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Proof of Theorem 1 and Theorem 2

In this section, we prove the following stronger version of Theorem 1 and Theorem 2.
Theorem 1. (GIC) Assume each subset satisfies A.1, A.2 and A4, and p < n® for some o <
k(r—n), where n = max{v/k,2x}. Ift < 7, 2k < T and X are chosen so that \ = co /o ?(n/m)™ "
Sor some co < cco /2, then there exists some constant Cy such that for n > (ZCop)(kak")_l, any
§€(0,1/2) and m = L(Cio)(’”*kn)_ln/p(’”*k")_lJ, the selected model M., follows,
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and the mean square error of the aggregated estimator follows,
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where C{) = min; )\mm(Xy)TXgi)/ni).
Theorem 2. (Lasso) Assume each subset satisfies A.1, A.2 and A.3, and p < n® for some o <

=741

k(T — ). If v < T and X are chosen so that A\ = co(n/m) =z for some ¢y < c1Va/ca, then
there exists some constant Cy such that for n > (ZCOp)(kT*k‘)_l, any 6 € (0,1/2) and m =
L(CLO)(kT*kL)_l . n/p(l”*l“)_lj, the selected model M., follows
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and with the same C|, defined in Theoreml[l] we have
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Fixing 6 = 1/4 gives exactly the Theorem 1 and Theorem 2 in the article. The above two theorems
can be implied from the following three lemmas.

Lemma 1. (Median model for Lasso) Assume each subset satisfies A.1, A.2 and A.3. If v < T and
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A is chosen so that X = co(n/m) =z for some ¢y < c¢1Va/ca, then there exists some constant Cy
1
such that for n > (2Cop) *==9 and any 6 € (0,1/2), the selected median model M., satisfies
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where § determines the number of subsets m
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0
m= L(a}) n/p
and constant C is defined in the proof.
In particular, if p < n® for some o < k(1 — () then
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Lemma 2. (Median model for GIC) Assume each subset satisfies A.1, A.2 and A4. Let n =
max{t/k,2k}. Ift < 7, 2k < T and X is chosen so that \ = cq/a?(n/m)7™ " for some co < cca /2,

then there exists some constant Cy such that for any & € (0,1/2) and n > (2Cop)*k™=+D " the
selected median model M., satisfies
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where & determines the number of subsets m
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In particular, when p < n® for some o < k(1 — 1) we have
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Recall that the design matrix for the true model Mg is assumed to be positive-definite (Assumption
A.1) for all subsets. It is therefore reasonable to ensure the selected model M., possess the same
property, and thus we have,

Lemma 3. (MSE for averaging) Assume Bl is the OLS estimator obtained from each subset based
on the selected model ~, then the averaged estimator 3 has the mean square error,
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Proof of Lemmalll

Proof. Following the proof of Theorem 3 in [1]], we have the following result: for the i* subset, the
selected model MW) follows that,
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and n; = n/m. If X is chosen to be c¢g(n/m) "5 then the above result can be updated as
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where C equals to
2
Co = Cl(;)Qk + Co(2/ o)
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For any fixed m if the sample size n satisfies

n > m(QC’Op) T-,(Tl_,,) ,

then we have P(M_ ) = Ms) > 1/2 on each subset. Recall the definition for the median model,

m

= min ZHW Y1
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Notice that as long as half subsets select the correct model, i.e., card({i : M, = Mg}) > m/2,
we will have M., = Mg. Therefore, letting Scor = 21:1 Iy M_(y=Ms}> where [ 4 is the indictor
function for A, we have
P(M'y = MS) = P(SCOT‘ > I—m/2W) 4)
Since all subsets are independent and the correct selection probability for each subset is greater than
1/2, we can apply the Chernoff inequality ( [2] or Proposition A.6.1 of [3]]) to obtain that,
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Equivalently, for any n > (2Cop) "7, if we choose m = L(C%)kfl/“_” -n/p* /=1 | for any
§ € (0,1/2), we have
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Proof of Lemma

Proof. The proof is essentially the same as Lemmal[ll Following the proof of Theorem 2 in [4] , we
will have the initial result on each subset,
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Now because A = % (%)T*"‘ we update the above equation to
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With exactly the same argument as in Lemma 1, once the sample size exceeds (2Cyp) e , then
for any 6 € (0,1/2) and m = L(C%)’fl/“_”) -n/p* /=M | we have
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Proof of Lemma

Proof. To simplify the notation, let X denote the selected feature matrix X . Now if the selected
model is correct, the error of OLS estimator can be described in the following form,

B—pB=(XTX)'xTe. (12)

Hence the error of averaged estimator is,
—B= Z XOT xNT xOT @) /. (13)
Because Fe? = o2 we have
E|B - 8I3 = "Qi XOTx0)=1). (14)

As the smallest eigenvalue for each subset feature matrix is lower bounded by V5, i.e.,
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we have
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However, if the model is incorrect, we can bound the incorrect estimators in the following way. For
each subset,

18 = BI3 = 1185 = B,113 + 1855 — B/ 113 < 118y = B5113 + 11834 13- (16)
Now to quanitify the first term, we first notice that
(XBy = XBy) /v, = (X(XTX)T'XTY — XB,)/v/n;, (17)

and therefore
CollBy = B5113 < 1XB, = XBy)/Vialls < n H(IY115 - 267 XTY + [ XB,113)  (18)
Taking expectation on both sides we have,
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Therefore, we have
E|5 - Bl5 < (1+2C5 ' sW)|BI5 + Cy to. 20)
The above bound holds for all subset estimtors (3 (9 it should also hold for their average B ,i.e.,
BB - BII3 < (1+2C5 sW)lIBII; + Cg o, 1)
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Assumption justification

It is important to carefully assess whether the conditions assumed to obtain theoretical guarantees
can be satisfied in applications. There is typically no comprehensive answer to this question, as the
answer usually varies across application areas. Nonetheless, we provide some discussion below to
provide some insights, while being limited by the complexity of the question.

In following paragraphs, we attempt to justify A.1, A.3 and A.4 with examples and theorems. The
main reason to leave A.2 alone is because A.2 is an assumption on basic model structure that is
routine in the high-dimensional literature. See Zhao and Yu (2006) and Kim. et al. (2012).

The discussion is divided into two parts. In the first part, we consider the case where features or
predictors are independent. In the second part, we will address the correlated case. Because we can
always standardize feature matrix X prior to any analysis, it will be convenient to assume z;; having
mean 0 and variance 1. For independent features, we have the following result.

Theorem 3. If the entries of the n x p feature matrix X are i.id random variables with finite 4w*"

moments for some integer w > 0, then A.1, A.3 and A.4 will hold for all m subsets with probability,

m2w(28 _ 1)2wp2
n2w—1 ’

P(A.1, A.3 and A.4 hold for all subsets) > 1 — O{

where s is the number of non-zero coefficients.

Alternatively, for a given dg > 0, if the sample size n satisfies that

1
w1
n > m(2s — 1){9”(210 — )M, (25 — 1)mp250_1} ,
where My is some constant, then with probability at least 1 — éy, all subsets satisfy A.1, A.3 and A.4.

The proof will be provided in next section. Theorem Brequires m = o(n), which seems to conflict
with Theorem 1 and 2 in the article where m is assumed to be O(n) if p is fixed to be constant. This
is, however, caused by the choice of § (see the stronger version of Theorem 1 provided in the first
section). 4 is fixed at 1/4 in the article for simpicity, leading to the conclusion of m = O(n). With a
different choice of § satisfying § = o(n), Theorem 3 along with Theorem [Tl and 2] (stronger version)
can be satisfied simultaneously. The same argument can be applied to Theorem 4 introduced in the
next part as well.

Next, we consider the case when features are correlated. For data sets with correlated features, pre-
processing such as preconditioning might be required to satisfy some of the conditions. Due to the
complexity of the problem, we restrict our attention to data sets following elliptical distributions and
under high dimensional setting (p > n). Real world data commonly follow elliptical distributions
approximately, with density proportional to g(x? ¥ ~'x) for some non-negative function g(-). The
Multivariate Gaussian is a special case with g(z) = exp(—z/2). Following the spirit of Jia and
Rohe (2012), we make use of (X X7 /p)~1/2 (XXT is invertible when p > n) as preconditioning
matrix and then use results from Wang and Leng (2014) to show A.1, A.3 and A.4 hold with high
probability. Thus, we have the following result.

Theorem 4. Assume p > n and define X = (XXT /p)~'2X and Y = (XXT /p)~Y/2Y. If each
row of feature matrix X are i.i.d samples drawn from an elliptical distribution with covariance %
and the condition number of Y. satisfies that cond(X) < My for some My > 0, then for any M > 0
there exist some Ms, My > 0 such that, A.1, A.3 and A.4 hold for all subsets with probability,

-M
P(A.1, A.3 and A.4 hold for all subsets) > 1 — O mp? exp o ,
2mlogn

ifn > exp (4MsMy(2s — 1)?).
Alternatively, for any 6o > 0, if the sample size satisfies that

n > max {O <2m(10gm +2logp — log 50)/M), exp <4M3M4(2s - 1)2> },
then with probability at least 1 — 6y, A.1, A.3 and A.4 hold for all subsets.

The proof is also provided in next section.



Proof of Theorem 3]

Proof. Let C = %X TX. We divide the proof into four parts. In Part I and II, we examine the
magnitude of C;x and C;; and give the probability that A.3 and the first part of A.1 hold for a single
data set. In Part III, we give the probability that A.4 and the second part of A.1 hold on a single data
set. We generalize the result to multiple data sets in Part IV.

Part I. For C;; we have

1 n
ECi; = El|lz||5/n = ” ZE»T?J =1,

j=1
and

2w — HNE|x2, — 1|2
n2w—1
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where the last inequality follows the proof of Theorem 3 in [1]]. Because E|x15|*" < oo, it is clear
that E|z2, — 1]?* = E?:O(—l)ngwE|x12|4w_2j is also a finite value, which will be denoted by
My. Now by the Chebyshev’s inequality we have for any ¢ > 0,

Therefore, by taking the union bound over ¢ = 1,2, --- , p we have,
(2w — H!'Myp

(22)

P(  max " |ICii — 1] > t) < TS oY

i€{1,2,,

Recall the definition of C;;, (22) immediately implies that the first part of A.1 will hold with proba-
bility at least 1 — O(nﬁ:%) for a single data set.

Part I1. Following the same argument, we can establish the same inequality for C;;, where the only
difference is the mean,

1 n
EC;. = Eszxk/n = ZE:cijxjk =0.

j=1
From Chebyshev’s inequality we have for any ¢ > 0,

where M; = max{E|r12223|**, My} is a constant. Taking union bound over all off-diagonal terms
we have,

(2w — 1)1 M, p?

an —1 t2w

P(rggg Cik| > 1) < (23)

With @2) and (23), we can quantify the sample correlation between x; and xj, which is
Cir./v/CiiChy. Taking t = (6s — 3) ! for both inequalities, we have

(25 _ 1)2wp2
an—l :

P(max |cor(z;, x)| > ) < 22w — 1)N9¥ M,
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With Corollary 2 in [[1]], the above result essentially states that A.3 will hold with probability at least
2w, 2
1-0 ((257:2#) for a single machine.
Part II1. For the second part of A.1 and A.4, we might need to quantify the minimum value of

vT'Cw for any vector ||v]|; = 1 with support |supp{v}| < s. Here supp{a} stands for all non-zero
coordinates of vector a. Let S be index set for non-zero coefficients. Noticing that,

1 . .
)\mm(—XgXS) = min vI'Cv > min vI'Cw
n llvll=1,supp{v}=5 lvl|=1,|supp{v}|<s



and
1
inf )\mm(foXw) = inf min vI'Cv = min vI'Co
Im|<s n I7|<s |lvl|=1,supp{v}=n llvll=1,|supp{v}|<s
Thus, evaluating min|jy|=1,|supp{v}|<s vTCuv solely is adequate. In fact, for any vector v with
|supp{v}| < s we have,

vICv = Z Cii’UiQ + Z Cirvivg

i€supp{v} i#k€supp{v}
> min Gy {(s* - 2, 24
% edBl T, G 2

The second step is an application of Cauchy-Schwarz inequality and the fact that if ||v||z = 1 then
D itk vZv? < 1. Combining (24) with 22)) and 23), and taking ¢ = (2s + 2) ! we have

1
min vICo>1-— -5 - -,
lvl=1,lsupp{v}|<s 2s4+2 2542 2

with probability at least

2201 (2 — )M, (s + 1)%%p?
o n2w—1 :

1

Part IV. Consequently, A.1, A.3 and A.4 will hold for data set on a single machine with probability,
(28 _ 1)2'wp2 }

n2w71

P(A1,A3and A4) >1— O{

Now if we have m subsets, each with sample size n/m, then the probability that all subsets satisfy
A.1, A.3 and A.4 follows,

2w 25 — 1 2w 2
P(A1,A3 andA.4h01df0rall)21—O{m (2s —1)%p }
n

Alternatively, for a given §p > 0 and the number of subsets m, if the sample size n satisfies that
o T
n > m(2s — 1){9“’(210 — 1)NM; (25 — 1)mp250_1} ,
then with probability at least 1 — d, all subsets satisfy A.1, A.3 and A.4. O

Proof of Theorem[d]

Proof. The proof procedure is essentially the same as Theorem[3l We begin by looking at data set
on a single machine. Let C = X7 X /n = p/n - XT(XXT)~1X. From Lemma 4 and Lemma 5
of S]] we have, for any M > 0 there exists some constant M3, M4 > 0 such that,

P( max Cy > Msor min  Cjy < M31> <4p- e—Mn, 25)
i€{1,2,-,p} i€{1,2,- p}
and
M, —Mn
P Ci > <0dp?. . 26
(#ker{q?,{'-wp} g Jlo@) - {p exp (21Ogn)} (26)

Inequality (23) implies the first part of A.1. For A.3, we can use (23) and 26) to bound the sample
correlation cor(x;, ) = Cix/v/CiiCri as follows,

M3 My 9 —Mn
(i;éker{q%},(... P} leor (i, x| \/logn> {p P 2logn

Therefore, to satisfy A.3 only requires

n > exp <4M3M4(25 - 1)2>. 27)



As s is assumed to be small, 7)) will not be a big threat to the sample size. For A.4 and the second
part of A.1, we continue to apply the same strategy in the proof of Theorem 3 (Part III). Using (24)
we have,

M4S
Viogn

with probability 1 — O{p? - exp(—Mn/2logn) }. To satisfy A.4 and the second part of A.1, we just
need n to be greater than exp(M3Mys?), which is already true if 27) holds.

min v Cv > M;l —
lvll=1,|supp{v}|<s

Consequently, for a single machine if @7) is satisfied, A.1, A.3 and A.4 hold with probability,

P(A1,A3and Ad) > 1 — O{p2 exp (mMn ) }
ogn

Now for m subsets, each with sample size n/m, the probability that A.1, A.3 and A.4 hold for all
subsets follows,

-M
P(A.1,A3and Adhold forall) > 1 — Odmp? -exp [ — ) L.
2mlogn
Alternatively, for any dg > 0, if
n > max {O(2m(logm +2logp — log 60)/M> ,exp (4M3M4(25 - 1)2> },

then A.1, A.3 and A.4 hold for all subsets with probability at least 1 — . O

Results for p = 10, 000

we simulate 50 data set for each case, and let the sample size range from 20,000 to 50,000 with
subset size fixed to 2,000. Bolasso is not implemented as the computation cost is too expensive. The
results are plotted in Fig[dl-
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