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1 Detailed E-&M-Step

1.1 E-Step
In the E-step we need to calculate
q(x0:xc) = P(x0:x|ro:x = 1,60, 1) - (D
We make the approximation
q(x0:k) ~ HQk(Xk) ; 2
k
with
ar(xx) = ok (Xk) pr(XK) Bk (Xk) , 3

where a, = N (g, Tx), B = N (Mg, Ax) and pr, = N vy, V] are the approximate messages send to Xy, from xj_1,
xg+1 and 7y, respectively, with A’() and A[] being Gaussians in standard and canonical form respectively. To refine
the messages one iterates over the time steps. At each k, based on the current posterior approximation g(xy ), a point
of approximation X is picked and local approximations

f(x) ~aj+ Arx

1 ) “)
J(x) ~ ix{kak —J;‘Cpxk
and if necessary
1
Cr(x) =~ §XTka —vix (5)

are computed. Writing a; = a0k, Ak =1+ A0, and vy, = vy, + ji0k. \~/'k = V, + J.0; it can be shown that the
updates for the parameters of ay, and (3 are given by

Ve =ak_1+ qu(lﬂ;;ll + V}cﬂ)_l(f‘;ﬁﬂkq + Vi_1) ©
Iy = \NNk + Akfl(]r‘]:,_ll + vk71)71§£_1
and
A = — A;lék + A;l(A;_il_l + {/k+1)71(A];_,1_1>\k+1 + vk—i—l)

T i N 7)
Ap =A5H [W o (AL + Vi) '] (AT



As all messages are Gaussian, by (2) the posterior approximation is a factorial Gaussian. To calculate <xkxk +1> we
require the covariance of the two slice posterior. We have

o (k) pr (X1 ) P (X1 %) o1 (Ke4-1) Bre (X 41)
N(th/kv TN %k Vi, VN (X5 |an + ;&kxk»wk)/\/[xk+1‘{’k+1;Vk+1]~/\/(xk+1|>‘k+17 Aky1)

q(Xps Xp11) =
Nx |7, T N(Xk+1|&k +1~kak,{7\v7k) [Xk+1|5\ A}
5+ ATW a T+ ATW 'A, —ATW
Xk+1 A+ W la, ~W;, 1Ak W, +A ’
®)
with
5 =T+ ¥ L=T'+V, ©)
A=A st + Vi A=Al + Vi (10)
Hence using the Schur complement we have
Cov(xp, Xp41) = (T + K{Vv;h&k)—l,’&{w;l Var(X+1) (11)
Finally
T\ _ T
(xpxy, ) = Var(x) + (xi) (x}, ) (12)
(xixjy1) = Cov(xp, Xpr1) + (%) (Xip1) - (13)
1.2 M-Step
05t ). We have

In the M-Step we find argmax,, . Q(0o.x—1]057_,) or at least Vg, ., Q(6o.xc—1]

Q0. k11057 1) = (log P(x0.x,70:1¢|0)|70: 5 = 1)
K-1
log P(Xo) + log P(Tk+1 = 1‘Xk+1 + Z IOg P Xk+1|Xk, Gk) + log P(’I’k = 1|Xk, Gk)]>
k=0

+logP(rx|rk)
K—1
J(xx))] + constant .

<10g P(Xk+1 |Xk, Qk Z Gk + 9k
k=1

=

(14)
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As ¢ (x0.x+1) = N(X0.5+1/m, S) the marginals ¢’ (xy 1) can be easily formed (cf. E-Step) and we have, under
the approximations in (4) (cf. main text) for the individual terms of the first sum

D —~ 1 _ ~ el .
—_— log ‘Wk| — *(xk-&-l — A — Akxk)TWk 1(Xk+1 — A — Akxk)>
q* (Xk,kt1)

ok POt 1200 1) = {
—~ 1 B ~ ~
—_ 10g |Wk| — = <(Xk+1 — ar — Aka)TWk 1(Xk+1 — A — Akxk)> )
ql(xk,k+1)
15)



where D, = dim{x}. Here the required expectation over the quadratic form can be calculated as

<(Xk+1 —ay — Apxi) Wit (X1 — g — Kka)>
= <X£+1W;1Xk+1> -2 <x£+1{7vV,;1./~&kxk> + <X£K{W;1Akxk>
2 <x{+1VNV,glék> +alW;la, +2 <é{VN\Z;1kak>
= (Wi e1xF40) ) = 2 (Te((Wi Ag)TxaxD) ) + (T(AT W A Txix] ) (1)
—2(xF, VWi ta, + al Wi ta, + 2a] Wi LAy (xy)
= ’IT(W P Xk p1Xpy1)) — 2 TY(K{W? (xkr1xi ) + T\Y(Akwglgg (xkxy )
—2(xF, VWi ta, +al Wi ta, +2al Wi P Ay (xy)

Hence up to an additive constant we have

Q(bo:x0h.5) = —

[Tr(W,:l <xk+1xg+1>) - 2Tr(;i£w;1 <Xk.+1x£>) + Tr(jikVV,;lji{ <kag>)
a7
—2(xI YWy 'a, +al W, la, + 2al Wi T A, <xk>}

K-1 1
- Z T (k) + Ok [Tr(QJk (xix} ) — jk <Xk->:|
k=0

where we used (4) to also approximate (7 (xy)). Substituting a; = 0 ay, :Ak = (I-6;A) and W= 0. W we obtain

K—-1 D 1 K— 1
Q0o 1106.5—1) = — — log [0, W)] - 5 “H(Xk1Xi41))]
k=0 k=0
K-1 1 K-1
+ [Tr((T+ 0,A) 0, "W (xp51%( )] -3 DT+ 60,A)0, "W T+ 6, A) " (xix)))]
k=0 k=0
1 K-1
-3 [Oral W la, + 20,af W (I + 0,A%) (xk)]
k=0
K-1 1
T(0y) + 0k [2 Tr(Jy <xkx;‘£> —Jr (x@] -+ constant
k=0

(18)



which simplifies to
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) Z O Tr(AW AT (x,xT)) — 5 GkakW a, + 20,af WA, (x4
k=0 k=0
K-1 1
_ T (0r) + 6k {2 Tr(Jg <kak> —Jr <xk>} + constant (19)
k=0
K-1 D2
= Z 79” og by — = z 0, Tr (<xk+1xk+1> -2 <xk+1xk )+ <xkxk M)
k=0 k=0
= K1
— 5 Gk TY(AW_lAT <kag>) — Z §9ka£W_1ak + Gkagw_lAk <Xk>
k=0 k=0
K-1

1
T (k) + Ok {2 Tr(Jp (xiXf ) — jr <xk>} + constant
k=0

Now taking the partial derivatives w.r.t. the individual #’s we have (cf. main text)
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00, 59’;2 T (W ((Xe1Xgq1) — 2 (Xe1Xi, ) + (Xexy, ) — 5 U

—;{ r(AW AT (xix} )

d
i, +akW tay +2alf WA, (xi) (20)

+ TT(J}C <kag>) — ij <Xk> :| .



