A  Useful tools

A.1 Bounds on ¢; distance

For two d dimensional product distributions p; and po, if we bound the ¢; distance on each coordi-
nate by e, then by triangle inequality D(p;,p2) < de. However this bound is often weak. One way
to obtain a stronger bound is to relate ¢; distance to Bhattacharyya parameter, which is defined as
follows: Bhattacharyya parameter B(p1, p2) between two distributions p; and ps is

B(p1,p2) = V1 (z)p2(z)dz.
reX

The ¢; distance between p; and po can be bounded in terms of B(p1, p2) as follows.
Lemma 12. For distributions p, and ps,

D(p1,p2)? <8(1- B(p1,p2))-

Proof. Since [, pi(z)dx = [ 4 po(x)dz =1,

[ (Vm@)- V@) do=2(1- B(pr.p)).

Moreover since (a + b)? < 2a? + 2b2,

[xex (\/MJF \/M)de <4

Using these bounds with the following Cauchy-Schwarz inequality proves the lemma.

(\/pl(x)+\/p2(x))2dx- (\/pl (x)—\/pg(x))2dx > ( |p1(:c)—p2(x)|dx)2 = D(p1,p2)%
zeX zeX zeX

O

By the definition of Bhattacharyya distance, it is multiplicative for product distributions, namely for
two product distributions p; and p2, B(p1,p2) = I’If=1 B(p1,i,p2,:)- We use this with the previous
lemma to bound the ¢; distance of Gaussian mixtures.

We first bound Bhattacharyya parameter for two one-dimensional Gaussian distributions.

Lemma 13. The Bhattacharyya parameter for two one dimensional Gaussian distributions p; =
N(uy,0%) and py = N(uz,03) is

B(p1,p2)>1- (p1 = p2)® (02 —o2)?

4(o %+02) (0F+03)?

Proof. For Gaussian distributions a straight-forward computation shows that B(p1,p2) = ye %,

where x = % andy = /2319  Observe that

20100 _ ~ (01—02)2 B (01 - 02)* _(01—02)2
0% + 03 o?+03 o +o5 (03 +02)%
Hence,
_ (01 03)* (Ul 3)?
B(p1, =ye P 2y(l-x2)>(1-2)|1- >1l-x-
(P1,p2) =y y( ) > ( )( (02 +02)2 (02 +02)2
Substituting the value of = results in the lemma. O
Therefore,

d
B(Pl,PQ) = HB(Pl,i,Pz,i)

i=1

4 (b6 = N2z‘)2 (U%i_agi)Q
2 1~ 2 2

=1 4(Ulz+a2 z) (011+02 7,)

Zl_zd:[(/f'lz U2z) (011_ 51)2]’

=1 4(0%1+J21) (011+U§z)2
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where the last step uses [T(1 —2;) >1- %, z; for z; € (0,1).
Using this with Lemma|12]
Lemma 14. For any two Gaussian product distributions py and po,

g i )2 o2.-02.)?
D(PlaP2)2£Z2('u1ﬂ H2.i) +8( 1i=03,)

2 2 2 2 V2
=1 01,;%T03; (01,i+02,i)

A.2 Concentration inequalities

We use the following concentration inequalities for Gaussian, Chi-Square, and sum of Bernoulli
random variables in the rest of the paper.

Lemma 15. For a Gaussian random variable X with mean . and variance o2,

Pr(|X — u| >to) < e 2,

Lemma 16 (Chi-square bounds). If Y1,Ys,...Y,, be n i.i.d Gaussian variables with mean 0 and
variance o2, then

Pr(z Y72 -no? 2 2(v/nt + t)02) <e™, and Pr(z Y72 -no’ < —2\/nt02) <e™.
i=1 i=1

Furthermore for a fixed vector a,

A

A simple combination of the above two results proves the following.
Lemma 17. If X is distributed according to N (p,0%1) then,

n

Ya(Y?-1)

i=1

< 2(|lall, V7 + ||a||wt>02) <o,

Pr (-2v/dio” - 2l to > [XI2 - [Jalfs - do® 2 2/ + )0 + 2l t0) < 27+ P2
Lemma 18 (Chernoff bound). If X1, X5 ... X, are distributed according to Bernoulli p, then with

probability 1 - 6,
n oy, / — log 2
M_pg M10g2+2&
n n 0 3 n

We now state a non-asymptotic concentration inequality for random matrices that helps us bound
errors in spectral algorithms.

Lemma 19 ([30] Remark 5.51). Lety(1),y(2),...,y(n) be generated according to N (0,%). For
everyee (0,1)andt>1, ifn> c'd(§)2f0r some constant ¢, then with probability > 1 - 27",

<el=.

> Yy (i) -3

A.3 Matrix eigenvalues

We now state few simple lemmas on the eigenvalues of perturbed matrices.

Lemma 20. Let \{ > A% > ...\ > 0and AP > \B > ... \F > 0 be the eigenvalues of two
symmetric matrices A and B respectively. If ||A - B|| < ¢, then Vi, N2 = \P| <e.

Proof. Letuy, uy,...uy be a set of eigenvectors of A that corresponds to A\{', A%, ... )\g‘. Similarly
let vy, Vs, ... vy be eigenvectors of B Consider the first eigenvalue of B,

A
A = 1Bl = 1A+ (B = Al > Al - 1B - Al > A - €.
Now consider an i > 1. If \Z < A2 — ¢, then by definition of eigenvalues

max |Bv||, < )\iA —€.
v:iVj<i—1,v-v;=0
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Now consider a unit vector Z;zl aju; in the span of uy,...u;, that is orthogonal to vi,...v;_1.
For this vector,

B> aju;|| >[4 ajuyf| - ‘(A—B)Zozjuj > 3 Za?()\;‘)Q—eZ/\iA—e,
J=1 2 J=1 2 J=1 2 j=1

a contradiction. Hence, Vi < d, AZB > )\f‘ — €. The proof in the other direction is similar and
omitted. O

Lemma 21. Let A = Zle nFusul be a positive semidefinite symmetric matrix for k < d. Let
Uy, Us,...u span a k — 1 dimensional space. Let B = A + R, where ||R|| < €. Let v1,va,...Vp_1
be the top k — 1 eigenvectors of B. Then the projection of u; in space orthogonal to vi,Va, ... Vj_1
. oJe
15 < T

Proof. Let )\Z-B be the i*" largest eigenvalue of B. Observe that B + €l is a positive semidefinite
matrix as for any vector v, v/(A + R + ely)v > 0. Furthermore ||A + R + €ll; — A|| < 2¢. Since
eigenvalues of B + el; is AZ + ¢, by Lemma[20} for all i < d, [\ — AP — €| < 2¢. Therefore, |\Z| for
12> kis < 3e.

Let u; = Z;‘:ll a; ;v +4/1- Z?;ll a?’ju’, for a vector u’ orthogonal to vy, vs,...vi_1. We com-
pute u’* Au’ in two ways. Since A = B - R,
[u(B - R)u'| < [u"Bu'| + [u"Ru/| < || BY||, + || R]|-

Since u’ is orthogonal to first k eigenvectors, we have |[Bu’||, < 3¢ and hence [u'(B - R)u/| < 4e.
k-1
uAu’ > nf(1- 3 af ;).
j=1

We have shown that the above quantity is < 4e. Therefore (1 - Z?;ll ai j)1/2 < 2V/€/n;. O

B Selection from a set of candidate distributions

Given samples from an unknown distribution f, the objective is to output a distribution from a
known collection F of distributions with ¢; distance close to D( f, F). Scheffe estimate [13]] outputs
a distribution from F whose ¢; distance from f is at most 9.1 max(D(f,F),e) The algorithm
requires O (e % log |F]|) samples and the runs in time O(|F|*T(n + |X|)), where T is the time to
compute the probability f;(z) of x, for any f; € F. We present the modified Scheffe algorithm with
near linear time complexity and then prove LemmalT]

We first present the algorithm SCHEFFE* with running time O(|F|*Tn).

Algorithm SCHEFFE*
Input: a set F of candidate distributions, € : upper bound on D(f,F), n independent samples
T1,...,T, from f.

For each pair (p, ¢) in F do:
Lopg = 3 i Hp(zi) > q.(i)}-
2. Generate independent samples v, ...,y, and z1, ..., z, from p and g respectively.
3. Hp = % Z?:l H{p(yz) > Q(yl)}, Hq = % Z?:l H{p(zz) > q(zz)}

4. If |pp — pg| < |pq — 1| declare p as winner, else g.

Output the distribution with most wins, breaking ties arbitrarily.

We make the following modification to the algorithm where we reduce the size of potential distribu-
tions by half in every iteration.

12



Algorithm MODIFIED SCHEFFE
Input: set F of candidate distributions, € : upper bound on miny,.r D(f, f;), n independent
samples z1, ..., x, from f.

1. LetG=F,C« @&
2. Repeat until |G| > 1:

(a) Randomly form |G|/2 pairs of distributions in G and run SCHEFFE* on each pair using
the n samples.

(b) Replace G with the |G|/2 winners.
(c) Randomly select a set A of min{|G|,|F|"/?} elements from G.
(d) Run SCHEFFE* on each pair in .4 and add the distributions with most wins to C.

3. Run SCHEFFE* on C and output the winner

10log |F| 10log|F|
GRE NV/RS [F1/s

with error probability 1/3 and repeat it O(log %) times to choose a set of candidate mixtures Fj.
By Chernoff-bound with error probability < §, Fs contains a mixture close to f. Finally, we run
SCHEFFE* on F;s to obtain a mixture that is close to f.

Remark 22. For the ease of proof, we assume that § >

we run the algorithm

Proof sketch of Lemmall] For any set A and a distribution p, given n independent samples from

p the empirical probability 1, (A) has a distribution around p(.A) with standard deviation ~ —L.

Together with an observation in Scheffe estimation in [13|] one can show that if the number of

og 21 . -
samples n = O(l g€25 ), then SCHEFFE* has a guarantee 10 max(e, D(f,F)) with probability
>1-6.

Since we run SCHEFFE* at most | F|(2log | F|+1) times, choosing § = §/(4|F|log | F|+2|F]) results
in the sample complexity of

log \f|2<41<;g|f|+2) log 21
O 2 =0 2 )
€ €

and the total error probability of 4/2 for all runs of SCHEFFE* during the algorithm. The above
value of n dictates our sample complexity. We now consider the following two cases:

log(2/9)

| 7|t/
at that stage with probability > 1 — §/2 an element with distance < 10e from f is added to
A. Therefore a distribution with distance < 100e is selected to C.

o If at some stage > fraction of elements in A have an ¢, distance < 10¢ from f, then

« If at no stage this happens, then consider the element that is closest to f, i.e., at /1 distance

at most €. With probability > (1 - lo‘i_(ﬁg ) )logljEI

distance at least 10e from f and it wins all these games with probability > 1 — §/2.

it always competes with an element at a

Therefore with probability > 1 — §/2 there is an element in C at ¢; distance at most 100e. Running
SCHEFFE* on this set yields a distribution at a distance < 100 - 10e = 1000e. The error probability is
< ¢ by the union bound. O

C Lower bound

We first show a lower bound for a single Gaussian distribution and generalize it to mixtures.

C.1 Single Gaussian distribution

The proof is an application of the following version of Fano’s inequality. It states that we cannot
simultaneously estimate all distributions in a class using n samples if they satisfy certain conditions.

13



Lemma 23. [32] Let f1,. .., fri1 be a collection of distributions such that for any i # j, D(f;, f;) >
o, and KL(f;, f;) < B. Let f be an estimate of the underlying distribution using n i.i.d. samples
from one of the f;’s. Then,

a npB +log 2
SIZ}pE[D(fmf)] 2 5(1 - W)

We consider d—dimensional spherical Gaussians with identity covariance matrix, with means along
any coordinate restricted to ic—ed. The KL divergence between two spherical Gaussians with identity

covariance matrix is the squared distance between their means. Therefore, any two distributions we
consider have KL distance at most

We now consider a subset of these 2¢ distributions to obtain a lower bound on «. By the Gilbert-
Varshamov bound, there exists a binary code with > 24/8 codewords of length d and minimum

distance d/8. Consider one such code. Now for each codeword, map 1 — <% and 0 — —% to

Vd
obtain a distribution in our class. We consider this subset of > 2%/3 distributions as our fi’s.

Consider any two f;’s. Their means differ in at least d/8 coordinates. We show that the ¢; distance
between them is > ce/4. Without loss of generality, let the means differ in the first d/8 coordinates,

and furthermore, one of the distributions has means ce/+/d and the other has —ce/\/d in the first d/8

coordinates. The sum of the first d/8 coordinates is N (cev/d/8,d/8) and N (—ce\/d[8,d/8). The £,
distance between these normal random variables is a lower bound on the ¢; distance of the original
random variables. For small values of ce the distance between the two Gaussians is at least > ce/4.
This serves as our o

Applying the Fano’s Inequality, the ¢; error on the worst distribution is at least

E(l B ndc’e? + log2)’
8 d/8

which for ¢ = 16 and n < ﬁ is at least €. In other words, the smallest n to approximate all
spherical normal distributions to ¢; distance at most € is > ﬁ.

C.2 Mixtures of £ Gaussians

We now provide a lower bound on the sample complexity of learning mixtures of £ Gaussians in d
dimensions. We extend the construction for learning a single spherical Gaussian to mixtures of k
Gaussians and show a lower bound of 2(kd/e?) samples. We will again use Fano’s inequality over
a class of 2#%/64 distributions as described next.

To prove the lower bound on the sample complexity of learning spherical Gaussians, we designed a

class of 24/8 distributions around the origin. Let P def {Py,...,Pp}, where T = 2%/8 be this class.

Recall that each P; is a spherical Gaussian with unit variance. For a distribution P over R? and
p € R, let P + p be the distribution P shifted by .

We now choose p1,. .., p;’s extremely well-separated. The class of distributions we consider will
be a mixture of k£ components, where the jth component is a distribution from P shifted by p;.
Since the p’s will be well separated, we will use the results from last section over each component.

Fori e [T], and j € [k], P;; A ;. Bach (iy,...,ix) € [T]* corresponds to the mixture
1
%(Hll + Pi22 +...+ szk)
of k spherical Gaussians. We consider this class of 7% = 2*%/® distributions. By the Gilbert-

Varshamov bound, for any T' > 2, there is a T-ary codes of length k, with minimum distance > k/8
and number of codewords > 25/, This implies that among the T% = 279k/8 distributions, there are
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2kd/64 distributions such that any two tuples (iy, .. .,ix) and (i1, ...} ) corresponding to different
distributions differ in at least k/8 locations.

If we choose the p’s well separated, the components of any mixture distribution have very little
overlap. For simplicity, we choose p;’s satisfying

Ok \ 100
min [, = pj,[l2 > (?) -

J1#J2

This implies that for j # I, || P;; — Py, < (¢/2dk)*°. Therefore, for two different mixture distribu-
tions,

1 1
HE(PHI +Pi22 +~--+Pikk) - %(P’Llll +Pi/22 +-~-+Pi;ck)

1

(a)1
Z% Z |Pijj—Pi;j|—k2(€/2dk)1O
je[k)ij.ie[T]
1 ce
> —— - k*(e/2dk)".
g F (e/2dk)

where (a) follows form the fact that two mixtures have overlap only in the corresponding compo-
nents, () uses the fact that at least in /8 components i; # i’;, and then uses the lower bound from
the previous section.

Therefore, the ¢, distance between any two of the 25%/6* distributions is > ¢, €/32 for ¢; slightly
smaller than c. We take this as .

Now, to upper bound the KL divergence, we simply use the convexity, namely for any distributions
Py...P.and Qg ...Q4, let P and Q be the mean distributions. Then,

o 1k
D(P||Q) < T ZD(PiHQi)'
i=1
By the construction and from the previous section, for any 7,
D(P,||Py,;) = D(Pi||Pr) < 4¢*¢”.
Therefore, we can take 3 = 4c?€2.

Therefore by the Fano’s inequality, the ¢; error on the worst distribution is at least

cle( B ndc?e® + log2)

64 dk/64
which for ¢; = 128,¢c=128.1 and n < ngg is at least e.

D One dimensional mixtures

D.1 Proof of Lemma[3]

The density of N (u,0?) is > (70)~! in the interval [ — /20, i1 + /20 ]. Therefore, the probability

that a sample occurs in the interval p —eo, pu + €0 is > 2¢/7. Hence, the probability that none of the n

samples occurs in [ —eo, pu+eo ] is < (1-2€/7)" < e 2/ If e > ﬂ%f/&, then the probability that

none of the samples occur in the interval is < 6/2. A similar argument shows that there is a sample
within interval, [y + 0 — €0, u + 0 + €0 ], proving the lemma.

D.2 Proof fo Lemmald]

Let f = (w1, ws,... Wk, p1,P2,-- - pi). For f = (g, b, ..., k1,1~ X5 i, 1, P2, - . Pr)s by
the triangle inequality,

k-l k
D(f, f) <. 2 —wi| + > wiD(ps, pi).
i=1 i=1
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We show that there is a distribution in f € F such that the sum above is bounded by €. Since we
quantize the grids as multiples of €/2k, we consider distributions in F such that each |i; —w;| < e/4k,
and therefore Y, [i; — w;| < §

We now show that for each p; there is a p; such that wlD(pmpz thus proving that D( f, f ) <e.

_2k’

If w; < =<, then w; D (p;, Ps) < 57+ Otherwise, let wi > & — be the fraction of samples from p;. By
Lemma ﬁand 4] with probability > 1 — §/2k,
)2 )2
D(pi»ﬁi)2§2(ﬂz 2#1) +16(O—Z 201)

i 0;

25log? 2£  800log® 2£
+
(nw})? (nw})?
825log” 4

S AR

Therefore,
) 30w; log &
w; D(pi, pi) < —— -
Since w; > €/4k, with probability > 1 — §/2k, w; < 2w]. By the union bound with probability
R 60log 4k . 120k log 2k
>1-6/k, w;D(pi,p;) < — . Hence if n > ——=
total error probability is < § by the union bound.

, the above quantity is less than ¢/2k. The

D.3  Proof of Corollary 5

def 120k1
Use n/ = & samples to generate a set of at most n"**~! candidate distributions as stated in

LemmaE} With probability > 1 — 4, one of the candidate distributions is e-close to the underlying
one. Run MODIFIED SCHEFFE on this set of candidate distributions to obtain a 1000e-close estimate
of f with probability > 1 — § (Lemma([I)). The run time is dominated by the run time of MODIFIED

SCHEFFE which is O (%) where | F| = n’®*~1 and T' = k. The total error probability is < 26
by the union bound.

E Proofs for i spherical Gaussians

We first state a simple concentration result that helps us in other proofs.

Lemma 24. Given n samples from a set of Gaussian distributions, with probability > 1 — 26, for
every pair of samples X ~ N(py,0°1y) and Y ~ N (py, 0%1y),

n? n? n?
||X_Y||3 < 2do* +402\/ dlog? + [k _N2||§ +40 ||y = poll \/ 108;7 +40”log 5 ey
and
2 n? 2 n?
X - Y5 2 2do” —402\/ dIOgF +{ly = paolly — 4o ||y = polly [ log 5 2

Proof. We prove the lower bound, the proof for the upper bound is similar and omitted. Since X
and Y are Gaussians, X — Y is distributed as N (p; — p15,20?). Rewriting [|X - Y],

X = Y5 = 1K =Y = (g = p)ll3 + e = oy + 2081 = 1) - (X =Y = (11 = 1))
LetZ = X -Y — (g — py), then Z ~ N(0,20°1,). Therefore by Lemma with probability

1-6/n?,
/ 2
||Z||; > 2do? - 40*\ [ dlog %
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Furthermore (g1, — 5 ) - Z is sum of Gaussians and hence a Gaussian distribution. It has mean 0 and
variance 202 ||, - o ||3. Therefore, by Lemma with probability 1 - §/n?,

n2
(1 = o) Z> =20 ||py = pol, \/ log 5

By the union bound with probability 1 — 25/n?,

2 2 2 n? 2 n?
X =Y, 2 2do” — 407y [ dlog = + [|psy = prsfly — Ao [lpsy = ol | [log =

There are (Z) pairs and the lemma follows by the union bound. O

E.1 Proof of Lemmalf7

We show that if Equations () and (2)) are satisfied, then the lemma holds. The error probability is
that of Lemma and is < 24. Since the minimum is over k + 1 indices, at least two samples are
from the same component. Applying Equations (I)) and @)) for these two samples

~2 2 2 n? 2 n’
2d6“ < 2do” + 40 dlog; + 40 log?.

Similarly by Equations (T)) and @) for any two samples X (a), X (b) in [k + 1],

2 2
1X(a) - X(b)|? > 2do” - 40 /dlog% = myls — 40 s - 1] log%

2 2
> 2do? —402\ / dlog% —40?log %7

where the last inequality follows from the fact that o — 48 > —432. The result follows from the
assumption that d > 201logn?/d.

E.2 Proof of Lemmal§|

We show that if Equations () and (@) are satisfied, then the lemma holds. The error probability is
that of Lemma [24] and is < 20. Since Equations (I)) and (2) are satisfied, by the proof of Lemma[7]

|62 - 02| < 2,502/ W. If two samples X (a) and X (b) are from the same component, by
Lemmal[24]

2 2 2 n? 2y N’ 2 2 n?
IIX(a) - X(b)||5 < 2do” + 40 dlogF +4o log? <2do® + 50 dlog;.

By Lemma the above quantity is less than 2d6? + 2362y /dlog %2. Hence all the samples from
the same component are in a single cluster.

Suppose there are two samples from different components in a cluster, then by Equations (TJ) and (2)),

/ 2 | 2 / 2
2d6° + 236> dlog%22d02—402 dlog%+||ui—uj||z—4a||ui—,uj||2 log%.

Relating 5% and o2 using Lemmal7}

/ 2 / 2 2
2do? + 400> dlog%22d02—402 dlog%+||,u,i—uj||z—4a||ui—uj||2 log%.

1/4
< 10a(d log %2) / . There are at most & components; therefore, any two compo-

I
- . 2\1/4
nents within the same cluster are at a distance < lOka(d log %) / .

Hence Hul -l
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E.3 Proof of Lemmal9l

The proof is involved and we show it in steps. We first show few concentration bounds which we
use later to argue that the samples are clusterable when the sample covariance matrix has a large
eigenvalue. Let w; be the fraction of samples from component . Let f1; be the empirical average of

samples from p;. Let ﬁ(C ) be the empirical average of samples in cluster C. If C is the entire set

of samples we use p instead of ﬁ(C ). We first show a concentration inequality that we use in rest
of the calculations.

Lemma 25. Given n samples from a k-component Gaussian mixture with probability > 1 — 26, for
every component i

2k\ o2 2w; log 2& 9 log 2k
e, = ill5 < [ d+ 34/ dlog = z andwi_wi|§\‘ 85 2285 3)
o Jnw; n 3 n

Proof. Since fi; — p; is distributed N (0, 021 4/nab;), by Lemmawith probability > 1 - §/k,

ok %)\ o %\ o
it — a2 < [d+ 2y [ dlog = + 2log == | Z— < | d + 3y [ dlog = |-Z—.
1) o ) nw; 0 ) nw;

The second inequality uses the fact that d > 20 logn? /8. For bounding the weights, observe that by
Lemma 18| with probability > 1 - §/k,

s — w3 < [ 2w; log 2k /6 . glongz/(S-
n 3 n

By the union bound the error probability is < 2kd/2k = 0. O

A simple application of triangle inequality yields the following lemma.

Lemma 26. Given n samples from a k-component Gaussian mixture if Equation (3)) holds, then

2
< (d+3\ /dlog%)kg .
6] n

Lemma 27. Given n samples from a k-component Gaussian mixture, if Equation () holds

k
Z;wz(llz =) (f; — Nz‘)t

and the maximum distance between two components is < IOka(dlog %2)1/4, then ||ﬁ—ﬁ)||2 <

2
[ dklog %
co £5 for a constant c.
n

Proof. Observe that

k k k
B=p= Y wife—wips; = Y Wi (R = ) + (W5 —wi) py = Y i (o= ) + (5 —wi) (p; = 1) (4)
i1 i1 i

Hence by Equation and the fact that the maximum distance between two components is
1/4
< 10ko(dlog )"

)

. k / 2k\ o [2w;log2k/6 2log2k/d n2\"*
o=, < D; d+3y\/dlog — - 10k| dlog — .
-, ;w\'(+ Og5) nfUiJr( n NER ( Og5) 7

For n > d > max(k?* 20logn?/§,1000), we get the above term is < cy/ MO’, for some
constant c. O

We now make a simple observation on covariance matrices.
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Lemma 28. Given n samples from a k-component mixture,

sz(uz ) (- )’ —sz(uz ) (- ;)

=1 i=

s2|y;1—uH§+Zzwz-nm—uiniw(ﬁ ;
=1

k
+ Z \//LUA_ZHL\LZ - Hz‘||2) m]ax\/zb_ijj —ﬁ”z .
i=1

Proof. Observe that for any two vectors u and v,

ud’ -vvi = u(u - v+ (u-v)vi= (u-v)(u-v) +v(u-v) + (u-v)vh

Hence by triangle inequality,

Applying the above observation to u = 1, — pandv = n; — [, we get

2
un’ = v'[| < flu = vif; + 2[[vily [[u - v,

k: ~ ~
ZwiH(ﬂi_ﬁ)(ﬂi_ﬁ)t_(ll’i_ﬁ)(p’i_ﬁ)tn
i ﬂ,’—ﬁ-ﬂi—ﬁ||z+2\/wA_z’||H1:‘ﬁ”z\/wTiHﬂi‘ﬁ‘Hi‘ﬁHJ
k
SZ(2wzl|m will3 + 26 || - ) + 2max /i, [|; ~ 7l (Vi ;= paoll, + /oo s - ], ))

<ol + 3 20 -l +2 (ﬂHﬁ—qu SN —uing)m;mxﬁjnuj -,
i=1 i=1

The lemma follows from triangle inequality. O

The following lemma immediately follows from Lemmas[27]and 28]
Lemma 29. Given n samples from a k-component Gaussian mixture, if Equation (3)) and the maxi-

. . 2\1/4
mum distance between two components is < 10ka(dlog %) / , then

i=1

) (i
i=1
2 71.2 n?
co*dk*log dk?lo
A N T max /@ |14, ~ il
n
for a constant c.

Lemma 30. For a set of samples X(1),...X(n) from a k-component mixture,

i) - @) (X(i)-pm)t & o .
RO XD I 5 i )~ )~ 0~ 1) G~ 1)

e X)) (XG) )

JIX(G)~pi n

k
E) = 3 s - ) —u)tH

s

N
I
=

where W; and [i; are the empirical weights and averages of components i and ﬁ = % Y X

Proof. The given expression can be rewritten as

1 SKG) - K - ) = Yo Y -SX()-WXG) -7

=1 jIX(j)~ps Wi

First observe that for any set of points x; and their average & and any value a,

Z(ml - a)2 = Z(ml - £)2 +(z- a)2.

3 ?
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Hence for samples from a component 4,

2

JIX(G)~pi
1, -~ .. = 1 N - A
= > —(-mE-mt Y —(XG) - ) (X(G) - i)
JIX(G)~ps Wi 3IX(G)~pi
= (- -+ Y 1;)(X(5) = i)'
JIX(5)~ps
= (ﬂz_ﬁ)(ﬂz_ﬁ)t Z )(X(5) - Iv%)75 (ﬁi—ﬂi)(ﬂi—ﬂi)t-
X (G)~pi
Summing over all components results in the lemma. [

We now bound the error in estimating the eigenvalue of the covariance matrix.

Lemma 31. Given X(1),...X(n), n samples from a k-component Gaussian mixture, if Equa-
tions (1), @), and (@) hold, then with probability > 1 - 2,

H $x(0) - X0 - u)f—a%—zwz(uz ) (s - 1)’ H

&)
d log de log dk? log
< e(n) < ey BB Tl Bl

for a constant c.

Proof. Since Equations (I, (Z)), and (3) hold, conditions in Lemmas [27] and 29] are satisfied. By
Lemmal[29]

k

zwm )G~ 1) — s — ) (o —u)tH

i=1

dk?log ™ dk2log ™2 _ _
=0 UQT(S"'U TgmiaX\/wiHNi_an

Hence it remains to show,

3 - L . . kdlog %2
HiE(X@)-u>(X(z‘)—u)t—;wi(m—u)(m—u)tH:o \l %02

By Lemma [30] the covariance matrix can be rewritten as

Kk Kk
Z@i(ﬂi—ﬁ)(ﬂfﬁ)t—wi(ﬂi—ui)(ﬂi—ﬂi)t+z ‘ Z; l(X(j)_“i)(X(j)_Ni)t_&2Hd- 6)
i=1 i=1 X (j)~pi "

We now bound the norms of second and third terms in the above equation. Consider the third term,
vr X (G)~pi %(X(]) - p;)(X(5) - p;)*. Conditioned on the fact that X(5) ~ p;, X(j) — p; is
distributed N (0, 0%1,), therefore by Lemma and Lemma ,with probability > 1 — 24,

dlog 22 log 22
< %8 0% +2.50° Ogi‘;.
n d

The second term in Equation (€) is bounded by Lemma 26 Hence together with the fact that
d > 20logn?/§ we get that with probability > 1 — 26, the second and third terms are bounded

byO(U\/%logﬁ). O
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Lemma 32. Let u be the largest eigenvector of the sample covariance matrix and n > ¢-dk? log "72
If max; \/w; ||p; — 1|y = o and Equation (S) holds, then there exists i such that [u - (p; — )| >
ola-1-1/a)/Vk.

Proof. Observe that||Z WiV, vy ||> HZ wW;V; ijiH

| > w; ||VZH§ Therefore

2

k k
2 0 Cp =) s = )| 2 05 0 (o = 0oty = 12) (k= )l =

2
Hence by Lemma and the triangle inequality, the largest eigenvalue of the sample-
covariance matrix is > a?0? - c(n) Similarly by applying Lemma again we
Sr (- ) (i - p,)tuH > a?0? - 2¢(n). By triangle inequality and Cauchy-Schwartz
1nequahty,

) (- m)'u

k
Z;sz( -8)(p; — )",

2

s

<
Il
[u

Wi [|Chas = o)l max|(p; — ) - v

k
2 _
< Z; i lCha = )l max (e — 1) - vl

< \/Eozamax|(uj - @) -ul
j

Hence Vkao max; |(p; — &) - u| > a?0? = 2¢(n). The lemma follows by substituting the bound on
nin ¢(n). O

We now make a simple observation on Gaussian mixtures.

Fact 33. The samples from a subset of components A of the Gaussian mixture are distributed ac-
cording to a Gaussian mixture of components A with weights being w; = w; /(¥ jes wj).

We now prove Lemma 9]

Proof of Lemmal9] Observe that we run the recursive clustering at most n times. At every step,
the underlying distribution within a cluster is a Gaussian mixture. Let Equations (T), (Z) hold with
probability 1 — 2§. Let Equations (@) (3) all hold with probability > 1 - ¢’, where 4" = §/2n at each
of n steps. By the union bound the total error is < 26 + ¢’ - 2n < 3§. Since Equations (T)), (Z) holds,
the conditions of Lemmas7]and 8| hold. Furthermore it can be shown that discarding at most ne/4k
samples at each step does not affect the calculations.

We first show that if | /w; ||; — £(C)]|, > 25+/k3 log(n?3/d)o, then the algorithm gets into the loop.
Let w; be the weight of the component within the cluster and n’ > ne/5k be the number of samples

in the cluster. Let o = 25y/k3log(n3/§). By Fact the components in cluster C' have weight
w; > w;. Hence \/w!||p; —(C)||y > ao. Since \/w!||p; - @(C)|l, > ao, and by Lemm

| — B(O)|| < 10ka (dlogn?/8) /4, we have w) > a®/(100k?\/dlog n2/3). Hence by lemma 23
w) > w;/2 and /@] ||p; — #(C)||l, > ao/\/2. Hence by Lemma [31| and triangle inequality the

i Z

largest eigenvalue of S(C') is
>a?0?[2 —c(n') > a?o?[4 > a?6%/8 > 1262 k3 logn? /6" = 1262k logn? /6.
Therefore the algorithm gets into the loop.

If n' > ne/8k? > c- dk?log %3, then by Lemma there exists a component ¢ such that |u - (u; -
(O] 2 o(a/v/2-1-v2/a)/Vk, where u is the top eigenvector of the first ne/4k> samples.
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Observe that ¥;.c wyu - (p; — #(C)) = 0 and max; [u- (p; - @(C))| 2 o(a/V/2 -1 -v2/a)/VEk.
Let 1, be sorted according to their values of u - (u; — (C)), then

2-1-2 3 3
max [u- (p; = fisg)] 2 o2 2 V2o 2 120\/log % > 9&—\/log %

where the last inequality follows from Lemma|7|and the fact that d > 20logn?/d. For a sample from
component p;, similar to the proof of Lemma /8] by Lemma with probability > 1 - 6/n?k,

- (X(0) - )| < /2108 (W2K5), < 26/log (nk]0).

where the second inequality follows from Lemma Since there are two components that are

far apart by > 96+/log %2& and the maximum distance between a sample and its mean is <

26+/log(n?k/§) and the algorithm divides into at-least two non-empty clusters such that no two
samples from the same distribution are clustered into two clusters.

For the second part observe that by the above concentration on u, no two samples from the same
component are clustered differently irrespective of the mean separation. Note that we are using the
fact that each sample is clustered at most 2k times to get the bound on the error probability. The
total error probability by the union bound is < 44. O

E.4 Proof of Lemma [10]

We show that if the conclusions in Lemmas [9] and 23] holds, then the lemma is satisfied. We also
assume that the conclusions in Lemma [31| holds for all the clusters with error probability §’ = §/k.
By the union bound the total error probability is < 74.

By Lemma [9 all the components within each cluster satisfy /w;||p; —@(C)ll,

250\/k31log(n3/6). Let n > c¢ - dk®¢*log®d/s. For notational convenience let S(C')

ﬁ ZLS‘I(X(I) -1(C))(X(i) - m(C))* - 5%1,. Therefore by Lemma 31|for large enough c,

IA

n ; - _ ‘ 0?2 n
I OO 2 G| B vrerrerk

HS<C> "i0]
1€C

Let vi,Va,...vg_1 be the top eigenvectors of ﬁ Sicc wi(p; — @(C))(p; — m(C)):. Let n;
- —_ — = — —B(C
Vi = (O = Vi [ 15 = Bl Let As = pe=F( . Therefore,

> S b~ B(C)) (s~ B(C)) = Y 2 AAL
€C |C| ieC icC

Hence by Lemma the projection of A; on the space orthogonal to top k— 1 eigenvectors of S(C')

is
< €202 ii < €o < €o
) \J 1000%2 [Cm; ~ 163/ [l = B(C)llp b~ 8v2y /w5 ||ps; = B(CO) |y

The last inequality follows from the bound on w; in Lemma

E.5 Proof of Theorem 11

We show that the theorem holds if the conclusions in Lemmas|10{and|27|holds with error probability
0" = §/k. Since in the proof of Lemma the probability that Lemm holds is included, Lemma@]
also holds with the same probability. Since there are at most & clusters, by the union bound the total
error probability is < 94.

For every component ¢, we show that there is a choice of mean vector and weight in the search step

such that w;D(p;, p;) < €/2k and |w; — 1| < ¢/4k. That would imply that there is a f during the
search such that

k-1
D) < Y wD(pi, i) +2 3 |wi — ] € — + — = €.
C icC =1 2k
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Since the weights are gridded by e/4k, there exists a w; such that |w; — ;| < ¢/4k. We now show
that there exists a choice of mean vector such that w; D(p;, p;) < ¢/2k. Note that if a component
has weight < ¢/4k, the above inequality follows immediately. Therefore we only look at those
components with w; > e/4k, by Lemma for such components w; > €/5k and therefore we only
look at clusters such that |C| > ne/5k. By Lemmas [14]and for any i,

d(___A__z 2 ~2)2
A M 5 Nm) (‘7 U)
D(pi,pi)* <2 +8d )
(pi, i) ]; p por

Note that since we are discarding at most ne/8k? random samples at each step. A total number of
< ne/8k random samples are discarded. It can be shown that this does not affect our calculations and
2
we ignore it in this proof. By Lemma the first estimate of o2 satisfies |62 — 02| < 2.502/ W.
Hence while searching over values of 52, there exist one such that |0"% — 02| < eo®//64dk?. Hence,

~ 12 2
ool il e
D(pi,pi)” < QT Yo

Therefore if we show that there is a mean vector fi; during the search such that ||p,; — f;]|, <
€0 [\/16k21;, that would prove the Lemma. By triangle inequality,

it = faally < [[F(C) =B, + Iy = B(C) = (i = (O
By Lemma [27]for large enough n,

_ ~ ‘ dklog®n2/5  eo
|lz(0) —H(C)||2 <co Cl < S

The second inequality follows from the bound on n and the fact that |C| > ni;. Since w; > €/4k, by
Lemma[23] w; > w;/2, we have

€o
8]€\/ wi'

Let u;...u,_; are the top eigenvectors the sample covariance matrix of cluster C. We
now prove that during the search, there is a vector of the form Z?;ll gj€gou; such that

i = il < ||l~% -p(C) - (i, _ﬁ(c))HZ +

||H¢ -p(C) - Zf;ll gjegcArujH2 < %57\‘/’@, during the search, thus proving the lemma. Let n; =
Vi || = B(C)]],. By Lemmal[10} there are set of coefficients a; such that

Ni_ﬁ(c) = 2 7
g —(O)],~ & O+ V1l
i j=

where u’ is perpendicular to u; ... u,_; and \/1 - ||a||* < eo'/(8v/2n;k). Hence, we have
k-1
_ _ — 2
i = 1(C) = 3 [l = B(O) Iy o5 + [l = B(C) |y V 1 = lel
j=1

Since w; > ¢/4k and by Lemma @ ni < 25Vk3olog(n3/s), and ||p,-m(C)|, <
100V k*e 1o log(n®/8). Therefore 3g; such that |g;6 — | < €,6 on each eigenvector. Hence,
2

k-1
— ~ ~ — 2 2
wi ||y = F(C) = 3 gjegouy || < wikego® +w; |lp; ~ (O]l (1-[lad)
=1 2
2 2
< k 2.2 n 2 €0
07 T o822
620'2 6202 620—2

< + < .
128k2  128k2 ~ 64k2

The last inequality follows by Lemma [7| and the fact that ¢, < ¢/ 16k3/2, and hence the theorem.
The run time can be easily computed by retracing the steps of the algorithm and using an efficient
implementation of single-linkage.
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F Mixtures with unequal variances

In this section, we outline the analysis for the case when the components have different variances.

The main difference would be the coarse clustering algorithm which we describe now. The algo-
rithm repeatedly finds components with smallest variances and clusters samples such that within
each cluster the variances differ by a factor of 1 + O (1 / \/E) and the means are close-by. However,
two subtleties arise.

Randomized thresholding: Suppose we fix a threshold for clustering in step 3 of the coarse clus-
tering algorithm, then there might be a component whose average distance from x(a) or x(b) is
exactly the threshold and due to randomness in samples, few samples can lie in one cluster and few
can lie on the other. We overcome this, by choosing a random threshold, thus making it unlikely that
there is a component with average distance at the threshold.

Components with single sample: If two samples are from the same component ¢, then their
squared-distance concentrates around 2do?. We can use this fact to estimate the variance. How-
ever if there is only one sample from a component, we cannot estimate its variance and moreover
it can affect the calculations of other components. Hence in Step 4, we find such components and
iscard the {‘nrrpqpnnding qnmplpq

Generalized coarse clustering: Let « = 4+/log(n?/d)/d. Initialize C to the set of all samples.
Repeat the following k times.

1. Find threshold t = ming.p q pec ||x(a) — x(b)||,. Let @ and b be the indices that achieve
this minimum.

2. Let r be a uniform random variable between 10 and 4000%2.

3. Find the set of samples C that are at a distance < t1/(1 + ar) from either x(a) or x(b).

4. If the max, gec, ||x(c) - x(d)||§ > t+/(1 + 50ar), discard x(a), x(b) and the samples
that achieve the maximum, else declare C; as a new cluster and remove samples in C

from C.

The rest of the analysis is similar to the case with equal variances. We now outline analysis for
Generalized coarse clustering. We first show an auxiliary concentration inequality that helps us
prove the rest of the results.

Lemma 34. Given n samples from a set of Gaussian distributions, with probability > 1 — 20, for
every pair of samples X ~ N(py,0%1) and Y ~ N(py,031y),

log 2 -Y|2 log %
s XYy [
d d(o? +03) + |1y — pal; d

)

Proof. Since X and Y are Gaussians, X - Y is distributed N (p; — pto, (0% + 03)1y). Therefore
substituting ¢ = log “= in Lemma | with probability 1 — 46/n?,

2 n2 9 n2
X - Y]l; > d(of +03) - 2(07 +03)\/ dlog 5 b= polly = 2y/0F + 03 |lu — pally [ log =

and

2 2
X - YI; <d(of +03) +2(a7 +03) dlog +||M1 Kol
n2

+2\/‘71+‘72||H1 Nz”z\/ +2(U1+02)10g7

There are (Z) pairs and the error probability follows by the union bound. Dividing the bounds by
d(o? +032) + || - u2||§ and using the arithmetic-geometric mean inequality we get

2

n 2
log %5 < IX - Y[ +3 g
d d(of +03) + ||y — pall; d d

log 22 log
1-3 085 9% 5
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Using d > 20log “- proves the lemma. O

We now show a few properties of Coarse clustering. In particular, we show that

* There is no mis-clustering.

* After k steps of iteration, all the samples would be clustered.

* The means and variances of all components within any cluster are close to each other.
Let o ' 4 —= log . For the rest of the proof we assume that d > 4000log(n?/d), thus a < 1/10.
We first show that the probability of mis-clustering is < 1/100.

Lemma 35. If Equation (7)) holds, then after coarse clustering algorithm, with probability > 99/100,
all the samples from each component will be in the same cluster.

Proof. Without loss of generality, let x(a) be from component 1 and x(b) be from component
) . . 2

2. If for all components ¢ and j € {1,2} if (d(o? +o?)+ H/‘j —uiH2) (1+a) < t?(1 +ar) or

(d(ajz. +02) + H“j - uZHz) (1-a) > t2(1 + ar), then by Equation (7)) the pairwise distances con-

centrate and all the samples would be clustered without any error. Hence the error probability is

Pr (3,7 st t2(1+ar) e [(d(o? +02) + |l - ;) (1= ), (A% +02) + |, - ol [}) (1 + @) ]).
For a given 7, j, this probability is

2

2 2
S TTEIERsT (d(o? +02) + [l = el ;) 1 (0 + 02) + [l = pailly) (1= @) < £2(1 + 4000k%a) )

Since d > ¢ k* log “ * for a large enough constant ¢, we have 1 + 4000k2a < 2. Hence, the above
probability is < 3990(;1 I < 997(1 IR Since o < 1/10 this is < 20%2
all possible components ¢, j, the error probablhty is < 100 Took - Since we run the algorithm k times, by
the union bound the total error probability is < 100 O

By the union bound over

Lemma 36. If Equation (/) holds and there is no mis-clustering, and a cluster is created at any
of the k steps , then for each pair of components i,J in that cluster with w;,w; > 2/n, 2dU €

[t2(1-a), t2(1 +56ar)] and”ui—usz
2
i = wlly +of < et

< ¢-k?t2a for some constant c. Furthermore, for every

Proof. The square of the maximum separation between any two samples in a cluster is < t2(1 +
50ar) and the points are clustered correctly. Let ¢ be a component such that @; > 2/n. Let x(g) and
x(h) be two samples from component 4, then

2do?(1-a) < ||x(g) - x(h)|5 < £2(1 + 50ar),

where the first inequality follows from Equation (7). Hence, 2do? < t?(1 + 50ar)/(1 - a) <
t2(1 + 56ar). Furthermore, since x(g) and x(h) has pairwise dlstance > t, by Equation (7),

2do} (1+a) > [Ix(g) - x (R[5 > £7,
and hence 2do? > t?(1 - a).

For two samples x(g) and x(h) generated by components 4 and j, we have,
(a)
£2(1+50ar) 2 [x(g) - x(D)]l3
®) 2
> (d(af + sz-) + ||ui - ,uj||2) (1-a)

(e)
> t2(1 -2a) + ||,u,i —usz (1-a),
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where (a) follows from the fact that the maximum separation between two samples is < t2(1 +
50ar), Equation (7) implies (b), and (c¢) follows from first part of the lemma. Hence, we have

|| - usz <t?(50ar +2a) /(1 - a) < £%(3-10%ak?).

Let x(g) and x(h) be from components 4 and [ respectively. Similar to the first two parts of the
lemma we have, maximum separation between any two samples is

£2(1+50ar) > |[x(g) - x()|[3 2 (d(0? + of) + I, = pll3) (1-0) 2 (dof + ||, - pull3) (1-0v).

Hence do? + ||p; — ul||§ <t?(1+50ar)/(1-a) < c-t?, for some constant c. The last part follows
from the assumption that d = Q(k* log ”7:) O

Lemma 37. If Equation holds and there is no mis-clustering, at end of the generalized coarse
clustering |C| = 0.

Proof. We show that if C'is non-empty, at each iteration the number of components in C' decreases
by at least one. Since there is no mis-clustering, if we create a cluster at a particular iteration, it
would contain all the samples from at least one component and hence the number of components in
C reduces by one. We now show that if we discard four samples, at least one of them would be a
unique sample from its component (w; = 1/n) and hence discarding it would reduce the number of
components by one.

Let x(a),x(b) be the two samples that attain the minimum and without loss of generality let the
corresponding components be 1 and 2. Let x(¢), x(d) be the two samples that achieve the maximum
and %, j be their corresponding components. We now show that if min(w, W, W;, w;) > 2/n, then
the samples would not be discarded thus proving our claim. By Equation (7)),

[x(a) - x(b)|[3
A0} +03) + s = polly € o2 < €2 (14 3a),

and since two samples from component 1 or 2 did not achieve the minimum, 2do3 > t2(1 - «) and
2do? > t2(1 - ). Rearranging and substituting in the three equations we get, ||, — g3 < 4t 20,
2do? < t2(1+7a) and 2do3 < £2(1 + 7)) . Without loss of generality, let x(c) be included in C
because x(c) was close to x(a).

(@) =X _ 20, 5o,
l-«

and furthermore two samples from components i or 1 did not achieve minimum and hence, 2do? >

t?(1 - @) and 2do? > t%(1 - a). Solving, we get 2do? < t%(1 + 7ar) and ||, — ul||§ < 4t2ar.

Similarly, 2do? < £?(1 + 7or) and ||, —[,I,jH; < 4t2ar, for some [ € {1,2}. We now have all

2
d(U% +Uz'2) + [y = gl <

the inequalities necessary to show that ||x(c) — x(d)||§ < t2(1 + 50ar) and hence would not be
discarded.

(a)
hx(e) = x(@)lly < (d(? +02) + s - ;) (1+ )
©)]
< 21+ Tar) + || — oy + gy -y + —“J‘H;
(c)
< €2(1+ Tar) + 3(; — pally + Ny — s + [[p — gs5][3)
@
< t*(1+50ar).

(a) follows from Equation (7). () follows from the bounds on % and 0']2-. (¢) follows from Cauchy-

Schwarz inequality and (d) the bounds on the difference of means which we have shown implies
(d). O

The above four lemmas immediately yields,

Lemma 38. After coarse clustering, the algorithm divides the samples into clusters such that with
probability > 99/100 — 26,
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 There is no mis-clustering.

* For any pair of components i, j within a cluster with W;,w; > 2/n, the variances lie within
2
a factor of 1 + 56ar around t* and ||;Lz - uj||2 <O(t2a?).

p; ~ B(O)|[5 + do? < O(£2).

It can be shown that once the conclusions in Lemma [3§] holds, then the performance of recursive
clustering algorithm would be same as Lemma [9upto constants. The only modification is the com-
putation of 62(C') which is given by

1 1

‘C|(|C| 1) a%e:c 2d||X(CL) X(b)HQ

6°(C) =

By Lemma out of (E‘) pairs at most k|C| would have distances away from t 2. It can be shown
that this does not affect the analysis.

Finally for the exhaustive search, instead of just substituting a single o', we try out all possible
combinations of ¢’(C') for each cluster C, where o/ (C) € 6%(1 + ie/d\/128dk?),¥ - L' <i < L'},

32ky/1 /5
where [/ = 225V108n%/3  Note that since we are searching over k different variances instead of
just one, the number of candidate mixtures increases by and hence the time complexity. The time
complexity for unequal variances can be shown to be

2d)'f(k¢k>f—d/5)’“).

O n’dlogn + d(l17 log
€3 )

Note that even though our error probability is 1/100 + 24, and is not arbitrarily close to 0, we can
repeat the entire algorithm O(log %) times and run SCHEFFE on the resulting components to find
the closest one. By the Chernoff bound, the error probability of this new estimator would be < §’.
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