Supplementary Material for “Kullback-Leibler
Proximal Variational Inference”

1 Proof of Theorem 1

The KL proximal point algorithm solves the following subproblems:
1
A1 = argmax LQA) = 2Dy [a(zA) | a(z| )] (1)

To prove the theorem, we will first derive the expression for the gradient descent updates using
the natural gradient. Afterwards, we will derive the solution of (I)) by differentiating the objective
function. Afterwards, we do a few simplifications to obtain the theorem.
Derivative of £: Denote the mean-field update for g; by A;. Then the gradient 7, £(\) and the
natural gradient 5/ /\iL () are given as shown below (see Appendix A.1 and A.2 of [1]] for a detailed
derivation):

TaLO) = [TX AN N =Xi) . Ta L) =X - )
Denoting the vector A; (or A7) at k’th iteration by A; 5 (or A} ;), a gradient update along the natural
gradient with step-size p will result in the following update:

Aik+1 & Aik + P%Aié(A) = (L= p)Aik +pA7 (3)

Solution of KL proximal-point algorithm: We will now derive the solution of the proximal-point

subproblem of (I). The gradient of the KL-divergence term can be derived using the definition of
the KL-divergence for exponential family [2].

Dy 1, [qi(zilX) || @i (zi| Ai k)] = Ai(Xi ) — Ai(Ni) — U Ai(A) Xk — i) ()

= VaDrrlai(zilN) [ ai(zilXi )] = = T3, A ik — i) (5)
The minimum of () can be obtained by setting the gradient to zero.
1

Vi £(A) - 3 D 1ai(2i|Ai) || gi(2i| Ai k)] = 0 ()

N 1
= [V AN (A] =) + N V3, AiA) ik —A) =0 (7)

1
= [V, Ai(N)] [AF = A+ @()\i.,k )| =0 ®)

1 ﬁk *

= A\ =——X\ ——A; 9
A PN ,k+1+ﬂk p 9)

Therefore, we see that p = S /(1 + B).

2 Derivation for Generalized Linear Model

We will show that we obtain the following closed-form solutions,

Vil = Vil + (1 =) [2*1 T XTdiag(’yk)X} , (10)

_ _11—1 _ _
my = [(1— )3 + 7, Vi [(1 —r)(E - X o) + 1V 1mk] : (11)



for the following proximal-gradient subproblem:

N
N(zlp, %)
(mk+1; Vk+1) = arg mm‘?;o - ; [ank (XZm) + %'_Ynk (vaxn)] + ]Eq(zp\) {/\/’(zrn,V)
1
- EDKL WV (z|m, V)||N (z|my, Vi)] . (12)
2.1 Update for Vi
The KL divergence for Gaussian distribution is given as follows:
D1, [N (zlmy, V1) [N (z[ms, V)] =
— L log ViV = Tr(V1 V3! — (my — ms)" V5 (my — my) + D] (13)

Using this and the fact that the second term in (12) is the negative of the KL divergence, we expand
(12)) to get the following,

3llog [V| - Tr(VZ_l) —(m—p)"S7 (m — p) + D]

log [V = Tr{V(Vy) '} — (m — my,)" V' (m — my) + D]

2ﬂ
- Z [O‘nk (Xgm) + %’Ynk: (szxn)} (14)
1
[(1 + a ) log |[V] — {V (2_1 + ﬁV?)} —(m—p) "= (m — p)
1 N
_E(m mk)TV]:l(m —my) + (1 + > ] Z g ( x 2vnk(x,TLVxn)} (15)
Taking the derivative with respect to V at V = V11 and setting it to zero, we get the following:

1 1

= (1 + 5) Vit — (21 + ﬁv,f) — X" diag(y,)X =0 (16)
k

o vl oL oy, B [2 + XTd1ag(’yk)X} (17)

LT 48,k 1+ B
= Vil =mVil+ (- [2* + XTdiag('yk)X} (18)

where r, ;= 1/(1 + ).

2.2 Update for my,

Taking derivative with respect to m at m = my; and setting it to zero, we get the following:

_ 1,

= X 'my —p)— @Vk, Ymyy —my) — X ay, =0 (19)
1 [ 1

= - [2—1 - V;l} my1+ | p V;lmk} ~ X"y, =0 (20)
Bk L Bk
1 T 1

= myy = {21 + Vkl] S+ —Viimy - XTak] (21)
Bk L Br
1 T 1

= mpy = {21 + kal] S+ FV,;lmk - XTak] (22)
k L k

= my = [1-r)S Vil [(1 —rg) (2‘1u - XTak) + rkvglmk} (23)

where the last step is obtained using the fact that 1/8, = ri /(1 — 7).



3 Derivation of the Computationally Efficient Updates

3.1 The first key step: reparameterization of V_

We show that V1 can be expressed in terms of «,,. Specifically, if we assume that Vy = X, then
—1
Vi1 = [2_1 + XTdiagﬁkH)X} » where ¥,y = 1Y, + (1 — 1) ¥4 (24)

We recursively substitute V; for j < k£ 4 1 and simplify to get a convenient update.

Vi =mnVi +(1—rk) {2_1 + XTdiag('yk)X} (25)
=i [rec Vi, + (1= ) (2*1 + XTdiag('yk,l)XH (1) (2*1 + XTdiag(Pyk)X)
(26)
= i Vit + re(l = 1) (2*1 n XTdiag('yk_l)X) (11— (2*1 + XTdiagm,)x)
27)
= ek Vit + (L= 1) B+ X7 [ (1 = rpp—)diag(v,, 1) + (1 — re)diag(v,,)] X
(28)

— Tt [rk_w,;_lz + (1= Tps) (2*1 + XTdiag('yk_Q)Xﬂ

+ (1= rerp—) 7+ X7 (1 — rp_1)diag(v,_y) + (1 — re)diag(y,,)] X (29)
=1k 1Th—o Vi g + (Teree1 — rerk17h2) 2+ (1 —rprp_1) 27!
+ X7 [rrg 1 (1 = ry—o)diag(yg_s) + rx(1 — rp—1)diag(yy,_y) + (1 — rp)diag(y,)] X (30)
= rprp1Tk—o Vi o + (1 = rprp_17p_2) 27!

+x7 [Pere—1(1 = rp—2)diag(vg_s) + (1 — rp—1)diag(v,_y) + (1 — rp)diag(v,)] X (31)

Continuing in this fashion until £ = 0, we can write the update as follows:

Vit =t Vo' + (1= )27 + X diag(y,)X (32)
where t, is the product of rg, r,_1, . .., 7o and 7, is computed according to the following recursion:
Y =TkYh-1 + (1 —1e) 7 (33)

withy_; = ~,. If we set Vo = X, then the formula simplifies to the following:

Vit =3+ X" diag(7,)X (34)

3.2 The second key step: expressing the updates in terms of m and v

We recall the definition described in the paper. Define m to be a vector with m,, as its n’th entry.
Similarly, let v be the vector of v,, for all n. Denote the corresponding vectors in the k’th iteration
by my, and vy, respectively. Let i, be the vector of v, for all n and similarly let -y, be the vector

of vy, for all n. Finally, define i = X and > =xzx".

We will derive the following computationally efficient updates:

my, 1 = my, + (1 — 7)1 — B ) (i — iy, — Beay,), where By, := X + [diag(r15,)] 7%,
Viy1 = diag(Z) — diag(iA,:li), where Ay, := X + [diag(F,,)] . (35)



We use the fact that v = diag(XVX™”) and apply Woodbury matrix identity.

Vis1 = diag(X V1 XT) = diag [X(E‘l + XTdiag(%)X)—le} (36)
= diag [X {2 —-xxT (cﬁag(fyk)‘1 + XEXT) B Xz} XT] (37)
— diag [f: S (diagﬁk)_l + f:)fl fz] (38)
= diag(f)) — diag(iA;li), where A, = s+ [diag(7,)]!. (39)

Now we derive updates for my.1. First, we simply the updates of my; as shown below. The first
step is obtained by adding and subtracting (1 — rk)Eflmk in the square bracket at the right. In the
second step, we take out my,. The final step is obtained by plugging in the updates of V.

_ _19-1 _ _
my 1 = [(1— )2+, V] [(1 —r) (B — X o) + 11V, 1mk} (40)
_ 191 _ _ _
= [(1 — Tk)z ! + rka 1] |:(1 — Tk){z 1([.1, — mk) — XTak} + {(1 — ’I“k)z L + ’I“ka 1}1’111C
(41)
_ _17-1 [
=my + (1— 1) [(1=r)Z "+ 7 Vi '] {2 Y —my) — XTak} (42)
-1
—my+ (1= 7)) [271 4 X diag(3, )X [57H (- my) - X (43)
Now we multiply the whole equation by X and use the fact that m = Xm.
iy = my + (1 - )X {2—1 + rkXTdiagﬁk_l)X] B {2—1(;; —my) — XTa,f} (44)

=y, + (1 - r9)X {2 Y (diag(rkfyk)_l + XEXT)_l XE} [2*1(u —my) — xTak]
45)

—1
— iy + (1— ) {XZ} _xxx? (diag(rkfyk)_l + XEXT> XE} »1 [u —my — z:XTak]

(46)
— iy + (1— ) {X -3 (diag(rkfyk)‘l + f:)*l X} [u —my, — EXTak} (47)
= iy, + (1 — k) {1 S (diag(rm)—l + i)l} [ﬁ ~ iy — iak} 48)
=g 4 (1 — ) (I = =B Y (i — my — Say) (49)

where By, := 3 + [diag(ry¥,,)] L.

4 Convergence Assessment

We will use the first-order condition which says that the gradient of £ should be zero at the maxi-
mum. The lower bound is given as follows:

[N(zm %) ]

Nalm, V) 0

N
L(ma V) = Z fn("fﬁna,ﬁn) + IEq(z|>\)

n=1
N

=3 fa(n, Bn) + 3[og [V = T((VE™) = (m — p)"S" (m — p) + D] (51)
n=1

Taking the derivative w.r.t. Vatm = my41, V = Vi1, we get the following:

VvL(m, V) = —1X"diag(vy, )X + iV}, — i7" (52)
= —1XTdiag(y )X + § [+ X diag(F)X] — 1270 (53)
= $X7 [diag(¥;) — diag(yjy)] X - §370 (54)



Taking the derivative w.r.t. m at m = my41, V = Vg1, we get:
Vml(m, V) = X" — 7 (myy — p). (55)
We can therefore monitor the two gradients to assess convergence:
1571~ myn) — X g [+ STX ding(3, — v )X - 271 <6 (56)
To get computational efficient version, we can monitor the following:

IX Vm L(m, V)3 +Tr| XS vy Lm, V)EX"]

= | Bayr — Mgy + Al + Tf[i {diag(¥), — Y41 — 1)} i} (57)
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