Streaming, Memory Limited Algorithms for Community
Detection:
Supplementary Material

A Algorithms

We present below three algorithms that constitute building blocks of the main algorithms presented
in the paper.

Algorithm 4 Approx (A4, p, V, K )
Input: A,p,V, K
%+ max{1, ||V]exp(—|V|p)|})
forv e Vdo
Ty ¢ D yev Avw
end for
x* + £*-th largest x,,
I« {vjz, <a*,veV}
A+ (Avw)'u,wer _
(Q, oK) < Power Method (A, T, K) (Algorithm 5)
Output: (Q,o0x,T)

Algorithm 5 Power Method (A4, V, K)
Imput: A, V, K
Initial: @)y < Randomly choose K orthonormal vectors and 7* = [log |V|]
for r = 1to 7" do
AQT—l = QTRT
end for
o < K-th largest singular value of R«
Output: (Q,+,0x)




Algorithm 6 Detection (Q, V, K)

Input: Q,V, K (let Q,, denote the low of () corresponding to v)
for i = 1tolog|V| do
Xi,v — {w eV: HQU} - QvH2 S W}
Tz’,O — @
for k =1to K do
vp  argmax, | X, \ U= Tl
Tig < Xiwt \ Ui Tigand & >vet,, @u/1Tikl-
end for
forv e V\ (Ui, Tix) do
k* + argming, [|Qu — & k||
T < T e U {0}
end for
Ti 25:1 ZUETW Qv — &kl
end for
1* < argmin; r;.
Sy Tj» 1, for all k
Output: (Sk)kzl,...,K-

B Proofs

In this section, we provide the proofs of the following theorems.

Theorem 1 Assume that \/7 f(n) = o(1). Then under any clustering algorithm m, the expected

proportion of misclassified green nodes tends to 1/2 as n grows large, i.e., lim,_,, E[e™(n(9))] =
1/2.

Theorem 2 (i) If there exists a clustering algorithm that classifies the green nodes asymptotically
accurately, then we have: /Y f(n) = w(1).

(ii) If there exists an asymptotically accurate clustering algorithm (i.e., classifying all nodes asymp-
totically accurately), then we have: v f(n) = w(1).

Theorem 4 When /v f(n) = w(1), Algorithm 1 classifies the green nodes asymptotically accu-
rately.

Theorem 5 When ~y f(n) = w(1), combining Algorithms 1 and 2 yields an asymptotically accurate
clustering algorithm.

Theorem 6 Assume that h(n) = w(ﬁ%) and T = W(W) Then with M =
©(nh(n) + n) bits, Algorithm 3, with block size B = h(n)n and acquiring the T first

min{f(n),n1/3} log(n)



columns of A, outputs clusters Vl, ce Vi such that with high probability, there exists a permuta-
tiono of {1, ..., K} such that:

~ min{ f(n), n'/3
% U Vk \ Va(k) =0 (exp(—T {f( )’ })> .

n
1<k<K

In the following, we denote by \;(X) the i-th largest singular value of matrix X.

B.1 Proof of Theorem 1

Preliminaries. In what follows, we denote by o) ¢ {—1, 1}"(g> a vector that represents the

repartition of nodes in the two communities, i.e., nodes v and w belong to the same community if

and only if aqgg ) = cm(ug ). We also denote by 69 e {—1, 1}”(9) the estimate of ¢(9) that a clustering

algorithm could return.

We further introduce the following notation. For any k& > 0 and any two vectors x,y €
{—1,1}*, we denote by dy (z,y) = Zle 1(z; # y;) the Hamming distance between z and y and
define

d(.%', y) = % min{dH('r: Y), dH(ma _y)}'

For an estimate 69 of ¢(9), the quantity d(&(g), 0(9)) is exactly the fraction of misclassi-
fied green nodes. Hence if estimate 6(9) is obtained from algorithm 7, we have €™ (n(9)) =
d(69),5(9)). Note that d(5(9), 0(9)) < 1/2.

We first state key lemmas for this proof. Their proofs are postponed to the end of this section.

Lemma 7 For any o < 1/2 and estimate &(9), we have as nl9) — oo

n@ — H(g(g)‘A)

P(d(6'9,0@) > a) > 1 - n9) (1 — H(a))

+o(1),

where H(a) = —aloga — (1 — a)log(1 — ) and H(c'9|A) is the conditional entropy of ¢'9)
knowing A.

Lemma 8 As n(9) — oo, we have:
H(A) = H(A[o'?) < o(n'?) + O(n9f(n)?).
From the definition of conditional entropy, we have

H(0W|A) = H(c9) — H(A) + H(A|o®) = n@(1 - o(1)), (1)



since H(c9)) = log (n7§f}2) > nl9) — 3 log 2n(9) and we have H(A) — H(A|o\W) = o(n9))
from Lemma 8. As soon as n(9) — oo, putting (1) into Lemma 7, we see that for any o < 1 /2 and
any estimate (9,

P(d(69,09) > a) — 1.
If 59 is a random guess, i.e. for each v € V), 61()g ) is equal to 1 or —1 with probability 1/2

independently of the rest, then for any o < 1/2, as soon as n(9) — oo, we have by the weak law
of large numbers, P(d(6(9),0(9)) > o) — 1. Since we have

E[e"(n®)] > aP(d(69,0) > a),

and « can be chosen as close to 1/2 as desired, the result follows.

B.2 Proof of Lemma 7
We define the event E = {d(5'9),0(9)) > a} and P, its probability. We have

H(E,c9|69) = H(cW|69) + H(E|6'9,s59)
0
= H(E|6YW)+ H(9|E,&9)
n(9)
n(g)/z

IN

H(P,) + P, log ( ) + (1= P.)(nY9 H(a) 4 logn(9),

where the last inequality follows from H (E|6(9)) < H(E) = H(P.) and the fact that

(9)
& (9) (9)
{oc@, d(c@ 69)) < al| = Z (n > < (n®@a+ 1)< n ) < p@onPH(a),

7 an(9)
=0

n(9)

Using H(P.) < 1 and that ( 7, /2) < 27" for sufficiently large n(9), we get

H(0®|69)) 1 - nWH(a) — logn®

P, >
- n(g)(l — H(a)) —log n(9)

The claim follows from the data processing inequality which ensures H(c(9)|6(9)) > H (59| A).

B.3 Proof of Lemma 8

Thanks to independence, we have

H(A)— H(AlcW) = H(AY) - H(AD oW + HAM) — H(AD)|g9)



We first deal with the first term H(A9)) — H(A¥)|5(9)). By the concavity of p — H (p), we have
H(A(g)) < ("(29>)H (p—;q) and H(A(9)|a(9)) = 2("(2/2)H(p) + (@)QH(Q) Hence, we get

() ) e
() = 1) < (") (") ) - (P

n(g) 2 +
S (25 - ) - @) +on)
(n'9)? ( 2p 2g >
= lo + qlog ——
;o (Pl —m taleg mo
(Mwﬁ< 2—2p 2—2q) @
+ 1-— 10 —_— 4 1-— 10 S E— +O7’Lg
o \(d=p) E S— (1—q) L p— (n'¥)

<
4 p+q 2-p—gq

—o(n®) + o(nf(n).

(n(9))2 ((p —q)? N (»— )’ > + o(n®)

We denote by Aq(f) the row vector of A(") corresponding to v € V(). For the second term, by
independence we have

H(A™Y — HAM|69)) = (n — n(g))(H(Aq(]")) _ H(Aq(]")|a(g))).
Foravectorz € {—1,1}V"” and 09, we define |z|* = Do (e) 0@ g Tos [T[T =20 ) g T
and |z| = |z|T + |z|~. For a given 09, we have

P[A]) = 2|09 = ¢(||*, 2] ),

where ‘ ‘ ‘ ‘ . N
(i) = (15)' ) + 5/ ) -p)2(1-q9)>
’ 2
Since ¢(9) is uniformly distributed,
(9) no) N7 9) — 4500
PAP a=( ) X PP =alo)
9): (9)
o vev(9) Ov
n@ \ P EL 2 (0@ 2] ‘
~(ina) 2 () (2 )etilel = = ntia,
i=0
where

D G SOLED)
S (VA ()

5

n(k) =




Since 1(0) = ¢(0,0), n(1) = ¢(1,0) = ¢(0,1),and (" )n(k) = S5 ("2 ("212)¢ (6, k—1),

H(A(T)) _ H(A,,(]")|a(9))

v

n(9) n(Q)/Q n(g)/g
n(9) n@/2\ o
=5 (" Yo+ 3 S () (" et esciii)
k=0 =0 ;=0 J
n(g)/g n(g)/g
2 )
-5 R () /> 98
=0 j=0 Ui\
n@ L . .
ny n9) /2 C(iyk —1)
= Z Z 1i<n(9>/21k;—i<n(9>/2( . ) < ) i) log >
k=2 i=0 n(k)
n@ L
n\9 n(g
< lign(g)/Qlk_iSn(g)/2< . >( > klog( )
k=2 1=0
< (9) )k a
< Y @O klog())
2<k<n(9)
= O((n))*p?),
where the last equality stems from n(9)p = o(1). Thus,
(9)
(n—m)(H(AP) = H(AD[09)) = O(n(n@)*p?) = O(n@ "~ f(n)?) = O(nD~f(n)?),

and the lemma follows since f(n) > 1 so that f(n)? > f(n).

B.4 Proof of Theorem 2

In the remaining proofs, we use m instead of n(9) to denote the number of green nodes. We
first consider case (i) with v = ©(1). In this case, a necessary condition for the existence of an
asymptotically accurate clustering algorithm is that the fraction of green nodes outside the largest
connected component of the observed graph vanishes as n — oo. This condition imposes that

We now consider case (i) with m = o(n), i.e. ¥ = o(1). Denote by ® the true hidden

partition (Vl(g ) , VQ(g )) for green nodes. Let Py be the probability measure capturing the randomness
in the observations assuming that the network structure is described by ®. We also introduce a

slightly different structure W. The latter is described by clusters Vl/(g ) = Vl(g U {vo} \ {v1},
Vzl(g ) = V2(g) U {wv1} \ {ve} with arbitrary selected v; € Vl(g ) and vy € V2(g).

Let w € II denote a clustering algorithm for green nodes with output (Vl(g), 172(9)), and let
&= Vl(g A Vl(g ) be the set of misclassified nodes under 7. Note that in general in our proofs, we



always assume without loss of generality that |V1(g A Vl(g )| < |V1( A V2 | so that the set of

misclassified nodes is really £. Further define B = {v; € Vl(g )} as the set of events where node v;
is correctly classified. We have e(m) = |£|/m.

Let x; ; be equal to one if there is an edge between nodes 7 and j and zero otherwise.With
a slight abuse of notation, we define the boolean functions p(-) and ¢(-) as follows: p(1) =
af(n)/n = p, q(1) = bf(n)/n = g and p(0) = 1 — p(1), ¢(0) = 1 — ¢(1). We introduce L
(a quantity that resembles the log-likelihood ratio between Pg and Py ) as:

L—Zlog 9@ )P(i, )+ Zlogw
ev() pxlvl Q( z,vg) . 3

CY g ey @oi) [icymo 4(@0i) + 110 €(@0i) [igpn0 P(03)
s ey pEoi) Mgy a(@ei) + ey a(@i) ey p(aoi)

In what follows, we establish a relationship between E[e(m)] and L. For any function g(m),
Py{L <g(m)} = Pu{L <g(m),B}+Pu{L < g(m),B}. )

We have:

Pl <gm).B) = [ e
R P R, W
/{L<g(m) B} H p(xi,m)Q(x ) 1_‘£, (mzv ) (xz vg)dp‘b
< exp(g(m))Pa{L < g(m),B} < 3
< 2exp(g(m))Eele(m)], 3)

where the last inequality comes from the fact that,
Pe{B} > 1—Po{v; ¢ V\V} >1—2Eq[e(n)].

We also have:
Py{L < g(m), B} < Py{B} < 2Ey[e(m)]. 4)
By (3) and (4)
Py{L < g(n)} < 2Ea[e(n)] exp(g(n)) + 2Eq|=(n)].

Since Eg[e(n)] = Egle(n)] = E[¢(n)] and E[e(n)] = o(1), choosing g(m) = log (m) we
obtain:

m—0o0

1 1
lim inf Py{L > log <8E{€(m)])} > 7 5)



By Chebyshev’s inequality, Py {L > Ey[L] + 20¢[L]} < 1. Therefore, to be valid the above
inequality,

Ey[L] + 200[L] > log <81) , ©)

=
gy
32

which implies that Eg [L] 4+ 20g[L] = w(1) since E[e( .
We define K L(p,q) = plog(p/q) + (1 — p)log((1 — p)/(1 — ¢)). From the definition of L,
we can easily bound Ey[L] and oy [L]? :

Eg[L] <m - (KL(p,q) + KL(g,p))
T m/2 =1\ (m/2=1\p™ g +pI¢"™"  pgl +pgt
0] — - -
7 7 2 & pquJrl + p]+1qz

+n
0<i,j< 2 -1

<m-(KL(p,q) + KL(q,p)) +n Z mkpk+1klog
1<k<m

<O(rf(n) +nplog s > km*p" < O(vf(n)) +nplog 3 > k(mp)*

1<k<m k=1

O(vf(n)) + nplog % > (@2mp)*
k=1

a 1—gq
ow[L)* <m((p + q)(log 5)2 +(2—p—q)(log ﬂ)g)
2_1 2 1\ pitlgi j i1 i+l g j i1 2
i Y <m/i )(m/ >p q JQrp’q <logpi jfljrrp;jzrl Z)
osi<n 1 J Pt +pitlg
a\2 ko k+17.2 @2
§4mp(logg) +n Z mep" Tk (logg)
1<k<m
O(vf(n)) + np log Zk2 (mp)* < O(vf(n)) + np(log + QZ (Bmp)k. (7
— k=1

Therefore, the necessary condition for Ey[L] + 20y[L] = w(1) is that np >3, (3mp)* = w(1).
We conclude this proof from that np Y5, (3mp)* = w(1) if and only if v f(n)? = w(1).

We now prove point (ii). Note that the probability for a red node to be isolated is at least
(1—af(n)/n)"™ ~ exp(—avyf(n)). If there exists an asymptotically accurate clustering algorithm,
then the fraction of such isolated red nodes should vanishes and hence v f(n) — oc.

B.5 Proof of Theorem 4

(g)
The proof proceeds in two steps. Step 1. We first establish that if \/TT Limplor>50p = w(1),

then the spectral method applied to the matrix A(9) is asymptotically accurate. We also show that



if % “Limpr>s0y = w(1), then the spectral method applied to the matrix of indirect edges A’ is

(9)
asymptotically accurate. Step 2. We show that if v f(n) = w(1), then \/LW Lmpor>50p = wW(1)
mp -

with high probability (w.h.p.), and if v f (n) = O(1) and /7 f(n) = w(1), then % L =50y =
w(1) w.h.p..

Preliminaries. We first state three lemmas to analyze the performance of Approx, PowerMethod,
and Detection algorithms. Their proofs are postponed to the end of this section. In what follows,
letV ={1,...,n}andlet A € R™*™. For any matrix Z € R"*", A\ (Z) denotes the K -th largest
singular value of Z.

Lemma 9 With probability 1 — O(1/n), the output (Q, 0k ) of the PowerMethod algorithm with
input (A, V, K) (Algorithm 5) satisfies that o = O(Ag (A)).

Lemma 10 Let A, M € R™ " and let M = UAUT be the SVD of M where A € REXK_ Assume
that ||A — M| = o(Ax(M)), the output (Q, ok ) of the PowerMethod algorithm (Algorithm 5)

with input (A, V, K) satisfies:
Tl — o (1A=MIY _
otel=o (5 ) e,

where U | is an orthonormal basis of the space perpendicular to the linear span of U.

Lemma 11 Assume that the set V' is partitioned into K subsets (V},)1<k<x. Further assume that

for any k, “:l—’“‘ > 0 does not depend on n. Let W be the V. x K matrix with for all (v, k),

Woe = 1/3/|Vk| if v € Vi and O otherwise. Let W be an orthonormal basis of the space
perpendicular to the linear span of W. The output (Si)1<r<Ki of the Detection algorithm with
input (Q,V, K) satisfies: if [WTQ| = o(1), then there exists a permutation ¢ of {1,..., K} such
that
K
’Uk:l S\ Vc(@‘

n

=0 (IWiQl?).

Step 1. We use the notations introduced in the pseudo-codes of the various algorithms. Let M(9) =
E[A©)] and M’ = E[A']. Let Al(ﬂg) = (AS,%),)UMGF@ and Még) = (Méf,l))wwep(g). Analogously,
we define A/F = (A;;w)v,wel'" and M. = (M/ )v,wel’"-

rw

We prove that if \/UT%, “ Lymp>50y = w(1), then the spectral method applied to the matrix of
indirect edges A’ is asymptotically accurate. We omit the proof of the asymptotic accuracy of the

(9)
spectral method applied to A9 under the condition —&— - 1 {(mp(9)>50) = w(1) (since it can be

mp(9>
conducted in the same way).



Recall that o denotes the K-th largest singular value of the trimmed matrix A}.. Observe that
by assumption, for n large enough, mp’ > 50. Hence applying the law of large numbers, we can
conclude that the largest singular value &; of A’ scales at most as mp’ w.h.p.. Since 0y < 0] <&

(where o is the largest singular value of A[) and \/7/ = w(1), we deduce that mp’ = w(1)

w.h.p.. Hence the trimming step in the Approx algorithm applied to (A’, p/, 17420 ¢ ) does remove
a negligible proportion of green nodes, i.e., wh.p. [V \ T'| = o(|V(9)]) or equivalently || =
m(1+o(1)).

Observe that w.h.p., p’ = Z“;;Lz (14 0(1)) = O(maxyy{M,,})(1 + o(1)) by the law of
large numbers and »° v A}, = O(mp’) for all v € I". From random matrix theory [2], with
probability 1 — O(1/m), ||[Ar — M{|| = O(v/mp'). Next we apply Lemma 9 to (A, IV, K') and

deduce that 0% = O(Ag(AL)) whp.. From Mg (M[) > Ag(A) — || A — M|, \;71;7 =
w(1), we deduce that w.h.p.,
A (M
M =w(l).
I AT — M|

If M{. = UAUT, we deduce from Lemma 10 applied to A} and M{. that w.h.p., |[UTQ| = o(1).

We can now apply Lemma 11 replacing V by I'” and Vi by I" N Vk(g ). Observe that the linear span

of U coincides with that of W (refer to Lemma 11 for the definition of W). Hence, w.h.p., the
nodes I" are accurately classified, and so are the nodes in 1420

Step 2. We distinguish two cases: 1. 7 f(n) = w(1); 2. 7f(n) = O(1) and \/7f(n) = w(1).
Case 1. Assume that vf(n) = w(1). By the law of large numbers, mp9) = O(yf(n)
(

) w.h.p
Since A (M) = Qv (). A9 — MO| = O(y/mp®) = O(y/77()) and Ax(AD) >
(9)
A (M) — A9 — MO, we get 22U — (1) whp.. Since o'? = O(Ax(AY)) from

A/ mﬁ(g)
Lemma 9, w.h.p.
(9)

9K
K, — w(1).
mpl9) {mito) 250} = @)

Case 2. Assume that vf(n) = O(1) and \/7f(n) = w(1). We first compute M;; for any i, j €

‘ (9)| andﬁ _ ‘V(r)l

(i) Let 7, j be two green nodes belonglng to the same community, ie.,i,j € Vk(g ) Letwv € Vk(r) .
We have:

V(@) For notational simplicity, a, =

P Avi =1= Avja Z Avw =2 = p2(1 _p)akn—Z H(l - Q)aln'
weV(9) I#k

This probability is equivalent to p? exp(—axpn — Y, ), qugn) when n — oo. Similarly, when
GRS Vk('g ) for some k' # k, the probability P[A,; = 1 = Avj, Y wevio) Avw = 2] is equivalent to

10



q? exp(—aypn — Z#k, agqn) when n — oco. We deduce that:

M{; ~ p*nBni + ¢°n Y | B, asn — oo, ®)
)

where 1y, = exp(—agpn — 3, cugn).
(i1) Let 7, 5 be two green nodes belonging to different communities, i.e., ¢ € Vk(g ) and je Vf(g ), for
k # £. Using the same analysis as above, we have:

Mi’j ~ pq(Bemk + Bene)n + ¢*n Z Brnrr  asn — oo. ©))
k'¢{k,(}

From (8)-(9) and the law of large numbers, we get w.h.p., mp’ = O(vf(n)?) (this comes from
the facts that vf(n) = O(1) and agpn = O(vypn) = O(vf(n))). As a consequence, mp’ = w(1)
w.h.p.. Thus, in the trimming process in the Approx algorithm applied to (A, 7/, 142 ¢ ), we
must have |V @\ I'| = o(|]V9)]) w.h.p..

We also deduce from the above analysis that we can represent M. as follows:

M= M N (M)

where Mé‘?)K is a IV x K matrix where the k-th column of Mlg‘f’ )K is the column vector of Mlﬂg )

corresponding to v € Vk(g ), and A’ is a K x K diagonal matrix where k-th element is S;7n;n. Since
1M, =] .
% = Q(y/mp) for any & € REXL \ie(M[) = Q(mnp? lg}clgnKnk) = Q(vf(n)?). By the
law of large numbers, w.h.p., mp/ = ©(vf(n)?). Then, as in the analysis of Case 1, we conclude
that w.h.p.

/
O

B.6 Proof of Lemma 9

To conclude o = O(Ag(A)), we show that o = O(Ax(A)) (Step 1) and o = QA (A))
(Step 2).

Step 1. When ||A|| = O(Ax(A)), this is trivial since singular values of R« have to be less
than || Al|. Let [|A|| = w(Ax(A)). Then, there exists £ < K such that \¢(A) = w(Ax(A)) and
Ae+1(A) = O(Ag(A)). We denote by Uj]\ﬁjT be the SVD of rank j approximation of A. Let
Q) k7 denote the K-th column vector of (). Analogously with Step 1 of the proof of Lemma 10,

we can show that ||0JTQK,T* | = O()/‘\f((:))) for all j < ¢. Therefore, o, = O(Ag (A)).

Step 2. When A\, (A) = O(Ak(A)), this is trivial since singular values of R« have to be larger
than \,,(A4). Let A,(A) = o(Ax(A)). Then, there exists £ > K such that A\py1(A) = o(Ax(A4))

11



and \/(A) = ©(Ak(A)). Analogously with Step 1 of the proof of Lemma 10, we can show that
1(U)T Qrrr|| = O(’\ﬁ\;(lAf)1 ) = o(1), where (Uy), is an orthonormal basis of the perpendicular
to the linear span of Uy. Therefore, o7, = Q(A(A)) = Qg (A)).

B.7 Proof of Lemma 10

We denote by A = UAUT be the SVD of rank K approximation of A.~ Let U, and U, be
orthonormal bases of the perpendicular spaces to the linear spans of U and U, respectively. Since

IULQr |l = IVT(WTT + ULUD)Qr || < IUTUUT Qre || + |ULULUT Q|
< UTOINTT Qe Il + IULTLINTL Q|| < WU + 1TL Qe+,

to conclude this proof, we will show that | U7 Q| = O (lki_(%;l) and |UTU| =0 (H/\’?(_(J\Ajy )

Step 1. ||UIQT* | =0 (H/\’?{_(AA;II)” ): Let x; be the right singular vector of UIQTH corresponding
to the largest singular value and ; be a K x 1 vector such that 1 = R, 12;. Then,

IUL Q@13 10T Qr 1R}
2113 a |Rr 41213
_ ”UIQT—&-IRT—&J@IH%
NUTQri1Rra@ |3 + U] Qrit Rea @ |13
_ |UT AQ &1 3
- UTAQ &1 |I3 + U AQ-&1 3
< |A— M||§
T Ak (M) = |A= M|l2)2(1 = |UTQ-|13) + | A — M|3’

1ULQr1l3 =

(10)

where the last inequality stems from that
IUTAQ 1|2 < 1UTAQ |1 ]l2 < ITTAll@1]l2 = Axcs1 (A @1]l2 < [[(A — M)|[[|21 |2
|UTAQ-@12 = |(UTAUUT Q, + UT AU L UTQ:)&1 |2 = |[UTAUUT Q-1
> A (A)|UTQr&1]la > Ak (M) — |A = M|)[|UT Q||
> (Ax(M) = A = M|)\/1 =TT Q311

[ A—M||3
A (M)—[[A—M]l2)*

|A—M||3
Arc (M)?

Let ( = 0 ) = o(1). Then, from

(10),

. Since % =0(1), ¢ = O(

1= lULQr1l3 =1~ = = = :
1-UfQ-l3+¢  1-lUTQ-l3+¢

12



17”0IQT 2

When 1 — |UTQ, 3 < ¢ 1 - |UTQr413 > > From this, one can easily check that

2¢
log(¢/(1—|TT Qo3 -~ -~ -~
when 7 > L L) 4 T Q 3 > ¢ 1- 0T Qe3> 1/2. and 1~ | 0T Q423 >
T ~
1—2¢. Therefore, when log‘v‘ > log(C/l(olg(yZC?OH NUTQr+|l2 = O <%) Since ¢ = o(1),

to complete this proof, it is sufficient to show that 1 — ||[UT Qo3 > 1/Poly(n) with probability

O(1/n), where Poly(n) is a polynomial function of n with finite order. By Theorem 1.2 of [4]
(Please refer to the proof of Lemma 10 of [3]) we can conclude this part with Poly(n) = 1 / n

Step 2. |[UTU| = O (ll\i_(l\]\//ll)” ): We can get an upper bound and a lower bound for ||AU || as
follows:
JAULI = (M + A= M)UL| = [[(A = M)UL| < [[A— M|
IAUL| = (A + A= AUL|| > |AUL|| - (A = A)UL|| > [UAUTUL| — [|A - Al
> A (ATTUL - A= A| > O (M) — |4 — MID[TTUL | - |4 — M].

- 7T 2| A—M|| [A=M]|
When we combine above bounds, ||[U* U, || < oran—Aa-wm = © ( <(0D) )

B.8 Proof of Lemma 11

From the definitions of Wand W, Q = WWTQ+W LWEQ. Since rows of W corresponding to
the nodes from the same cluster are the same, the rows of WWTQ are also the same for the node
from the same clusters. Let WW7TQ(k) be the rows of WWTQ corresponding to v € Vj. Let
V(ge) € RE>*1 such that k-th row and /-th row are 1/ \/\VT| and —1/ \/\7@ , respectively and other
elements are zero. Then, [WWTQ(k) — WWTQ(0)||? = [[WTQuy|?. Since [WTQz|| >

L= [WLQIP|=,

IWWTQ(k) — wWwTQ)|? = Q(l‘VXEQHQ

)= Q(%) for all k # ¢.

Therefore, with some positive C' > 0,
|Ukek#5kﬂVe|

< > D IwwTQk) - wwTQ(0))?

k,l:kACveS, N Ve

<2 > > IWWTQE) = & kll® + |sirp — WIWTQ(O)|?

k,:k#CveS, N Ve

<43 Y WU sl

k,l:k#0veS, N Ve

<8 > DWW — Qul® +11Qu — & il®

kL:k£LveS, NV,
<8|W . WTIQ|% + 8ri- <8K|[W . WLQ|?*+ 8 < 8K|WLQ|?+ 8y«
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To conclude this proof, we need to show that r;» = O(||[WTQ||?). Let i* be an integer between
w WT .
1 and log n such that H Ln 5§Q”F < nlfjgn < i with positive constant ¢ close to 0. There exists

such ¢! for any 4, since |[W, WTQ||? = o(1) and the rank of W, WTQ is K. Then,

it

U fveVi:|Qu— WWTQ( )H2 ’2 4711&

1<k<K

- 4nlogn} e ”WLWLQ’

n(1 — 46%).

From this, since ||Q, —Qu||? < 2/|Qu—WWTQ(K)|>+2(|Quw—-WWTQ(k)
that [|Qu — WWTQ(R)|I” < gi;

2, when v satisfying

4nlogn’
| Xit | > [Vi| — 48%n.

On the other hand, since [|Qy — Qul|* > 3[Qv — WWTQ(k)||> — |Qw — WWTQ(K)|?, when
v satisfying that |Q, — WWTQ(k)||> > —L

nlogn?
‘Xi,v’ S 452n.

. . ot
With small enough constant , therefore, when v and w satisfy that [|Q, — WWTQ(k)||? < 4 Tog 7
and [|Q,, — WWTQ(k)||? > ﬁtgn, | X, i,w|» which indicates that the origin of T}: ; is at
least | Qu, — WWTQ(K)|? < Tlogn and [Ty g| > |Vi| — 46%n. Since || - || is a convex function,

by Jensen’s inequality, for all &,

Soer, IWWTQU) - @ _ jwiwrols

WWTQ(k) — & 1% < , < —0

Wi QHQ)

Therefore,

K K
Tt = Z Z 1Qu — & gell” < Z Z 1Qu — &ir il?

k=1 ’UGTit k k=1veVy

K
<2) 3 Qu = WWTQR)|? + [WWTQ(k) — & 4]

k=1veVy

K
<2AWWTQIE +2) > IWWTQ(k) — &l

k=1veVy

K
=o(IWlQI®) +2> > IWwwTQ(k) — & xl* = O(IWTQ|).

k=1veVy

Since rj» < 1, rix = O(||WEQH2)
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B.9 Proof of Theorem 5
Let u(v, i) = E[Y,, g0 Avo] and Var(v, i) = E[(u(v, 5) = 3

(9)
|U§:1(S,(€g) \ Vk(g))| = o(|V9]) from Theorem 4, “(‘S(i)‘ ) — p(1 + o(1)) and
1+ 0(1)) when v € Vi and X055 — 41 1 o(1)) and Y@ — 41 1 o(1)) when v ¢ V;
p(1+0(1)) when v € Vj, an S q(1+0(1)) an wEor q(1+0(1)) when v ¢ Vj.
k

|5k

.S ) .S
\/Var(v,S’,(cg))

By Chebyshev’s inequality, when v € Vj, v € Sy with high probability since
w(1) for all &’ # k when v f(n) = w(1).

B.10 Proof of Theorem 6

In this proof, we use Chernoff bound as the form of Lemma 8.1 in [1].
From Theorem 4, Algorithm 1 classifies the arrival nodes at each time block with dimin-

ishing fraction of misclassified nodes. Between Si(T) and S](.TH), the number of connections is

@(32@) = @(min{f(:igﬁ)g}loan) = w(1) from the condition of this theorem. Let p(k,i) =

2vet; 2,5 A
ZvEV Z 1

. By the Chernoff bound, with high probability (since » veVs Zw es) Ao =

’LUGS(T
()

w(1)), u(k,i) = p(1 — o(1)) when | TS(QIW = 1—0(1) and pu(k,i) = q(1 + o(1)) when

|S N s(k)l

SNl
157

157
1— o(1). Thus, 'Vklg‘v“ =1 — o(1) for all k with high probability.
k
Vi O Vil
. Vil
vk — b—4q
= P ) |v T <

1
1 — O(exp(— T@)) with a constant ¢ > 0. Thus, the probability for that I‘;]\C < jlv‘;’]’ for
k k!

v e Vi and k # k' is O(exp(—cT L)),

o(1). Therefore, with high probability, S ,E:T) is merged with VS( k) such that

Since = 1 — o(1) for all k, one can easily show using the Chernoff bound that

q(1 + 251) when v ¢ Vs with probability
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