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1 Proof of Theorem 1

We prove (6) is the Lévy measure of the KBP, as defined in Theorem 1, following the same method

with which the Lévy measure of the beta process is derived in Theorem 3.1 in [1]. We have the

following notation: An,m is the mth part of the n-equipartition of Ω, ωn,m is the central point of

An,m, j =
√
−1, and u ∈ R|S|. The proof proceeds with the following sequence of steps.

E{ej<u, B(A)>} = E{e
∫
A j<u, B(dω)>}

n→∞= E{e
∑

An,m∈A j<u,Kn,mπn,m>}

= E{ΠAn,m∈Ae
j<u,Kn,mπn,m>}

(a)
= ΠAn,m∈A E{ej<u,Kn,m>πn,m}

= e
∑

An,m∈A logE{ej<u,Kn,m>πn,m}

(b)
= e

∑
An,m∈A E{

∑∞
k=1

[j<u,Kn,m>πn,m]k

k!
}

(c)
= e

∑
An,m∈A

∑∞
k=1 E{ [j<u,Kn,m>]k

k!
}E{[πn,m]k}

(d)
= e

∑
An,m∈A

∑∞
k=1 E{ [j<u,Kn,m>]k

k!
}

∫ 1
0 [πn,m]k·Beta(c(ωn,m)B0(An,m),c(ωn,m)(1−B0(An,m)))dπn,m

= e
∑

An,m∈A
∑∞

k=1 E{ [j<u,Kn,m>]k

k!
} [c(ωn,m)B0(An,m)+k−1]···[c(ωn,m)B0(An,m)+1]

[c(ωn,m)+k−1]···[c(ωn,m)+1]
B0(An,m)

n→∞= e
∑

An,m∈A
∑∞

k=1 E{ [j<u,Kn,m>]k

k!
} (k−1)···2·1

[c(ω)+k−1]···[c(ω)+1]
B0(dω)

= e
∫
X×Ψ×[0,1]×A

∑∞
k=1

[j<u,K>]k

k!
πkH(dx∗)Q(dψ∗)c(ω)π−1(1−π)c(ω)−1dπB0(dω)

= e
∫
X×Ψ×[0,1]×A

∑∞
k=1

[j<u,Kπ>]k

k!
νX (dx∗,dψ∗,dπ,dω)

(e)
= e

∫
X×Ψ×[0,1]×A(ej<u,Kπ>−1)νX (dx∗,dψ∗,dπ,dω)

(1)
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where the steps of the proof are justified as follows. (a): Kn,m and πn,m are independent on

disjoint sets {An,m}nm=1; (b): log(E{ej<u,Kn,m>πn,m − 1} + 1) = E{ej<u,Kn,m>πn,m − 1} since

E{ej<u,Kn,m>πn,m − 1} is infinitesimal. By Taylor series expansion: E{ej<u,Kn,m>πn,m − 1} =

E{
∑∞

k=1
[j<u,Kn,m>πn,m]k

k! }. (c): Kn,m and πn,m are independent to each other. (d): By the

definition of the beta process:

πn,m ∼ Beta(c(ωn,m)B0(An,m), c(ωn,m)(1−B0(An,m))). (e): By Taylor series expansion backward.

2 Properties of the KBP

Let Bx, Bx′ (x 6= x′) be a draw of KBP at covariate x and x′, for ∀A ⊂ F :

EBx(A) = E
∫
A
Bx(dω) =

∫
A

EBx(dω) =
∫
A

E(KxB(dω))

=
∫
A

EKxEB(dω) =
∫
A
B0(dω)EKx = B0(A)EKx

Cov(Bx(A),Bx′(A)) =
∫
A

Cov(Bx(dω),Bx′(dω)) =
∫
A

Cov(KxB(dω),Kx′B(dω))

=
∫
A

E(KxKx′)E(B2(dω))− EKxEKx′B
2
0(dω)

= E(KxKx′)
∫
A

B0(dω)(1−B0(dω))
c(ω) + 1

− Cov(Kx,Kx′)
∫
A
B2

0(dω)

(2)

We are especially interested in the conditional correlation between Bx(A) and Bx′(A) when kernel

parameters {x∗i , ψ∗i }∞i=1 are given. Denote the mass parameter γ = B0(Ω). In practice we truncate

the number of terms used in (7) to I, then we have the expectation of πi: α = γ/I with πi ∼

Beta(cα, c(1 − α)) for i = 1, 2, · · · , I. Denote Kx = (K(x, x∗1, ψ
∗
1), · · · ,K(x, x∗i , ψ

∗
i ), · · · )T with

i : ωi ∈ A. Hence:
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Corr(Bx(A),Bx′(A)) =

∫
A Cov(KxB(dω),Kx′B(dω))

{
∫
A Var(KxB(dω)) ·

∫
A Var(Kx′B(dω))}

1
2

=

∑
i:ωi∈AK(x, x∗i , ψ

∗
i )K(x′, x∗i , ψ

∗
i )Var(πi)

{
∑

i:ωi∈AK
2(x, x∗i , ψ

∗
i )Var(πi) ·

∑
i:ωi∈AK

2(x′, x∗i , ψ
∗
i )Var(πi)}

1
2

=
α(1−α)
c+1

∑
i:ωi∈AK(x, x∗i , ψ

∗
i )K(x′, x∗i , ψ

∗
i )

α(1−α)
c+1 {

∑
i:ωi∈AK

2(x, x∗i , ψ
∗
i ) ·

∑
i:ωi∈AK

2(x′, x∗i , ψ
∗
i )}

1
2

=

∑
i:ωi∈AK(x, x∗i , ψ

∗
i )K(x′, x∗i , ψ

∗
i )

{
∑

i:ωi∈AK
2(x, x∗i , ψ

∗
i ) ·

∑
i:ωi∈AK

2(x′, x∗i , ψ
∗
i )}

1
2

=
< Kx,Kx′ >

‖ Kx ‖2 · ‖ Kx′ ‖2

(3)
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