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1 Continuous partial derivatives

Potential functions g(z) : R — R that are piecewise smooth with a finite number of discontinuities
. T . . . . .
have expectation (g(w x)>qw(w‘A’b’9) that is smooth in A, b provided that ¢y (v) is smooth in v.

In this context we say that a function is smooth if it has continuous second order partial derivatives.
Specifically, we require that g(x) is piecewise smooth and so can be expressed as a sum of functions

J
g(w'x) = Zgj(wa)H [WTX € Cj] (1.1)
j=1

where I [z] is an indicator function equal to 1 when z is true and zero otherwise, {C; };‘]:1 form a

disjoint partition of R and for which g;(x) are smooth in 2. For site projection potentials of this
form the derivative w.r.z. A,,, of the expectation can be expressed as

d T ' .
a141'rm < Ogg(w X>> J; aAmn /waECj 1 (W| )gj (W X) w ( )
2 9
= Z/ 9;(W'%)=~—qw(W|A, b, 0)dw. (1.3)
j=1 wTxecC; 8Amn

Exchanging the order of the derivative and integral operators is possible since g; (wTx) is smooth in
w for w'x € C; by assumption and ¢y, (W|A, b, 8) is smooth in w, A, b. To see that ¢ (W|A, b, 8)
is smooth in A, b we note that it is the composition of ¢, (v|@) which is smooth by assumption and
v=A"! (w — b) which is also smooth. Note that the limits of each integral in equation (1.2)
do not depend on A,,,, and so do not contribute additional terms to equation (1.3). Second order
derivatives carry through similarly by again passing the derivative under the integral sign in equation
(1.3).

2 AI KL bound and gradient evaluation

We describe how to efficiently numerically evaluate the Al KL bound and associated gradients (with
respect to the parameters A = LU, b and ).

2.1 Entropy

The entropy’s contribution to the AI KL bound can be written
D

H [qw(w)] = log|det (A)| + Y H [gu,(valfa)] @1
d=1



where H [q(vg|64)] is the univariate differential entropy of the base density ¢, (v4]64). The deriva-
tive of equation (2.1) w.r.z. A is then
9 T

—H =A"". 2.2

S Hla(v)] @2)
The derivatives of the marginal base density’s entropy, H [¢(v4|04)], depend on the parametric form
of the chosen base density ¢, (v4|04) and the parameter 64 only. For the results presented only two
base densities were used: the skew-normal and the generalised-normal. The entropy and respective
derivatives of these distributions are presented in section(4).

For the LU parameterised bound, such that A = LU for L lower triangular and U upper triangular
we have

D
log|det (A)| = Z log Lgq + log Ugy. 2.3)
d=1

Thus the partial derivatives of the entropy with respect to L and U are given by

0 1
aLmnH [gw (W)] = 6mn L.
0 1
AU, H [QW (W)] = 0mn U, s

where J,,,,, is the Kronecker delta.

2.2 Site projection potentials

In the main text we showed that the expectation of g (xTw) with respect to gy, (W) can be efficiently

computed by using the FFT. In this section first we review this result making clear each step of the

derivation. Second, we show how the derivatives of (g (x"w)) with respect to A, b, 8 can also be

efficiently computed.

Computing the expectation. The expectation <g(xTw)> for g : R — R some non-linear

Gw (W)
function, x € R” some fixed vector and g (W) an Al density is equivalent to the univariate expec-
tation (g(y)) a,(y) Where the density ¢, (y) can be obtained by using the Fourier transform. To show

this first we write the expectation of g(x'w) w.r.t. ¢y (W) as an expectation with respect to ¢y (v),

<g (XTW) >qw(w) = /g (XTW> Gw(W)dw = /g (XTAV + XTb> qv(v)dv. 2.4)

The last equality in equation (2.4) is obtained by making the substitution w = Av 4 b. For a
cleaner notation, in what follows we let &« = ATx and 3 = x"b. We now substitute g(aTv +p8) =
[ 8(y — a™v — B)g(y)dy, where §(x) is the Dirac delta function, into equation (2.4) to give us

<g (WTX) >qw - / 9(y) / E[qu(vdl%)é (y —a'v— ﬁ) dvdy = (9(y)), () - (25

In equation (2.5) above g, (y) is the density of the random variable y defined as the linear projection
of the random variables v such that 4y = a'v + 3. Thus the univariate marginal density qy(y) is
defined by the integral

qy(y) = /5 (y —alv - ﬂ) qud(vd\ﬁd)dv.
d

Whilst this integral is generally intractable we can make the substitution §(z) = [ e2™ dt to give
us

ay(y) = / / 2t (v=aV =) TT g, (valba) dvdt (2.6)
d

— /627rity6727ritﬁ H / 6727ritadvdqu (’wad)dvddt. 2.7
d



We now inspect each term in equation (2.7). First we consider an individual factor of the group
product:

) 1 ,
/qu (va)e 2t dyy = Tl /qu <ZZ) e 2T dug (2.8)

= /Qud (ug|fq) e 2™ e dug = Gy, (t), (2.9)

where the first equality comes from makmg the substitution ug = agvg. This substitution defines
the univariate density ¢y, (uq|04) = |Oéd| Gvy(52]0a). Thus each factor of the group product in equa-

tion (2.7) is the Fourier transform of the dens1ty Qu, (uq|04). The e=27F factor corresponds to the
Fourier transform of a delta mean shift 6(y — (). Putting this together equation (2.7) can be inter-

preted as the inverse Fourier transform of the product of the Fourier transforms of {q,, (ud|9d)}§)=1
and of the 8 mean shift. Algebraically this gives us an expression for the marginal ¢, (y) in the form

ay(y) = / G || G (2.10)

d

This result is a reworking of the D-fold convolution theorem for probability densities. We provide
the derivation here so that it may form the basis of subsequent derivations required to evaluate the
AI KL bound’s derivatives as univariate integrals.

Numerical evaluation. Since only in very special cases we have simple analytic forms for the
univariate density ¢, (y) we resort to numerical methods to evaluate it. To do so we evaluate equation

(2.10) replacing {qu., (ud|9d)}f:1 with their discrete lattice approximations {G., (ud|9d)}f:1. We
now show that making this substitution results in g, (y) as defined in equation(2.6) which can be
efficiently computed by utilising the FFT algorithm.

First, we must define the set of lattice points used to evaluate the discrete approximate densities

{Gu, (ud\é)d)}dD:l. The user defines the number of lattice points i € N according to their compu-
tational budget or accuracy requirements. The accuracy can be roughly assessed by computing the
difference in the expectation using K and 2K lattice points. The lattice end points are chosen such
that [l1,lx] = [-voy,vo,] where o, is the standard deviation of the random variable y given by
05 = > a2var(vg). v is a user defined parameter, in our experiments we set v = 6 and double
K until the bound value changes by less than 10~3. The lattice points [l1, ..., [x] are evenly spaced
such that A = [;41 — I, is constant for all k.

The continuous Fourier transform of the lattice density Gu, (uq|04) takes the form

Gua(t) 32/6_2m""’q (ua|Oa)dug = Z?Tdke 2mitl, (2.11)

Taking the inverse Fourier transform of the product of these transforms, as ¢(y) is defined in equation
(2.10), we get

K
éy(y) _ /627rit(y*5) H Z dedef%ritlkd dt (2.12)

d kqg=1

Z / 2mit(y—B—4 iy ) dekddt (2.13)

.....

= Z 5<y p - Zlkd>Hﬂdkd, (2.14)

[k1,..-,kD]

where the sum in equation (2.14) refers to the sum over the K permutations of the D dimensional
cartesian product of lattice point indices [k1, ..., kp]. We note that [, = li, the subscript is only to
distinguish the different permutations of the sum.

Equation(2.14) describes a mixture of delta distributions and is the exact result from computing
the convolution of the lattice approximate densities by means of the continuous Fourier transform.



Importantly, the K ” mixtures in equation (2.14) collapse to just DK distinct delta points since [,
are evenly spaced.

When D = 2:

K K
ay(y) =3 mymard(y — B—1; — i) (2.15)

j=1k=1

We can see from equation (2.15) above that g, (y) is a mixture of 2K delta densities evenly spaced
at lattice points [2[y, ..., 2[k],

2K
= Z pné(y -B- ln) (2.16)
n=1

for suitably defined p. For a single lattice point I,,,

2K

pm = > MMk = Y Wy = [LEEE [EEE[m]] - £EE[m]]],,, (2.17)
i,ji1i+j=m n=1

Here 7’ refers to the zero padded vector of delta mixture weights 7’ = [m,0] such that 0 is a K

/ - thi ;
dimensional vector of zeros. If m—n < 1 we extend the indices 7, _,, := 75, .. this extension

is valid and does not affect the convolution due to the zero padding of 7’. The last equality in the
expression above is the statement of the discrete Fourier transform convolution theorem.

The result can be extended to higher dimensions D > 2 by induction using the associativity of the
convolution operator and the fact that lattice point locations are invariant to convolution to give

DK
Gy() = pudly — B 1) where p=ifft l]’[ £ft [w;]] (2.18)

d

For general D, 7’ refers to the zero padded vector of delta mixture weights 7w/ = [, 0] such that O
isa (D — 1)K dimensional vector of zeros.

Computing the derivative w.rt. A Taking the derivative of (g (w'x)) with respect to A,,, we
obtain

aAa <g(wa)> = xn/qv(v)g’ (XTAV + bTx) U dv. (2.19)

As previously mentioned the above form is not equivalent to z,, (vy,g'(y))
expressed as a one dimensional integral:

0 ) / s (T Ay o BT
glwx)y=z, [ vm || G, (valfa)d (x' Av+Db'x)dv
2o (o75)) e o Tt (72
D
— [ o [Laoatval6n) [ 5 (v~ o™ - 5) o (w)dyav
d=1
=, /Um%m (Vi |0m) qud vd\ﬁd/ (y—aTV—B)g’(y)dde

d#m

= xn/g/(y)/vmqvm Um|9 H Qug 'Ud|(9d (y a v _B) dde

d#m

0 () It can however be

where ¢'(y) = %g(y), o = ATx and 3 = b'x. To evaluate the expression above we define the
univariate weighting function d,, (y),

d'm (y) = /Umqum (Umw"z) H Qug (Ud|0d)6 (y - aTV - B) dv. (220)

d#m



Using this weighting function the gradient can simply be expressed as

8Aamn <9 (WTX)> =y / g (y)dm(y)dy.

We evaluate d,,,(y) by means of computing its Fourier transform. The Fourier transform of d,,, (y)
is given by

dy(t) = /efzm'ty/vmqvm (Vm|0m) H Quy(val0a)o (y a'v —6) dvdy

d#m

_ 6727ritﬁ / Um(o,, (U7,,‘0m)672ﬂitamvm H o, (’L}d‘gd)672ﬂtadvddv
d#m

= e 2 5 G () % ] Gua(tl6a)
d#m

where €, (t|0,,) is the Fourier transform of the univariate expectation

ém(t) ::/Uvam(vm|em)6_2mtamvmdvm = / fm

m

Qu,, (Um|9m) e—2m’tum dum

Computing the derivative w.r.t. b Taking the derivative of < g (WTX)> with respect to b,,, we get

az? <9 wix *%/qud (valfa)g ( TAV+bTx) dv

:an/Qy(y)g/(y)dy~

Computing the derivative w.r.t. § Taking the derivative of (g (w'x)) with respect to 6,,, we get

0 T 0 - T T
s (0 (75)) = i MLt (7 4 75)
m mJg=1

0
:/ 0 H Qv, (0al0d)qv,, Vm|0m) | g (XTAv+bTx) dv
m d#m

0
:/g(y)/ |:89 QUm Um m:| H Qug Ud|9d ( —XTAV—bTX> dydv

Similar to the gradient of <log fn(wan)> with respect to A,,,,, we define a derivative weighting
function p/; such that

/ 727mt1// o — vm‘a dl;!n o, 'Ud‘gd (y _ XTAV — bTX) dydv

—2mi ~ —2mita, v 9
= g 2mith H Guy (t]04) /e Zmitom ’”Wp(vmwm)dvm.

d#m m

For p/,(y) the inverse Fourier transform of p/,(t) we obtain the gradient

% <g (WTX>> = / Pa(y)g(y)dy.

2.3 Gaussian potentials
For the Gaussian potential A/ (w|u, 3) we have its log expectation under ¢, (w) given by

2 (log N (w|p, 3)) = —Dlog 2 —log det (2)7<WT271W>+2 W) p—p"s " 221



To evaluate this expression we precompute the Cholesky decomposition of Gaussian precision ma-
trix X' = PTP, which scales O (D3) and only needs to be performed once. Since (w) =

A (v) +band (vIBv) = (v)" B (v) + trace (Bcov(v)) we have that
(wz™tw) = (VATS'Av) +2(vIATS'b) + bTS'b
= (V)T ATS 1A (v) + trace (ATEflAcov(v))
+2(v) AT b+ b'E b
(wW)yZ ™ty = (v)T AT p b=

where cov(v) = diag (var(v)) = D since v are assumed independent. All terms in the expression
above, except for the trace term, can be computed as a sequence of matrix vector products. To com-

T
pute the trace term we use trace (ATEflAcov(v)) = vec (PLUD%) vec (PLUD%) , where

vec (X) constructs a column vector by concatenating the columns of the matrix X and Dz is the
square root of the diagonal covariance matrix, which scale O (D3) for general 3. When ¥ = o1
this reduces to O (D?).

Derivative w.r.t. A The derivatives of the above form with respect to A and b are

0

2(log NV (wlp, X)) = A (vV)TATS 1A (v) — trace (ATE_lACOV(V))

9
A
—2(v) ATE b+ 2(v)TATE T+ 2bTE

which can be expressed

ai (log N (wp, B)) = ~2~'A (<v> )T +cov(v)) (V) (uz—l - 2_1b)T, 2.22)
and computed using sequential matrix vector multiplies and vector outer products.
Derivative w.r.t. b  The derivative with respect to b is given by
2 (log N (w|p, X)) = 9 2(V)TATES b —b'S b+ 2b'S

db
= 2" " AWV)+b+pu).

9
ab

2.4 Derivatives w.r.t. L, U

We extend the above results to the LU decomposition of the transformation matrix such that A =
LU where L is lower triangular and U upper triangular matrices. We apply the chain rule, noting
that A,,p = > 1 Lt Ugn to give

OAmn 0Amn

= 5mqun d =9 ans
aLuv an aUfst K

for 0,44 the Kronecker delta. Thus to compute the derivative of F(A) = F(LU) we have that

AUy, when u > v and zero otherwise
aLu'u 8A muYon

A)dinLs when t > s and zero otherwise.

8U gf 8A

mn

3 Blockwise concavity

Here we present a simple reworking, and extension, of the concavity result originally provided in

[1] for log-concave potentials { fn} 1- Whilst the bound is jointly concave in L and b or U and b
it is not jointly concave in L and U 51multaneously



The entropy of the Al bound is clearly concave in both L and U being a sum of log terms acting on
individual elements of L and U.

The Gaussian potential contribution to the Al bound is a negative quadratic in L or U. To see this
we consider the Gaussian contribution, omitting constants w.z.¢. U, L and b we have that

2 (log N (wp, 2)) £ —vTUTLTS LUV — trace (UTLTE_lLUD> —25TUTLTS b
—b'E b+ 2wULTES p+2b"S 1y
where v = (v) and D = diag (var(v)). Keeping L fixed and denoting X = LTX 'L we get

2 (log N (wlp, £)) £ —vTUTX UV — trace (UTXUD) _25TULsS b
—b' b+ 2wULTES '+ 20" (3.1)

which is a negative quadratic in U and b and is thus jointly concave in these parameters. A similar
analysis carries through for L keeping U fixed.

Without loss of generality we can consider the concavity of a single non-linear site potential’s con-
tribution to the Al bound. We have that

E(A,b) := (log fn(w)) = /qv(v)g(xTAv +b'x)dv (3.2)
where g(z) = log f(z) for nonlinear site function f(z) : R — R, f(z) are assumed log-concave
and so V6 € [0, 1]

g0z + (1= 0)y) = Og(z) + (1 - 0)g(y). 3.3)

Thus considering two transformation matrices A; and A, we have that
E(0A;+ (1 —-0)As,0b; + (1 —0)by) =
<g (0 (XTA1V + b-{x) +(1-96) (XTAQV + b;x>)> ,
using the concavity of g and the linearity of the expectation operator we have
E(0A, + (1—6)As,0b, + (1 —6)by) > 0 <g(XTA1V + be)> +(1-0) <g(xTA2V + ng)>
and thus the non-linear site functions contribute terms that are concave in A to the AI KL bound.

Concavity in L follows through by letting x = Ux, similarly the converse holds for concavity in U
keeping L fixed.

4 Base distributions

We present the entropy and gradients required to perform AI KL variational inference with the
skew-normal and generalised-normal distributions.

4.1 Skew-normal

The skew-normal distribution, SN (v|u, o, V), is parameterised,

()

where ¢(z) = N (z]0,1), f ¢(x)dz, location parameter 1 € R, scale parameter 0 € R

SN (vl 0.v) = §¢ (

and skew parameter Ve R. When v = (0 we recover the Gaussian density A/ (v| I, 02). For AI KL
approximate inference A, b parameterise the covariance and the location of ¢y (w) thus we only
require to specify the skew of each base density ¢,,(v4) and so we fix 4 = 0 and o = 1 in all
experiments, letting 4 = v.



Derivatives To evaluate the derivative of SN (v|u, o, v) with respect to v we use the fact that
f'(z) = f(z)-L log f(z) and present the derivatives of log SA/(v|p, o, v/) with respect to v
v—

ri((:;) where r = — 4.2)

0
3 log SN (v|p, o, v) =

Moments The first two moments of the distribution are given by
(v) =p+06\/2/7
262
var(v) = o2 (1 - )

™

v

where § = AR

Entropy The authors are not aware of an analytic form for the skew-normal density’s entropy.
Therefore we used univariate rectangular quadrature to compute these terms.

4.2 Generalised-normal

The generalised-normal distribution, GN (v|u, «, B), is given by

A0 = mpﬁ/ﬂ)e—(w)ﬁ

where I'(x) is the Gamma function I'(z) = [° e~'t*~!dt, location parameter 1 € R, scale param-

eter « € R™ and shape parameter 3 € R*. In practice we constrain 3 > 1 to ensure differentiability
of the KL bound.

(4.3)

Derivatives The derivative of the log density with respect to [ is

0 O Y N A I A U
—1 =—-+—=gl=]— 1 — . 4.4
95 og GN (v|u, o, B) 5t 529 (6) ( ” og| — (4.4)
Moments The first two moments of the generalised-normal distribution are:
(v) = n,
I'(3/8)
var(v) = .
Y= ram)
Entropy The generalised-normal admits an analytic form for the differential entropy
HION (ol 9] = 5 =108 | 55075 @3
v, o, ) = = —log | =m——=—75¢ .
B 20l (1/P)
which in turn has the gradient
0 1 1 1\ 1
—HI[GN (v|p, o, B :——+1/)(> (4.6)
where () is the digamma function defined as ¢(z) = & log T'(z).
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