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A Outline of the proof of Theorem 1

Before we go into the rigorous proof of Theorem 1, we describe a brief (but mathematically in-
correct) outline of the proof. For simplicity, we assume that the infinity norms off̂ andf∗ are
bounded from above by a constant:∥f̂∥∞, ∥f∗∥∞ ≤ C. Write ∆f = f̂ − f∗. Let Pn and
P be operators that give the empirical mean and the population means of a function respectively:
Pnf = 1

n

∑n
i=1 f(xi, yi) andPf = E[f(X,Y )]. Then by the definition of̂f , we have

Pn(Y − f̂)2 + λ
(n)
1 ∥f̂∥2ψ ≤ Pn(Y − f∗)2 + λ

(n)
1 ∥f∗∥2ψ. (S-1)

On the other hand, we have the following equation:

P (Y − f∗)2 + P (f̂ − f∗)2 = P (Y − f̂)2. (S-2)

Summing up Eq. (S-1) and Eq. (S-2), we obtain

P (f∗ − f̂)2 + λ
(n)
1 ∥f̂∥2ψ ≤ (Pn − P )

{
(Y − f∗)2 − (Y − f̂)2

}
+ λ

(n)
1 ∥f∗∥2ψ

≤ (Pn − P )
{
(−2ϵ− f∗ + f̂)(f∗ − f̂)

}
+ λ

(n)
1 ∥f∗∥2ψ. (S-3)

Note that|−2ϵ−f∗+f̂ | ≤ 2(L+C). Therefore, using the contraction inequality for the Rademacher
complexity [2, Theorem 4.12] and Talagrand’s concentration inequality (Proposition 6), we have the
following upper bound of the first term in the RHS of the above inequality (S-3):

(Pn − P )
{
(−2ϵ− f∗ + f̂)(f∗ − f̂)

}
≤Op

 M∑
m=1

∥∆fm∥1−smL2(Π)∥∆fm∥
sm
Hm√

n
∨
∥∆fm∥

(1−sm)2

1+sm

L2(Π) ∥∆fm∥
sm(3−sm)

1+sm

Hm

n
1

1+sm

+
M∑
m=1

√
log(M)

n
∥∆fm∥L2(Π)


≤Op

(
M∑
m=1

r−smm√
n

(
∥∆fm∥L2(Π) + smrm∥∆fm∥Hm

)
(S-4)

+
M∑
m=1

r
− sm(3−sm)

1+sm
m

n
1

1+sm

(
∥∆fm∥L2(Π) + smrm∥∆fm∥Hm

)
+

M∑
m=1

√
log(M)

n
∥∆fm∥L2(Π)

)
(∵ Eq. (S-11), Eq. (S-12))
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≤Op

{(
M∑
m=1

r−2sm
m

n

) 1
2
(

M∑
m=1

∥∆fm∥2L2(Π)

) 1
2

+

∥∥∥∥∥
(
smr

1−sm
m√
n

)M
m=1

∥∥∥∥∥
ψ∗

∥∆f∥ψ

+

 M∑
m=1

r
− 2sm(3−sm)

1+sm
m

n
2

1+sm


1
2 (

M∑
m=1

∥∆fm∥2L2(Π)

) 1
2

+

∥∥∥∥∥∥∥
smr1− sm(3−sm)

1+sm
m

n
1

1+sm

M

m=1

∥∥∥∥∥∥∥
ψ∗

∥∆f∥ψ

+

√
M log(M)

n

(
M∑
m=1

∥∆fm∥2L2(Π)

) 1
2
}
, (S-5)

where we used Cauchy-Schwarz inequality and the duality of theψ-norm in the last line. Utilizing
the relation

∑M
m=1 ∥∆fm∥2L2(Π) ≤

1
κM
∥∆f∥2L2(Π), Eq. (S-5) implies

(Pn − P )
{
(−2ϵ− f∗ + f̂)(f∗ − f̂)

}
≤Op

(
α1∥∆f∥L2(Π) + β1∥∆f∥ψ + α2∥∆f∥L2(Π) + β2∥∆f∥ψ +

√
M log(M)

n
∥∆f∥L2(Π)

)

=Op

(
α1∥∆f∥L2(Π) + α1

β1
α1
∥∆f∥ψ + α2∥∆f∥L2(Π) + α2

β2
α2
∥∆f∥ψ +

√
M log(M)

n
∥∆f∥L2(Π)

)

≤Op

(
α2
1 + α2

2 +
M log(M)

n

)
+

1

2
∥∆f∥2L2(Π) +

1

2

[(
β2
α2

)2

+

(
β2
α2

)2
]
∥∆f∥2ψ. (S-6)

Here substitute the relation∥∆f∥2ψ ≤ (∥f̂∥ψ + ∥f∗∥ψ)2 ≤ 2(∥f̂∥2ψ + ∥f∗∥2ψ) into Eq. (S-6),

combine Eq. (S-3) and Eq. (S-6), move the terms1
2∥∆f∥

2
L2(Π) and

[(
β2

α2

)2
+
(
β2

α2

)2]
∥f̂∥2ψ to the

right hand side, then we obtain the assertion.

B Relation between Entropy Number and Spectral Condition

Associated with theϵ-covering number, thei-th entropy numberei(Hm → L2(Π)) is defined as
the infimum over allε > 0 for whichN(ε,BHm , L2(Π)) ≤ 2i−1. If the spectral assumption (A3)
holds, the relation (2) implies that thei-th entropy number is bounded as

ei(Hm → L2(Π)) ≤ Ci−
1
2s , (S-7)

whereC is a constant. To bound empirical process a bound of the entropy number with respect to
the empirical distribution is needed. The following proposition gives an upper bound of that (see
Corollary 7.31 of [5], for example).

Proposition 4. If there exists constants0 < s < 1 andC ≥ 1 such thatei(Hm → L2(Π)) ≤
Ci−

1
2s , then there exists a constantcs > 0 only depending ons such that

EDn∼Πn [ei(Hm → L2(Dn))] ≤ csC(min(i, n))
1
2s i−

1
s ,

in particularEDn∼Πn [ei(Hm → L2(Dn))] ≤ csCi−
1
2s .

C Basic Propositions

The following two propositions are keys to prove Theorem 1. Let{σi}ni=1 be i.i.d. Rademacher
random variables, i.e.,σi ∈ {±1} andP (σi = 1) = P (σi = −1) = 1

2 .

Proposition 5. [5, Theorem 7.16]Let Bσ,a,b ⊂ Hm be a set such thatBσ,a,b = {fm ∈ Hm |
∥fm∥L2(Π) ≤ σ, ∥fm∥Hm ≤ a, ∥fm∥∞ ≤ b}. Assume that there exist constants0 < s < 1 and
0 < c̃s such that

EDn [ei(Hm → L2(Dn))] ≤ c̃si−
1
2s .
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Then there exists a constantC ′
s depending onlys such that

E

[
sup

fm∈Bσ,a,b

∣∣∣∣∣ 1n
n∑
i=1

σifm(xi)

∣∣∣∣∣
]
≤ C ′

s

(
σ1−s(c̃sa)

s

√
n

∨ (c̃sa)
2s

1+s b
1−s
1+s n−

1
1+s

)
. (S-8)

Proposition 6. (Talagrand’s Concentration Inequality [6, 1]) LetG be a function class onX that
is separable with respect to∞-norm, and{xi}ni=1 be i.i.d. random variables with values inX .
Furthermore, letB ≥ 0 andU ≥ 0 beB := supg∈G E[(g − E[g])2] andU := supg∈G ∥g∥∞, then
there exists a universal constantK such that, forZ := supg∈G

∣∣ 1
n

∑n
i=1 g(xi)− E[g]

∣∣, we have

P

(
Z ≥ K

[
E[Z] +

√
Bt

n
+
Ut

n

])
≤ e−t.

D Proof of Theorem 1

Let rm > 0 (m = 1, . . . ,M) be arbitrary positive reals. Given{rm}Mm=1, we determineU (m)
n,sm(fm)

as follows:

U (m)
n,sm(fm) :=3

r−smm√
n
∨ r

− sm(3−sm)
1+sm

m

n
1

1+sm

(∥fm∥L2(Π) + smrm∥fm∥Hm

)
+

√
log(M)

n
∥fm∥L2(Π).

It is easy to seeU (m)
n,sm(fm) is an upper bound of the quantity

∥fm∥1−sm
L2(Π)

∥fm∥smHm√
n

∨

∥fm∥
(1−sm)2

1+sm
L2(Π)

∥fm∥
sm(3−sm)

1+sm
Hm

n
1

1+sm

(this corresponds to the RHS of Eq. (S-8)) because

∥fm∥1−smL2(Π)∥fm∥
sm
Hm√

n
=
r1−smm√

n

(∥fm∥L2(Π)

rm

)1−sm
∥fm∥smHm

(S-9)

(Young)

≤ r1−smm√
n

(
(1− sm)

∥fm∥L2(Π)

rm
+ sm∥fm∥Hm

)
(S-10)

≤ r−smm√
n

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)
, (S-11)

where we used Young’s inequalitya1−smbsm ≤ (1− sm)a+ smb in the second line, and similarly
we obtain

∥fm∥
(1−sm)2

1+sm

L2(Π) ∥fm∥
sm(3−sm)

1+sm

Hm

n
1

1+sm

≤ r
− sm(3−sm)

1+sm
m

n
1

1+sm

(
∥fm∥L2(Π) +

sm(3− sm)

1 + sm
rm∥fm∥Hm

)

≤ 3
r
− sm(3−sm)

1+sm
m

n
1

1+sm

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)
, (S-12)

where we usedsm(3−sm)
1+sm

≤ 3sm in the last inequality.

Now we define

ϕ := max
(
KL

[
2C̃∗ + 1 + C1

]
,K
[
2C1C̃∗ + C1 + C2

1

])
,

whereC̃∗ is a constant defined later in Lemma 11,C1 is the one introduced in Assumption 4,K is
the universal constant appeared in Talagrand’s concentration inequality (Proposition 6) andL is the
one introduced in Assumption 1 to bound the magnitude of noise. Remind the definition ofη(t):

η(t) := ηn(t) = max(1,
√
t, t/
√
n).

We define eventsE1(t) andE2(t
′) as

E1(t) =

{∣∣∣∣∣ 1n
n∑
i=1

ϵifm(xi)

∣∣∣∣∣ ≤ ϕU (m)
n,sm(fm)η(t), ∀fm ∈ Hm (m = 1, . . . ,M)

}
, (S-13)
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E2(t
′) =

{∣∣∣∣∥∥∥∑M
m=1 fm

∥∥∥2
n
−
∥∥∥∑M

m=1 fm

∥∥∥2
L2(Π)

∣∣∣∣ ≤ ϕ√n
(

M∑
m=1

U (m)
n,sm(fm)

)2

η(t′),

∀fm ∈ Hm (m = 1, . . . ,M)

}
. (S-14)

Using Lemmas 12 and 13 that will be shown in Appendix E, we see that the eventsE1(t) andE2(t
′)

occur with probability no less than1 − exp(−t) and1 − exp(−t′) respectively as in the following
Lemma.

Lemma 7. Under the Basic Assumption (Assumption 1), the Spectral Assumption (Assumption 2)
and the Embedded Assumption (Assumption 4), the probabilities ofE1(t) andE2 are bounded as

P (E1(t)) ≥ 1− exp(−t), P (E2(t
′)) ≥ 1− exp(−t′).

Proof. Lemma 13 immediately givesP (E1(t)) ≥ 1 − exp(−t) by noticing ϕ̄ in the statement of
Lemma 13 satisfies̄ϕ ≤ ϕ. Moreover, sincēϕ′ in the statement of Lemma 12 satisfiesϕ̄′ ≤ ϕ, we
haveP (E2(t

′)) ≥ 1− exp(−t′) by Lemma 12.

Remind the definition (4) ofα1, α2, β1, β2:

α1 = 3

(
M∑
m=1

r−2sm
m

n

) 1
2

, α2 = 3

∥∥∥∥∥
(
smr

1−sm
m√
n

)M
m=1

∥∥∥∥∥
ψ∗

,

β1 = 3

 M∑
m=1

r
− 2sm(3−sm)

1+sm
m

n
2

1+sm


1
2

, β2 = 3

∥∥∥∥∥∥∥
smr (1−sm)2

1+sm
m

n
1

1+sm

M

m=1

∥∥∥∥∥∥∥
ψ∗

, (S-15)

for given reals{rm}Mm=1. The following theorem immediately gives Theorem 1.

Theorem 8. Suppose Assumptions 1-4 are satisfied. Let{rm}Mm=1 be arbitrary positive reals that

can depend onn, and assumeλ(n)1 ≥
(
α2

α1

)2
+
(
β2

β1

)2
. Then for alln andt′ that satisfylog(M)√

n
≤ 1

and 4ϕ
√
n

κM
max{α2

1, β
2
1 ,

M log(M)
n }η(t′) ≤ 1

12 and for all t ≥ 1, we have

∥f̂ − f∗∥2L2(Π) ≤
24η(t)2ϕ2

κM

(
α2
1 + β2

1 +
M log(M)

n

)
+ 4λ

(n)
1 ∥f∗∥2ψ.

with probability1− exp(−t)− exp(−t′).

Proof of Theorem 8.By the assumption of the theorem, we can assume Lemma 7 holds, that is, the
eventE1(t)∩E2(t

′) occurs with probability1−exp(−t)−exp(−t′). Below we discuss on the event
E1(t) ∩ E2(t

′).

Sinceyi = f∗(xi) + ϵi, we have

∥f̂ − f∗∥2L2(Π) + λ
(n)
1 ∥f̂∥2ψ

≤(∥f̂ − f∗∥2L2(Π) − ∥f̂ − f
∗∥2n) +

2

n

n∑
i=1

M∑
m=1

ϵi(f̂m(xi)− f∗m(xi)) + λ
(n)
1 ∥f∗∥

2
ψ .

Here on the eventE2(t
′), the above inequality gives

∥f̂ − f∗∥2L2(Π) + λ
(n)
1 ∥f̂∥2ψ

≤ϕ
√
n

(
M∑
m=1

U (m)
n,sm(f̂m − f

∗
m)

)2

η(t′)+
2

n

n∑
i=1

M∑
m=1

ϵi(f̂m(xi)− f∗m(xi)) + λ
(n)
1 ∥f∗∥2ψ. (S-16)
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Before we prove the statements, we show an upper bound of
∑M
m=1 U

(m)
n,sm(fm) required in the

proof. By definition, we have

U (m)
n,sm(fm)

=3

r−smm√
n
∨ r

− sm(3−sm)
1+sm

m

n
1

1+sm

(∥fm∥L2(Π) + smrm∥fm∥Hm

)
+

√
log(M)

n
∥fm∥L2(Π)

≤3r
−sm
m√
n

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)
+ 3

r
− sm(3−sm)

1+sm
m

n
1

1+sm

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)
(S-17)

+

√
log(M)

n
∥fm∥L2(Π). (S-18)

Now the sum of the first term is bounded as
M∑
m=1

3
r−smm√
n

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)
=3

M∑
m=1

r−smm√
n
∥fm∥L2(Π) + 3

M∑
m=1

smr
1−sm
m√
n
∥fm∥Hm

≤3

(
M∑
m=1

r−2sm
m

n

) 1
2
(

M∑
m=1

∥fm∥2L2(Π)

) 1
2

+ 3

∥∥∥∥∥
(
smr

1−sm
m√
n

)M
m=1

∥∥∥∥∥
ψ∗

∥f∥ψ,

where we used Cauchy-Schwarz inequality and the duality of the norm in the last inequality. The
sum of the second term of the RHS of Eq. (S-18) is bounded as

M∑
m=1

3
r
− sm(3−sm)

1+sm
m

n
1

1+sm

(
∥fm∥L2(Π) + smrm∥fm∥Hm

)

=3
M∑
m=1

r
− sm(3−sm)

1+sm
m

n
1

1+sm

∥fm∥L2(Π) + 3
M∑
m=1

smr
(1−sm)2

1+sm
m

n
1

1+sm

∥fm∥Hm

≤3

 M∑
m=1

r
− 2sm(3−sm)

1+sm
m

n
2

1+sm


1
2 (

M∑
m=1

∥fm∥2L2(Π)

) 1
2

+ 3

∥∥∥∥∥∥∥
smr (1−sm)2

1+sm
m

n
1

1+sm

M

m=1

∥∥∥∥∥∥∥
ψ∗

∥f∥ψ,

where we used Cauchy-Schwarz inequality and the duality of the norm in the last inequality. Finally
we have the following bound of the third term of the RHS of Eq. (S-18):

M∑
m=1

√
log(M)

n
∥fm∥L2(Π) ≤

√
M log(M)

n

(
M∑
m=1

∥fm∥2L2(Π)

) 1
2

.

Combine these inequalities and the relation
∑M
m=1 ∥fm∥2L2(Π) ≤

1
κM
∥f∥2L2(Π) (Assumption 3) to

obtain
M∑
m=1

U (m)
n,sm(fm)

≤3

(
M∑
m=1

r−2sm
m

n

) 1
2 ∥f∥L2(Π)√

κM
+ 3

∥∥∥∥∥
(
smr

1−sm
m√
n

)M
m=1

∥∥∥∥∥
ψ∗

∥f∥ψ

+ 3

 M∑
m=1

r
− 2sm(3−sm)

1+sm
m

n
2

1+sm


1
2

∥f∥L2(Π)√
κM

+ 3

∥∥∥∥∥∥∥
smr (1−sm)2

1+sm
m

n
1

1+sm

M

m=1

∥∥∥∥∥∥∥
ψ∗

∥f∥ψ
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+

√
M log(M)

n

∥f∥L2(Π)√
κM

. (S-19)

Then by the definition (4) ofα1, α2, β1, β2, we have

M∑
m=1

U (m)
n,sm(fm)

≤α1

∥f∥L2(Π)√
κM

+ α2∥f∥ψ + β1
∥f∥L2(Π)√

κM
+ β2∥f∥ψ +

√
M log(M)

n

∥f∥L2(Π)√
κM

. (S-20)

Step 1.

By Eq. (S-20), the first term on the RHS of Eq. (S-16) can be upper bounded as

ϕ
√
n

(
M∑
m=1

U (m)
n,sm(f̂m − f

∗
m)

)2

η(t′)

≤4ϕ
√
n
(
α2
1

∥f̂ − f∗∥2L2(Π)

κM
+ α2

2∥f̂ − f∗∥2ψ + β2
1

∥f̂ − f∗∥2L2(Π)

κM
+

β2
2∥f̂ − f∗∥2ψ +

M log(M)

n

∥f̂ − f∗∥2L2(Π)

κM

)
η(t′)

≤4ϕ
√
n

κM
α2
1η(t

′)

(
∥f̂ − f∗∥2L2(Π) +

(
α2

α1

)2

∥f̂ − f∗∥2ψ

)

+
4ϕ
√
n

κM
β2
1η(t

′)

(
∥f̂ − f∗∥2L2(Π) +

(
β2
β1

)2

∥f̂ − f∗∥2ψ

)

+
4ϕ
√
n

κM

M log(M)

n
η(t′)∥f̂ − f∗∥2L2(Π).

By assumption, we have4ϕ
√
n

κM
max{α2

1, β
2
1 ,

M log(M)
n }η(t′) ≤ 1

12 . Hence the RHS of the above
inequality is bounded by

ϕ
√
n

(
M∑
m=1

U (m)
n,sm(f̂m − f

∗
m)

)2

η(t′)

≤1

4

{
∥f̂ − f∗∥2L2(Π) +

[(
α2

α1

)2

+

(
β2
β1

)2
]
∥f̂ − f∗∥2ψ

}
. (S-21)

Step 2.On the eventE1(t), we have

2

n

n∑
i=1

M∑
m=1

ϵi(f̂m(xi)− f∗m(xi)) ≤ 2
M∑
m=1

η(t)ϕU (m)
n,sm(f̂m − f

∗
m)

≤ 2η(t)ϕ

[
α1

∥f̂ − f∗∥L2(Π)√
κM

+ α2∥f̂ − f∗∥ψ + β1
∥f̂ − f∗∥L2(Π)√

κM
+ β2∥f̂ − f∗∥ψ

+

√
M log(M)

n

∥f̂ − f∗∥L2(Π)√
κM

]
(∵ Eq.(S-19))

≤ 2
η(t)ϕα1√

κM

(
∥f̂ − f∗∥L2(Π) +

α2

α1
∥f̂ − f∗∥ψ

)
+ 2

η(t)ϕβ1√
κM

(
∥f̂ − f∗∥L2(Π) +

β2
β1
∥f̂ − f∗∥ψ

)
+ 2

η(t)ϕ
√
κM

√
M log(M)

n
∥f̂ − f∗∥L2(Π)
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≤ 12η(t)2ϕ2α2
1

κM
+

1

24

(
∥f̂ − f∗∥L2(Π) +

α2

α1
∥f̂ − f∗∥ψ

)2

+
12η(t)2ϕ2β2

1

κM
+

1

24

(
∥f̂ − f∗∥L2(Π) +

β2
β1
∥f̂ − f∗∥ψ

)2

+
6η(t)2ϕ2

κM

M log(M)

n
+

1

12
∥f̂ − f∗∥2L2(Π)

≤ 12η(t)2ϕ2α2
1

κM
+

1

12

[
∥f̂ − f∗∥2L2(Π) +

(
α2

α1

)2

∥f̂ − f∗∥2ψ

]

+
12η(t)2ϕ2β2

1

κM
+

1

12

[
∥f̂ − f∗∥2L2(Π) +

(
β2
β1

)2

∥f̂ − f∗∥2ψ

]

+
6η(t)2ϕ2

κM

M log(M)

n
+

1

12
∥f̂ − f∗∥2L2(Π)

≤ 12η(t)2ϕ2

κM

(
α2
1 + β2

1 +
M log(M)

n

)
+

1

4

{
∥f̂ − f∗∥2L2(Π) +

[(
α2

α1

)2

+

(
β2
β1

)2
]
∥f̂ − f∗∥2ψ

}
.

(S-22)

Step 3.

Substituting the inequalities (S-21) and (S-22) to Eq. (S-16), we obtain

∥f̂ − f∗∥2L2(Π) + λ
(n)
1 ∥f̂∥2ψ

≤12η(t)2ϕ2

κM

(
α2
1 + β2

1 +
M log(M)

n

)
+

1

2

{
∥f̂ − f∗∥2L2(Π) +

[(
α2

α1

)2

+

(
β2
β1

)2
]
∥f̂ − f∗∥2ψ

}
+ λ

(n)
1 ∥f∗∥2ψ. (S-23)

Now the term∥f̂ − f∗∥2ψ can be bounded as

∥f̂ − f∗∥2ψ ≤
(
∥f̂∥ψ + ∥f∗∥ψ

)2
≤ 2

(
∥f̂∥2ψ + ∥f∗∥2ψ

)
,

where we used the triangular inequality for the mixed-norm with respect toψ-norm∥ · ∥ψ. Thus,

whenλ(n)1 ≥
(
α2

α1

)2
+
(
β2

β1

)2
, Eq. (S-23) yields

1

2
∥f̂ − f∗∥2L2(Π) ≤

12η(t)2ϕ2

κM

(
α2
1 + β2

1 +
M log(M)

n

)
+ 2λ

(n)
1 ∥f∗∥2ψ.

Therefore by multiplying 2 to both sides, we have

∥f̂ − f∗∥2L2(Π) ≤
24η(t)2ϕ2

κM

(
α2
1 + β2

1 +
M log(M)

n

)
+ 4λ

(n)
1 ∥f∗∥2ψ.

This gives the assertion.

E Bounding the Probabilities ofE1(t) and E2(t
′)

Here we derive bounds of the probabilities of the eventsE1(t) and E2(t
′) (see Eq. (S-13) and

Eq. (S-14) for their definitions). The goal of this section is to derive Lemmas 12 and 13.

Using Propositions 6 and 5, we obtain the following ratio type uniform bound.

Lemma 9. Under the Spectral Assumption (Assumption 2) and the Embedded Assumption (Assump-
tion 4), there exists a constantCsm depending only onsm, c andC1 such that

E

[
sup

fm∈Hm:∥fm∥Hm=1

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]
≤ Csm .

7



Proof of Lemma 9.LetHm(δ) := {fm ∈ Hm | ∥fm∥Hm
= 1, ∥fm∥L2(Π) ≤ δ} andz = 21/sm >

1. Defineτ := smrm. Then by combining Propositions 4 and 5 with Assumption 4, we have

E

[
sup

fm∈Hm:∥fm∥Hm=1

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]

≤E

[
sup

fm∈Hm(τ)

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]
+

∞∑
k=1

E

[
sup

fm∈Hm(τzk)\Hm(τzk−1)

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]

≤C ′
sm

τ1−sm c̃smsm√
n

3 r
−sm
m√
n
smrm

∨
C

1−sm
1+sm
1 τ

(1−sm)2

1+sm c̃
2sm

1+sm
sm

n
1

1+sm

3 r
− sm(3−sm)

1+sm
m

n
1

1+sm

smrm

+

∞∑
k=1

C ′
sm

zk(1−sm)τ1−sm c̃smsm√
n

3 r
−sm
m√
n
τzk−1

∨
C

1−sm
1+sm
1 z

k
(1−sm)2

1+sm τ
(1−sm)2

1+sm c̃
2sm

1+sm
sm

n
1

1+sm

3 r
− sm(3−sm)

1+sm
m

n
1

1+sm

τzk−1

≤
C ′
sm

3

(
s−smm c̃smsm ∨ s

−3sm
m C

1−sm
1+sm
1 c̃

2sm
1+sm
sm

)(
1 +

∞∑
k=1

z1−ksm ∨ z1−k
sm(3−sm)

1+sm

)

=
C ′
sms

−3sm
m

3

(
c̃smsm ∨ C

1−sm
1+sm
1 c̃

2sm
1+sm
sm

)(
1 +

z1−sm

1− z−sm
∨ z1−

sm(3−sm)
1+sm

1− z−
sm(3−sm)

1+sm

)

≤ 9C ′
sm

(
c̃smsm ∨ C

1−sm
1+sm
1 c̃

2sm
1+sm
sm

)(
1 +

z1−sm

1− z−sm
∨ z1−

sm(3−sm)
1+sm

1− z−
sm(3−sm)

1+sm

)
,

where we useds−smm ≤ 3 for 0 < sm in the last line. Thus by setting,Csm =

9C ′
sm

(
c̃smsm ∨ C

1−sm
1+sm
1 c̃

2sm
1+sm
sm

)(
1 + z1−sm

1−z−sm ∨
z
1− sm(3−sm)

1+sm

1−z−
sm(3−sm)

1+sm

)
, we obtain the assertion.

This lemma immediately gives the following corollary.

Corollary 10. Under the Spectral Assumption (Assumption 2) and the Embedded Assumption (As-
sumption 4), there exists a constantCsm depending only onsm, c andC1 such that

E

[
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]
≤ Csm .

Proof. By dividing the denominator and the numerator by the RKHS norm∥fm∥Hm , we have

E

[
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]

=E

[
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)|/∥fm∥Hm

U
(m)
n,sm(fm)/∥fm∥Hm

]

=E

[
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)/∥fm∥Hm |
U

(m)
n,sm(fm/∥fm∥Hm)

]

=E

[
sup

fm∈Hm:∥fm∥Hm=1

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]
≤Csm . (∵ Lemma 9)
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Lemma 11. If log(M)√
n
≤ 1, then under the Spectral Assumption (Assumption 2) and the Embedded

Assumption (Assumption 4) there exists a constantC̃∗ depending only on{sm}Mm=1, c,C1 such that

E

[
max
m

sup
fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]
≤ C̃∗.

Proof of Lemma 11.First notice that theL2(Π)-norm and the∞-norm of σifm(xi)

U
(m)
n,sm (fm)

can be evalu-

ated by∥∥∥∥∥ σifm(xi)

U
(m)
n,sm(fm)

∥∥∥∥∥
L2(Π)

=
∥fm∥L2(Π)

U
(m)
n,sm(fm)

≤
∥fm∥L2(Π)√

log(M)
n ∥fm∥L2(Π)

≤
√

n

log(M)
, (S-24)

∥∥∥∥∥ σifm(xi)

U
(m)
n,sm(fm)

∥∥∥∥∥
∞

=
∥fm∥∞

U
(m)
n,sm(fm)

≤
C1∥fm∥1−smL2(Π)∥fm∥

sm
Hm

U
(m)
n,sm(fm)

≤ C1

3

√
n ≤ C1

√
n, (S-25)

where the second line is shown by using the relation (S-11). LetC∗ := maxm Csm whereCsm is
the constant appeared in Lemma 9. Thus Talagrand’s inequality and Corollary 10 imply

P

(
max
m

sup
fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

≥ K

[
C∗ +

√
t

log(M)
+
C1t√
n

])

≤
M∑
m=1

P

(
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

≥ K

[
C∗ +

√
t

log(M)
+
C1t√
n

])

≤
M∑
m=1

P

(
sup

fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

≥ K

[
Csm +

√
t

log(M)
+
C1t√
n

])
≤Me−t.

By settingt← t+ log(M), we obtain

P

(
max
m

sup
fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

≥ K

[
C∗ +

√
t+ log(M)

log(M)
+
C1(t+ log(M))√

n

])
≤ e−t

for all t ≥ 0. Consequently the expectation of themax-sup term can be bounded as

E

[
max
m

sup
fm∈Hm

| 1n
∑n
i=1 σifm(xi)|
U

(m)
n,sm(fm)

]

≤K
[
C∗ + 1 +

C1 log(M)√
n

]
+

∫ ∞

0

K

[
C∗ +

√
t+ 1 + log(M)

log(M)
+
C1(t+ 1 + log(M))√

n

]
e−tdt

≤2K
[
C∗ +

√
2 +

√
π

4 log(M)
+
C1(2 + log(M))√

n

]
≤ C̃∗,

where we used
√
t+ 1 + log(M) ≤

√
t +

√
1 + log(M) and

∫∞
0

√
te−tdt =

√
π
4 , log(M)√

n
≤ 1,

andC̃∗ = 2K[C∗ +
√
2 +

√
π
4 + 3C1].

Lemma 12. Suppose the Basic Assumption (Assumption 1), the Spectral Assumption (Assumption 2)

and the Embedded Assumption (Assumption 4) hold. Defineϕ̄ = KL
[
2C̃∗ + 1 + C1

]
. If log(M)√

n
≤

1, then the following holds

P

(
max
m

sup
fm∈Hm

| 1n
∑n
i=1 ϵifm(xi)|

U
(m)
n,sm(fm)

≥ ϕ̄η(t)

)
≤ e−t.
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Proof of Lemma 12.By the contraction inequality [2, Theorem 4.12] and Lemma 11, we have

E

[
max
m

sup
fm∈Hm

| 1n
∑n
i=1 ϵifm(xi)|

U
(m)
n,sm(fm)

]
≤ 2E

[
max
m

sup
fm∈Hm

| 1n
∑n
i=1 σiϵifm(xi)|
U

(m)
n,sm(fm)

]
≤ 2LC̃∗,

where we usedϵi ≤ L (Basic Assumption). Using this and Eq. (S-24) and Eq. (S-25), Talgrand’s
inequality gives

P

(
max
m

sup
fm∈Hm

| 1n
∑n
i=1 ϵifm(xi)|

U
(m)
n,sm(fm)

≥ KL
[
2C̃∗ +

√
t+

C1t√
n

])
≤ e−t.

Thus we have

P

(
max
m

sup
fm∈Hm

| 1n
∑n
i=1 ϵifm(xi)|

U
(m)
n,sm(fm)

≥ KL
[
2C̃∗ + 1 + C1

]
max

(
1,
√
t,

t√
n

))
≤ e−t.

Therefore by the definition of̄ϕ andη(t), we obtain the assertion.

Lemma 13. Suppose the Basic Assumption (Assumption 1), the Spectral Assumption (Assumption
2) and the Embedded Assumption (Assumption 4) hold. Letϕ̄′ = K[2C1C̃∗ + C1 + C2

1 ]. Then, if
log(M)√

n
≤ 1, we have for allt ≥ 0

∣∣∣∣∥∥∥∑M
m=1 fm

∥∥∥2
n
−
∥∥∥∑M

m=1 fm

∥∥∥2
L2(Π)

∣∣∣∣ ≤ ϕ′√n
(

M∑
m=1

U (m)
n,sm(fm)

)2

η(t),

for all fm ∈ Hm (m = 1, . . . ,M) with probability1− exp(−t).

Proof of Lemma 13.

E

 sup
fm∈Hm

∣∣∣∣∥∥∥∑M
m=1 fm

∥∥∥2
n
−
∥∥∥∑M

m=1 fm

∥∥∥2
L2(Π)

∣∣∣∣(∑M
m=1 U

(m)
n,sm(fm)

)2


≤2E

 sup
fm∈Hm

∣∣∣ 1n∑n
i=1 σi(

∑M
m=1 fm(xi))

2
∣∣∣(∑M

m=1 U
(m)
n,sm(fm)

)2


≤ sup
fm∈Hm

∥∥∥∑M
m=1 fm

∥∥∥
∞∑M

m=1 U
(m)
n,sm(fm)

× 2E

 sup
fm∈Hm

∣∣∣ 1n∑n
i=1 σi(

∑M
m=1 fm(xi))

∣∣∣∑M
m=1 U

(m)
n,sm(fm)

 , (S-26)

where we used the contraction inequality in the last line [2, Theorem 4.12]. Thus using Eq. (S-25),
the RHS of the inequality (S-26) can be bounded as

2C1

√
nE

 sup
fm∈Hm

∣∣∣ 1n∑n
i=1 σi(

∑M
m=1 fm(xi))

∣∣∣∑M
m=1 U

(m)
n,sm(fm)


≤2C1

√
nE

[
sup

fm∈Hm

max
m

∣∣ 1
n

∑n
i=1 σifm(xi)

∣∣
U

(m)
n,sm(fm)

]
,

where we used the relation ∑
m am∑
m bm

≤ max
m

(
am
bm

)
(S-27)
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for all am ≥ 0 andbm ≥ 0 with a convention00 = 0. By Lemma 11, the right hand side is upper
bounded by2C1

√
nC̃∗. Here we again apply Talagrand’s concentration inequality, then we have

P

 sup
fm∈Hm

∣∣∣∣∥∥∥∑M
m=1 fm

∥∥∥2
n
−
∥∥∥∑M

m=1 fm

∥∥∥2
L2(Π)

∣∣∣∣(∑M
m=1 U

(m)
n,sm(fm)

)2 ≥ K
[
2C1C̃∗

√
n+
√
tnC1 + C2

1 t
] ≤ e−t,

where we substituted the following upper bounds ofB andU .

B ≤ sup
fm∈Hm

E


 (

∑M
m=1 fm)2(∑M

m=1 U
(m)
n,sm(fm)

)2


2
≤ sup
fm∈Hm

E

 (
∑M
m=1 fm)2(∑M

m=1 U
(m)
n,sm(fm)

)2 (∥
∑M
m=1 fm∥∞)2(∑M

m=1 U
(m)
n,sm(fm)

)2


(S-25)
≤ sup

fm∈Hm

(∑M
m=1 ∥fm∥L2(Π)

)2
(∑M

m=1 U
(m)
n,sm(fm)

)2 (∑M
m=1 C1

√
nU

(m)
n,sm(fm))2(∑M

m=1 U
(m)
n,sm(fm)

)2
(S-24)
≤ C2

1n
2 1

log(M)
≤ C2

1n
2,

where in the second inequality we used the relation

E[(
M∑
m=1

fm)2] = E[
M∑

m,m′=1

fmfm′ ] ≤
M∑

m,m′=1

∥fm∥L2(Π)∥fm′∥L2(Π) = (
M∑
m=1

∥fm∥L2(Π))
2

and in the third and forth inequality we used Eq. (S-25) and Eq. (S-24) with Eq.(S-27) respectively.
Here we again use Eq. (S-24) with Eq.(S-27) to obtain

U = sup
fm∈Hm

∥∥∥∥∥∥∥
(
∑M
m=1 fm)2(∑M

m=1 U
(m)
n,sm(fm)

)2
∥∥∥∥∥∥∥
∞

≤ C2
1n.

Therefore the above inequality implies the following inequality

sup
fm∈Hm

∣∣∣∣∥∥∥∑M
m=1 fm

∥∥∥2
n
−
∥∥∥∑M

m=1 fm

∥∥∥2
L2(Π)

∣∣∣∣(∑M
m=1 U

(m)
n,sm(fm)

)2 ≤ K
[
2C1C̃s + C1 + C2

1

]√
nmax(1,

√
t, t/
√
n),

with probability1− exp(−t). Remindϕ̄′ = K
[
2C1C̃∗ + C1 + C2

1

]
, then we obtain the assertion.

F Proof of Theorem 3 (minimax learning rate)

Let theδ-packing numberQ(δ,H, L2(Π)) of a function classH be the largest number of functions
{f1, . . . , fQ} ⊆ H such that∥fi − fj∥L2(Π) ≥ δ for all i ̸= j.

Proof of Theorem 3.The proof utilizes the techniques developed by [3, 4] that applied the informa-
tion theoretic technique developed by [7] to the MKL settings. To simplify the notation, we write
F := Hψ(R), N(ε,H) := N(ε,H, L2(Π)) andQ(ε,H) := Q(ε,H, L2(Π)). It can be easily
shown thatQ(2ε,F) ≤ N(2ε,F) ≤ Q(ε,F). Here due to Theorem 15 of [29], Assumption 5
yields

logN(ε, H̃(1)) ∼ ε−2s . (S-28)
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We utilize the following inequality given by Lemma 3 of [3]:

min
f̂

max
f∗∈Hψ(Rp)

E∥f̂ − f∗∥2L2(Π) ≥
δ2n
4

(
1− logN(εn,F) + nε2n/2σ

2 + log 2

logQ(δn,F)

)
.

First we show the assertion for theℓ∞-norm ball: Hψ(R) = Hℓ∞(R) :={
f =

∑M
m=1 fm

∣∣∣ max1≤m≤M ∥fm∥Hm ≤ R
}
. In this situation, there is a constantC that

depends onlys such that

logQ(δ,F) ≥ CM logQ(δ/
√
M, H̃(R)), logN(ε,F) ≤M logN(ε/

√
M, H̃(R)),

(this is shown in Lemma 5 of [4], but we give the proof in Lemma 14 for completeness). Using this
expression, the minimax-learning rate is bounded as

min
f̂

max
f∗∈Hℓp (Rp)

E∥f̂ − f∗∥2L2(Π) ≥
δ2n
4

(
1− M logN(εn/

√
M, H̃(R)) + nε2n/2σ

2 + log 2

CM logQ(δn/
√
M, H̃(R))

)
.

Here we chooseεn andδn to satisfy the following relations:
n

2σ2
ε2n ≤M logN

(
εn/
√
M, H̃(R)

)
, (S-29)

M logN
(
εn/
√
M, H̃(R)

)
≥ log 2, (S-30)

4 logN
(
ϵn/
√
M, H̃(R)

)
≤ C logQ

(
δn/
√
M, H̃(R)

)
. (S-31)

With εn andδn that satisfy the above relations (S-29) and (S-31), we have

min
f̂

max
f∗∈Hℓp (Rp)

E∥f̂ − f∗∥2L2(Π) ≥
δ2n
16
. (S-32)

By Eq. (S-28), the relation (S-29) can be rewritten as

n

2σ2
ε2n ≤ CM

(
εn

R
√
M

)−2s

.

It is sufficient to impose
ε2n ≤ Cn− 1

1+sMR
2s

1+s , (S-33)

with a constantC. Since we have assumed thatn > c̄2M2

R2∥1∥2
ψ∗

(= 1
R2 for ∥ · ∥ψ = ∥ · ∥ℓ∞), the

conditions (S-30) can be satisfied if the constantC in Eq. (S-33) is taken sufficiently small so that
we have

log 2 ≤ logN(εn/
√
M, H̃(R)) ∼

(
εn

R
√
M

)−2s

. (S-34)

The relation (S-31) can be satisfied by takingδn = cεn with an appropriately chosen constantc.
Thus Eq. (S-32) gives

min
f̂

max
f∗∈Hℓp (Rp)

E∥f̂ − f∗∥2L2(Π) ≥ Cn
− 1

1+sMR
2s

1+s , (S-35)

with a constantC. This gives the assertion forp =∞.

Finally we show the assertion for general isotropicψ-norm ∥ · ∥ψ. To show that, we prove that

Hℓ∞(R∥1∥ψ∗/(c̄M)) ⊂ Hψ(R). This is true ifR∥1∥ψ∗

c̄M 1 ∈ Hψ(R) because of the second condition

of the definition (11) of isotropic property. By the isotropic property, theψ-norm of R∥1∥ψ∗

c̄M 1 is
bounded as ∥∥∥∥R∥1∥ψ∗

c̄M
1

∥∥∥∥
ψ

=
R∥1∥ψ∗

c̄M
∥1∥ψ

isotropic
≤ R

c̄M
c̄M = R.

Thus we haveR∥1∥ψ∗

c̄M 1 ∈ Hψ(R) and thusHℓ∞(R∥1∥ψ∗/(c̄M)) ⊂ Hψ(R). Therefore we have

min
f̂

max
f∗∈Hψ(R)

E∥f̂ − f∗∥2L2(Π) ≥ min
f̂

max
f∗∈Hℓ∞ (R∥1∥ψ∗/(c̄M))

E∥f̂ − f∗∥2L2(Π)

12



≥ Cn− 1
1+sM

(
R∥1∥ψ∗

c̄M

) 2s
1+s

, (∵ Eq. (S-35)).

Note that due to the conditionn > c̄2M2

R2∥1∥2
ψ∗

, Eq. (S-35) is still valid under the condition thatR∥1∥ψ∗

c̄M

is substituted intoR in Eq. (S-35) (more precisely, Eq. (S-34) is valid). ResettingC ← Cc̄−
2s

1+s , we
obtain the assertion.

Lemma 14. There is a constantC such that

logQ(δ,Hℓ∞(R)) ≥ CM logQ(δ/
√
M, H̃(R)),

for sufficiently smallδ.

Proof. The proof is analogous to that of Lemma 5 in [4]. We describe the outline of the proof. Let
N = Q(

√
2δ/
√
M, H̃(R)) and{f1m, . . . , fNm } be a

√
2δ/
√
M -packing ofHm(R). Then we can

construct a function classΥ as

Υ =

{
fj =

M∑
m=1

f jmm | j = (j1, . . . , jM ) ∈ {1, . . . , N}M
}
.

We denote by[N ] := {1, . . . , N}. For two functionsfj , fj
′ ∈ Υ, we have by the construction

∥fj − fj
′
∥2L2(Π) =

M∑
m=1

∥f jmm − f
j′m
m ∥2L2(Π) ≥

2δ2

M

M∑
m=1

1[jm ̸= j′m].

Thus, it suffices to construct a sufficiently large subsetA ⊂ [N ]M such that all different pairs
j, j′ ∈ A have at leastM/2 of Hamming distancedH(j, j′) :=

∑M
m=1 1[jm ̸= j′m].

Now we definedH(A, j) := minj′∈A dH(j′, j). If |A| satisfies∣∣∣∣{j ∈ [N ]M
∣∣∣ dH(A, j) ≤ M

2

}∣∣∣∣ < |[N ]M | = NM , (S-36)

then there exists a memberj′ ∈ [N ]M such thatj′ is more thanM2 away fromA with respect todH ,
i.e. dH(A, j′) > M

2 . That is, we can addj′ toA as long as Eq. (S-36) holds. Now since∣∣∣∣{j ∈ [N ]M
∣∣∣ dH(A, j) ≤ M

2

}∣∣∣∣ ≤ |A|( M

M/2

)
NM/2, (S-37)

Eq. (S-36) holds as long asA satisfies

|A| ≤ 1

2

NM(
M
M/2

)
NM/2

=: Q∗.

The logarithm ofQ∗ can be evaluated as follows

logQ∗ = log

(
1

2

NM(
M
M/2

)
NM/2

)
=M logN − log 2− log

(
M

M/2

)
− M

2
logN

≥ M

2
logN − log 2− log 2M ≥ M

2
log

N

16
.

There exists a constantC such thatN = Q(
√
2δ/
√
M, H̃(R)) ≥ CQ(δ/

√
M, H̃(R)) because

logQ(δ, H̃(R)) ∼
(
δ
R

)−2s
. Thus we obtain the assertion for sufficiently largeN .
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G Proof of Technical Lemmas

G.1 Proof of Lemma 2

Remind that Eq. (6) gives

∥f̂ − f∗∥2L2(Π)

= Op

(
min

{rm}Mm=1:
rm>0

{
α2
1 + β2

1 +

[(
α2

α1

)2

+

(
β2
β1

)2
]
∥f∗∥2ψ +

M log(M)

n

})
. (S-38)

We derive an upper bound of the right hand side by adding a constraintrm = r (∀m). Since
sm = s (∀m), under the constraintrm = r (∀m) we have

α2

α1
=

3
sr1−s√

n
∥1∥ψ∗

3

√
M

r−2s

n

=
1√
M
sr ∥1∥ψ∗ ,

β2
β1

=
3
sr

(1−s)2
1+s

n
1

1+s
∥1∥ψ∗

3

√
M

r
− 2s(3−s)

1+s

n
2

1+s

=
1√
M
sr ∥1∥ψ∗ ,

Thusα2

α1
= β2

β1
, and Eq. (S-38) becomes

∥f̂ − f∗∥2L2(Π) = Op

(
min
r>0,
rm=r

{
α2
1 + β2

1 + 2
1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ +

M log(M)

n

})
. (S-39)

By the definition, we see that the first two terms are monotonically decreasing function with respect
to r and the third term is monotonically increasing function. The minimum of the right hand side
is attained by balancingα2

1 + β2
1 and2 1

M s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ. Sinceα2
1 + β2

1 ≤ 2max
(
α2
1, β

2
1

)
,

Eq. (S-39) indicates that

∥f̂ − f∗∥2L2(Π) ≤ Op

(
min
r>0,
rm=r

{
2max

(
α2
1, β

2
1

)
+ 2

1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ +

M log(M)

n

})
.

(S-40)

To balance the first term and the second term, we need to consider two situations:α2
1 =

1
M s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ or β2

1 = 1
M s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ.

First we balance the termsα2
1 and 1

M s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ under the restriction thatrm = r (∀m):

α2
1 =

1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ

⇔ 9M
r−2s

n
=

1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ

⇔ r−1 = (s/3)
1

1+sM− 1
1+s n

1
2(1+s) (∥1∥ψ∗∥f∗∥ψ)

1
1+s .

For thisr, we obtain

α2
1 = 9M

r−2s

n

=9
1

1+s s
2s

1+sM1− 2s
1+s n−

1
1+s (∥1∥ψ∗∥f∗∥ψ)

2s
1+s ≤ 9M1− 2s

1+s n−
1

1+s (∥1∥ψ∗∥f∗∥ψ)
2s

1+s ,

where we useds
2s

1+s ≤ 1 and9
1

1+s ≤ 9 in the last inequality.

Next we balance the termsβ2
1 and 1

M s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ under the restriction thatrm = r (∀m):

β2
1 =

1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ

14



⇔ 9M
r−

2s(3−s)
1+s

n
2

1+s

=
1

M
s2r2 ∥1∥2ψ∗ ∥f∗∥2ψ

⇔ r−1 = (s/3)
1+s

1+4s−s2M
− 1+s

1+4s−s2 n
1

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
1+s

1+4s−s2 .

For thisr, we obtain

β2
1 = 9M

r−
2s(3−s)

1+s

n
2

1+s

=9
1+s

1+4s−s2 s
2s(3−s)
1+4s−s2M

− 1−2s+s2

1+4s−s2 n
− 2

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
2s(3−s)
1+4s−s2

≤9M
1−2s+s2

1+4s−s2 n
− 2

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
2s(3−s)
1+4s−s2 ,

where we useds
2s(3−s)
1+4s−s2 ≤ 1 and9

1+s

1+4s−s2 ≤ 9 in the last inequality.

Therefore the right hand side of Eq. (S-40) is further bounded as

∥f̂ − f∗∥2L2(Π)

≤ Op

(
4max

{
9M1− 2s

1+s n−
1

1+s (∥1∥ψ∗∥f∗∥ψ)
2s

1+s ,

9M
1−2s+s2

1+4s−s2 n
− 2

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
2s(3−s)
1+4s−s2

}
+
M log(M)

n

)

= Op

(
M1− 2s

1+s n−
1

1+s (∥1∥ψ∗∥f∗∥ψ)
2s

1+s+

M
(1−s)2

1+4s−s2 n
− 2

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
2s(3−s)
1+4s−s2 +

M log(M)

n

)
.

Finally, if n ≥ (∥1∥ψ∗∥f∗∥ψ/M)
4s

1−s , the first term of the right hand side of this bound is not less
than the second term:

M1− 2s
1+s n−

1
1+s (∥1∥ψ∗∥f∗∥ψ)

2s
1+s ≥M

(1−s)2

1+4s−s2 n
− 2

1+4s−s2 (∥1∥ψ∗∥f∗∥ψ)
2s(3−s)
1+4s−s2 .

Thus we obtain the assertion.
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