Appendix

5.1 Proof of Theorem 3

Theorem 3 is the main technical result of this paper. Proofs of other utility results (Theorem 4,
Theorem 5, and Corollary 6) can be obtained by simple modifications. The proof consists of the
following three lemmas.

The first lemma says that under condition (A3), if M’(0) and M’ (6) are close to each other, then so
are their zero points.
Len}ma 9. Let Oy C O be a bounded neighborhood of 0* and v,, — 0 be a positive sequence.
If M,,(0) is a sequence of continuously differentiable functions such that supg, |M;, — M'| =
Qp(un), and M (0) satisfies (A3), then there exists a sequence 0, € ©p such that M;L(én) = 0and
|0, — 0% = Op(vn).

Proof. The proof is elementary and we include it here for completeness. For simplicity we assume
d=1.

Without loss of generality, we assume ©g = {0 : |§ — 6*| < s} for some positive s. By condition
(A3) we have for small enough s, there exists U > 0 such that M" () > U for all § € ©¢. Then we
have M'(6* — s) < —Us and M'(6* + s) > Us. Consider event E,(s) := {supg, | M, — M'| <
Us/2}. By the convergence assumption on |M/ — M’| we have P(E,(s)) — 1asn — oc.
On E,(s) we have M/ (0* — s) < —Us/2 and M/ (0* + s) > Us/2. By continuity of M},
there exists a #,, € ©g such that M} (6,,) = 0. Using the lower bound of M" () again, we have
|M'(0,,) — M/, (0,,)] = |M'(0,,)| > Ul#,, — 6*|. Putting these together, we have for any A > 0,
P(|0, — 07| > Avy,)

P(ES (s)) + P(En(s), |én — 0% = Avy)

(
P(E}(s)) + P(IM'(6,) — M'(0n)| = AUv)
(
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P(|M'(6,) — M'(6,)| > AUv,) + o(1).
Note that [M'(6,,) — M'(6,,)| = Op(vy). The above inequality suggests |0, — 0*| = Op(v,,). O

Recall that
M) = Em(X,0),

M, (0) =n~"! Zm(Xi,H).

The next lemma controls the distance between M’ and M, the sampling error term in eq. (8).
Lemma 10. Under assumptions (Al) and (A2), we have

Sélp|M’(9) — M (6)] = Op(1/v/n). (10)

Proof. Lemma 10 is a typical result in empirical process theory. By Theorem 1.3 in [11] we have

P(sup M'(9) ~ M,(0)| > A/VR) < © (jﬁ)”exp(_Q 2,

which immediately implies the lemma.
The main condition required is the covering number condition. For a pair of functions g;(z) and
gu(x), define the bracket
90, 9u] ={9(2) : 1 < g < gu}-
The condition needed by our proof is that for any € > 0, the set

_ [om(x,0)
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can be covered by at most (V//¢)? brackets [g;, g.] such that E(g;(X) — g.(X))? < €2. Itis easy to
check this condition using (A1) and (A2). More details can be found in [9, Example 19.7]. O

The third lemma controls the sum of additive Laplacian noises in the first term of the right hand side
of eq. (8). Without loss of generality, we assume ©g = {# € R? : || — 6*|| < s} for some
0<s<1/2

Lemma 11. Define F(0) = z.g(ar,0), where g(z,0) = am{gz’e). Under assumptions (Al) and
(A2), if hy, < (v/Togn/n)?/ +9) we have,

supn|F(0)| = Op ( Vogn/n)?/(2+d) ) .
[SH)

Proof. The basic idea is to establish convergence rate for a finite set of 6’s in ©¢ and then extend
the convergence to the whole ©q. For each d,, > 0, ©¢ can be partitioned into L,, < 4,7 cubes.
Let 04,...,01 be the centers of these cubes, then for each # € O there exists an ¢ such that

10 = Ocll2 < \/Pdn/2.

For a pair of positive numbers A and B, define events:

Ep 4= {max|zr\ < Alog(h;d)} , (11)
Bop e {1@% F(60)| < Bh=2/2/iog(n )} (12)

First we have, by union bounds
P(ES 4) <Y P(|lz| > Alog(h, "))
r
=h_ % exp(—aAlog(h;%)/2)
—hd (hy )T (13)

From Lemma 12 introduced below we have for each 9,

. fog(n) B2
P (\F(Q)\ > Bh;fvlog(n)) < 2exp (—Cmin (Bah log(n , B*a” log(n )) , (14

2C4 4C3
where C'is a universal constant. Since h,, decays polynomially in n, the second term dominates the
rate for large n:
P (\]F(O)| > Bh;d/%/mg(n)) < op~CBa?/4Ct,
Therefore we have a bound on the probability of E,, p:
P(EC ) < 2L,n~CB’0%/4CT < 95-pp~CB*a? /40T (15)
Then for any 6 € O, let ||0; — 0||2 < \/pd, /2. We have

[F(O)] <[F(6e)| + [F(0) — F(6y)]
9( |+ er am g<ar798>)
<|F(0;)| + Cor/pdyhr? max |zr|/2, (16)

where the last inequality follows from the uniform bound on |z.:| and the Lipschitz condition of

g(x,0).

Then on E,, 4 N E}, g we have,

sup [F(0)| < Bh,,/*\/log(n) + Ca\/pdnh,, * Alog(h;, %) /2. (17)
©9
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Ignoring constants, let h,, = (v/Iogn/n)?/(4+2) and §,, = n~(+1)/(4+2) then combine (17) with
(13) and (15) we have,

Cy\/pdA -
P (sup [F(6) > By/log(n)n®/ (42 + % Ln(d1>/<d+2>)
€6,

<P(ES ,)+ P(ES p)

<p—(@A=2)d/(d+2) 4 2,”7(CB2Q2/4Cf7p(d+1)/(d+2)) , (18)

where L is a polynomial of log n and log log n. The above probability goes to zero polynomially in

n if
1 2 2C, /pld + 1
A> <3+d> and B> 2Gvpld+ D)

o a\/Cld+2)
The proof concludes by observing that v/log nn®/ (4+2) dominates Ln(@~1/(4+2) for Jarge n. O

The following lemma provides a concentration inequality for sums of double-exponential random
variables, which is used to establish equation (14).

Lemma 12 ([11]). Let z1, . .., zx be i.i.d double-exponential random variables with density %ef‘z‘.
For every real-valued function f : RX — R, such that

K
2 2

D 10f1P < A%, and max |0 f| <, (19)

k=1 ==
we have )

t t
P(f(z1,...,2K) > Med(f) +t) <exp (—Cmin (777 )\2)> ,

where Med(f) is the median of f(z1,...,zx) and C > 0 is some numerical constant.

For any given 6, consider F(6) the LHS of (14) as a linear function of (2, : v € {1,...,k,}9).
Note that z = az,/2 has density Sel*l. Then it is easy to check that F(0) satisfies (19) with
A2 =4C%h, % % and n = 2C1a~ 1.
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