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Abstract

We prove a new oracle inequality for support vector machines with Gaussian RBF
kernels solving the regularized least squares regression problem. To this end, we
apply the modulus of smoothness. With the help of the new oracle inequality we
then derive learning rates that can also be achieved by a simple data-dependent
parameter selection method. Finally, it turns out that our learning rates are asymp-
totically optimal for regression functions satisfying certain standard smoothness
conditions.

1 Introduction

On the basis of i.i.d. observations D := ((21,¥1) ,- - ., (Zn, yn)) of input/output observations drawn
from an unknown distribution P on X x Y, where Y C R, the goal of non-parametric least squares
regression is to find a function fp : X — R such that, for the least squares loss L : Y x R — [0, 00)

defined by L (y,t) = (y — t), the risk
Rup (fp) = / Ly, fp () dP (,y) = / (v~ fp (2))2dP (z,)
XxY X

XY
is small. This means Rz, p (fp) has to be close to the optimal risk
Rip:=inf{Rrp (f) | f: X — R measureable} ,
called the Bayes risk with respect to P and L. It is well known that the function f7 p : X — R

defined by f7 p (z) = Ep (Y|z), » € X, is the only function for which the Bayes risk is attained.
Furthermore, some simple transformations show

* * 2 * 2
Rip(5)=Rip = [ |F=fiel Px =7 = fiol o0, 1)
where P x is the marginal distribution of P on X.

In this paper, we assume that X C R? is a non-empty, open and bounded set such that its boundary
0X has Lebesgue measure 0, Y := [—M, M] for some M > 0 and P is a probability measure on
X xY such that P x is the uniform distribution on X . In Section 2 we also discuss that this condition
can easily be generalized by assuming that P x on X is absolutely continuous with respect to the
Lebesgue measure on X such that the corresponding density of Px is bounded away from 0 and co.
Recall that because of the first assumption, it suffices to restrict considerations to decision functions

f: X — [ M, M]. To be more precise, if, we denote the clipped value of some ¢ € R by t, that is

—M ift<—M
t:={t ift € [—M, M]
M ift>M,



then it is easy to check that

RL,P(f) <Rrp(f),
forall f: X — R.

The non-parametric least squares problem can be solved in many ways. Several of them are e.g. de-
scribed in [1]. In this paper, we use SVMs to find a solution for the non-parametric least squares
problem by solving the regularized problem

fp\ = arg ?éi?;A Hf”?{ +Rep(f) - 2)

Here, A > 0 is a fixed real number, H is a reproducing kernel Hilbert space (RKHS) over X, and
Rrp (f) is the empirical risk of f, that is

Rep (f) = %ZL(yzaf(xz)) .
i—1

In this work we restrict our considerations to Gaussian RBF kernels k., on X, which are defined by

2

z—x

k. (z,2") = exp <—|2”2> , z,2' € X,
Y

for some width y € (0, 1]. Our goal is to deduce asymptotically optimal learning rates for the SVMs
(2) using the RKHS H,, of k.. To this end, we first establish a general oracle inequality. Based on
this oracle inequality, we then derive learning rates if the regression function is contained in some
Besov space. It will turn out, that these learning rates are asymptotically optimal. Finally, we show
that these rates can be achieved by a simple data-dependent parameter selection method based on a
hold-out set.

The rest of this paper is organized as follows: The next section presents the main theorems and as a
consequence of these theorems some corollaries inducing asymptotically optimal learning rates for
regression functions contained in Sobolev or Besov spaces. Section 3 states some, for the proof of
the main statement necessary, lemmata and a version of [2, Theorem 7.23] applied to our special
case as well as the proof of the main theorem. Some further proofs and additional technical results
can be found in the appendix.

2 Results

In this section we present our main results including the optimal rates for LS-SVMs using Gaussian
kernels. To this end, we first need to introduce some function spaces, which are later assumed to
contain the regression function.

Let us begin by recalling from, e.g. [3, p. 44], [4, p. 398], and [5, p. 360], the modulus of smooth-
ness:

Definition 1. Let Q C R with non-empty interior, v be an arbitrary measure on Q, and f :  — R¢
be a function with f € L, (v) for some p € (0,00). Forr € N, the r-th modulus of smoothness of
f is defined by

wT,Lp(l/) (fa t) = Ssup ||A;z (fv : )”Lp(y) ) t> 0 y
IR, <t

where || - ||, denotes the Euclidean norm and the r-th difference A}, (f, ) is defined by

r Y O ()T f(xgh) ifx € Qo
S {0 Y i ¢ Q)

forh = (h1,...,hq) € R*withh; > 0and Q,j, == {r € Q: 2+ sh € QVs € [0,7]}.

It is well-known that the modulus of smoothness with respect to Ly, () is a nondecreasing function
of ¢ and for the Lebesgue measure on () it satisfies

A\
Wr L, () (fv t) < (1 + S) Wi L, () (f» S) ’ 3)



forall f € L, (©2) and all s > 0, see e.g. [6, (2.1)]. Moreover, the modulus of smoothness can be
used to define the scale of Besov spaces. Namely, for 1 < p,q < 0o, @ > 0, r := |a] 4+ 1, and an
arbitrary measure v, the Besov space By, (v) is

By, ) i={f €Ly () : flpg ) <}

where, for 1 < ¢ < oo, the seminorm |- | go ) is defined by

1
L o —a q dt a
‘f|Bqu(y) = (/0 (t wr,Lp(V) (fa t)) 7 )

and, for ¢ = oo, it is defined by
o :=sup (t"%wpr. o) (1)) .
‘f|Bp (v) t>g ( Lp(v) (f ))

In both cases the norm of Bj (v) can be defined by ||f|[ga () == IIfll1, ) + [fl5a ), see
e.g. [3, pp. 54/55] and [4, p. 398]. Finally, for ¢ = oo, we often write By ., (v) = Lip* (o, Ly, (v))
and call Lip* («, L, (v)) the generalized Lipschitz space of order «.. In addition, it is well-known,

see e.g. [7, p. 25 and p. 44], that the Sobolev spaces W' (R9) fall into the scale of Besov spaces,
namely

a(md a d
Wy (RY) € By 4 (R) @)
fora € N, p € (1,00), and max{p, 2} < g < oo and especially W§'(R?) = BQQ(Rd).

For our results we need to extend functions f : @ — R to functions f : R® — R such that the

smoothness properties of f described by some Sobolev or Besov space are preserved by f . Recall
that Stein’s Extension Theorem guarantees the existence of such an extension, whenever {2 is a
bounded Lipschitz domain. To be more precise, in this case there exists a linear operator € mapping
functions f : € — R to functions ¢f : R? — R with the properties:

(@ €(f )IQ = f, that is, & is an extension operator.

(b) € continuously maps W (Q) into W, (R?) for all p € [1,00] and all integer m > 0.
That is, there exist constants a,, , > 0, such that, for every f € W];” (Q), we have

1€ f lwm may < amp | Fllwmq) - ®)

(c) € continuously maps Bg, () into BS,, (R?) forall p € (1,00), ¢ € (0,00] and all a > 0.
That is, there exist constants a,, , 4 > 0, such that, for every f € BY (€2), we have

HQEfHBg,q(Rd) < Gapg ||f||33’q(9) :

For detailed conditions on €) ensuring the existence of &, we refer to [8, p. 181] and [9, p. 83].
Property (c) follows by some interpolation argument since By, can be interpreted as interpolation
space of the Sobolev spaces W0 and W™ for ¢ € [1, 0], p € (1,00),0 € (0,1) and mg, m; € No
with mg # m1 and @ = mg(1 — 0) + m4 6, see [10, pp. 65/66] for more details. In the following,
we always assume that we do have such an extension operator €. Moreover, if 4 is the Lebesgue
measure on €2, such that 92 has Lebesgue measure 0, the canonical extension of z to R? is given
by fi(A) = p(A N Q) for all measurable A C RY. However, in a slight abuse of notation, we
often write 1 instead of i, since this simplifies the presentation. Analogously, we proceed for the
uniform distribution on €2 and its canonical extension to R? and the same convention will be applied
to measures P x on (2 that are absolutely continuous w.r.t. the Lebesgue measure.

Finally, in order to state our main results, we denote the closed unit ball of the d-dimensional Eu-
clidean space by Bzg-
Theorem 1. Let X C Beg be a domain such that we have an extension operator € in the above

sense. Furthermore, let M > 0, Y := [-M, M|, and P be a distribution on X x Y such that
Px is the uniform distribution on X. Assume that we have fixed a version [} p of the regression



Junction such that f} p (v) = Ep (Y|x) € [-M, M] for all z € X. Assume that, for « > 1 and
r:= |a| + 1, there exists a constant ¢ > 0 such that, for all t € (0,1], we have

Wy Ly (re) (Effp,t) < ct®. (6)

Then, for alle > 0 and p € (0, 1) there exists a constant K > 0 such that for alln > 1, 7 > 1, and
A > 0, the SVM using the RKHS H., satisfies

4~ (=p)(te)d g
- _|_ R

2 n * —d 2_ 2«
Mol + Rep(for) —Rip S KX+ K™ + K o -

T

with probability P™ not less than 1 — e~ 7.

With this oracle inequality we can derive learning rates for the learning method (2).

Corollary 1. Under the assumptions of Theorem I and fore > 0, p € (0,1), and 7 > 1 fixed, we
have, for all n > 1,

An HfD)\n”?{M + RL,p(fD)\n) — RZP <Cn~ 2a+2ap+dp2+a(1—p><1+s>d

with probability P™ not less than 1 — e~ 7 and with

_ 2a+4d
)\n = cyn 2efZaptdptA-p)+e)d |

1
Yo = 62n7 2a+2apt+dp+(1-p)(1+e)d |
Here, ¢c; > 0 and cy > 0 are user-specified constants and C > 0 is a constant independent of n.

Note that for every p > 0 we can find €, p € (0, 1) sufficiently close to 0 such that the learning rate
in Corollary 1 is at least as fast as

2
n- 2aid +p .

To achieve these rates, however, we need to set A\, and -y, as in Corollary 1, which in turn requires
us to know a. Since in practice we usually do not know this value, we now show that a standard
training/validation approach, see e.g. [2, Chapters 6.5, 7.4, 8.2], achieves the same rates adaptively,
i.e. without knowing «. To this end, let A := (A,,) and T := (T',,) be sequences of finite subsets
A, Ty, C (0,1). Foradataset D := ((z1,¥1),-- -, (@n, Yn)), we define

D, = ((Ila yl) Yo (xvm ym))
D2 = ((xm-‘rla ym—i-l) PR (l’n, yn))

where m := L%J + land n > 4. We will use D; as a training set by computing the SVM decision
functions

fouan i=arg min Al +Rep, (), (A7) € A x Ty
and use D5 to determine (), ) by choosing a (Ap,,Vp,) € A, x T, such that
RL7D2 (th)\Dz"YDQ) = ()x,’y)rélli\gxr‘" RL7D2 (th)\-,'Y) .

Theorem 2. Under the assumptions of Theorem I we fix sequences A := (A,) and T := (T',,)
of finite subsets Ay, Ty, C (0,1] such that A,, is an €,-net of (0,1] and Ty, is an 0,,-net of (0,1]
with €, < n~' and §,, < n~ T, Furthermore, assume that the cardinalities |A,,| and |T,| grow
polynomially in n. Then, for all p > 0, the TV-SVM producing the decision functions fp,
learns with the rate

»ADy YDy

n-ziate (7)
with probability P™ not less than 1 — e~ 7.

What is left to do is to relate Assumption (6) with the function spaces introduced earlier, such
that we can show that the learning rates deduced earlier are asymptotically optimal under some
circumstances.



Corollary 2. Let X C ng be a domain such that we have an extension operator € of the form
described in front of Theorem 1. Furthermore, let M > 0, Y := [-M, M|, and P be a distribution
on X XY such that Px is the uniform distribution on X. If, for some o« € N, we have fz,P €
W (Px), then, for all p > 0, both the SVM considered in Corollary 1 and the TV-SVM considered
in Theorem 2 learn with the rate

2
n" ZatatP

with probability P™ not less than 1 — e~7. Moreover, if a > d/2, then this rate is asymptotically
optimal in a minmax sense.

Similar to Corollary 2 we can show assumption (6) and asymptotically optimal learning rates if the
regression function is contained in a Besov space.

Corollary 3. Let X C ng be a domain such that we have an extension operator € of the form
described in front of Theorem 1. Furthermore, let M > 0, Y := [—M, M], and P be a distribution
on X XY such that Px is the uniform distribution on X. If, for some o > 1, we have [} p €

By oo (Px), then, for all p > 0, both the SVM considered in Corollary 1 and the TV-SVM considered
in Theorem 2 learn with the rate

n-Tagate
with probability P™ not less than 1 — e~ 7.

Since for the entropy numbers ¢;(id : BS  (Px) — L2(Px)) ~ i~ holds (cf. [7, p. 151])
and since BY . (Px) = BS . (X) is continuously embedded into the space £, (X) of all bounded

functions on X, we obtain by [11, Theorem 2.2] that n_% is the optimal learning rate in a
minimax sense for « > d (cf. [12, Theorem 13]). Therefore, for a > d, the learning rates obtained
in Corollary 3 are asymptotically optimal.

So far, we always assumed that P x is the uniform distribution on X. This can be generalized by as-
suming that P x is absolutely continuous w.r.t. the Lebesgue measure g such that the corresponding
density is bounded away from zero and from infinity. Then we have Lo(Px) = Lo(u) with equiva-
lent norms and the results for i hold for P x as well. Moreover, to derive learning rates, we actually
only need that the Lebesgue density of P x is upper bounded. The assumption that the density is
bounded away from zero is only needed to derive the lower bounds in Corollaries 2 and 3.

Furthermore, we assumed v € (0, 1] in Theorem 1, and hence in Corollary 1 and Theorem 2 as
well. Note that v does not need to be restricted by one. Instead + only needs to be bounded from
above by some constant such that estimates on the entropy numbers for Gaussian kernels as used in
the proofs can be applied. For the sake of simplicity we have chosen one as upper bound, another
upper bound would only have influence on the constants.

There have already been made several investigations on learning rates for SVMs using the least
squares loss, see e.g. [13, 14, 15, 16, 17] and the references therein. In particular, optimal rates
have been established in [16], if f5 € H, and the eigenvalue behavior of the integral operator
associated to H is known. Moreover, if f;, ¢ H [17] and [12] establish both learning rates of
the form n~?/(*+P) where 3 is a parameter describing the approximation properties of H and
p is a parameter describing the eigenvalue decay. Furthermore, in the introduction of [17] it is
mentioned that the assumption on the eigenvalues and eigenfunctions also hold for Gaussian kernels
with fixed width, but this case as well as the more interesting case of Gaussian kernels with variable
widths are not further investigated. In the first case, where Gaussian kernels with fixed width are
considered, the approximation error behaves very badly as shown in [18] and fast rates cannot be
expected as we discuss below. In the second case, where variable widths are considered as in our
paper, it is crucial to carefully control the influence of «y on all arising constants which unfortunately
has not been worked out in [17], either. In [17] and [12], however, additional assumptions on the
interplay between H and Lo(Px) are required, and [17] actually considers a different exponent
in the regularization term of (2). On the other hand, [12] shows that the rate n~B/(B+P) s often
asymptotically optimal in a minmax sense. In particular, the latter is the case for H = Wi (X),
f e W3(X), and s € (d/2,m], that is, when using a Sobolev space as the underlying RKHS H,



then all target functions contained in a Sobolev of lower smoothness s > d/2 can be learned with the

asymptotically optimal rate n~ 7+ Here we note that the condition s > d /2 ensures by Sobolev’s
embedding theorem that W5 (X) consists of bounded functions, and hence Y = [— M, M| does not
impose an additional assumption on f} p. If s € (0,d/2], then the results of [12] still yield the
above mentioned rates, but we no longer know whether they are optimal in a minmax sense, since
Y = [~ M, M] does impose an additional assumption. In addition, note that for Sobolev spaces this
result, modulo an extra log factor, has already been proved by [1]. This result suggests that by using
a C'°°-kernel such as the Gaussian RBF kernel, one could actually learn the entire scale of Sobolev
spaces with the above mentioned rates. Unfortunately, however, there are good reasons to believe
that this is not the case. Indeed, [18] shows that for many analytic kernels the approximation error
can only have polynomial decay if f} , is analytic, too. In particular, for Gaussian kernels with
fixed width v and f} p & C° the approximation error does not decay polynomially fast, see [18,
Proposition 1.1.], and if f; , € WJ*(X), then, in general, the approximation error function only
has a logarithmic decay. Since it seems rather unlikely that these poor approximation properties can
be balanced by superior bounds on the estimation error, the above-mentioned results indicate that
Gaussian kernels with fixed width may have a poor performance. This conjecture is backed-up by
many empirical experience gained throughout the last decade. Beginning with [19], research has thus
focused on the learning performance of SVMs with varying widths. The result that is probably the
closest to ours is [20]. Although these authors actually consider binary classification using convex
loss functions including the least squares loss, formulated it is relatively straightforward to translate
their finding to our least squares regression scenario. The result is the learning rate n” TR, again
under the assumption f7 p € W3"(X) for some m > 0. Furthermore, [21] treats the case, where X

is isometrically embedded into a t-dimensional, connected and compact C'*°-submanifold of R¢. In
this case, it turns out that the resulting learning rate does not depend on the dimension d, but on the
intrinsic dimension ¢ of the data. Namely the authors show the rate n~ %+% modulo a logarithmic
factor, where s € (0, 1] and Iip € Lip (s). Another direction of research that can be applied to
Gaussian kernels with varying widths are multi-kernel regularization schemes, see [22, 23, 24] for

some results in this direction. For example, [22] establishes learning rates of the form n_#ﬁdd)”
whenever f; p € W3 (X) for some m € (d/2,d/2 + 2), where again p > 0 can be chosen to be
arbitrarily close to 0. Clearly, all these results provide rates that are far from being optimal, so that
it seems fair to say that our results represent a significant advance. Furthermore, we can conclude
that, in terms of asymptotical minmax rates, multi-kernel approaches applied Gaussian RBFs cannot
provide any significant improvement over a simple training/validation approach for determining the
kernel width and the regularization parameter, since the latter already leads to rates that are optimal
modulo an arbitrarily small p in the exponent.

3 Proof of the main result

To prove Theorem 1 we deduce an oracle inequality for the least squares loss by specializing [2,
Theorem 7.23] (cf. Theorem 3). To be finally able to show Theorem 1 originating from Theorem 3,
we have to estimate the approximation error.

Lemma 1. Let X C R? be a domain such that we have an extension operator € of the form de-
scribed in front of Theorem 1, P x be the uniform distribution on X and f € Lo, (X). Furthermore,

let f be defined by

- _d
f(z) = (ym) *e&f () ®)
forall x € R and, forr € Nand v > 0, K : R? — R be defined by

ko=% ()04 (&) K () ©

with



Then, forr € N, v > 0, and q € [1,00), we have €f € Lq(ﬁx) and

q

Jrexi =1

q
L,(Px) < Craq wr,Lq(]Rd) (@f, 7/2) s

where C.. 4 is a constant only depending on r, q and j1(X).

In order to use the conclusion of Lemma 1 in the proof of Theorem 1 it is necessary to know some

properties of K * f. Therefore, we need the next two lemmata.
Lemma 2. Let g € Lo (Rd), H., be the RKHS of the Gaussian RBF kernel k., over X C R? and

=500 () e ()

Jj=1

for x € R% and a fixed r € N. Then we have
Kxge Hy,
1K s+ gllg, <@ =D gl @) -

Lemma 3. Letrg € L, (Rd), H., be the RKHS of the Gaussian RBF kernel k., over X C R? and
K be as in Lemma 2. Then

(SEY

K g (2)] < (v/7)

holds for all x € X. Additionally, we assume that X is a domain in R? such that we have an
extension operator € of the form described in front of Theorem 1, Y := [—M, M| and, for all z €

2" =Dllglz_ ®e

RY, f(z) == (7\/%)7% ¢ (fz,P (2)), where [}  denotes a version of the conditional expectation
such that f} o (v) = Ep (Y|x) € [-M, M] for all x € X. Then we have feLla (R?) and
K+ F ()] < a0, (27— 1) M
forall x € X, which implies
Ly, K = f (z)) < 47a>M?
Sor the least squares loss L and all (xz,y) € X x Y.

Next, we modify [2, Theorem 7.23], so that the proof of Theorem 1 can be build upon it.

Theorem 3. Let X C By, Y := [-M,M] C R be a closed subset with M > 0 and P be a

distribution on X x Y. Furthermore, let L : Y x R — [0,00) be the least squares loss, k., be
the Gaussian RBF kernel over X with width v € (0,1] and H. be the associated RKHS. Fix an
fo € H, and a constant By > 4M? such that |L o fo|., < Bo. Then, for all fixed 7 > 1, A\ > 0,
e>0andp € (0,1), the SVM using H-, and L satisfies

Mfoally, +Rere (for) ~Rip

—p)(1+e)d . (3456M2 + 15B,) (In(3) + 1)1
AP n

_(1
<9 (Mfolls, +Rep (fo) = Rip) +Cep”

with probability P" not less than 1 — ™7, where C. , is a constant only depending on €, p and M.

With the previous results we are finally able to prove the oracle inequality declared by Theorem 1.

Proof of Theorem 1. First of all, we want to apply Theorem 3 for fy := K « f with

o :ZC) (_1)1-]% (%f%)ge){p (_2j|;;|2'§>

j=1




and

F2) = (W) "2 €fip (@)

for all z € R%. The choice f} p () € [-M, M] forall z € X implies fip € L2 (X) and the latter
together with X C Bég and (5) yields

vl

||f||L2(Rd) = (Vﬁ)_
< (wWhn)

2
< (W) aO,QMa (10

ie. f € Ly (]Rd). Because of this and Lemma 2

1€/Z.pllLae

vl

ao,szZ,pllem

(NN

fo=KxfecH,
is satisfied and with Lemma 3 we have

ILo ol = s LGy fo@)l= sup |L(y K+ f(@))| <47a*M? = By
(z,y)EX XY (z,y)EX XY

Furthermore, (1) and Lemma 1 yield
Rep (fo) = Rip =Rup (K f) = Rip

2

)

:HK*f:*sz‘

LQ(PX)
«

< Cr,2 WE’IQ(Rd) (efL,P7 5)

S Cr,2 62’72a )

where we used the assumption

«
Wr, Ly (RY) (efL,FM 5) <cy”

fory € (0,1, @ > 1,7 = |« + 1 and a constant ¢ > 0 in the last step. By Lemma 2 and (10) we
know

d
2
ao’gM .
7\/77)

Therefore, Theorem 3 and the above choice of fj yield, for all fixed 7 > 1, A > 0, e > 0 and
p € (0, 1), that the SVM using H., and L satisfies

follrr, = 1K * fllar, < 27 = D) [ fllzome) < (27 = 1) (

Mfoally, +Rep (fon) ~Rip

d
2
<9 xr—1 2( 4 2 M2 C 2, 2«
< ( ( ) <’yﬁ) a072 + 7",28 ’Y
7 (PEd (3456415 47a%) M2 (In(3) + 1)7

APny n
y~(1=p)(+e)d N Cot

APn n

+Cep

<O+ 9C,. O,

with probability P™ not less than 1 — ¢~™ and with constants C; := 9 (2" — 1)? 2d7r*%a372M2,
Cy := (In(3) + 1) (3456 + 15 - 4"a?) M?, a := max {ag 00, 1}, C; := Ci.2 only depending on r
and £4(X) and C. , as in Theorem 3. O
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4 Appendix

To prove Lemma 1, where we estimated the approximation error, we need the convention 0° := 1
as well as the notation [s] for s € R, which denotes the smallest integer greater or equal s.

Proof of Lemma 1. First of all, we show €f € Lq(f) x ). Because of the assumption f € Lo (X),
we have f € Ly (X) and €f € L, (RY) forall 1 < ¢ < oo. In addition,

11,00 = ([, 6F @ dPx (o ) ([ r@rac @) <ifl. <o

holds, i.e. f € Ly(Px)and €f € Lq(PX) forall ¢ € [1,00). It remains to show

HK ) < Cr,q WZ,LQ(]Rd) (€f7 7/2) :

To this end, we use the translation invariance of the Lebesgue measure and K, (u) = K, (—u)
(u € R%) to obtain, for z € X,

Fla)= /Z () (737?) K (e —t) f(0)dt
5 ()5 () Lo (5 s

L) ma

With this we can derive, for ¢ > 1,

ol
<
—
VY
. 03
N—
—~
—
<.
~
—
8
+
<
>
~
N————
IS
>

HK*

Ly(Px)

/’K* )~ f @) dPx (2)

—/W/m s
LG (
:/Rd ( ) Ko (h y (7") D21 ¢ f (2 + jh) dhqdf)X(x)

Jj=

:/Rd /R (1) <;T) K (h) 0 (€f.2) dh

Next, Holder’s inequality yields, for ¢ > 1,

q

T (T ) wﬂh)) dh — €f (z)| dPx (2)
Jj=1 J

<’I‘ 27"-&-1 J ef( +jh)> — @f (,I‘)) dh dﬁX (I)

=N

dPx (z) .

q

Lq(PX)

< 2V i man) ([ () ks g eroran) ) by o
ra\ \ Jra \ 27 vz Re \ VT V2

peosos

)
-
-



(5

b
2
2r

) Ko (h)|A (€f,2)|? dhdPx (z)

&

™
d
2

s\<

.
LG
ne

<[ (M) Ko (!, o (&Fhl) dh (n

Moreover, for ¢ = 1, we have

|57 =1, 0,
:/Rd /Rd (—1)"+ (vfw) K5 (h) A, (€f.2) dh

</ (fﬁ) K () [ 187 (€f.) aPx (o) b

d
2 2
= /Rd (’)/271') K% (h) wr,Ll(ISX) (va ”hHQ) dh

Consequently, (11) holds for all ¢ > 1. Furthermore, we have

W oy (€f) = sup /‘Z() ) ](‘Ef(x+jh)‘ P (z)

IIth<t

= |h|2<t/‘z<) e +jh)‘qd“(x)
=pn(X)w ay (€f,1)
<p(x)™! (Hi) ' Wy o (€52)

for t > 0, where we used (3) Together with (11) this implies
2\ 2|jh
_“ RalidiP} q J
= /Rd <727T) Ko (h) p(X)™ <1+ S > W (wa) (Qif, 2) dh

o 2 \? 2|
= p(X)™! Wy L, () (ef,§)/Rd (fy%r) Ko (h) <1+ - 2) dh . (12)

Because (»ﬂr) K 2% (-) is the density of a probability measure on R%,

(122" 122 () ()

and Holder’s inequality yield

g rq
[(2) w20
Re \V°T V2 Y

[rq]

<> ("¢ ) [ (fﬂ)Kf (h) dn
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/ A (€f,2)|" dPx (x) dh
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Ly(Px)
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S (L () awa)

Because, for s > 0 and an integer ¢ > 0, the function s — s is convex, we have for every integer
7 > 0 the transformation

d ' d 4 ' d 4 d
2 i—1 2
DM =d (2 ght | <Ay (k) =dTt Y
j=1 j=1 Jj=1 J=1
Note that d 'z is just the embedding constant of ¢4, in ¢4. This embedding constant leads to
d
2 2
/ 0l ()" K, ) dn
2 ||h||2
h dh
[ mi ( QW) (
d

J:la
/?
]
%\,‘v
~_
IS
—~
>
-
>
Y
S~—

[e%s) 2
=2d" <2> / % exp (—%) dt . (14)
0 Y

With the substitution t = (%u) 2, the functional equation I'(¢ 4 1) = ¢I'(¢) of the Gamma function
Iand T () = /7 we have

[een(-2)a=l (j)i/omw exp () du
(23
() G)ILe-3)
SEEe)

Together, (14) and (15) lead to

., ,
. 5 A2\ ¢
i (2 ke man<da (L
2 2
R v vz 2

and with (13) we obtain
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f( ﬂ)(zd)ﬂi(g’—éf :

where the empty product is defined to equal one. Finally, (12) implies

q T
|7 o) = CrarL,@e (¢.3)
1
for Cp 4 := p(X) =1 3211l (f“ﬂ)(gd) T, (- 1) O
Proof of Lemma 2. We define, forall j € Nand z € X,
d
2 2 T
i = Ko | =] . 16
4 (%) (mﬁ) Vs (g) (o)

By [2, Proposition 4.46]
gi*g € Hjy (X) C Hy (X)

follows for all 5 € N. Because the convolution is distributive and associative with scalar multiplica-
tion, we finally obtain

r

Keg=3 (1) 0t w00

Jj=1

Moreover, for the estimation of the norm we have

4 2
r 1-j ._d 2 2 2|l
1 j 2 ( ) exp [ —— * g
(J)( ) T 32
afr ._d
< ij < .)] 2 gl 2, ®e
=M

= (2" = Dllgll, g -

where we used [2, Proposition 4.46] in the first two steps. O

via

||K*9HH < Z]

ij

Proof of Lemma 3. Forallx € X and g € L (Rd), Holder’s inequality implies
[K g (z)] < sup [K *g ()]
EX

<sup/Rd|K(§c—t)g(t)\dt

d
. . 2 \¢ 2|12 — tll3
|| |Lw<Rd>;(J)< ) 500 fe \ o ()’

=(wWm)? 2 =Dl gay -
Furthermore, f; p () = Ep (Y|z) € [-M, M] forall z € X implies f] p € Loo (X) and with
this €(f} p) € Loo (R?) as well as f € Lo (R?) with

IN

vl

d
2

”.f”Loo(]Rd) = (7\/7?)7 | €(fr )”Loo(]Rd)
< 0,00 (1WA) 2
< ag.e0 (W) 2

where ag ~ denotes the constant introduced in (5). With this,

K f (@) ] < (M) F @ = D) 1 F gy < d000 (27 = 1) M

o (X)

13



holds for all z € X. Finally, for all (z,y) € X x Y and a := max {ag,c, 1}, we achieve

Ly, K = [ (x)) = (y — K = [ (2))?
=y’ —2y( * [ (@) + (K * f ()
< M? 4+ 2a9,00 (27 — 1) M2 + a3 (2" —1)> M?
< 4"a®>M? .

O

Before we present an entropy estimate, which is necessary to translate [2, Theorem 7.23] into the
special case examined in this paper, the following definition recalls entropy numbers for the sake of
completeness (cf. [2, Definition A.5.26]).

Definition 2. Let S : E — F be a bounded, linear operator between the normed spaces (E, ||-|| 5)
and (F, ||-|| ) and i > 1 be an integer. Then the i-th (dyadic) entropy number of S is defined by

€ (5) =€ (5B, |-l F)
gi—1
=inf e >0:3ty,...,tyi—1 € SBg such that SBg C U Bp (tj7€)
j=1

where the convention inf () := oo is used.

For the next lemma we have to introduce the empirical distribution D x associated to the data set
Dx = (z1,...,2,) € X" and Ly (Dx), defined by

1
1 n 2
Ly (Dx):=q f: X — R: f measureable , || f[|;, p ) = (n Z lf (gcz-)2) < oo

i=1

Lemma 4. Let Px be a distribution on X C Byq, ky be the Gaussian RBF kernel over X with

width v € (0,1] and H., be the associated RKHS. Then, for alle > 0 and 0 < p < 1, there exists a
constant c. ;, > 0 such that

(A-p)(A+e)d 1

Epy~prei(id: Hy — Ly (Dx)) < ccpy” 2 i %

foralli > 1andn > 1.

Proof. Since the support of P x is contained in ng, P x has tail exponent 7 = oo in the sense of [2,
Definition 7.32.]. Therefore [2, Theorem 7.34] shows that, for all e > 0 and 0 < p < 1, there exists
a constant ¢, , > 1 such that

(A-p)(A+te)d 1

€; (ld : HA/ — Lo (Px)) < Eg’p’y_ 2p i 2P
forall ¢ > 1 and v € (0, 1]. With [2, Corollary 7.31] we can conclude

. _ . _Q-pated 11

Epy~pye; (id: Hy — Ly (Dx)) < é,Ce py 2p (min {i,n})2r i~ »
_(-p)+ed 1
< eepy TE i h

foralli > 1,n > 1,v € (0,1], a constant ¢, > 0 only depending on p and a constant ¢, ;, := ¢,Cc ,
depending on p and ¢.

Due to Lemma 4 we can now modify [2, Theorem 7.23] and prove Theorem 3.

Proof of Theorem 3. First of all, note that, for all t € R and y € [—M, M], the least squares loss

satisfies L(y,?) < L(y,t), i.e. it can be clipped at M > 0 (see [12, section 1]). Furthermore,
the least squares loss is locally Lipschitz continuous with the local Lipschitz constant |L|a)1 =

14



2 (a4 M) for a > 0 in the sense of [2, Definition 2.18]. See [2, Example 7.3] to verify that the least
squares loss satisfies the supremum bound

L(y,t) = (y—t)* <4M>
and the variance bound
- 2 -
Ep (L of—Lo f;P) < 16M2Ep (L of—Lo f;’P)

foral y € Y, t € [-M,M] and f € H, with constants B := 4M?, V = 16M?

and ¥ := 1. Consequently, the assertion follows from [2, Theorem 7.23] and Lemma 4 with
Cep == C (max {cep, 4M2})2p, Ce,p as in Lemma 4 and a constant C' > 1 which corresponds
to the constant K of [2, Theorem 7.23]. Finally, a variable transformation adjusts P™ not to be less
than1 —e™". O

With the help of the oracle inequality achieved in Theorem 1 the learning rate stated in Corollary 1
of the learning method (2) can be shown in a few steps.

Proof of Corollary 1. In a first step, Theorem 1 can be applied which yields

2 n *
Anllfox iy, +Rep (fD,An) - Rip
—(-p4ed
< Cl)\,ﬂ;d +9 C,«c%ia + C&p%# + 27
’ Ann n

<C (An%?d 2% 4y, TP ) T mL ”_1)

with probability P not less than 1 — e~ and a constant C' := max {C1,9 C,.¢?, C. ,, Co7}. In the
next step [2, Lemma A.1.6.] yields the sequences

_ 2a+d
Ap = cin 2eF2aptdpt(=p)(Ite)d

and

1
Yn = Con  2atzaptdp+(I-p)(+e)d

with arbitrary constants ¢; > 0 and ¢z > 0, as well as

2a
—d 2 —(1— 1+e)dy— -1 _ —1\ 2a+2a = €
Ay d 42 4 fyn( p)(1+e) APt =g (n )2 T2aptdp+(I—p)(1+e)d

for the above choice of \,, and ,, with a constant c3 > 0. With this, we finally obtain

—~ ~ 2c
An HfD,An H;ﬁm + RLyp (fD,)\n> — RZP <C <03 (nfl) 2aF2aptdpt(I-p)(+e)d | TL*l)

_ 20
< Cn ™~ 2af2aptdp+(I—p)(i+e)d

with the constant C' := C (c3 + 1). O

Next, we want to prove Theorem 2, but to this end we need the following lemma.
Lemma 5. We fix finite sequences A := (A,,) and T := (T',) of finite subsets A,,, T, C (0, 1] such

that A,, is an €, -net of (0, 1] and Ty, is an 6,,-net of (0, 1] with 0 < €, < ¢n~ 2”+2ap+di’i+(f—f’><1+€)d,
a constant ¢ > 0 and 6, > 0. Then, foralle > 0, p € (0,1), d > 0, « > 0 and all n > 1, we have

inf (x\’y*d + 72!1 + nfl/\*p,y*(lfp)(H&)d) <e (n_ TeTIar T I AP (TF 574 + 520‘) ,
(A7) EAXT - "

where ¢ > 0 is a constant independent of n, A, €,, I, and 6.
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Proof. Without loss of generality, we may assume that A and T are of the form A = {Aq,..., A}
andT' = {v,..., v} with \;_q < N\;jand~y;_; <y, foralli =2,...,mandj =2,...,[. Further-
more, we fix a minimizer (A*,7*) of the function (\,y) — My ~¢ + 72® 4 n=I\"Py~(1=p)(1+e)d
defined on [0, 1]?. [2, Lemma A.1.6.] shows that \* = cin"~ Zavartis G-PT97 with a constant
¢1 > 0. This implies ¢, < SA*. Itis easy to see that

)\i — )\1;1 < 2€n and Vi — Vi-1 < 26n (17)

hold forall¢ = 1,...,m and j = 1,...,l. Furthermore, there exist indices ¢ € {1,...,m} and
je{l,..., 1} such that \;_; < X\* < A; and v < 4* < ~;. Together with (17) this yields
A <A <A+ 26, and v* <y < 4* 4 26,,. Using this result and [2, Lemma A.1.6.], we obtain

inf ()\Py—d + %% 4 n_l)\—P,y—(l—p)(l-i-a)d)
(Ay)EAXT

< Ay 2o iRy PO

< (/\* + 26”) (,y*)—d + (v + 25”)% +nt ()\*)—p (,y*)—(l—p)(l—&-a)d
<(1+ %W (V) (3" +20,)7 + 0T (A TP () TP
< en (X () ()P o () () AP o)

= ¢y min (/\’y*d + 2@ 4 nil)\*p'y*(lfp)u“)d) + 62
A,v€[0,1]

2a
- 2
+ +dp+(1— +e)d
< caC3mn 2a+2aptdp+(1—p)(1+e) + 025

2a
- — 2a
<c (n ZoF2apFdp+(A-p)(IFo)d  §2 )

with constants ¢; > 0, ¢5 > 0 and ¢ := max {c3 c3, c2} independent of n, A, €,, T, and d,,. O

Proof of Theorem 2. Let m be defined by m := | 2| + 1,i.e. m > %. Then Theorem 1 yields with
probability P™ not less than 1 — |A,, x T'y| e 7

—(1-p)(1+e)d
-~ _ * ﬂ —d 2 77 l
Rep(foiag) =Rip < 5 ()"V LR v m>
—(1-p)(1+e)d
<c (A’y‘d+72a+7+T> (18)
A\Pn, n

for all (A\,~) € A,, x I';, simultaneously. Here, ¢; > 0 is a constant independent of n, 7, A, and ~.
Furthermore, [2, Theorem 7.2],n —m > § — 1> %, and 7, := 7 + In(1 + |A,, x I',,]) yield

7_77.

~ * . n * 2
RL,P(fDl,ADQWDz) —Rpp < 6 ((,\77)5\{"@” Rrp(foyay) — RL,P) +512M n_m

inf 7 —R: 204802 7% (1
<6 ((,\77)g}\nxrn Rep(foiay) L’P) R n (19)

with probability P"~™ not less than 1 — e~". With (18), (19) and Lemma 5 we can conclude
Rrp(fpirp,0,) = Rip

£ T,
0 nf R ~R; 2048072
= ((A,'y)g}\nxrn P (foiay) L7P> + -

,.Yf(lfp)(1+6)d

< inf My~4 42

) + T) + 204802
eN, xT, n n

< 6¢y (C (n_ 2u+2up+dpia(17p)(l+a)d + 672;34) + Z) + 2048M27—l
n n

< (6016 + 6c17 + 2048M2Tn) n- ST ZapTart A=) (IF)d + 60165,2;1
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< (12¢1¢ + 6ey7 + 2048M>7, ) n~ ToFzantart T=pT

with probability P™ not less than 1 — (1 + |A,, x T';|) e~ 7. With a variable transformation P™ can
be adjusted such that it is not less than 1 — e~ 7. [

In the end, it remains to show that learning method (2) yields learning rates for regression functions
contained in Sobolev or Besov spaces, which are asymptotically optimal for a suitable choice of
parameters.

Proof of Corollary 2. f} » € W5 (Px) implies f p, € W5 (X) because of

Ha(ﬁ)ffif’

? 9@ (o d
Lz(X)_/X‘ fL,P (x)‘ ()

= [ o9 sz @] )Py @)

= ()0 s |

< 00,

LQ(PX)

where 4 is the Lebesgue measure, X C Byq and ol f7 p the 5-th weak derivative of f7 p for an

arbitrary multi-index 8 € N¢ with |3] < a, see e.g. [9, p. 22] for details. Next, the extension
operator € of the form described in front of Theorem 1 yields €f; » € Ws' (R?) and finally (4)

implies €[} 1 € By ., (R?) = Lip*(a, Ly (R?)). By the definition of Lip*(a, L(R?)) we obtain
Wy Lo re) (EfLprt) <t t>0

for a suitable constant ¢ > 0. With this, all assumptions of Corollary 1 and of Theorem 2 are fulfilled
so that this theorem yields the learning rate

n- 2u+2ap+dpia<17p)(1+s)d ,
which can be rewritten as
n~Fatate (20)
for a suitable p > 0, which depends on p and € and converges to zero, if both, p and €, converge to

Z€ero. ]

Proof of Corollary 3. For o > 1, f; p € BS (Px) implies f; p € BS (X), since P is the
uniform distribution on X. With the help of the extension operator & of the form described in front
of Theorem 1 f} p € BS  (X) yields €f; , € BS  (R%) = Lip* (e, Ly(R%)). By the definition
of Lip* (v, Lo(R%)) we obtain

wryLQ(Rd) (szz,Pﬂt) S ct® 5 t>0

for a > 1 and a suitable constant ¢ > 0. With this, all assumptions of Corollary 1 and of Theorem
2 are fulfilled so that this theorem yields the learning rate

_ 2
n  2at+2aptdp+(1—p)(1+e)d s

which can be rewritten as

2
n- 2o¢id+p

for a suitable p > 0, which depends on p and ¢ and converges to zero, if both, p and ¢, converge to
Z€ro. O
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