Learning on graphs using Orthonormal
Representation is Statistically Consistent

Rakesh S Chiranjib Bhattacharyya
Department of Electrical Engineering Department of CSA
Indian Institute of Science Indian Institute of Science
Bangalore, 560012, INDIA Bangalore, 560012, INDIA
rakeshsmysore@gmail.com chiru@csa.iisc.ernet.in

1 Preliminaries

For completeness, we state/prove some of the non-trivial results used for proving results of the paper.

1.1 Asymptotic Notations [7]

For non-negative functions f;(n) and f2(n)

e fi(n) = O(f2(n)) = 3Ing and a constant ¢ > 0 such that Vn > ng, f1(n) < cfa(n).
e f1(n) =Q(f2(n)) = Ing and a constant ¢ > 0 such that Vn > ng, f1(n) > cfa(n).
o fi1(n) = ©(f2(n)) iff f1(n) = O(f2(n)) and f1(n) = Q(f2(n)).

1.2 Properties of ¢ for a labelled graph

For alabelled graph G = (V, E, y), where nodes have binary labels +1/-1, we prove some interesting
properties of the Lovasz ¢ function, which will be used to prove examples of Labelled SVM-1
graphs (Definition[d). Let G and G_ be graphs corresponding to the two classes, defined as

Gy =Wy, Ey), Vy={ieV|yy=+1}and (i,j) e E4 iff (i,j) e E&y; =y; =+1 (1)
Similarly, we can define G_ as follows
G_=(V_,E_), V_={ieV]y,=—1}and (4,j) € E_iff (i,j) e E&k y; =y, =—1 (2)

Let G’ = (V, E') be a pure graph, where (i, j) € E’iff (4, j) € E and y; = y;. We note an alternate
definition of Lovasz 1 function
Definition 1 ([L1]). For a simple, undirected graph G=(V,E),

1

min max ——— 3)
ceSd=1, UeLab(G) i€V (CTui)

9(G) =

We state the following bounds on the Lovasz 1 function
Lemma 1.1. %(G) < 9(G') = ¥(G4) + ¥HG-)

Proof. The first inequality follows from the Definition[I]and the fact that Lab(G’) C Lab(G).

Without loss of generality, we assume that the nodes of the graph are ordered such that the nodes
having positive labels appear first. Let ny = {i € Vl]y; = +1} and no = n — ny. Note that



K € K(G') takes the form [Ki, 05, xny; Onyxn,, Ka], where K; € K(G4) and Ko € K(G_).
For any K € K(G’), note that

w(K,1,) = max En:ai —% i oo K
i=1

eR’Vl
. i.j=1
1 1
= max E «; + E Olj - = E Oél'O[jKij - = E CVZ‘OéjKZ'j
a€eR™ 2 2
+t oievy JEV_ i,jEV, i,jEV_

= W(Klv 1711) =+ W(K% 1712)
Thus, the result follows from the definition of ¢ function Section @)

1
~U(G') = i K,1,)= i K, 1, i Ko, 1,
2 (&) Kglicl(ncf)w( 1n) Klglicl?cgw( b lny) + KQén/cl(nG,)w( 2 1ns)

- % (19(G+) + 19(G_))

O
Lemma 1.2. ¥(G) > max {9(G4),9(G_)}.
Proof. Proof follows from Definition
1
HG4) = min min  max 5
UeLab(G4) ce8d-1 ieVy (CTU.Z‘)
. . 1
< min min max o)
UELab(G) cesi-t ieVi (¢Tu)
1
< min min = max ——— = 9(G)
UELab(G) cesi=1 i€V (cTu,)
Similarly, can prove 9(G) > 9(G_). O

Note that the above results can also be extended to any partition of the vertex set V' into
‘/13"'3Vka Uf:l :V) ‘/;QV] :dj) 17&.7

1.3 Martingale and Concentration inequalities

To bound the difference between a random variable and its expectation, Doob’s martingale sequence
[13]] is a standard tool used in statistics —

Definition 2 (Martingale). Let X7 := (X3,...,X,) be a sequence of random variables. The
sequence T := (Tp,...,Ty) is called a martingale w.r.t. the underlying sequence X7, if for any
i € [n], T; is a function of X} and Ex,[T;| X{ ™' = T;_.

For the martingale process above, we state the following concentration inequality.

Lemma 1.3 ([13]). Let T{ be a martingale w.rt. X}". Let 2} = (x1,...,2,) be the vector of
possible values of the random variables X1, ..., X,,. Let

ri(xlfl) = sup [TZ : X{lfl = x’fl,Xi = xl] — 1£1f [Ti : X{fl = xzfl,Xi = xl}
xT; hadd

Letr := SUp,n i (ri (a:i_l))z. Then, Prxp [Tn — Ty > e] < exp (— 2;_2>.

i=1

We note the following alternative definition of Rademacher variables, borrowed from [8]]
Definition 3 (Pairwise Rademacher variables). Let 7 = {r; = (7,1,7,2)}; be i.i.d random
variables defined as:

Ty = (Ti,l,Ti,z) =



The above tools will be used to prove graph dependent generalization error bound Theorem [5.1]

We use the tools developed in this section to prove all the results of the paper in Section

2 Proof of results in paper

Section 4

We prove the following technical lemma to lower bound the expectation of square root of a non-
negative random variable, using first and second order moments.

Claim 1. For any non-negative random variable X

E[vX| > VEX] {1 - %]

Proof. For any x,a > 0, we prove

r—a (r—a)?
> _ 4
Vi = Vat 3 7o oava (4)
Note that the result follows by choosing © = X, a = E[X] and taking expectation over (). By
simplification of (@), we get 2av/ar > 3ax — x?. Writing b = +/x and dividing by b gives
2a+/a > 3ab — b3. Note that for a > 0, function g(b) = 3ab — b3 — 2a+/a, b > 0 is concave with

maximum is attained at b = /a and g(y/a) = 0. Thus g(b) < 0, Vb > 0. O

Proof of Theoremd.Il For any o, supjcq,, > 0i(h,u;) = sup,eyy, <h, > aiui> =
i=1 i=1

nA (K 7, ||. The last equality from optimality over supremum and the norm constraint

- maxheg{U Hh|| = MaXgegn |||, <tCvn V B = tC'y/nA1(K). Now, taking expectation over
o, one obtains

R(Hu,p) =tCy/ AlflK)E(, l _n

Zoiui =tC #Ea {\/ GTKU} 5)

Using Jensen’s inequality, E,[v o "Ko] can now be upper bounded by \/E,[ocTKc|. Fur-
ther, using the independence of o, the expectation evaluates to 2p> . | K;; = 2pn. Thus,

R(Hu,p) < tCy/2pAi(K). For any non-negative random variable X, note that E [\/)7(} >

E[X] {1 . ‘2/155 [XX] ] (Clalml Suppl.) Thus, for the random variable o " Ko we have

E[ JTKU] s [1 C2p+ (2)P(n(n = 1) + 5, K —w)] W [1_ 3}

8n2p? 4

The last inequality follows from the fact that 3, K7 < Y71 AF(K) < [Y27, A (K)]2 < n?

=1

and p € [1/n,1/2]. Plugging in () proves R(Hy,p) Z ;\C} v/pA1(K), and hence the result. [

Proof of Corollary[d.2] Using Theorem R(Hu,p) = O(y/A1(K)). From the definition of
Y(G) as in [[11], it follows that A\;(K) < ¢(G). Finally, using Sandwich Theorem (Section
proves the claim. O

We prove the following bound on the spectral norm of LS labelling of a random graph
Proof of Corollary [d.3] For G(n,q) graphs, [9] showed that with probability 1 — e, ¢ > 0,

A1 (A) =nqg(1+0(1)) and | A, (4)| < 24/ng(1 — q). For ¢ = O(1), choosing p = /n makes K1 g
a positive semi-definite matrix, and clearly \; (Kps) = ©(y/n). Thus, proving the result. O



We prove that the function class associated with Laplacian inverse is restrictive

Claim 2. For a complete graph K, of size n, where every pair of nodes is connected by an edge;
Laplacian inverse (6) has class complexity of O(1).

Proof. Laplacian inverse of a graph is given by [3]

1
Kl,= >  ———ww 6
Lap — )\i(KLap)w w; ( )
’L)\i(KLap)>0

where Krqp = I — D7Y2AD"Y2 = " \i(Kpap)Wwiw; . Let Vi,, = [V1,...,V,] be the
=1

feature mapping correspondmg to Laplacian inverse kernel K Lap’ (KTLap)” = (vi,v;), Vi, j € [n].

Let HLap = {h|n = Z Bivi, B €R™, ||Bll2 < tCy/n}, C >0, t € [0,1]. We follow a similar
proof technique as in Theorem@ For any o,

sup Zn:ai<h,vi>— sup <h,zn:<7ivi>—
i=1

T X T
heH],, i=1 heH} .,

n)\l(K

iV

The last equality from optimality over supremum and the norm constraint - max, enl,, IRl =

maXgepn |8, <tCy/n ,/5TKTLGPﬁ = tC’\/n/\l(KTLap). Now, taking expectation over o
M (K - MK,
R(M},,.p) = 1Cy/ 12 g, S owvi||| =tC %E Vo Kl,e] @
i=1

Using Jensen’s inequality and independence of o as before, we can bound the expectation term

1/2
(2p Z K! Lap; ) . Note that the minimum eigen value of the adjacency A of a complete

graph Kn is —1. Thus, the minimum eigen value of K4, = I — A/(n — 1) is 1 + —5. Thus,
A (K Lap) 1- % < 1. Plugging back in gives

QPZKLap <tCy/2pM (K],,) <tC\/2p

Thus, for C, t, p = O(1) as in Corollary [4.3| proves the claim. O

R(H},,.p) =tC

Section 5

We prove the graph dependent transductive generalization error bound in Theorem using con-
centration inequalities discusses in Section

Proof of Theorem 5.1 Let 7 = [my,...,7,] denote a permutation on [n]. For any permutation 7,
let the first nf nodes be labeled. Let ¢; = £(yu,, (h um>), i € [n]; we drop the arguments  and
7, when clear from context. Let erg (h,y, ) = f Z (; and er§(h,y, m) = (1 7 > 4. Let
i=nf+4+1
Lhyy, ) = [l1,...,0,). Let® = [1,2,3,...,n] denote the trivial permutation on [n]. We prove
the result in three main steps:
Step 1: We introduce a ghost permutation
eréS‘ (ha Y, 7?) = 67’g’(h, Yy, ﬁ—) + eré’(hv Yy, ﬁ—) - 67"gv(h7 Yy, ﬁ)
<erg(h,y, @)+ sup [er§(h,y, @) —ers(h,y,7)]
h'€Hu
<erg(h,y, @)+ sup [er§(h,y, &) — Eq [ers(h,y,m)]
h'eHu

+E [erS(h/ayv’]r)] - erg(h/ayvﬁ—)]



The above holds, since E. [er§(h/,y, )] = Ex [erg(h/,y,m)]. Applying Jensen’s Inequality,
< erg(h,y, @) + @(h,y, 7) @®)

where (b(h7 Y, ﬁ-) =Er {Suphfeq:[U [67“% (h7 Yy, ﬁ-) - @7“% (h/a Yy, 77) + eré’(hlv Y, 7T) - erg(hv Y, ﬁ)] }
We invoke the following lemma to bound the supremum

Lemma 2.1. For any § > 0, with probability > 1 — § over the random permutation 7,

2 1

®(h,y,7) < Er [®(h,y,n')] + B AP log &

We obtain martingale from the function ®(h,y,7) using Doob’s martingale process. Let I =
[IIy,...,II,] denote a random permutation vector over [n]. Let IT} := [IIy,...,IL;] and

(I)(hv}IaHli) = Eﬂ’ { sSup [erég(h’y’ni) - eTgv(h/,yﬂrl) + er%(hlvyvﬂ_/) - erg(haY7HZi)]}

h'eHu
4 : i , min(nf,i)
where er§(h, y, T1j) = 20znl) 2} 1@» and erf(h,y,11) = L _zl ¢;. Let TI(i, j) be the
Jj=nf+ Jj=

permutation vector obtained by exchanging the values of II; and II;. Let Ty := Epp [E (h,y, H’f)]
and T; := Epp [((h,y,1I}) |13 ], V € [n]. Clearly T is a martingale sequence w.r.t. II. Note that

by definition, T, = ®(h,y,II7"). Thus, bounding 7 and using Lemma [I.3) proves the result. Let
= [m, ..., T, be a specific permutation. For i < nf

(it =sup {Ti T =AU = 7ri} — inf {Ti I =AU T = ﬂ'i}

Us

= sup {EH? [ﬂ(h,y,H?) | Hifl = 7T11.71,Hi = Wi}

—Eny [¢(h,y,11}) | I =n I = ] }

= sup {ij[i—‘rl,n]EHi‘ [e(h,y, 07 | T = {1 I =y, 10 =

— ]Ejfv[i—kl,n]]EHT' [f(h,y,HTf(Z,j)) ’ Hi_l = Tri_l,Hi = 7T7;,Hj = 71'2] }

= SU.p/ {ij[i+1,n]EH? [ﬁ(}%yan?) - g(hayﬂ H'{L(Zh])) | H§71 = ﬂ-iilani = Tj, H] = ﬂ-;] }

= sup {Per[iH,n] {j € [Lnf]} EH;L,j~[¢+1,nf] [f(ha%n?)
— 0y, I G g) | T = 7 =, T = )
+Prjiv1n{j € nf +1,7]} Erp jmfnsii,n] [f(h,}ﬁﬂ?)
— by T (i) | T = 7L = i, T = ) }
Since i < nf, L(h,y,II}) = £(h,y, 117 (3, 5)) for j € [1,nf], thus the first term is zero. Therefore,

i . B B
ri(m] 1) <Prj 1,0 € nf+ l,n])n =

faA=1) fln—1)




Also, note that ri(wifl) =0, fori > nf. Thus,
nf B 2
P37 <3 (1)

B\> & 1 B\? [ 1
SOPERON Y
/ . ) / n(l—f)— 1/2]

j=n(1-f

B <B>2 nf _ 4B’
f) @ =f)=1/2)(n=1/2) = nf(1 = f)
For 1 — f > 0 and large n, 1/2 < Z nd n(17;)71/2 < n(li. Plugging this in Lemmaand

setting e = B, / nf(l_f) log 5 completes the proof of Lemma

Step 2: Now we concentrate on bounding E+ [®(h,y, ')]. For L!(Hy) = {t(h,y,7)|he ’HU}
we introduce Rademacher variables to prove

Lemma 2.2.

En [q)(hayaﬂ—/)] < RT(EK(,}:[U)a f) +0 <(1:f)\/7Tf>

where Ry (L (Hu), f) = ﬁﬂia {supheﬁu 3 Eiai] , with o as in Withp = f(1—f).
A i=1

Following notations as in Definition let P = 3yl {Tm = —ﬂ and Q =
in four steps:

Zie[n} 1 {7'@2 = H We prove Lemma
Step a: Relating to Pairwise Rademacher variables

RT(‘CE(/]:ZU)a f) = % E,

sup g‘(7,U,h,y)
h€7:lU

where ¢‘(7, U, h,y) = 3 (i1 + 7i,2) £;. Proof follows from the definition of 7 (Definition .
i=1
Step b: Split the Expectation

E,

Sup gf(,r’ Ua ha y)] = IEP,Q ]ET|P,Q [ SUP gZ(T’ U» hv y)‘|
heHu heHu

Step c: Relating to loss function

Ex [®(h,y,7")] = Er|p=g[pP],0=E[Q] [ sup ge(TaU7h7Y)‘|

heHu
n n
For (I)/(pl7q/7Ua h,h/,y,’ﬂ',’ﬂ") = ﬁ Z (yﬂ'i’ <haum>) - ﬁ Z lé(yﬂg7<h/7uﬂ'£>) +
p’+1 i=q'+

’ /

Q

% Uyr, (W ugr)) — % Z ((yr,, (h,ur,)), we will prove that for any p', ¢’ € [n],

=1 1=

]ETI',‘IT/ [(I)/(plv qlv Ua h7 h/7 y, T, ’/T/)] = ET\qu’,qu’ [ SUP gZ(T’ U7 hv Y)‘|
heEHU

thus proving the claim for p’ = E[P] and ¢’ = E[Q)] as a special case.



Let ¢ := (t1,...,tn), Where ¢; := (1;,1,¢;,2) be a random variable taking values of the coefficients

of €(ys, (h,ui)) and €(ys, (W', ;). Let P = S 1 [1ia = 4| and @ = Yy 1 12 = 4]
Thus, we can write

Eﬂ',ﬂ" [(I)/(p/a q/a Uv h7 hl7 y,m, W/)] = ]EL\P’:;D/,Q’:Q/ SHP gz(bv Uv ha Y)
heHu
Note that the distributions ¢|P’ = p', Q" = ¢’ and 7|P = p’, Q = ¢’ are identical, thus proving the

claim.
B n
o(+277)

Step d:

E.gp),EQ) lSUP QZ(T,U,hvy)] —EpqErpo [SI{P g“(1, U, h,y)
heHy heHuy

We use the result from Step ¢ to derive the result. Note that for a fized ¢

B
E’n’,ﬂ’ [(I)/(plv q, U7 ha h/v y,m, ﬂ-/)] - ]Eﬂ',ﬂ" [(I)/(an q, Uv ha h/a y, T, 7(-/)] S m |p1 - p2|

Similar argument holds for ¢; and g», for a fixed p. Now, for any € > 0,

Prpg ]ET|P,Q|: sup g“(7, U, h,Y)} _ET]E[P],]E[Q]|: sup QZ(T»UJMY)H > €
heHyu heHu

- PrP,Q{ Eﬂ',ﬂ" [(PI(P7Q7U7h7hI7y77T77T/)] - Eﬂ',‘n" [(I)/(E[PLE[QLUa h7h/7ya7T77T/)} ‘ Z 6}

IN

PI'P_ Eﬂ"n" él P7Q7U7h7h/7Y77T77r/ _Eﬂ"n'/ q)l Pv]EQvU7h7h/7y77Ta7T/
,Q ) )

+

Ex x [@’(P, E[Q], U, h, hl,Yv T W/)] — Eg o [(I)/(E[P]a E[Q], U, h, h/7 y,m, W/)] ’ > 6}

IN

Prpg{ [Eur [¥(P.Q UM y. 7, 7)] - B [0 (PEIQLU BN,y )] | = 2]

+ PI’p)Q{

= erep{ip-mip) = D s prg{jo - mig) 2 U0 < e (210200

B (P QL ULh .. 7] ~ B ¥/ (BIPLEIQL Uy 2 /2

32B%n

The last inequality follows from Bernstein’s concentration inequality
X ~ Bin(n,p) = Pr{|X —E[X]| > ¢} < 2exp(—3€>/8np)

and noting that P, () are binomial random variables ~ Bin(n, f). Note that for any non-negative
random variable Y

Pr{Y > €} < coexp(—cie®) = E[Y] < /In(cpe)/c1

Applying this for our setting, for cg = 4, ¢; = 3’;(213_2Q2

gives

ETlE[P]7]E[Q] |: sup ge(Ta Ua h7 Y):l - IEP,Q ETIP,Q |: SUP ge(T7 U7 h’a y):| |

h€7:[U heHu

=Epq

B n
ET‘E[P],]E[Q] |: SuP gz(Ta Ua h7 y):l - ETIP,Q |: SU.P ge(Tv U7 ha y):| ‘ =0 ( )
heHu heHu



If f > 1/2, then by a symmetric argument, we get the bound O (? ﬁ) Thus we can relax the

constraint f € (0, 1/2]; but for simplicity future derivations, we assume f < 1/2.

Note that combining the above four steps, proves Lemma[2.2]

Step 3: From the contraction property of Rademacher complexity, we relate to the function class,
and using Theorem[4.1] we prove

Lemma 2.3. Given the loss function ¢ to be L-Lipschitz,

y 2\ (K)
Rr(L'(Hu), f) < LC ah

We prove Ry (LY (Hu), f) < ﬁR(ﬂU, /) and the result follows from Theorem fort =1

and p = f(1 — f). We prove the claim by induction. For h € Hy, we denote the predictions by
y := UTh. Thus, ¢; = {(y;,9:), Vi € [n]. We prove a more general result, for any ¢ : Hy — R,
we prove

< Eo | sup Lzaiﬂi + ¥ (h)

heHu i=1

E, lsup > aili+(h)

heHu j=1

The proof is by induction on k, such that 0 < k < n. For base condition k = 0, the proof is trivial.
We assume that the inequality holds for £ — 1 i.e.,

k—1
Egl7m70k71 [ sup ZO}& +¢J(h)

heHy j=1

k—1
S ]Eal,...,ak,l [ SHP Z LUz@z + ¢(h)‘|

heHy j=1

Now to prove the induction step, consider

k k—1
Eo\ Eoy,....o1 | SUP Z oili +¢(h)| =pEo,, . op, | SUP Z oili + U, 4+ (h)
heHu ;=1 heHu j=1

k—1 k-1
+pE01,...,0k,1 [ sup Z 0'7',61' - ék + ’l/)(h) + (1 - 2p)]Ea'1,...,ak,1 [ sup Z O-z'g'i + w(h)]
heHy =1 heHy =1

©))

where p = f(1 — f). We consider bounding the first two terms, since the last term can be easily
bounded by the induction assumption. We define functions 1)’ and 1"’ as follows

k-1
Eoy....on_s | SUD Zoi& +¢; +(h)

Now, by induction assumption, we get

k—1 k—1
=Eo,, .on1 [ sup {LZ o + b + w(h)} + sup {L Zaigi — U + 1/}(h)}]

heHu i=1 heHu i=1

k—1
+Eoy, on s [ sup Zai& — U+ 1/’(@]
—_——

heHu i (k)

= ]EG'17..

5O0k—1

k-1
sup {Lzai(ﬂi + ;) + L(yr, Or) — Lk, G5,) +p(h) + w(”)”

h,h’E”r':lU i=1

where )’ = UTh/. Using L-Lipschitz property of the loss function,

< Eo,,.

- 0k—1

k—1
sup Loi(§i + 8;) + Llje — 95| + ¢ (h) + (k')
p ]

h,h'€Hu i=1



Without loss of generality, we assume i > ;.. Suppose § < 9}, then we can swap h and /', so
that the value of expression increases

k—1
:]Eo'l,...,a'k,_l [ sSup {ZLUl(QZ"’_g;)—’_L(Qk _Ql/e) ‘Hﬁ(h)'ﬂ/’(hl)}]

hh'eHu \ =1

k—1
= ]Eah...,ok_l [ sup { Z Lo’iﬁi + Lgk + Q/J(h)}]

he?—lu i=1

k-1
+Eoy.ons [ sup { > Loy — Lin + Q/J(h)}]

heHu i=1

Plugging this back in (9) and introducing o, random variable for RHS proves Lemma [2.3]
Combining the results from (§), Lemma [2.1]} [2.2]and [2.3] proves the result.
O

Above in an important result connecting empirical error estimate of the unlabeled node set with that
of the labelled node set, and an additional class complexity term (Section [) relating to structural
properties of the graph. This result bridges the two domains machine learning and graph theory,
which allows us to derive learning theory estimates of empirical unlabeled node set error conver-
gence rate and labeled sample complexity, relating to the famous Lovasz © function of the graph.

Section 5.1

Using a similar proof technique as in [10]], we prove the following result connecting the maximum
margin induced by orthonormal representations of graph with the ¥ function of the graph.

Proof of Theorem (5.2} Given a labelled graph G = (V,E,y), V = [n]; lety € Y™ be any
labelling on the nodes of graph G, then note that from Definition|[I]

1
J(G) = min min max ———
UELab(G) cest—1 i€ln] (y,cTuy)

Note an interesting property of orthonormal representations that if U € Lab(G), then Udiag(e) €
Lab(G) forany e " = [e1,...,e,] where g; € {+1,—1} Vi € [n]. Thus, it suffice to consider only
those orthonormal representations for which y;c"w; > 0 Vi € [n] holds. For a fixed ¢, we can
rewrite

1 . 1 ;
max ———— = (mint” s.t. —=— <tVi€ [n]
i€[n] (inTui) t Yi€ uy
Using w = tc yields
1
min max ———— = (min [wl||? s.t.ysw u; > 1Vi € [n])
ceSI—1 ign] (inTui) weRd
Applying strong duality gives
) 1
min max s =2w(K,y)

ceSd-1ign] (yq:cTui)

where K = UTU € K(G). As there is a correspondence between each element of Lab(G) and
K(G) Section 2| minimization of 2 w(K,y) over K(G) is equivalent to computing ¢ function. [J

We illustrate an example of the large class of Labelled SVM-4¢ graphs, where LS labelling approxi-
mated the optimal margin within a constant multiplicative factor.

Claim 3. Mixture of random graphs defined in Section [5.1]is Labelled SVM-1) graph.

We use the notations as in Section [I.2] We note the following technical lemma the margin induced
by LS labelling to structural properties of the labelled graph.



Lemma 24. Let K s = A/p+1, p > max {|)\,(A)],cut(A,y)} be the LS labelling of G. Let
A’ be the adjacency matrix of G’ and let K’ ¢ = A’/p + I. Then,

1

25— 1)

W(KLSv y) S W(K/LSa ]-n) + (
cut(A,y)

where cut(A, y) is as defined in Notations, Section|]

Such connections are interesting relating geometry and machine learning with graph properties.

Proof. First note that K/, ¢ is a positive semi-definite matrix, since K’; ¢ is formed by block diagonal
sub-matrices of K g corresponding to G and G _, which are individually positive semi-definite.
We analysis the KKT conditions of w(K g, 1,,) for any LS labelling K 5.

. +y,(ZK” oty ):1+u;f (10)

where (1} is the lagrange dual variable at the optimal. From convexity, note that there exists & > 0,
such that max;¢[,) o < @. From (10), for o >0

1 1 1
Ol;!< + - Z Aijaj - — Z Aija; =1 — Oé;!< S 1+ — Z Aij()é;-(
P yi=y; Py, Py,
Bounding the last inequality using @ and cut(A,y) gives @ < WM. Thus,
n

w(Krs,y) = ogaingl%)ée[n] (Z Z oo Ay + Z o5 u)

P y= Yj yﬁfyy
cut(A,y)
< ma; ( P — = a0 K; )
O<o¢7<1)§€[n] Z Z 7 2p(1 — cut(A,y)/p)
Equating the first term by w(K/ ¢, 1,,) proves the result. O

Proof of Claim[3l From Lemma it follows that 9(G) < 20(G(%,3)) = ©(y/n). The last
equality follows from [6]. Also, from Lemmal[l.2] 9(G) > 9¥(G) = ©(y/n). Thus, ¥(G) = O(G).
Given cut(A,y) = c¢\/n, ¢ > 1; note that for p = 2¢y/n, Kpg = 2 +1 is a positive semi-definite
matrix from the results of [9]. For the notations as in Lemma we can show w(K’ ¢, 1,) =

w(Ki,1,,) + w(Ka,1,,) = O(y/n), where K; and Ko are the block diagonal kernel matrices
corresponding to graphs Gy and G_ respectively; and the last equality follows from [10]. Thus,
using Lemma 2.4 we prove w(Ks,y) = ©(y/n), and hence the result. O

The above is a large class of graph family, where LS labelling approximated the optimal margin
within a constant multiplicative factor

Section 6
We derive an upper bound on the Lovasz 9 function of the power law graphs, previously unavailable.

Claim 4. For G(ay, az) Power law graphs, where |{i € V|d; = z}| = €™ /2*2 [2]. For ay €
[2.1,2.5], 9(G) = O(y/n)

Proof. The regime a2 € [2.1,2.5] holds for naturally occurring graphs [1} 4]]. Maximum degree of
G(aq, ay) is given by dyae = €1/ [2]. Note that a; = O(logn) and thus, dye. = O(\/n).
Maximum degree is related to chromatic number by x(G) < dpqaz + 1 [13], thus x(G) = O(y/n).
Finally, the claim ¥(G) = O(y/n) follows from Sandwich Theorem (Section . O

Claim 5. Results in Section [f] can be extended to the Inductive setting, both semi-supervised and
supervised learning models.

Proof. Let G be any graph family, and let V be an infinite sequence of labeled node set (Definition[T]).
Let 4 be the distribution on V. Let er§[h] := E;~,[¢(h(v;), ;)] the generalization error.
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Semi-supervised setting: For any f € (0, 1), let S and S be any draw of labelled and unlabelled
subgraph from G respectively. Let G be a graph formed by combining S and S. Let ¢ be any loss
functron bounded in [0, B] and L-Lipschitz in its second argument. Let H;, C be as in Theo-
rem 1} forany U € Lab(G). Forany § > 0, h € Hy wp. > 1— 6, atypical generalization bound
is of the form [5]]

eré[h] <(1-1)- erS[ 1+ f- ers[ |+ 2L -Egg [R(?jluyf(l —f))] + 0 (B\/Tlllog ;)

Using Theorem we can bound er%[h] in-terms of erg[h]. The complexity term can be esti-
mated reliably from emp1r1cal Rademacher complexity (Theorem [4.T)) — using bounded differences
inequality [12], wp. > 1 —06/2

A (K) 4

1 _
2 85

Ec~g[R(H, f(1 = /)] < R(Hu, f(1 - f)) +tC
Thus, leading to the following generalization bound

A (K 1 1 1
erg[h]gerg[hwo(wﬂ 1; )1og§+B,/nfrog6>

Using similar proof techniques as in Section[6] we can derive consistency and labeled sample com-
plexity results (similar to Theorem[6.1]and Corollary for the semi-supervised setting.

Supervised setting: Let S and S be any draw of labelled and unlabelled subgraph from G respec-
tively, for f = 1/2. Let H be any function class. For any ¢ > 0, note the following sandwich
theorem on the uniform convergence of generalization error bound

Prsyg{ :1612 erb[h] — ers[h]‘ > 26} < Prs{ 2161% erglh] — erg[h]‘ > e}

< 2Prs7s{ 216171_)[ erg[h] — erlh ]‘ > 6/2}

which follows from Symmetrization lemma [14]. Thus, uniform convergence of erg to erg in trans-
ductive setting is a necessary and sufficient condition for the uniform convergence of the training set
error to generalization error, in the supervised setting. Thus, using Theorem [5.1](erg — erg) and
Theorem [6.1] (ers — 0), we can extend our analysis to derive consistency and sample complexity
results for the inductive setting relating to structural properties of the graph.

O
The above gives us a way to extend the analysis present in the paper to the well known inductive
setting. As part of future work, we would also like to analyze the problem of learning on streaming

similarity matrices, where similarity information of the data instances is streaming and the task is to
accurately predict the binary labels.

Section 7

We prove generalization bound for the problem of multiple graph transduction

Proof of Theorem [7.1} Following similar steps as in Theorem[5.T| we get

~ 2>‘1(K’Vl*) (&1 1 1
ramp éram,p iy Ui C 71 —
5L ) < T ) + VFa—p TTfVaf s

JjeS €S

where ¢; = O(1), K, = Y;=, niK*). Note that K, is the orthonormal representation of G
Using a result in the proof of Corollary. 4.2l \(K,-) < 9(G") proves the complexity term.

Now, using similar proof technique as in Theorem

\I](Kv yS) < km[in] AC (K(k)a yS) < km[in] W(K(k), y) (: \I](Kv Y))
€lm elm
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Noting that C' >~ £79™P(y,. 9;) < (K, ys), and £ is an upper bound on £°-! proves the result.
i€s
O

We prove statistical consistency of kernel learning style multiple graph transduction algorithms (6)).
Claim 6. Similar to Section @ we can show that if any one of the graph families G*) of G obey
HGE)) = 0ne), ¢ € [0,1), G ~ G®), then the Algorithm optimizing for (6) is ¢°-!-
consistent on G over the class of orthonormal representations.

Proof. We will use the notations as in Section [3| Let K, = {Kg)7 .. ,Kflm)}, where K ¢

IC(G%’C)) is the max-margin orthonormal representation associated with G*). A detailed analysis of
the complexity term in Theorem [7.1] gives

MK ) < max A( K(k)) max A (K5
1) S i an neR?, Inlli= 12177’c 1K)

The last inequality follows from convex1ty of the spectral norm. At optimality,
= max A\ (K(®) < max 9(GF) = n/ mm I(GH)
ke[m] ke[m]
The last two inequalities follows from the results of Corollary[.2]and the property that for any graph
G - 9(G)Y(G) = n [11]. Also note that for any k € [m], ¥(K,,,y) < w(K%k'),yn) = (G%k))/l
where the last equality follows from Theorem Thus, for k* = argmin;¢p,, 19(G( )), the anal-

ysis of multiple graphs G boils down to the analy51s of a smgle graph family Q ("), Plugging the
derived results in Theoremn and setting § = and f = 0(1) gives for any C > 0

(k ) 1ogn
erg'[hs,] = 0( 1/ (k T (11)

1
Optimizing for C, gives us the error convergence rate O ( ( ﬂ(G(L ) 4 ) Thus, bounding ¥(G(¥)) <

¥(GW), which follows from the optimality of &* proves the claim. O

Claim 7. Given G, such that 9(G,) = O(n¢), 0 < ¢ < 1, VG, € gg’“ for atleast one of

i
the graph families g(“, k € [m)], there exists K such that for C = (W) , where
k* = argmingg,,) JI(G*)); observing %(W) , 0 < s < 1/3 fraction of labelled nodes is
sufficient for MKL algorithm optimizing for (6] to be ¢°!-consistent.

Noting that for max-margin orthonormal representations, ¥(K,y) < mingep,w(K®,y) =

9(G™*))/2 and comparing with Corollary shows that combining multiple graphs improves la-
beled sample complexity than considering individual graphs separately.

Proof. From the derivation of Theorem-and Corollary[6] forC' > 0, f € (0,1/2]; wp. >1 -0

219 G(k | 1
01

Using ﬁ < 2, setting § = 1/n and optimizing over C gives

U(K, [9(GHE) /1
|S|Z€ (Y5:95) (nY) (f3 )+ Hlogn

JES

Note that U(K,y) < w(K*)y) = 9(G*"), where the last inequality follows from The-
orem for K being the max-margin orthonormal representations of G. Furthermore, using
HGFNY(GF)) = n [11] proves the claim. O
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Thus, as a consequence of the above result, we can argue that multiple graph transduction improves
labeled sample complexity.
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