of hitting z; in exactly D;; steps is lower bounded by (g9n)~P# since by definition
at least one path exists. This implies that log(P;;(D;;)) = o(g;, * log(gin)) and therefore

Dijgn < —log(Elexp(—=BT;7 ,)])/Bgn < Dijgn — o(1),

where the lower bound follows because it is impossible to reach vertex x; in less than D;; steps. By (Alamgir
& von Luxburg, 2012) for the k-nearest neighbor case and (Hashimoto et al., 2015) with Lemma S6.3 for the
other cases of a spatial graph, D;;g,, converges to the f-distance defined by (x)~!, completing the proof. [

6 Consistency of LTHT

In this section, we prove some results needed in the proof of Theorem 4.5.

6.1 LTHT of the Brownian motion
Lemma S6.1. Let W; be a Brownian motion with Wy = x;. Let T’E(Ij,s) be the hitting time of Wy to

B(z,8). For any o <0, ifE: s%, as s — 0 we have
—log(Elexp(~ BT 5, )/ \/28 = |z — 1.

Proof of Lemma 6.1. Let By = |[Wy| be the order v = d/2 — 1 Bessel process. The LTHT of B, to hit z; £ s
is equivalent to the LTHT of W; to hit B(z;,s). Defining w = |z; — z;|, by (Borodin & Salminen, 2002, Eq

4.2.0.1), this is:
K(v,wy/ 23)11)”’

K(v, 5\/%)3*” 7

where K (v,w) is a modified Bessel function of the second kind. Write — log(E[exp(—BTg(wj7s))])/\/ 28 =

c1 + co for
&x = —log(K (v, wy/ 2By /28

co = —log(K (v, s\/ﬁ)s‘”)/\/ﬁ

Taylor expansion of c; at A1 = 0 yields

Elexp(—AT 5, )] =

_ log(n?/(85)) + dlog(w™"/>")

1/2
c1=w +o (A> s
44/28 wp

hence ¢; — w. For ca, note that vlog(s)/ 23 — 0 and for s small,

b sr/2B) —log(S\/;B) d=2
K33 I0(s\/2B) (3 /2B) a2

by (Abramowitz & Stegun, 1972, p375). Checking that 710g(K(V,S\/23))/ 28 — 0 and combining esti-

mates gives —log(]E[exp(—BTg(mj’S))])/\/ 28 =c1 4y — w. O
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6.2 Proof of Corollary 4.4

We prove here Corollary 56.2. We recall the setup. For points z;,z; € G, and s > 0, T is the hitting

B(xj’s)
time of the de-biased walk on G,, from z; to NB;, (z;). In the continuous setting, TIBI(%S) is the hitting time
of Brownian motion with reflecting boundary conditions in D from x; to B(z;,s). We would like to show
the following.

= d %

Corollary S6.2. For s > 0, we have gfLngwhs) = TBa;,s)-

Our proof consists of two steps. First, we show that hitting NB; (x;) is equivalent to hitting B(z;, s)

with the discrete walk. Second, we use S4.2 to show convergence in distribution of this second hitting time.
We require a few lemmas.

Lemma S6.3. For any 6 > 0 and s > 0 so that B(z;,s+ ) C D, we have with high probability that
X, NB(zj,s —6) C NB; (z;) C B(z;,s+9).
Proof. Recall that NB;, (z;) is defined as
NB; (z) := {y | there is a path  — y of &-weight < s}.

The estimator £(z) is appropriately scaled such that £(x) — #(x) uniformly and almost surely. Thus, we
need to show that -weighted shortest path distance converges to true shortest path distance up to error
O(gn).

We first present the simpler case of a constant kernel h(z) = 1 over [0, 1]; this includes the k-nearest
neighbor and e-ball cases. Let D;; be the minimum &-weight of a path from z; to «;. The proof of (Hashimoto
et al., 2015, Theorem S4.5) shows that in this case

|zi — 25| — Dijgn| < en(z;). (10)

If 2, € X, N B(xj,s —¢), this implies that D;rg, — |zx — x;| < s —d. Therefore Djig, < s with high
probability and x, € NBj (z;). If 2 € NB; (x;), this implies that D;; < s. By Equation (6.2), we have
s> Dijgn — |x; — xj|. Therefore x, € B(xz;, s+ ¢) with high probability.

The proof for the case of generic h(x) is closely analogous. The same proof as used for (Hashimoto et al.,
2015, Theorem S4.5) shows that there exists some k such that |z, — z;| < e, (zx) such that

|z; — 25| — Dipgn| < en(x).

At this stage, a difference arises. The proof of (Hashimoto et al., 2015, Theorem S4.5) bounds the number of
steps necessary to reach distance €, (x;) to the target, but for a general choice of h(x) this does not guarantee
that we can reach x;.

For general h(z), we instead show that two extra jumps are sufficient. Because h(1) > 0 and h is
continuous at 1, there exists some interval (c1,1) and some ¢ > 0 such that

inf  h(xz) > co.
z€(cy,l) ( ) 2

This annulus will yield a lower bound on the true connectivity. If |z; — x| < e,(x;), then the probability
that there is some point xj, such that the path z; — x, — x; exists in G, is governed by

P(D;; >2)=(1— 02)2INBn(m)mNB;"(xj)|

where 4
INB, (2;) N NBY" ()] ~ Pois(g¢nr(; — z;))

and 7(z) is the total overlapping density between the connectivity kernel of z; and z;. This is lower bounded
by the annulus; for any d > 2 the annuli have nonzero overlap volume and

2
T(Z) > Cz/ 11>\m|>0111>\1—z\>(11dx > 0.
z€B(0,1)
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This implies that |NB,,(z;) " NBY*(x;)| = ©(k) with high probability and therefore
P(D;; >2) = (1 - 02>2|N3n($i)ﬂNBi{"($1)| = 0.

Thus, there exists a two step path from z; to z; whenever |z; — x| < e,(z;). Combined with the analogue
of (Hashimoto et al., 2015, Theorem S4.5), this shows that with high probability there is a walk of Z-weight
at most |x; — x| + 2e,(xg) from z; to x;. We conclude in the same way as in the constant kernel case. [

We now require a lemma on the continuity of functions on Skorokhod space. For this, we recall the metric
which induces the relevant topology on Skorokhod space. Let A be the set of strictly increasing continuous

bijections [0, 00) — [0,00). The Skorokhod metric on D([0, c0), D) and D(]0, o), R>¢) is given by
7(f,9) = inf max{|]x — id]L[If ~g o All},

where || - || denotes the sup-norm on the relevant space.

Lemma S6.4. Let B C D be any ball and T; the hitting time from x to B of Brownian motion with

reflecting boundary condition in D. As a map D([0,00), D) — Rsq, the hitting time Ty is continuous on

the subset of C([0,00), D) of paths whose hitting time to B is finite.

Proof. Denote by Cp the subset of C([0,00), D) of paths whose hitting time to B is finite. We first claim
that the function o

dp : D([0,00), D) — D([0,00), R>0)
given by composition with the function dp : D — B giving the distance to B is continuous. For any ¢ > 0,
pick § by uniform continuity of dp so that § < & and if |x — y| < §, then |dp(z) —dp(y)| <e. If o(f,g) <9,
we have

o(ds(f),dnl9)) = inf max{|A ~id]|, @5 o f — dp 0 g o N}

Because o(f,g) < d, we may find A € A so that ||f —go Al| < J and ||A —id|| < §. By our choice of §, this
implies that B B
max{||\ —id||,||dgo f—dpogo ||} <e

and therefore that o(dg(f),ds(g)) < €, establishing continuity.

Now, the image of Cp under dp is the subset Cy of C([0,00),R>) of paths whose hitting time to 0 is
finite. By (Whitt, 1980, Theorem 7.1), the first passage time to 0 is continuous on Cy. The hitting time T%
is the composition of the first passage time and dg, hence is continuous on Cpg as claimed. O

Lemma S6.5. Let B C D be any ball containing at least one point of G,,. For xz; € G, let Tg,’;n be the

hitting time from x; to B of the de-biased random walk on G. Then g%fgn A TIB.

Proof. First, note that both the de-biased random walk and Brownian motion with reflecting boundary
condition started at x; have a.s. finite hitting time to B. By Lemma S6.4, the hitting time to B is a.s.

continuous on the subset of D([0, 00), D) containing their trajectories. The desired convergence in distribution
then follows from Corollary S4.2, the continuous mapping theorem (see (Whitt, 1980, Section 1)), and noting

the time-rescaling used in Corollary S4.2. O
Proof of Corollary S6.2. Recall that Tg,(w ) is the hitting time of the simple random walk on G, to
B(z;,p). By Lemma S6.3, for any § > 0, we have with high probability that

TBi(mj,s+6),n < TBi(mj,s),n < TB?zj,s—é),n'

Applying Lemma S6.5 to B(x;,s £ J), we see that

2T d 7T
92 TB(a; 528 = TB(as,5+8)

which shows that
7L . 2 P L
TB(ays—8) < W g3 TR o m < TB@;.st6)

zj,5—0
Ehd n—00

for all § > 0. Sending § — 0 yields the result. O
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6.3 Proof of Theorem 4.5

We prove here Theorem 6.6. Recall we chose an estimator £(z) — &(x).

Theorem S6.6. Let x; and x; be points in Gy, connected by a geodesic not intersecting 0D. For any § > 0,
there exists a choice ofﬁ and s > 0 so that if p = Bgn, we have for large n with high probability that

~ log(Elexp(~8T5,, ) I/V2B ~ [ei -z

Our proof will proceed by converting to the continuous setting by Corollary 6.2 and then reducing to
the case of Brownian motion without boundary which was analyzed in Lemma 6.1. Because we are in the
setting of Brownian motion with reflecting boundary conditions, we must apply the “principle of not feeling
the boundary” to show that our results are unaffected by it. For this, we define some events to condition on.

Let G be the geodesic from z; to z;, and for a distance scale p, let G(p) be the set of all points of distance
less than p from G. Choose p small enough so that G(p) C D. For a distance s > 0, let B; be a Brownian
motion without boundary started at x;, and let TB(L s) be its hitting time to B(JL"J7 s). For a time t* > 0,
define the following events:

< 0.

e let E; be the event that TxBi(th) <t
e let E be the event that E; holds and B, hits B(z;, s) before G(p);
e let F5 and E4 denote the analogous events for Brownian motion with boundary.

Notice that P(E2) = P(Ey). In the rest of this section, we will consider the scalings t* = s7 and B = s for
some7>0ando¢<Osothata+’y>0,sothat§t*—>ooass—>0.

Let pft(z,y), pK(z,y), p¥(z,y), and pf (x,y) be the transition density of Brownian motion started at
2 and run for time ¢ with reflecting boundary condition, killed at 9D, killed at dG(p), and no boundary
condition, respectively. For x € {R, K, G, F'}, let h*(T) be the probability that the respective process hits
B(xj,s) before time T, and let h*(t,x) be the density of hitting at € B(z;,s) at time ¢t. Note that
pE(z,y) < pli(z,y), pE(z,y) < pf'(z,y), and p¥(z,y) < pf'(z,y). We have the following three lemmas,
which are instances of “the principle of not feeling the boundary.”

Lemma S6.7. For x,y a distance at least p' > 0 to OG(p), there are constants tg > 0 and XA > 0 dependent
only on p so that for t < ty, we have

p?(xﬂy) >1— e,)\t_l
> :
i (2,9)
Proof. This follows from (Hsu, 1995, Theorem 1.2) and the results of (Varadhan, 1967). O

Lemma S6.8. For x,y a distance at least p' > 0 to D, there are constants tg > 0 and X\ > 0 dependent
only on p so that fort < ty, we have

{((I,y) >1— ef)\t’l
> .
i (2,y)
Proof. This follows from (Hsu, 1995, Theorem 1.2) and the results of (Varadhan, 1967). O

Lemma S6.9. For z,y a distance at least p' > 0 to D, there are constants tg > 0 and A\ > 0 dependent
only on p so that for t < ty, we have

Pt (2, y)

pit(@,y)
Proof. Note that our domain D is a Lipschitz domain in the sense of (Bass & Hsu, 1991, Section 3). Therefore,
by (Bass & Hsu, 1991, Theorem 3.1, Theorem 3.4, and Remark 3.11), the reflecting Brownian motion in D
has transition density pft(z,y) satisfying

-1
>1 —e M,

Crt~ 21 =T < pR(g,y) < Oyt~ W2eme2 =7 (11)

for constants ¢y, c2, C1,C2 and small enough t. This verifies the conditions of (Hsu, 1995, Theorem 1.2),
yielding the conclusion. O
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We now prove a general lemma on when the probability of hitting B(z;, s) before a time t* is asymptot-
ically equal for two processes.

Lemma S6.10. Let Q be a diffusion process with transition densities th(x,y), and let pEK(z,y) of Q killed
at some boundary. If for some A > 0 and small enough s, we have for all t < t* and x,y € B that

K
B A% %) £ (i, 2) >1-— e and 1 > thEx’y; >1- e_)‘tfl,

1>
P (@i, ) i (wy
then the probabilities h™ (t*) and h@(t*) that K and Q hit B(x;,s) before t* are asymptotically equal.

Proof. Let B = B(z;,s), and consider s small enough so that B(z;,s) C D. For x € B and t > 0, let h’ (¢, z)
and h9(t,z) be the densities of the first passage time to B, and let h*(T) and h?(T) be the probabilities
that the respective first passage times are at most 7. Note that A% (t,z) < h%(t,z). For x € {K,Q}, we
have

h*(t,x) = p;(zs, @ // i (y, x)h* (7, y)dydr

so we may integrate to obtain

T T t
“(T) :/ / p; (2, x)dtdx —/ / / i (y, 2)h* (1, y) dydzdrdt. (12)
0 z€B 0 0 Jz,yeB

Define the differences d(T') := h@(T)—h® (T), d(t,z) = hQ(t,z)—hE (t,z), and e, (z, y) := p* (z,y)—pEK (2, y).
By assumption, if x = z; or z,y € B, we have

/\tlQ(

et(z,y) <e z,y).

Subtracting (12) for x € {K, Q}, we obtain

T T ot
:/ / et(xhx)dtdm—i—/ / / er—r(y, )W (7, y) dydzdrdt
0 reB 0 0 Jx,yeB
T ot
+ / / / Pl (y, ©)d(7,y) dydzdrdt
yeB
/ / Q(z;, z)dtdz + / / / e =T pQ (g VWK (1, y) dydzdrdt
0 IGB 0 z,yeB
—|—/ / / d(r,y)drdtdy
0o Jo Jyen
T » T ot . T
S/ e M dt—l—/ // e M=) hK(T,y)dydet—i—/ d(t)dr
0 o Jo Jyen 0
T » T
< 2/ e M dt—l—/ d(r)dr

<2Te M / d(r
By Gronwall’s inequality, this implies that
—1 T —1 -1
d(T) <2Te M + 2/ e N (T —1)dr <2(T +T3)e .
0

We conclude that
lim d(t*) = lim h9(t*) — K5 (¢*) = 0. O

§— 00 §— 00

Lemma S6.11. As s — 0, we have P(Ey | E1) — 1.
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Proof. Let B = B(xj,s). By Lemma 6.7 with p’ small enough, we have for some A > 0 and small enough s
that for all t < t* and z,y € B that
ptG(xlv)>1_e )\t’ladpt(ay) -1

>1-— e M
Pt (fz, ) Py (x Y)

Notice that P(Es) is the probability that the Brownian motion killed at G(p) hits B before t* and P(E) is
the probability that the free Brownian motion hits B before t*. Therefore, Lemma 6.10 implies that

lim P(E;) = lim P(E>),
s—0 s—0

from which we conclude that

s—0 s—0
Lemma S6.12. As s — 0, we have P(E, | E5) — 1.

Proof. Applying Lemma 6.10 twice using Lemmas 6.9 and 6.8 implies that

lim P(F;) = lim Y (t*) = lim A5 (#*) = lim RE(t*) = lim P(E3).

S$— 00 S— 00 S— 00 S§—00 S— 00
We conclude from Lemma 6.11 that

P(E)) .. P(E
Jim P(Eq | ) = lim P(Es) oo B(Ey) = Jlim P(Ey | 1) = =

v

Proof of Theorem 6.6. Throughout this proof, we will take t* = s7 and B = s“ for some fixed < 0 and
~v > 0 so that a +~ > 0. We will pick a small s > 0 at the end of the proof.

Bounding the effect of conditioning on E; on the process with boundary: By Corollary 6.2, for
any $ we have that

~ log(Blexp(—Bg2 T, . /Y28 ~log(Blexp(~ BT, o))/ /25

Conditioning on F3 and F,, we see that

Elexp(—BT 5, +)] = Elexp(—AT5s, ) | ESIP(ES)
+Elexp(—BT 5, «) | Ba] P(Es)
+Elexp(—BT 5, +) | Bs N E§|P(ES | Es) P(Es).

By definition of Es3, we have 0 < E[exp(—ﬁg(mj’s)) | ES|P(ES) < e~Pt" . By the trivial bound exp(—ﬁg(zhs)) <

1, we find that o -
0 < Blexp(~ AT, ) | Bs N ESJP(ES | Es) P(Es) <1 P(E, | Ey).

By Lemma 6.12, for any 7 > 0, for small enough s > 0 we have e Bt <7 and 1 - P(E, | E5) < 7. Noting
also that P(E4) = P(FE5) and E[exp(—ﬂTj}i(zj,s)) | E4] = Elexp(— ﬁTg’(I S)) | Es], we conclude for small
enough s that

E[exp(—BT 5(s, )] — Elexp(—BTi, ) | B2 P(Ep)| < 2. (13)

Bounding the effect of conditioning on F; on the process without boundary: We now compare
to the computations for Brownian motion without boundary. By conditioning on F; and E5, we have that

Elexp(—BT5,. )] = Elexp(=BT5, ) | E|P(ES)
+ Elexp(—BT5, ) | Ea]P(E)
+Elexp(=AT, ) | By N ES) (1= P(Ez | Ev))P(EY).
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We again note that
0 < Elexp(—BT5, ) | EfJP(E]) < e

and

0 < E[exp(—BT%

Blays) | LN E3] (1= P(Ey | E1))P(Ey) < 1-P(E; | En).

These together with Lemma 6.11 imply that for any 7 > 0, for small enough s > 0 we have that e Pt < 1
and 1 —P(Es | E1) < 7. We conclude for small enough s that

[Elexp(~AT5;,, )] - Elexp(~BT5,, ) | B2l P(Es)| < 2r. (14)

Combining (13) and (14), we conclude for small enough s that
‘E[exp(_ﬁg(mbs))] - E[GXP(_Efgzw,s))” <At (15)

Aggregating the estimates: To conclude, for any 6 > 0 and 50 > 0, choose 7 > 0 small enough so that if
|x — y| < 47, then for all B > [30, we have

o)/ /28 Yot/ 23] < 673

Now, choose s > 0 small enough and n large enough so that B > Bo, and for this 7, we have:

e by our previous discussion, (15) holds;

e by Lemma S6.1, we have

‘log(E[exp( Tg’(% 9 1)/\/28 —xz;]|| < d/3;

e by Corollary S6.2, we have
-~ toR(Bexp(~ T, 0)/V 28+ os(Elesp((-BRT5,, o /Y25 < 313
For these choices of 7, s, and n, we have by (15) that

log(E[eXp(—BTg(%ﬁ /\/ — log(E[exp( BTgJ(w é) /\/25’ < 4/3.

Combining the last three inequalities yields the desired

log(Elexp(—Bo2T 5 s, o))/ V28 — 21 — 5]

< 4. O

7 1-D bias calculation

We repeat the full theorem statement and proof for the bias characterization.

Theorem S7.1. Let Ty} be the hitting time to x; of a 1-dimensional It6 process with drift p(x) = W?Q (2)

and diffusion %(x) started at x; with reflecting boundary v for v < x; < zj. The Laplace transform of T
admits the asymptotic expansion

E[-exp(8T3)] = 72 )f/l4 o exp( f/ Fd8>
(1 + (1 +o (\}B)) exp (—2\/5/:1 mdm> + o(exp(—ﬁ))),

2
where f(x) = s(z)2 +4 810%562@)) —|—% (810%(5(9”))) , and ¢y is a normalization constant depending on p, €,and
Jj to make E[-BT;i] = 1.
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Proof. Let Elexp(—AT;")] = u(x;), where u(x) is the hitting time to x; from point z. By Feynman-Kac,
this is
0%u dlog(p(x)) Ou

2 T2 or  op MA@ =0,

where g(z) = —282(x) 2. Rewrite this as a perturbation of a second order ODE via the change of variables
to obtain

2
1 0%y

557 = f(2)y(z).

y(x) = u(z) exp (/z M(wggiw))dy) = u(z)p(z)p(y) ™"
_ 1
B B

0log(p(x dlog(p(z))\”
( sl >>+< slo >>> )

Since this is a type of Schrodinger’s equation with f(z) # 0 everywhere we can apply the WKBJ asymptotic
expansion (Bender & Orszag, 1999, section 10.1) to obtain

e (VB [ VIR + - e (VB [ VTGS + o)

W) = F7

Since we assumed x; < z; and by the boundary condition u(z;) =1 we have

e) = D e (VB [ VTR ) + 5 D e (VB [V ) + olexn(-)

To obtain the boundary conditions, note that u/(y) = 0. Taking the derivative for y(x)p(z), setting to zero
and solving for ¢y results in

exp(—2v/B [ \/F()ds) (p(M4AVBF ()2 + /(7)) = ()P’ (7)
AVBF ()3 2p(y) = p(N ' (v) +Af ()P (7)

o = c1 exp <2\/E/jj Vf(s)ds (1+0 (\/D)) .

Pulling out the —/ term, we get

+ o(exp(—p)),

Cy = C1

from which we obtain

; ex :701]9(7) ex s
ute) = Blexp(=013))| = 70D exp (VA [ /7

(1 + (1 +o0 <\/13>) exp (-NBL \/de> + o(exp(—ﬁ))) . O

We now connect this statement to the discrete walk.

Corollary S7.2. Let Tz?(x i
in Theorem S2.13. Then the simple random walk over a graph constructed on density p(x) and scale ()

has the following log-LTHT under the boundary conditions of Theorem S4.6

~ Tou(Blexp(~ 8Ty, SNV [ J 5+ 3 (aloiﬁ(x)) o () )dm

be the discrete hitting time to a s ball around x; where s is selected as given

Z(x)
. log(p(z:)/p(;)) :;%g(f(xi) [Fa)/4 T o(log(1 + V7)) \/2B).
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Proof. Taking the logarithm of the result of Theorem 7.1 and noting the initial condition u(z;) = 1 implies
that asymptotically we have

o o (1
P\ F () ip(ay)

which completes the continuous statement. The convergence of the hitting time to its discrete counterpart
follows from Theorem S2.13. O

1
1+ o<em>>) ) (),

8 Basic noise resistance

We give details for the basic noise bound from the main text footnote. Our goal is to prove the following
statement about random walks.

Theorem S8.1. Let G, be generated by the noise model of definition 4.7 with 3~ q; = o(g2). Then the
simple random walk over G,, converges to the same limit as the noiseless case in Theorem 2.2.

Proof. Since the boundaries of both noisy and noiseless graphs are identical, we need only verify the moment
conditions in the proof of Theorem 2.2. In particular we require that under any noise ¢, we have

lim g *E[X}; — XJ'|X"] = Vieg(p(X]"))e(X}')?

n—roo

lim g, *Cov[ X} |X}'] = 2(X{)* - I,

lim g #E[| X7, — X7 | X7 =0,

which we show in the Lemma S8.2 and S8.3 below. By the Stroock-Varadhan criterion, this implies con-
vergence to Theorem 2.2, as well as any macroscopic quantities such as hitting times, or LTHTs with

B =0(g;)- O
We now prove the moment bounds required for convergence of the noisy graph.

Lemma S8.2 (Noisy moments). If the noisy graph Gy, is generated by the noise model of Definition 4.7,
for any choice of latent noise parameters q; such that Zj q; = o(g2) then we have for a > 0 that

lim g, *E[X} ) — X['|X}"] = Vieg(p(X]"))e(X}')?

n—oo

lim g, *Cov[ X7, |X}'] =&(X}")* - I
n— o0

lim g, *E[l X7}, — X777 | Xp] = 0.

n—oo

Proof. Let X denote quantities in the noise-free graph. We recall from (Hashimoto et al., 2015, Theorem
3.3) that

lim g, °E[X,,; — X, |X; =] = Viog(p(z))E(z)?
n—oo

nlgrolo 9n 2Cov[X [ Xy = 2] =(2)* - I,

. _ —n —n —n
lim g, 2E[‘le - Xy |2+a | Xy =2]=0.
n— oo
Let g =Y, ¢; so that ¢ = o(g2). In the noisy graph, we first check the expectation via

lim g, E[X{y, — X7 | X' = 2] = lim (1 - )¢, E[X,\y — X, | X; =a]+9,° ) ai(w; — )

n—oo n— oo

= lim g, *E[X},, — X} [X} =]

n—oo

= Vlog(p(x))z(z)*.
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The covariance follows because for all indices i and j we have
lim g, E[(X]}; — XP)i(XP — X[ | X[ = 1]

n— oo
= lim (1 - ), *E[(X7y — X7)s(X[h — X[ | Xy =] +9,7 > anlwn — )iwn — x);

n—oo
k
= lim g, ”E[(X}}; - X)X (- X))[X] =a]
= 52’]’?(33)2-

Finally, the higher moments follow because we have

lim g, *E[[ X7}, — X7 | Xp = a

n—oo
. — -~ _ - - <N —
= lim g 2(1 = 9)g, B[ X7y = X7 | X7 = a] 927 ) qilari = 2™
?
— lim_g73(1 - Qg B[ XL, - XL | X = al
where we use that |z; — z|?T% = O(1). O

Lemma S8.3 (Strong LLN for noisy moments). For a function f(x) such that sup,cp.) |f(z)| < e and
sup,cp | f(z)] < C for some constant C, given (x) we have uniformly in x € X, that

2 1 PR R P
5t Y wEm v S /yem,w»f(y z) .

YyENB,, () pen(w)(ﬂf)

Proof. Denote the claimed value of the limit by u(x). Let the set of non-noise out-neighbors of z be NB,, ()

and the set of noise out-neighbors of x be NB,,(z), where we consider noise edges to be strictly non-geometric
edges. We have uniformly in x € cX that

|

n p— —— = gn ——
INB, ()| + [NB,, (z)] By (z)| + o(g7)
= g,° (—g_ il
& INB, (@)
so the result follows by the noise-less result in (Hashimoto et al., 2015). O

Now the behavior of noisy hitting times can be recovered by combining Lemma S8.1 with the convergence
result of Corollary S6.2.
Theorem S8.4. Let G, be a noisy geometric graph with noise Zj q; = o(g?). For any 6, there exists some
8= ﬁgﬁ, s, ¢ such that
log(IE[eXp(—,BTgl(wj78)771)])
V26

Gn — |l — ]| <6

with high probability as n — co.

Proof. By Lemma S8.1, the noisy and noise-free walks converge to the same continuum limit, and this
guarantees that by Corollary S6.2 that their hitting times converge in distribution. Applying Theorem 4.5
gives the desired result. O

This is a basic, but useful result for robustness of hitting times. Up to o(1) noise edges can be allowed
for each vertex without disrupting the global convergence of hitting times.
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9 Resource allocation index

Recall that the directed RA index was defined by

1
Hij = 2 INB, (0)]

2, ENBy, () NB™ (2 ;)
and the modified log-LTHT was defined by
M3 = —log(Blexp(—BT5: ) | Ti: ,, > 1]).
9.1 RA index reduction
Theorem S9.1. If B = w(log(gln)) and z; and x; have at least one common neighbor, then
M7 — 28 — —log(Ri;) + log(INBy, (z;)]).

Proof. Let P;;(t) be the probability of going from z; to z; in ¢ steps, and H;;(t) the probability of not hitting
before time t. Factoring the two-step hitting time yields

> Pij ()
Mt =28 — log(Py;(2)) — log (1 i A=),
ij B —log(P;;(2) og +tz:; P” 2

Let kmax be the maximal out-degree which occurs in G,,. By assumption, at least one of the at most k2,

two-step paths from z; goes to z;, we have the bound P”((tg < k2,.. For B = w(log(gin)), we see that
B = w(2log(kmax)) with high probability. Applying the bounds H;;(t) <1 and P”(t) < k2

max?

we obtain

o Pi(t) B(t—2) k2 1
E . <

P”(Q) Hl] (t _ 1 (kmax)
t=3

We conclude that M{;‘Od — 203 —log(P;;(2)). It remains to verify that log(P;;(2)) is related to the resource
allocation index by

1 1
log(P;;(2)) =1 _ — | =1 i) — log(INB, (z;)]). O
08(P;4(2)) = log |NBn<xi>|keNB<%Bm<)NBnm) 0g(Fti3) — log(INB, (z:))
n\Ti n \Tj
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9.2 RA index robustness
We verify the robustness of the RA index by directly bounding the statistics involved.

Theorem S9.2. Ifq;, =q = o(gg/Q) for all i, then for any § > 0 there exist cutoffs c1,co and scaling h,, so
that with probability at least 1 — §, for any i,j we have

. \xl — Ij‘ < min{sn(xi),sn(xj)} ’Lf lehn <cyy
. \xi — J)j‘ > 2max{€n(a:i),6n(xj)} Zf Rl]hn > Cy.
Proof. Decompose the out-degree of z; into expectation and noise terms by
INB,, (2:)| = ng + ki + 2,

where k; = &,(x;)%p(x;)Vgn, Vy is the volume of the d-umit ball, and z; is a random variable giving the
remaining error. The number of noise edges has a binomial distribution with n draws and success probability
q, and the number of geometric edges has a Poisson distribution with rate k;. Therefore, the Chebyshev
inequality implies

ki +nq(1—q) _ ki+ng
P(|zi] > ¢) < 2 <=z (16)
Let 61 = 0/4 and define ¢ by the equality
5 =t rall —a) (17)

so that ¢ = 5;1/2\/1@ + ng. For the rest of the proof, we condition on the event that |z;| < ¢. By Taylor
expanding m in z;, we have that

I +O( 22 )
INB,(z;)]  ng+ki (ng+ k;)? (ng + k;)3

vk O (Gren) w

By (17), we see that |z;| < ¢ with probability at least 1 — §;, which implies that

C —1/2 _

By the definition of the RA index, we obtain

Rij = > ( 06 (g + kz->3/2>) :

or ENB () INBP () N +ki

Since our domain is compact, we may define

kf = supen(z)?p(x)Van and k, = inf e, () () Vyn.

By construction, ki > k; > k;; for all i. Let Cy; := |[NB,,(x;) N NB%"(z;)|. Then we have

Cii}fO 7z < SRy < —2—+0| 5 Cy : (19)
ng+kE 61 (ng + k)2 ngtkn o \6 g+ ko )2
Choose the scaling
nqg + k-
kL
We will now bound Cj; to control hy,R;;. To do this, decompose Cj; as

_ nl n2

17 7

hp =

where CF;, CF', and CJ? are defined as follows.
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1. Geometric edges (C}}): If |z; — 25| < min{e,(2;),en(2;)} then they share common neighbors due to
the geometric graph. Specifically their number of common neighbors has Poisson distribution with
mean at least 74k;(1 — ¢), where 74 is a constant independent of n defined as the overlapping density
of two kernels at a unit distance.

2. One noise edge (C’fjl): The edge x; — ) occurs by noise but x;, — x; is geometric. There are at most
k;} such vertices with in-edges to x; and so this is at most a binomial random variable with k;} draws
and success probability g.

3. Two noise edges (C’"Q) Both x; — 23 and x; — x; may occur by noise, this is at most a binomial
random variable with n — k,; draws and success probability ¢*.

The case of |z; —z;| < min{e,(z;),en(z;)}: All types of edges may occur, so we obtain the moment bounds

{ ] a(l— q):;
ar ral— @k, | (n—k )P —¢*) +kia(l—q) ma(l-qk,  ng®+kiq
v { ] =T )2 DRNTESY I

Notice that —; is bounded between the minimum and maximum of % forx,y € D,solim, . E {ig} >
ci;j for some c¢;; > 0. Further, we find that Var [fﬁ ] — 0. These imply that for large enough n, we have

;; with probability at least 1 — ;. Therefore, if |x; — x;| < min{e,(2;),en(z;)}, we have

> ¢y
ng + kﬁ{)U%j{) = i

lim h,R;; > hm -0 (51/2( (20)

The case of |z; — ;| > 2max{e,(x;),e,(z;)}: Only noise cases occur, hence we have the moment bounds

E[Cij]<q2(”_k5)+qk+ @n | gkt

kn | — kr, kn kn
. — Ea2(1 — o2 + _ +
n (kn )2 (kn )2 (k" )2

Because ¢ = o(gi/ 2), both the expectation and variance converge to zero and for large enough n, we have
Cij/k,, — 0 probability at least 1 — d;. Therefore, if |x; — ;| > 2max{en(z;), en(x;)}, for we have

+ g +
lim h,R;; < lim Comathn) | o(_ Culnatks) ) _ (21)
n—00 n—00 kJr(nq + kn ) 51/2]@;:(77,(] + kn )3/2
Combining the cases: Taking h,, = "q’;kI , we combine (20) and (21) to conclude that the desired holds
with probability at least 1 —36; > 1 — 6 for any ¢; < ¢;; and ¢ > 0. O
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