
A Technical Results

A.1 Stochastic Gradient Descent Proofs

Proof of Theorem 1. Due to H-smoothness of convex function L we have that,
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We now note that the update step can be written equivalently as

wi+1 = argmin
w:�w�≤D

�
η�∇�i(wi),w −wi�+

�w −wi�
2

2

�
.

It can be shown that (see for instance Lemma 1 of [5])

η�∇�i(wi),wi+1 −wi� ≤ η�∇�i(wi),w
�
−wi�+

�w� −wi�
2
− �w� −wi+1�

2
− �wi −wi+1�

2

2

Plugging this we get that,

L(wi+1) ≤ L(wi) +
�∇L(wi)−∇�i(wi)�2

2(1/η −H)
+

�wi −wi+1�
2

2η
+ �∇�i(wi),w

�
−wi�

+
1

2η

�
�wi −w

�
�
2
−
��w�

i+1 −w
�
��2 −

��wi −w
�
i+1

��2
�

= L(wi) +
�∇L(wi)−∇�i(wi)�2

2(1/η −H)
+

�wi −wi+1�
2

2η
+ �∇�i(wi)−∇L(wi),w

�
−wi�+ �∇L(wi),w

�
−wi�

+
1

2η

�
�wi −w

�
�
2
−
��w�

i+1 −w
�
��2 −

��wi −w
�
i+1

��2
�

≥ L(wi) +
�∇L(wi)−∇�i(wi)�2

2(1/η −H)
+

�wi −wi+1�
2

2η
+ �∇�i(wi)−∇L(wi),w

�
−wi� − �∇L(wi),wi −w

�
�

+
1

2η

�
�wi −w

�
�
2
− �wi+1 −w

�
�
2
− �wi −wi+1�

2
�

= L(wi) +
�∇L(wi)−∇�i(wi)�2

2(1/η −H)
+ �∇�i(wi)−∇L(wi),w

�
−wi� − �∇L(wi),wi −w

�
�

+
1

2η

�
�wi −w

�
�
2
− �wi+1 −w

�
�
2
�

since η ≤
1

2H ,

≤ L(wi) + η�∇L(wi)−∇�i(wi)�
2 + �∇�i(wi)−∇L(wi),w

�
−wi� − �∇L(wi),wi −w

�
�

+
1

2η

�
�wi −w

�
�
2
− �wi+1 −w

�
�
2
�

10



by convexity, L(wi)− �∇L(wi),wi −w
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Plugging this back we get that
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Finally note that by smoothness, L(w1) = L(0) ≤ HD2. Hence we conclude that
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Using Jensen’s inequality concludes the proof.

A.2 Accelerated Gradient Proofs

Lemma A.1. For the accelerated update rule, if the step sizes βi ∈ [1,∞) and γi ∈ (0,∞)
are chosen such that β1 = 1 and for all i ∈ [n]
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by Cauchy-Shwartz inequality,

≤ (1− β−1
i

)L(wag
i
)−

βi/γi −H

2β2
i

�wi+1 −wi�
2 +

�wi −wi+1�
2

2βiγi
+

��∇L(wmd
i

)−∇�i(wmd
i

)
�� �wi+1 −wi�

βi

+
L(wmd

i
) +

�
∇�i(wmd

i
),wi+1 −w

md
i

�
+
�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

since for any a, b and α > 0, ab ≤ a
2

2α + αb
2

2

≤ (1− β−1
i

)L(wag
i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�wi −wi+1�
2

2βiγi

+
L(wmd

i
) +

�
∇�i(wmd

i
),wi+1 −w

md
i

�
+
�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

We now note that the update step 2 of accelerated gradient can be written equivalently as

wi+1 = argmin
w:�w�≤D

�
γi
�
∇�i(w

md
i

),w −w
md
i

�
+

��w −w
md
i

��2

2

�
.

It can be shown that (see for instance Lemma 1 of [5])

γi
�
∇�i(wi),wi+1 −w

md
i

�
≤ γi

�
∇�i(w

md
i

),w�
−w

md
i

�
+
�w� −wi�

2
− �w� −wi+1�

2
− �wi −wi+1�

2

2

Plugging this we get that,

L(wag
i+1) ≤ (1− β−1

i
)L(wag

i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�wi −wi+1�
2

2βiγi
+

�
∇�i(wmd

i
),w� −w

md
i

�

βi

+
L(wmd

i
) +

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

+
�w� −wi�

2
− �w� −wi+1�

2
− �wi −wi+1�

2

2γiβi

= (1− β−1
i

)L(wag
i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇�i(wmd

i
),w� −w

md
i

�

βi

+
L(wmd

i
) +

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

+
�w� −wi�

2
− �w� −wi+1�

2

2γiβi

= (1− β−1
i

)L(wag
i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇�i(wmd

i
)−∇L(wmd

i
),w� −w

md
i

�

βi

+

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

+
�w� −wi�

2
− �w� −wi+1�

2

2γiβi

+
L(wmd

i
) +

�
∇L(wmd

i
),w� −w

md
i

�

βi

14



by convexity, L(w�) ≥ L(wmd
i

) +
�
∇L(wmd

i
),w� −w

md
i

�
, hence

≤ (1− β−1
i

)L(wag
i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇�i(wmd

i
)−∇L(wmd

i
),w� −w

md
i

�

βi

+

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

md
i

�

βi

+
�w� −wi�

2
− �w� −wi+1�

2

2γiβi

+
L(w�)

βi

= (1− β−1
i

)L(wag
i
) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

�
�

βi

+
�w� −wi�

2
− �w� −wi+1�

2

2γiβi

+ β−1
i

L(w�)

= L(w�) + (1− β−1
i

) (L(wag
i
)− L(w�)) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

�
�

βi

+
�w� −wi�

2
− �w� −wi+1�

2

2γiβi

Thus we conclude that

L(wag
i+1)− L(w�) ≤ (1− β−1

i
) (L(wag

i
)− L(w�)) +

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)
+

�
∇L(wmd

i
)−∇�i(wmd

i
),wi −w

�
�

βi

+
�wi −w

��
2
− �wi+1 −w

��
2

2βiγi
Multiplying throughout by βiγi we get

γiβi

�
L(wag

i+1)− L(w�)
�
≤ γi(βi − 1) (L(wag

i
)− L(w�)) +

γiβi

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)

+
�wi −w

��
2
− �wi+1 −w

��
2

2
+ γi

�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

Owing to the condition that γi+1(βi+1 − 1) ≤ γiβi we have that

γi+1(βi+1 − 1)
�
L(wag

i+1)− L(w�)
�
≤ γi(βi − 1) (L(wag

i
)− L(w�)) +

γiβi

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)

+
�wi −w

��
2
− �wi+1 −w

��
2

2
+ γi

�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

Using the above inequality repeatedly we conclude that

γn(βn − 1) (L(wag
n
)− L(w�)) ≤ γ1(β1 − 1) (L(wag

1 )− L(w�)) +
n−1�

i=1

γiβi

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)

+
�w1 −w

��
2
− �wn−1 −w

��
2

2
+

n−1�

i=1

γi
�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

≤ γ1(β1 − 1) (L(wag
1 )− L(w�)) +

n−1�

i=1

γiβi

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)

+
�w��

2

2
+

n−1�

i=1

γi
�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

= γ1(β1 − 1) (L(wag
1 )− L(w�)) +

n−1�

i=1

γiβi

��∇L(wmd
i

)−∇�i(wmd
i

)
��2

2(βi/γi −H)

+
D2

2
+

n−1�

i=1

γi
�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

15



since 2Hγi ≤ βi,

≤ γ1(β1 − 1) (L(wag
1 )− L(w�)) +

n−1�

i=1

γ2
i

��∇L(wmd
i

)−∇�i(w
md
i

)
��2 + D2

2

+
n−1�

i=1

γi
�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

2γ2
i
�∇L(wag

i
)−∇�i(w

ag
i
)�

2
+

D2

2

+
n−1�

i=1

γi
�
∇L(wmd

i
)−∇�i(w

md
i

),wi −w
�
�

+
n−1�

i=1

2γ2
i

��∇L(wmd
i

)−∇�i(w
md
i

)−∇L(wag
i
) +∇�i(w

ag
i
)
��2

Taking expectation we get that

γn(βn − 1) (E [L(wag
n
)]− L(w�)) ≤ γ1(β1 − 1)L(wag

1 ) +
n−1�

i=1

2γ2
i
E
�
�∇L(wag

i
)−∇�i(w

ag
i
)�

2
�
+

D2

2

+
n−1�

i=1

2γ2
i
E
���∇L(wmd

i
)−∇�i(w

md
i

)−∇L(wag
i
) +∇�i(w

ag
i
)
��2

�

(10)

Now note that

∇L(wag
i
)−∇�i(w

ag
i
) =

1

b

bi�

t=(i−1)b+1

(∇L(wag
i
)− �(wag

i
, zt)) and

∇L(wag
i
)−∇�i(w

ag
i
)−∇L(wmd

i
)+∇�i(w

md
i

) =
1

b

bi�

t=(i−1)b+1

�
∇L(wag

i
)− �(wag

i
, zt)−∇L(wmd

i
) + �(wmd

i
, zt)

�

Further (∇L(wi)− �(wi, zt)) and
�
∇L(wag

i
)− �(wag

i
, zt)−∇L(wmd

i
) + �(wmd

i
, zt)

�
are

mean zero vectors drawn i.i.d. Also note that wag
i

only depends on the first (i−1)b examples
and so when we consider expectation w.r.t. z(i−1)b+1, . . . , zib, wi is fixed. Hence we have
that

E
�
�∇L(wag

i
)−∇�i(w

ag
i
)�

2
�
=

1

b2
E





������

bi�

t=(i−1)b+1

(∇L(wag
i
)−∇�(wag

i
, zt))

������

2




≤
1

b2

bi�

t=(i−1)b+1

E
�
�(∇L(wag

i
)−∇�(wag

i
, zt))�

2
�

and similarly

E
���∇L(wag

i
)−∇�i(w

ag
i
)−∇L(wmd

i
) +∇�i(w

md
i

)
��2

�

≤
1

b2

bi�

t=(i+1)b+1

E
���∇L(wag

i
)−∇�(wag

i
, zt)−∇L(wmd

i
) +∇�(wmd

i
, zt)

��2
�
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Plugging these back in Equation 10 we get :

γn(βn − 1) (E [L(wag
n )]− L(w�

)) ≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

2γ
2
i

b2

bi�

t=(i−1)b+1

E
�
�(∇L(wag

i )−∇�(wag
i , zt))�2

�
+

D
2

2

+

n−1�

i=1

2γ
2
i

b

bi�

t=(i+1)b+1

E
����∇L(wag

i )−∇�(wag
i , zt)−∇L(wmd

i ) +∇�(wmd
i , zt)

���
2
�

≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

4γ
2
i

b2

bi�

t=(i−1)b+1

E
�
�∇L(wag

i )�2 + �∇�(wag
i , zt)�2

�
+

D
2

2

+

n−1�

i=1

4γ
2
i

b

bi�

t=(i+1)b+1

E
����∇L(wag

i )−∇L(wmd
i )

���
2
+

���∇�(wmd
i , zt)−∇�(wag

i , zt)

���
2
�

for any non-negative H-smooth convex function f , we have the self-bounding property that

�∇f(w)� ≤
�

4Hf(w). Using this,

≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

16Hγ
2
i

b2

bi�

t=(i−1)b+1

E [L(wag
i ) + �(wag

i , zt)] +
D

2

2

+

n−1�

i=1

4γ
2
i

b2

bi�

t=(i+1)b+1

E
����∇L(wag

i )−∇L(wmd
i )

���
2
+

���∇�(wmd
i , zt)−∇�(wag

i , zt)

���
2
�

= γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

32Hγ
2
i

b
E [L(wag

i )] +
D

2

2

+

n−1�

i=1

4γ
2
i

b2

bi�

t=(i+1)b+1

E
����∇L(wag

i )−∇L(wmd
i )

���
2
+

���∇�(wmd
i , zt)−∇�(wag

i , zt)

���
2
�

by H-smoothness of L and � we have that
��∇L(wag

i )−∇L(wmd
i )

�� ≤ H
��wag

i −wmd
i

��. Similarly

we also have that
��∇�(wag

i , zt)−∇�(wmd
i , zt)

�� ≤ H
��wag

i −wmd
i

��. Hence,

≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

32Hγ
2
i

b
E [L(wag

i )] +
D

2

2

+

n−1�

i=1

8H
2
γ
2
i

b
E
����wag

i −wmd
i

���
2
�

However, wmd
i ← β

−1
i wi + (1− β

−1
i )wag

i . Hence
��wag

i −wmd
i

��2 ≤ �wi−wag
i �2

β2
i

≤ 2D2

β2
i

. Hence,

≤ γ1(β1 − 1)L(wag
1 ) +

n−1�

i=1

32Hγ
2
i

b
E [L(wag

i )] +
D

2

2
+

16H
2
D

2

b

n−1�

i=1

γ
2
i

β
2
i

Dividing throughout by γn(βn − 1) concludes the proof.

Proof of Theorem 2. First note that the for any i,

2Hγi = 2Hγip ≤
ip

2
≤ βi

Also note that since p ∈ [0, 1],

γi+1(βi+1 − 1) = γ
i(i+ 1)p

2
≤ γ

ip(i+ 1)

2
= γiβi
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Thus we have verified that the step sizes satisfy the conditions required by previous lemma.
From the previous lemma we have that

E [L(wag
n
)]− L(w�) ≤

γ1(β1 − 1)

γn(βn − 1)
L(wag

1 ) +
32H

bγn(βn − 1)

n−1�

i=1

γ2
i
E [L(wag

i
)] +

D2

2γn(βn − 1)
+

16H2D2

bγn(βn − 1)

n−1�

i=1

γ2
i

β2
i

=
64Hγ

bnp(n− 1)

n−1�

i=1

i2p E [L(wag
i
)] +

D2

γnp(n− 1)
+

128H2D2γ

bnp(n− 1)

n−1�

i=1

i2p

(i+ 1)2

≤
64Hγ(n− 1)2p

bnp(n− 1)

n−1�

i=1

E [L(wag
i
)] +

D2

γ(n− 1)p+1
+

128H2D2γ

b(n− 1)p+1

n−1�

i=1

1

i2(1−p)

≤
64Hγ

b(n− 1)1−p

n−1�

i=1

E [L(wag
i
)] +

D2

γ(n− 1)p+1
+

128H2D2γ

b(n− 1)p+1

n−1�

i=1

1

i2(1−p)

≤
64Hγ

b(n− 1)1−p

n−1�

i=1

E [L(wag
i
)] +

D2

γ(n− 1)p+1
+

128H2D2γ

b(n− 1)

≤
64Hγ

b(n− 1)1−p

n−1�

i=1

(E [L(wag
i
)]− L(w�)) +

64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

128H2D2γ

b(n− 1)

since γ ≤ 1/4H,

≤
64Hγ

b(n− 1)1−p

n−1�

i=1

(E [L(wag
i
)]− L(w�)) +

64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

Thus we have shown that

E [L(wag
n
)]− L(w�) ≤

64Hγ

b(n− 1)1−p

n−1�

i=1

(E [L(wag
i
)]− L(w�)) +

64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

Now if we use the notation ai = E [L(wag
i
)]− L(w�), A(i) = 64Hγ

b(i−1)1−p and

B(i) =
64HγL(w�)(i− 1)p

b
+

D2

γ(i− 1)p+1
+

32HD2

b(i− 1)
then first note that for any i by smoothness,

ai ≤ 4HD2 +
�
4HD2L(w�)

Also notice that
n�

i=n−M−1

A(i) =
64Hγ

b

n�

i=n−M−1

1

(i− 1)1−p
≤

64Hγnp

b

Hence as long as

γ ≤
b

64Hnp
, (11)

�
n

i=n−M−1 A(i) ≤ 1. We shall ensure that the γ we choose will satisfy the above condition.
Now applying lemma A.2 we get that for any M ,

an ≤ eA(n)

�
a0(n−M) +

n�

i=n−M−1

B(i)

�
+B(n) (12)

Now notice that
n�

i=n−M−1

B(i) =
64HγL(w�)

b

n�

i=n−M−1

1

(i− 1)p
+

D2

γ

n�

i=n−M−1

1

(i− 1)p+1
+

32HD2

b

n�

i=n−M−1

1

(i− 1)

≤
64HγL(w�)(n−M − 2)p

b
+

D2

γ(n−M − 2)p+1
+

32HD2

b(n−M − 2)
+

64HγL(w�)(n− 1)p+1

b

+
D2

γ(n−M − 2)p
+

32HD2 log n

b
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Plugging this back in Equation 12 we conclude that

an ≤
64eHγ

b(n− 1)1−p

��
4HD2 +

�
4HD2L(w�)

�
(n−M) +

64HγL(w�)(n−M − 2)p

b
+

D2

γ(n−M − 2)p+1

+
32HD2

b(n−M − 2)
+

64HγL(w�)(n− 1)p+1

b
+

D2

γ(n−M − 2)p
+

32HD2 log n

b

�

+
64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

≤
64eHγ

b(n− 1)1−p

��
4HD2 +

�
4HD2L(w�)

�
(n−M − 2) +

32HD2

b(n−M − 2)
+

2D2

γ(n−M − 2)p

+
128HγL(w�)(n− 1)p+1

b
+

32HD2 log n

b

�
+

64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

since γ ≤
b

64Hnp ,
32HD

2

b(n−M−2) ≤
2D2

γ(n−M−2)p . Hence

≤
64eHγ

b(n− 1)1−p

��
4HD2 +

�
4HD2L(w�)

�
(n−M − 2) +

3D2

γ(n−M − 2)p

+
128HγL(w�)(n− 1)p+1

b
+

32HD2 log n

b

�
+

64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

We now optimize over the choice of M above by using

(n−M − 2) =



 3D2

γ
�
4HD2 +

�
4HD2L(w�)

�





1
p+1

Ofcourse for the choice of M to be valid we need that n−M −2 ≤ n which gives our second
condition on γ which is

γ ≥
3D2

np+1
�
4HD2 +

�
4HD2L(w�)

� (13)

Plugging in this M we get,

an ≤
64eHγ

b(n− 1)1−p

�
2
�
4HD2 +

�
4HD2L(w�)

� p

p+1

�
3D2

γ

� 1
p+1

+
128HγL(w�)(n− 1)p+1

b
+

32HD2 log n

b

�

+
64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

=
128eHγ

p

p+1

�
4HD2 +

�
4HD2L(w�)

� p

p+1 �
3D2

� 1
p+1

b(n− 1)1−p
+

2e(64Hγ)2L(w�)(n− 1)2p

b2
+

2e(32H)2D2γ log n

b2(n− 1)1−p

+
64HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)

however by condition in Equation 11, γ ≤
b

64Hnp , hence

≤

348Hγ
p

p+1

�
4HD2 +

�
4HD2L(w�)

� p

p+1 �
3D2

� 1
p+1

b(n− 1)1−p
+

2e(32H)2D2γ log n

b2(n− 1)1−p

+
412HγL(w�)(n− 1)p

b
+

D2

γ(n− 1)p+1
+

32HD2

b(n− 1)
(14)

We shall try to now optimize the above bound w.r.t. γ, To this end set

γ = min





1

4H
,

�
bD2

412HL(w�)(n− 1)2p+1
,

�
b

1044H(n− 1)2p

� p+1
2p+1

�
D2

4HD2 +
�

4HD2L(w�)

� p

2p+1






(15)
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We first need to verify that this choice of γ satisfies the conditions in Equation 11 and 13.
To this end, note that as for the condition in Equation 11,

γ ≤

�
b

1044H(n− 1)2p

� p+1
2p+1

�
D2

4HD2 +
�
4HD2L(w�)

� p

2p+1

and hence it can be easily verified that for n ≥ 3, γ ≤
b

64Hnp . On the other hand to verify
the condition in Equation 13, we need to show that

γ = min





1

4H
,

�
bD2

412HL(w�)(n− 1)2p+1
,

�
b

1044H(n− 1)2p

� p+1
2p+1

�
D2

4HD2 +
�

4HD2L(w�)

� p

2p+1






≥
3D2

np+1
�
4HD2 +

�
4HD2L(w�)

�

It can be verified that this condition is satisfied as long as,

n ≥ max

�
3,

103L(w�)

b
,
904

b

�

So in effect as long as n ≥ 3 and sample size nb ≥ max{904, 103L(w�)
HD2 } the conditions are

satisfied. Now plugging in this choice of γ into the bound in Equation 14, we get

an ≤

�
1648HD2L(w�)

b(n− 1)
+ 2




1044HD2

�
4HD2 +

�
4HD2L(w�)

� p

p+1

b(n− 1)





p+1
2p+1

+
32HD2

b(n− 1)
+

4HD2

(n− 1)p+1

+
log(n)

5

�
75HD2

b(n− 1)

� 3p+1
2p+1

�
1

4HD2 +
�
4HD2L(w�)

� p

2p+1

≤

�
1648HD2L(w�)

b(n− 1)
+ 2

�
4HD2 +

�
4HD2L(w�)

��
174

b(n− 1)

� p+1
2p+1

+
32HD2

b(n− 1)
+

4HD2

(n− 1)p+1

+
6HD2 log(n)

5

�
75

6b(n− 1)

� 3p+1
2p+1

≤

�
1648HD2L(w�)

b(n− 1)
+ 348

�
4HD2 +

�
4HD2L(w�)

��
1

b(n− 1)

� p+1
2p+1

+
32HD2

b(n− 1)
+

4HD2

(n− 1)p+1

+
36HD2

b(n− 1)

log(n)

(b(n− 1))
p

2p+1

=

�
1648HD2L(w�)

b(n− 1)
+

348
�
4HD2 +

�
4HD2L(w�)

�

b(n− 1)
(b(n− 1))

p

2p+1 +
32HD2

b(n− 1)
+

4HD2

(n− 1)p+1

+
36HD2

b(n− 1)

log(n)

(b(n− 1))
p

2p+1

Picking

p = min

�
max

�
log(b)

2 log(n− 1)
,

log log(n)

2 (log(b(n− 1))− log log(n))

�
, 1

�

we get the bound,

an ≤ 358

�
HD2L(w�)

b(n− 1)
+

1545HD2

√
b(n− 1)

+
1428HD2

√
log n

b(n− 1)
+

4HD2

(n− 1)2

This concludes the proof.
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Lemma A.2. Consider a sequence of non-negative number a1, . . . , an ∈ [0, a0] that satisfy

an ≤ A(n)
n−1�

i=1

ai +B(n)

where A is decreasing in n. For such a sequence, for any m ∈ [n], as long as A(i) ≤ 1/2 for

any i ≥ n−m− 1 and
�

n

i=n−m−1 A(i) ≤ 1 then

an ≤ eA(n)

�
a0(n−m) +

n�

i=n−m−1

B(i)

�
+B(n)

Proof. We shall unroll this recursion. Note that

an ≤ A(n)
n−1�

i=1

ai +B(n)

= A(n)

�
n−2�

i=1

ai + an−1

�
+B(n)

≤ A(n)

�
n−2�

i=1

ai +A(n− 1)
n−2�

i=1

ai +B(n− 1)

�
+B(n)

= A(n)(1 +A(n− 1))
n−2�

i=1

ai +B(n) +A(n)B(n− 1)

≤ A(n)(1 +A(n− 1))

�
n−3�

i=1

ai +A(n− 2)
n−3�

i=1

ai +B(n− 2)

�
++B(n) +A(n)B(n− 1)

= A(n)(1 +A(n− 1))(1 +A(n− 2))
n−3�

i=1

ai +B(n) +A(n)B(n− 1) +A(n)(1 +A(n− 1))B(n− 2)

Continuing so upto m steps we get

an ≤ A(n)

�
m−1�

i=1

(1 +A(n− i))

�
n−m�

i=1

ai +B(n) +A(n)




m−1�

i=1




i−1�

j=1

(1 +A(n− j))



B(n− i)





(16)

We would now like to bound in general the term
�

m−1
i=1 (1 + A(n− i)). To this extant note

that,
m−1�

i=1

(1 +A(n− i)) = exp

�
m−1�

i=1

log(1 +A(n− i))

�

Now assume A(i) ≤ 1/2 for all i ≥ n−m− 1 so that log(1 +A(n− i)) ≤ A(n− i). We get
m−1�

i=1

(1 +A(n− i)) ≤ exp

�
m−1�

i=1

A(n− i)

�

Now if
�

n

i=n−m−1 A(i) ≤ 1 then we can conclude that

m−1�

i=1

(1 +A(n− i)) ≤ e

Plugging this in Equation A.2 we get

an ≤ eA(n)

�
n−m�

i=1

ai +
m−1�

i=1

B(n− i)

�
+B(n)

= eA(n)

�
n−m�

i=1

ai +
n�

i=n−m−1

B(i)

�
+B(n)
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Now if for each i ≤ n, ai ≤ a0 then we see that

an ≤ eA(n)

�
a0(n−m) +

n�

i=n−m−1

B(i)

�
+B(n)

Hence we conclude that as long as
�

n

i=n−m−1 A(i) ≤ 1

an ≤ eA(n)

�
a0(n−m) +

n�

i=n−m−1

B(i)

�
+B(n)
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