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In this appendix, we extend the results to any mean-reward distribution whose support contains 1.
We denote by F' the complementary cumulative distribution function, i.e., F(u) = P(6; > u) for
all u € [0,1]. We assume that F'(1) = 0 and F(u) ~ «(1 — u)” when u — 1~ for some constants
a, B> 0.

A Preliminary results

We need the following two technical lemmas, where I refers to the gamma function:
Lemma 1l Forall 5 >0and j =0,1,...,
z]: J (=1’ L(B+3) 4
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Proof. Let:
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Forall k = 1,2,..., the k-th derivative of f; in z = 0 is given by:
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We need to prove that f;k) (0) =0forall k£ < j and:
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with the convention that f ;0) = f;. We prove the result by induction on j. The property holds for

j = 0. Assume that the property is satisfied for j — 1, for some j > 1. Note that f;(0) = 0. Now
forallk =1,2,...,
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which, by the induction assumption, is equal to 0 1f k < jandto jlifk = j. |
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Lemma 2 Forall 5 > 0,

Proof. Since

we have:
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B Known horizon time

B.1 Regret analysis

1 1
Proposition 3 The two-target algorithm with targets {1 = {(Bofl) +2J and ly = {m (%) BHJ

satisfies:

1
m
lim limsup E(En) < (6—’_1) )
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Proof. Let Uy = 1 if arm 1 is used until time n and U; = 0 otherwise. Denote by M; the total
number of 0’s received from arm 1:

M, = Zl{zt=1}1{xt=o}-
t=1
We have:
E(R,) < P(Uy =0)(E(M|Uy =0)+ E(R,)) + P(U;y =1)(m+nE(1 —0,|U; =1)),

so that:
E(M;|Uy =0)

) < =pw, =)

Let N; be the number of 0’s received from arm 1 until time ¢ when this arm is played until time t.
We take n sufficiently large so that n > /5. Since P(Ny, = 0|6; = u) = u’t, the probability that
the first target is achieved by arm 1 is given by:

P(Ny, =0) = E(67),
1
= / F(u)du,
0
1

—In(u) d r'p+1)
~n—+oo /0 «@ < ] ) du = OZT’
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where we have used the fact that:
400 1
Ve>0, I'(x)= / t*le7tdt = / (—In(u))” 'du.
0 0
For the second target, we have:

m—1

ly — ¢ . )

P(Nég—ﬁl < m|01 = u) = Z ( 2 ; 1)’[/221](1 _ U)J,
=0



so that:

PUi=1f0=u) = P(Nz1 =0,Ng,—¢, <m|by =u),
- Z (22 gl)uer"(l —u).
j=0 J

We deduce the probability that arm 1 is used until time n:

m—1
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Forall j =0,...,m — 1, we have:
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where the last equivalent follows from Lemma [I] We deduce:
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Now,

P(Nél = O)

E(M|U; =0) =1+ (m—1)P(Ny, =0|U; =0) <1+ (m —1) PL=0)

Since P(Ny, = 0) and P(U; = 0) tend respectively to 0 and 1 when n — +o00, we deduce:

limsup E(M;|U; =0) < 1.

n—-+o0o

It remains to calculate E(1 — 61|U; = 1). Using (1)), we get:

E(1-60,lU;=1) = E((lP_(gi)l{%_l}>’

=0

Since NCERER)
i : +7+
E(ef2 .7(1 — 91)]"!‘1) ~r—s4oo Q,BW,
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we obtain:
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with

and

Finally, we get:

B 1
B+1 / B+1
lim sup E(fn) ! ( “ ) + 7 (m) (ﬂ * 1) )

<
n—4oo n% o aﬁW(m) B+1 ly(m) &

and the result follows from the fact that, by Lemma , y(m) — % and v'(m) =

m — +00. O
B.2 Lower bound
To prove the lower bound, we need the following technical result:

Lemma 3 Let L be the length of the first run of any arm, with parameter 6. For any sequence of
1
positive numbers e, = O(k™ 7+1), we have:

1—

1=

O(k7r) if p <1,
E(LI0 <1—e) =19 O(nk) iff=1,
o(1 if g > 1.

Moreover, for any sequence of positive numbers €y, tending to 0,

li E(LIf <1—¢)=0.
i BT~ e

Proof. We have:

Let ¢ < 1 be such that F'(u) < 2a(1—wu)? forall u > c. Take k sufficiently large so that 1 —¢;, > c.
For some constant C' > 0,

1

S (FQ =) - F(1—e))du

BLIP<1-e) = 1+ 1—F(1—e) ’
JE PO = )du
< 1—c
< O+ 1-F(1—e¢)
S Hau
< _tme
< O+ 1-F(1—e¢)

We distinguish between three cases:

o If B <1,
% du B ef_l — (1 —¢)ft ef_l
1 uP 1-58 —1-p
o If3=1,
o du
B —In(eg) +In(1 — ¢) < —In(eg).



o If 3 >1,

/fk du ' —(1-co)f! -9
auf 1-5 - B-1

The proof then follows from the fact that F'(1 — €;) — 0 when k — +o0. O

Theorem 2 For any algorithm with known time horizon n,
BHT
E(Bn) (ﬁ + 1) .

B
nB+L Q

lim inf
n—-+oo

Proof. Assume an oracle reveals the parameter of each arm after the first failure of this arm. With
this information, the optimal policy explores a random number of arms, each until the first failure,
then plays only one of these arms until time n. Let p be the parameter of the best known arm at
time ¢. We need to characterize the optimal policy for the remaining £ = n — ¢ time steps. Let
Vi(k,u) = k(1 — p) be the expected number of failures when the best known arm is exploited
for the remaining & time steps and V5 (k, 1) be the expected number of failures when exactly one
additional arm, with random parameter 6, is explored:

k—1
Vao(k,p) = E (Zet(l —0)(1+V1(k—t— LMVG))) .
t=0

Now let V(k, 1) be the minimum expected number of failures when & steps remain and p is the
parameter of the best known arm. This is the value function of a Markov Decision process, which
satisfies Bellman’s equation:

k—1
V(k, ) = min (Vl(k,u),E (Z 0" (1 —0) (1 +V(k—-t—1pVv 0)>>> . (2)
t=0
By construction, we have, for any algorithm, F(R,,) > V(n,0) for all n > 1.

Observe that for all £ > 1, there exists some threshold g, such that V; (k, p) < Va(k, ) if and only
if > py. This follows from the fact that Vo (k, 1) — Vi (k, ) is a non-decreasing function of pu:

k-1

19d% oV,

T:(k,u) - 37;(]%/0 =-E (Z 0'(1—0)(k—t— 1>1{0<u}> +k=>0.
t=0

Now we study the behaviour of the threshold p;, for large k. Define €, by:

Since

1
/ F(u)du ~ 9 pH when e — 07,
1—e¢

we get:

ak

We shall prove that i, > 1 — €, and 1 — up ~ €, when k& — +oo. To do so, we compare the
average rewards obtained from state (k, u) if we do not explore any new arm and if we explore
exactly one more arm. We divide the k remaining rounds into the exploration phase, where the new
arm is played until the first failure, and the exploitation phase where the best arm is played. Given
the parameter 6 of the new arm and the length L of its first run, the expected number of failures
removed thanks to the exploration of the new arm is:

LA—-—p)—1+(k—-L)(uVvO—p)=k(pvO—p)—14+ LA —pVvo).

Taking expectation, we conclude that it is beneficial to explore a new arm if and only if:

N
€f ~ (B+ ) when k£ — +o0.

k/lF(u)du—l—&—E(L(l—u\/G)) >0,



In particular, it is better to explore a new arm whenever p < 1 — €, and thus p;, > 1 — €. Now let
d € (0,1) and assume that u > 1 — €;(1 — 0). Since

17€k(176)
k/ F(u)du > kepdF (1 — ex(1 = 0)) ~p—poo 6(1 —6)7,
176)C

there exists some constant ¢ > 0 such that for sufficiently large &,

1
k:/ Fu)du—1< —c.
m

Moreover,
E(L(1=pV0) <PO>p)+(1—pE(LO < p),

which tends to 0 in view of Lemma|[3] Thus, for sufficiently large , it is better not to explore a new
arm and thus py < 1 — €(1 — §). We have proved that for any 6 € (0, 1), there exists kg such that
for all k£ > ko, 1 — €L < Mk < 1 —Gk(]. —5)

Next we show that p is non-decreasing in k for k large enough. To prove this, we establish that,
for k large enough,
Va(k, i) — Va(k — 1, ) <1 — py. 3)
This implies:
Vilk =1 ) = Vi(k, p) — (1 = pwe) = Va(k, pu) — (1 = pi) < Va(k = 1, ),
and thus g > pr—1. Since
Va(k,p) = Va(k = 1,p1) = E(lpcpp—1 (1 = 0V 1) + 1p—p—1),
= B((1— 0V p)(1—651) + 651 (1 - 9)),
inequality (3)) is equivalent to:
E(ur — 0V p — 0510 — 0V ) <0.
Now, we can choose ¢ € (0, 1) and hence kg such that for all k¥ > ko:
1 1 1 [ 1
E(G\/,uk—uk):/ F(u)duZ/ F(u)du > f/ F(u)du = —.
Lok 1—en(1-8) 2 )1-e
Moreover, for all k > ko,
EO*(0V e — 0))

IN

W B Loy (i — 0) < i < (1— (1 - 9)F.

|
-

H, we deduce that there exists some ki > kg such that for all

Using the fact that €, ~ (%)
k 2 ]{;1’
(1-ex(1-0)" <

which proves that holds for k > k;.

1

2k’
Finally, we compute V' (k, ). Specifically, we prove that for k large enough, V' (k, u) = Vi (k, p) if
and only if p > pg. If 1 < py, then

Since uy, is arbitrarily close to 1 as k& — 400, there exists ko > ky such that for all k& > ko,
g > max(py, ..., ug, ). Hence, pp > us for all s < k, using the monotonicity of uy, for k > k.
Now assume that 1 > ;. We prove by induction on t € {1,...,k} that V (¢, \) = Vi (¢, A) for all
A > p. For t = 1, this is immediate since A > u > pup > p1. Assume that the property holds for all
t < s, for some s < k, and let us prove it for s + 1. Since A > pg > pis41,

Vi(s+1L,A) < Va(s+1,\) =E (i@t(l —0)(1 4 Vi(s —t,A\/Q))) ,
t=0

=F <iet(1 —0)(1+ V(s —t,A\/G))) ;
t=0



where the last equality is obtained by the induction assumption, since A > p. It then follows from
Bellman’s equation (2)) that V(s + 1, \) = V(s + 1, \).

From the above analysis, we know that if there remain k timesteps, for some & > ko, then a new
arm must be explored if and only if &+ > p. To conclude the proof, let € > 0 and denote by A,, the
first arm whose parameter 6 satisfies:

o 1—¢
1-0)t <« ——
6+1 ( ) n
and by @, the corresponding limiting parameter:

(1 _ én),@—i-l _ (1 B 5)(ﬁ + 1)

an

Since

! 1-¢
F(u)du ~ when n — 400,
On, n

we have 6,, > 1 — ¢,, and thus the number of explored arms K, satisfies K, < A,, for sufficiently
large n. Moreover,

B

1 1 an BFT
EFA)=—~— ——————— h .
= i~ (o) e
The parameter 6 4, of arm A,, is independent of A,, and satisfies:
—E0a,) = 1-E(0)6>0,),
= 1-0,— Jo. (, 7
F(6n)
B . s _ B ((1-9B+D\TT
BJrl(l en)_,@+1< o when n — +o0.

Forall k = 1,2,...,let Ly (k) be the length of the first run of arm % (until the first failure):

E(Ly(1)+ ...+ Li(A, — 1)) = iP(An =K)E(Ly(1) +...+ Li(k —1)|A, = k),

= iP(An = R)E(L1(1) + ...+ Li(k — )]0y, ..., 001 < 0,),

Using Lemma[3] we get:

E(Li()+...+Li(4, 1)) =

Let:
s A<, 55 A<,
p(B)=4 T and o() =4 THE
prip B> s L A>1,

Observe that p(8) < ¢(8) < 1. We have
E(Li(1)+ ...+ Li(A, — 1))/n*¥) = 0

and
P(Li(1) + ...+ Li(A, — 1) <n®P) -1



when 1 — +oo. For the latter, assume that ¢ = liminf,, P(L;(1)+...4+ Ly (A, —1) > n?®) > 0.
Then,
E(L1(1)+ ...+ Li(A, — 1))
nﬁa(ﬂ)

> en®B)—eB) _ +00,

a contradiction.
Since K,, < A,,, we have:
E(R,) > E(K,) + E((n—L1(1) — ... — L1(A, — 1))(1 — 04,,)).

Observe that, on the event { L1 (1) +. ..+ L1 (A, —1) < n?®)}, for sufficiently large n, the number
of explored arms satisfies K, > A/ where A/ denotes the first arm whose parameter 6 is such that

1
1

Since P(Ly(1) + ...+ Li(A, — 1) <n?®)) — 1 and

B

, 1 [ a(n—n?®B) 7
(ATL) a ((1—5)(5—‘,—1)) When n — +OO,
we get:
s
.. E(K,) _1 a BT
imint 222> L (=)
By the independence of 64, and Ly (1),..., L1 (4, — 1),
B((n— Ly(1) — ... — Li(Ay — 1)(1— 04,)
N
_ (- E@L(M)+... 4+ Li(A - 1)) — E(04,))
NP ’
8 ((1 —s><ﬁ+1>)il
B+1 a '

Letting ¢ tend to O gives the desired bound:

_B_ _1 _1
hminfE(R)21< o )’3+1+ﬁ<6+1)ﬁ (,6’+1>B .

n——+oo n [‘3 —+ 1

B
B8+

C Unkown horizon time

C.1 Regret analysis
e
Proposition 4 The two-target algorithm with time-dependent targets £1(t) = {(at) o J and
1
lo(t) = {m (%’5) HIJ satisfies:

lim limsup E(R, )Sﬂﬁ(ﬂ>+l

M—>+00 p 340 TLf

Proof. The proof is similar to that of Proposition 2. We have:

K, n
Ry < Kn+mY Lin,msnm) + (1= X)L Lyr)>60))-
k=1 t=1



Let U; = 1 if arm 1 is used until time n and U] = 0 otherwise, for a two-target algorithm with
known time horizon n and targets ¢1 (n) and ¢5(n). Denote by K, the number of explored arms for
this algorithm. By Lemmal([I] we get as in the proof of Proposition 3:

5
A
PU{ =1) ~ afy(m) (i) when n — +o0,

so that:

8
E(K,) < E(K)]) ~ m (o;n) . when n — +o0.

Moreover, as in the proof of Proposition 3,

K
1 -
N <; 1{L1<k>>el<k>}> =0

and

v (m) (B)7
E((l — Xt)l{Lg(It)>£2(t)}) < E(l — Xt‘LQ(It) > 62(15)) ~ — when t — +o0,

y(m) \at
so that:
1
| 1 V(m) (BN 1Sy
1 E((1-X)1 < — 1 — -
imon e 2 PO - Xtaoseon) < 3 () 222 ()7
_v%m>(ﬁ)il ' du
y(m) \« 0w’
vwm(ﬂ>%ﬂ+1
v(m) \a B
Combining the previous results yields:
3
: E(R,) 1 (a)‘*“ 7' (m) (6) "B+
lim sup < — + = 77

i
R

- (&) (Grremen).

The proof follows from the fact that, by Lemma 2} Sv(m) — 1 and (8 + 1)7/(m) — 1 when
m — +o00. g

C.2 Lower bound

As for the uniform mean-reward distribution, we conjecture that the two-target algorithm is optimal
in the sense that, for any algorithm, if E(R,,)/n?+T tends to some limit, then this limit is at least

1
% (g) "**_ Consider an oracle that reveals the parameter of each arm after the first failure of

this arm, as in the proof of Theorem 2. With this information, an optimal policy exploits an arm
whenever its parameter is larger than some increasing function 6, of time ¢.

Assume that 1 — 8, ~

—— for some ¢ > 0 when ¢ — 4-00. Then proceeding as in the proof of

s
Theorem 2, we get:

lim inf E(R) > { + lim ! Zliﬁ (B)%,

B el

n—-+oo nB+I e n—>+o<>’rlt:1 Cﬁ+1 t
_CB 1 B b du
Ca eB+1)y yre]
B 1-1¢-1
:C+1>5+1<B> 7
a ¢ B Q@

the minimum being reached for ¢ = («/3) .
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