Asynchronous Anytime Sequential Monte Carlo:

Supplemental Material

Brooks Paige Frank Wood
Department of Engineering Science
University of Oxford
Oxford, UK
{brooks,fwood}@robots.ox.ac.uk

Arnaud Doucet Yee Whye Teh
Department of Statistics
University of Oxford
Oxford, UK
{doucet,y.w.teh}@stats.ox.ac.uk

1 Introduction
We have the following state-space model

Xo ~ K,
Xn|X0:n71 = xO:nflayz):nfl ~ fn (xn‘ xO:nfl)

Yn|X0:n = Zo:pn, Y0in—1 ~ 9n (yn‘ Z0:n, yO:nfl)

for n > 1,
forn >0

where X, is a X —valued random variable and & a metric space. Given a realiza-
tion of the observations Yy.; = yo.;, we are interested in making inference about
the latent state variables. We introduce the following unnormalised measures

[2] for any 0 <n <t,

Qp (dfﬂo:n) =P (dmO:n »yO:n) ) an+1 (dmO:n+1) =p (de:rH»l »yO:n) .

with normalisation constant p(yo.,) and their normalised versions

Tin (dﬂ?o:n) =P (dx():n| yO:n) 7’;)\n+1 (de:n+1) =P (de:nJrl' yO:n) .

If 4 (dx) is a measure, 1 (z) a real-valued function, K (dz'|z) a Markov



kernel and A a Borel set, we use the following standard notation

p (@) = [ n(do) v (a).
WK ()= [ o) K (a')2).
Ko@) = [ 0@ K (d2']2).

Using this notation, we have

Qp (¢) = Qn (gn¢) , &n—&-l ('(/)) =y fn ('(/)) >

_ Qy (gnt))
M () = Fn (9]

The following particle algorithm is used.

s ﬁ’ﬂ“rl (W =N fn (¢) :

e Initialisation n = 0. For ¢ = 1,..., Ny Sample Xé’o ~ 1 (+) and compute
W5 = g0 (yol XS’O) :
e At time n > 0.

. ; in Nn . 7 in+1 Nt
— Branching step: Resample {Wé, XO"n} to obtain {Wfl, Xoim } .
: L :

i= i=1

— Extension step: Fori =1, ..., N,,41 sample Xfl’_ﬁ'l ~ fna1 (| Xé’:zﬂ).

— Reweighing step: Set Wi, = W .gn11 (yn+1| Xéﬂﬁ,yo:n)
On the branching step, we assume that the particles are processed sequen-
tially in order given by a permutation o, on [N,]. The ith particle processed is
0 (i), and the number of children M}, and common weight of each child V!

are determined, based only on information of particles o,,(1),. .., 0,(i), but not
later particles and satisfy

Vi= W, =23 we),
1
j=1

. o (1) Wa'n('b) Wo'n(i)
M, = ll + Bernoulli il — ii .
W W W,

n n n

The total number of children for the next stage is N,41 = Zivz"l M}, with
: i\ 1 Nn N,
weights ( W}, =WV,,...,V,,..., Vo, o V).
i=1

1 N,
Mo M



At each time step, we have the following approximations 8¢ and ﬁN ° of a,
and the approximation 5 9 of Gyt

SN Wis ximt1 (d20:n)

Ny d
Br° (dzo.n) = No
~ Zfinf»l /W,,i(sxi.,n+1 (dajo:n)
nyo (dl‘O:n) = N(;Jn ,
N1 1178
4Ny Sty Wbyt (dwown)
ﬂn+1 (de:n+1) = NO ,

Practically, when performmg state estimation, we are not interested in the un-
normalised measures 30, B2 BNo and 6n 71 but in their normalised versions defined
as

_ gzzvo (de:n)
B (1)

b

BN (dwoums1)

/\NO _
Vi1 (dToing1) = =
By (1)

b

where Yo and 720 approximate 7, while ’V\flvil approximates 7, 41.
This particle filter also ouputs an estimate of the marginal likelihood given
by

3

PN (youn) = H ° (yklyor—1)

where p™Vo (yo) 1= No Z , W¢ and for k > 1

PN (yelyouw—1) = /gk (Y| 2ok, Yok—1) Dp°, (dzour,)

Hence it follows that
1 .
’\No . - 1 . 1
P (o) = - 2 Wi (1)

We denote by B (F) the space of bounded real-valued functions on a space
E, equipped with the sup norm denoted || f|| = sup,cp |f (z)|. We also denote
by F, the natural filtration associated with all random variables generated by
the particle algorithm at the end of the nth reweighting step, and F,, similarly
for just after the the branching step.
We make the following assumption on the model and branching step.
Assumption B. The function g, (yn| -, Yo:n—1) : X" — R satisfies g, (Yn|T0:n, Yon—1) >
0 for all g., € X" and ||gn(ynl", Yorn—1)| < 1 for all n > 0.



We note that if ||gn(yn|, Yo:n—1)|| < By for some known constant B,,, then
we can simply rescale g, (yn |-, Yo.n—1) to satisfy Assumption B. The assumption
that gn(Yn|To:n, Yon—1) > 0 for all zq., is a sufficient assumption ensuring the
system of particles cannot die.

Assumption O. The particle ordering o, is independent of all other random
variables generating J,,, conditioned on the number of particles V,,, and o, is
uniformly distributed across all permutations of {1,..., N,}.

It is straightforward to establish that the particle branching mechanism im-
plies that Pr (N, > 0) = 1 for any n > 0 and that the following unbiasedness
property is satisfied for any ¢ € B (X™)

Not1 N,
Bl Y Wiw(xin™)| 7| =S wh e (X50) (2)
=1 =1

Additionally, it ensures that for each n and i, we have
VM, |Fa] <V =1/4 (3)

as M is a shifted Bernoulli random variable and W}, W,?L < 1 straightforwardly
by induction as ||gn(Yn|*s Yom—1)|| < 1.

In the rest of the paper, Assumption B and Assumption O are assumed to
hold.

2 Marginal likelihood estimation and unbiased-
ness

In this Section, we established that the marginal likelihood estimate given in
is unbiased.

Proposition 1 For any Ng > 1 and n > 0, we have

E [ﬁNO (y():n)] =Pp (y():n) .



Proof. The proof follows from a backward induction. We have

E [ (o)) = B [E | 3 2% Wi Foui]

Nn 3 1
=E NLOZi:I /fn xn|XOZ 1) 9n (yn|X0n 17xn7y0n 1) dxn (uSIHg Wn:

P(ynl X1 sY0im—1)

=E|E|& X Wi 1p(yn|Xé’:Z_1,yo;n_1) fn—l” (using (2))
—E [B] & S Wi (vl X557 pom1)| Faca|

~E|E ]\}OZ iy IWl P (Yn—1inl XOR 5 Yoz ) | Fuz

= -E A}Oz_" P Wi _op (Yn-1nl Xoin_ 50 Y0em—2 )| Fua

=E NOZ Wop(y1n|X0 ayoﬂ

= p (Youn) -
| |

3 L2 Error Bounds

We first establish L2 error bounds for the unnormalised measures Y°, B,]LV o and
BRY.

Theorem 2 (L2 error bounds for unnormalised measures) For anyn >
0, there exists an, by, ¢, < 00 such that for any No > 1 and any v, € B (X”‘H) ,

¢n+1 € B (Xn+2)
E [{8Y () — o (8)}"] < 5 Il
2 by,
B {3 ) - an )} | < 52 10l
O

E |:{/§n+1 (Yn+1) — Qng1 (Yng1) } } 2 [l

Using the function %, (z¢.,) = 1, we get control over the variance of the
unbiased estimator for the marginal likelihood estimate.

Corollary 3 We have, for some constant a.,,

wi an
W] <
We proof this result by induction on n. It is straightforward to check that
2
there exists ap < oo such that E {{ Vo (o) — ag (1/10)} ] <A l|4ho|* holds as

the initial particles are i.i.d. The proof then relies on the following propositions.

Wi

n

—1-9n ())



Proposition 4 (Branching Step) Assume that there exists a,, < oo such that
for any v, € B (X"1)

E ({82 () = a0 (6))] < T2 1l @
then there exists b, < oo such that for any ¢, € B (X”Jrl)
- 2] b,
B {520 ) = an )} | < 32 10 )

Proof. We have

Er]zvo (V) — an (Yn) = Erjlvo (Yn) — ﬂr]zvo (¥n) + ﬁr]zvo (¥Yn) — an (n)

so by Minkowski’s inequality

B/ [{8Y () — an (v)}] < BV [{Bﬁfo (4n) = B2° <wn>}2] FE ({8 () — an (40)}]

The second term on the rhs is bounded using (4)), so it suffices to control the
first term. We have

Ny, )
BN (1n) — B (6n) = Nio > (Mo Vi = W) e (X57)
i=1

2
B | {3 () - 0 ()} | 7] = 5B [{NZ (M 1V~ W) (xs:z)} 7
i=1

where M., is the number of children of particle i and V,! their common weight.
Using the specific structure of the branching step, these are independent across
particles, so,

2

| {3 i wi o (i)} |7

i=1

2

n

B[ (M Vi - W) ] i (X00)°

n

<Y VML VE Fa] el

s
Il
—



Using Assumption V, Now M} 541 is a translated Bernoulli variable and has
variance upper bounded by 1/4, so

E {%(M;Hvz W) e (X n)} Fa <ZVE[ 2| Fal lionl”

i=1
Using W', < 1, <ZVE[ Fal 9nll”
i=1
Nn N,
Using Assumption O, = Z W, ||¢n||2

ZVZWi (2
i=1

Now it follows from the unbiasedness of the marginal likelihood estimate that

N, 2
E {Z (MTZL+1VV§ )1/}" ( n)} S V||7;[}nH2N0p(y0:n)'

i=1

Hence, it follows that

B {520 ) - 6 )} ] < VA0

[

Proposition 5 (Extend Step) Assume that there exists b, < oo such that
for any ¢, € B (X™1)

- 2 b
No _ < n 2
{520 ) = an )} | < 32 10 ()
then there exists ¢, < oo such that for any 41 € B (X”+2)

—~ 2
E [{Brjﬁl (Ynt1) — Qnpa (¢n+1)} } < ]0\77; bt l?- (7)

Proof. By Minkowski’s inequality,

E'/? |:{Bn+1 (Ynt1) = Qi1 (1/)n+1)}2]

<E/? [{ﬁnﬂ (ns1) = BIBYY, (Ynsn) fn}}z} +E'? [{E[ﬁﬁh (Ynt1) IFa) = @nta WW}Q]

The second term is,

EL/2 [{E[Eyil (nt1) | Fn] — G (¢n+1)}1 =[EY/? [{BTILVU (fn(¥nt1)) — om (fn(zpnﬂ))}T

by, bn
< FO”fn (wn+1) H2 < FOH%HHQ



For the first term, we have,

BN (ng1) — E[BYY ) (Yns1) |Fn]

1 Np41 Npt1

B o ) o )

1=

=

71+1

NO > Wi (e (X330) — futonrn (X271

Hence by taking expectations,
2| o
n}
7L+1

7 32 (72)" 2 (v (3352) = e (x357))’
Nn+1

73 Z W2t 41|
=1

E [{nyh (¥nt1) — E[Brs1 (Yns1) |-7?n]}

A

2 i
=Nz > Wil al?
i=1
By unbiasedness of the marginal likelihood estimate,

B {521 (i) ~ EBss (0nsn) 1B | < 200l 2

Proposition 6 (Reweighing Step) Assume that there exists ¢, < oo such
that for any V41 € B (X"?)

~ 2
B {520 () ~ G (i)} | < 22 ol ®

then there exists any1 < 0o such that for any Vn4+1 € B (X"+2)

2
B ({820 O) = anss G} | < 22 o . )
Proof. We have
ﬁ'rzzv-&(il (¢n+1) — Qn+1 (’(/Jn+1) = B\v]zvil(gnJrlwnJrl) - 6szrl (gn+1'(/}n+1) P
SO

2
E [{ﬂiﬁl (Y1) = ngr () } } < § lomsrtnial® < Flnal”

m The following Propos1t10n shows that it is straightforward to transfer the
L2 error bounds on Ao, BNo and BNo to vNo, ZNo and Do



Proposition 7 (Normalisation) Assume we have an unnormalised random
measure pN° (dx) = Ny * Zi\il W, 6xidx on E where 0 < W; <1 almost surely
and such that there exists a measure . and a constant ¢ < oo satisfying for any

¥ € B(E)
E {1 )~ )] < ol

then there exists a constant ¢ < oo such that for any ¢ € B (E)

T CORICOR S PRI
EH o i ) ] =

Proof. We have

p W) p@) @) p @) pT W) (@)

phNo (1) p(1) uN“() u(l) p(l)  op(1)
o (@) {u( )}+NN°(1/))—N(¢)

uhNo (1) I (1) (1)

SO

‘MNO W) _n ’< el (1) — (1)
po (1) ()|~ p(1) p(1)
Hence by Minkowski’s inequality

R T ol I [
: l{uNO(l) u(l)}]gu(l)E CIORVIOHY

1 1/2 o 2
+mE/ {{MN (W‘M(W} }

and the result follows from (10). m

(10)

The following Theorem now follows directly from the previous Proposition

and Theorem on L2 error bounds for unnormalised measures.

Theorem 8 (L2 error bounds for normalised measures) For any n >0,
there exists @y, by, ¢y < 00 such that for any Ng > 1 and any ¢, € B (X”H) ,

'I/Jn+1 €B (Xn+2)
E [{#2 06) =1 (6)}] < 5 10l

_ 1 _ B
E ({70 () = ma ()] < 5 ol

S
E [{ Ung1 (Unt1) = T (¢n+1)} < % [t




4 Number of Particles

Proposition 9 The numbers of particles (N, )n>0 is a martingale.

Proof. We will show that E[N,,1|F,] = N, by showing that for each particle
i =1,...,N,, the expected number of children E[M;_|F,] = 1. Using As-
sumption O, that the branching step involves a uniformly random ordering over
particles,

) on(2)
E[M;L-s-l‘]:n] =E p— Fn
W’ﬂ
Un(])
1
_E |- ‘]—‘
7 =

=1

since W, = 1 > i1 W2 and o, is a uniform random permutation. m

Proposition 10 We have
VIN,] < nV Ny

for some constant V.

Proof. We proof this by induction on n. The case n = 0 is trivial since
V[No] = 0. Recall that

n+1 § n+1

with M/, being independent given F,, with variance V[M} ,|F,] < V by
Assumption V. Suppose the proposition is true for n. Then,

V[Nn—&-l“rn} < VNn
V[NnJrl] =E [V[Nn+l|‘7:n” +V [E[Nn+1|]:n]]
< E[VN,] + V[N,]
]
As a consequence, the standard deviation is v/nV Ny. Then the standard

deviation can be made arbitrarily small relative to the expected number of
particles, Ny, by having Ny arbitrarily larger than Vn.

Corollary 11 Using Doob’s mazimal inequality, we can also control the path-
wise fluctuations of (Nyn),>q :

Nk 2 n
El su — —1 < —V = —.
[kzl,.l.).,n (No ) I< Ny Ny

10
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Figure 1: In this figure we demonstrate potential consequences when Assump-
tion O is violated, comparing a best-case situation where the ordering of particles
at n is completely independent of the ordering of particles at n + 1, artificially
subjecting the ordering of the particles to a random permutation, to a worst-
case situation where the ordering of particles is completely preserved from n to
n 4+ 1. We plot the number of particles K,, at each of n = 1,...,50 for a one-
dimensional linear Gaussian model, initialized with 100 particles. (left) When
the order of the particles arriving at each n is subject to a random permutation,
then the number of particles is reasonably stable, staying at or near 100. (right)
When the order of the particles arriving at each n is completely deterministic,
then the total number of particles quickly explodes, in this case exceeding 15000
by n = 11. In practice, a naive implementation of the incremental resampling
scheme will have a very strong dependence in ordering across n — a particle
which is one of the first to reach stage n is quite likely one of the first to reach
stage n + 1 as well.
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