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The supplementary material contains two sections. The first collect all the proofs in the paper. The
second, gives further developments and examples of completely regular RKHS.

1 Proofs
In this section we collect all the proofs.

Proof of Proposition 1. We prove that (i) implies (ii). Given xy ¢ C, by contradiction, assume
there is f € H such that f(xg) # 0, f(x) = Oforall z € C and K,, € Ran Po. Clearly,
f € ker Pc = Ran PZ, so that f(x0) = (f, K4,) = 0, which is a contradiction.

We prove that (i) implies (iii). If z € C, then K, € Ran P¢ by definition of P, so that F(x) =
K(z,x),hence C C {x € X | K(x,2) = Fo(z)}. If x ¢ C, by assumption (I — Po)K, # 0,
thus K (z,2) — Fo(z) = ||(I — Po)K.|? #0and C D {z € X | K(z,2) = Fo(x)}.

We prove that (iii) implies (i). If g & C, define f = (I — P¢)K,, € ker Pg, so that f(x) = 0 for
all z € C. Furthermore, f(xo) = K(zo,20) — Fo(xo) # 0.

Clearly, (ii) implies that K (z,z) # 0 forall z ¢ C. O

Proof of Proposition 2. To prove that the sets separated by H are closed with respect to dx , note
that by definition of the metric dk, the map = — K is continuous from X, endowed with the
metric dg, into H, so that z — K (z,z) — Fe(x) is a continuous map, hence its zero level set is a
closed subset of X.

To show that if H is separable and the kernel is measurable, then the sets separated by H are measur-
able, we first observe that the map z — K, is measurable from X into H since H is separable and
K is a measurable kernel (Proposition 3.1 in [1]). As above, it follows that z — K (x,z) — Fo(x)
is a measurable map, so that its zero level set is a measurable subset of X.

Proof of Corollary 1. (i) This follows from Proposition 12 and Corollary 3 in [1].

(i) Condition (a) states that, for any sequence (x;) ey such that lim; dx (z;,2) = 0 for some
z € X, then lim; di(z;,2) = 0. Hence, the dx-closed subsets are dx-closed, too.
Conversely, if C' is dx-closed, (b) implies that C' = {z € X | K(z,z) — Fe(x) = 0},
which is a d i -closed subset by (i) of Proposition 2.

(iii) It follows from (ii) and (b). Note that, since the points are closed sets for dx, condition (b)
implies that K, # Ky if z # t.

O



Proof of Lemma 1. Denote by H’' the reproducing kernel Hilbert space with kernel K’, and define
themap ® : X — H, ®(x) = K, /|| K,||. It is simple to check that (®(y), P(x)) = K'(z,y) and
®(X)+ = {0}, so that the map @, : H — H’

(@.f)(x) = ({f, ®(z))

is a unitary operator with K = ®,®(x). Clearly, forany f € Hand x € X

K.
(@uf KLYy = (B f, B D))y, = <f||K|>|H

The above equality shows that 7{ and H’ separate the same sets. O

Proof of Theorem 1. Without loss of generality, we can assume that the sequence (\,) is nonde-
creasing. For any n define G,, : X — R as G, (z) = <(T + )\nI)*lTKx,Kx) Clearly, G,,
is continuous. The idea of the proof is to split the error in an approximation error controlling the
deviation of G, from F), and a sample error controlling the deviation of F,, from G,,.

We first deal with the approximation error. Since 7' is compact and positive, there exists an orthonor-
mal basis (e;) of eigenvectors of T' with corresponding sequence (o) of positive eigenvalues. Hence
o
Gp(z) = J K, e
) = ST Hees)
It follows that G, (x) converges to F,(z) for all z € X and the sequence (G, (z)) is nondecreasing.

Dini’s theorem implies that sup,c|Gr(z) — F,(x)| converges to zero for every compact set C'.

For the sample error we can note that
(T + M I) T — (T + A D) ™' = Mo (T 4 M d) (T = T) (T + M),
and [[(T+ N\ )7 'K,|| < 1/\, as well as ||(T,, + \I)"'K,|| < 1/\,. Then

sup,ex|Gn(z) — Fp(z)] < 5=|T —Tu|lus and we can use the concentration results for

|T"— Th.||ms and the proposed regularization parameter choice to prove convergence of F), to
F,. O
P

Proof of Theorem 2. Without loss of generality, we assume that X is itself compact and we prove
the statement for C' = X. The proof is split into two steps. First we show that

lim sup dg(z,X,)=0

n—-+oo z€X,
Indeed the considered choice of 7,, implies that there exists ng € N such that for all n > ng
|Fo(z) — Fyp(x)] < 1y Vr € X.
Ifr e X,,
Fo(r) = 1= Fy(z) - Fp(x) > —|Fu(z) — Fp($)| > —Tn,
so z € X, and, hence, dx (z, X,,) = 0 for all n > ny.

Then, we prove that

lim sup dg(z,X,)=0
nH+mweX’!L

by contradiction. Assume the opposite, then there exists € > 0 such that for all £ € N there is
ny > kand sup,e x| dg(x,X,) > 2e. Hence there is ), € X,,, such that

di (g, ) > € forall z € X,. (1

Since X is compact, possibly passing to a subsequence we can assume that (xy)ren converges to a
Zo. We claim that xg € X,. Indeed

[Fp(0) = 1| < [Fp(wo) — Fp(ap)| + [Fp(zr) = Fuy (2x)| + [ Fny (2x) — 1]
< [Fp(wo) = Fp(ww)| + sup | Fy(@) = Fo, (2)] + 7o,

where the third term is due to the fact that x;, € X, so that
147, >1>F,, (k) >1—7y,.
Since ny, goes to +o0, I, is continuous in x¢ and F;, converges to [, uniformly, it follows that

F,(zo) = 1, thatis g € X,. However, (1) implies that d(zo,x) > € for all z € X, so that there
is a contradiction. O



2 Complete Regularity: sufficient conditions and examples

In this section we provide some sufficient conditions characterizing completely regular reproducing
kernel Hilbert spaces and we give some examples of such spaces.

The first result is about translation invariant kernels on R%. We show that if Fourier transform of the
kernel satisfies a suitable growth condition, then the corresponding reproducing kernel Hilbert space
is completely regular. In the following L' (R?) is the space of integrable functions with respect to

the Lebesgue measure dz in R? and f is the Fourier transform of f € L (R9), defined as

flo) = [ e fayis

Theorem. Let K : RY — C be a continuous function in L' (R?) such that
a

(1 + blfw][™)"

for suitable m,n € N and a,b > 0. Then,

K(w) > Yw € R? 2

(i) the translation invariant kernel K (x,t) = K (x — t) is positive definite and continuous;

(ii) the corresponding reproducing kernel Hilbert space 'H is completely regular.

The proof depends on an explicit characterization of the reproducing kernel Hilbert space H given
by the following result.

Proposition. Let K : RY — C be a continuous function in L*(R?) such that K =Kis strictly
positive, then the kernel K (x,t) = K (x — t) is positive definite and the corresponding reproducing
kernel is

~{rer [ &P < )

Proof. Denote by L? = L?(R?) the space of square integrable functions with scalar product (-, -),,
and recall that F is a unitary operator in L. We claim that K is a positive definite kernel and
K € L'(RY). Let Lx be the integral operator of kernel K with respect to the Lebesgue measure,
namely

(L f)(t /Kt—m x)dx = (K * f)(¢),

which is a bounded operator on L? since K € L'(R%). Since Ly is a convolution operator, the
Fourier transform makes L unitary equivalent to the multiplicative operator by K. It follows that

(Lt o= (K-f.f) =0 vfer®)

since K > 0 by assumption. Hence L g is a positive operator, so that K is positive definite. Indeed,
let {¢n nen be a Dirac sequence in 0 and, for each z € X define ¢F as ¢* (t) = ¢, (t — x). Fixed
{l‘i}i:172m]\/ C R4 and {Ci}izl 5 N CC,set ¢n = anl CigOfLi, then
n
0 < (Lién, Pn) 2 = Z CiCj (Lren's o >njo>o Z Ci?jK(xiaxj)v

3,j=1 t,j=1

where the last equality is due to the continuity of K. Since K is a positive definite function, the
Fourier inversion theorem in L' (R?) implies that K € L' (R?), see [2].

Finally, let H be the corresponding reproducing kernel Hilbert space. Since the support of the
Lebesgue measure is R%, a generalization of the Mercer theorem [1] implies that L}K/Q is a unitary

—

isomorphism of L? onto . Clearly L}(/z f = K2, so that the (3) follows. O

The first part of the above proposition is a converse result of Bochner theorem [2]. Given the above
proposition, the proof of the Theorem is straightforward.



Proof of the Theorem. Condition (2) implies that Kis strictly positive, so that (i) is proved by Propo-
sition 2. In particular, from (3) we see that f € H if and only if f € L? and

/f((w)*l\f(w)\?dw < 0.
Clearly, if f € C2°(R?), then f is a Schwartz function on R?, so that f € H by (2). O

A second result gives a very simple tool to construct completely regular reproducing kernel Hilbert
spaces on high dimensional spaces.

Proposition. If X;, « = 1,2...d, are sets and Hy, are completely regular reproducing kernel
Hilbert spaces on X; for all v = 1,2...d, then Hy is completely regular on the product space
X = X1 x Xo... Xy, where K is the product kernel K = K1 K, ... K.

Proof. Eachset X; and X are endowed with the metric d induced by the corresponding kernel. We
claim that in this way X is the topological product of the X;’s. Indeed, Hx = Hi, ® ... @ Hg,,
and, if x = (21,...,24) € X, then K, = K;, ® ... ® K,,. It follows that, if {z; ; }ren is a
sequence in X; such that limy, x; ,, = ;, then

hlgn di ((:CLk’v s 7xd,k>7 (1‘1, SR xd))2 = h,gn”K(ﬂJl,mm,l’d,k) - K(Ihm@d) ”2
= hglK(f‘Cl,hSUl,k) e K(xd7k,xd7k) — 2Re (K(ka,xl) e K(zd,k,xd))
+K(I1,[E1) e K(Id,l’d)

Since limy, K (z; g,z ) = limy K (z; k, x;) = K(x;, 2;), the claim follows.

If C C X isclosed and z = (21,...,24) € X \ C, letU;, i = 1,...d, be open neighborhoods of
x;in X; such that U = Uy X ... x Uy is disjoint from C. Pick f; € Hg, such that f;(z;) # 0 and
fi|Xi\U1; = 0. Then the product function f(z1,...,zq) = fi(x1)... fa(zaq) is in Hg, and satisfies

f(x) #0and f|, = 0. O

We end the section by presenting wo classes of completely regular reproducing kernel Hilbert spaces
with exponential kernels. The first result is about exponential kernels defined by a euclidean metric.

Proposition. Let
K :RYxR? > R, K(z,y) = o=yl

with o > 0. Then K is a positive definite kernel and the corresponding reproducing kernel Hilbert
space H is completely regular for all d € N \ {0}.

Proof. Since K is a radial function, its Fourier transform is

. 2 o .
K@) = —pz [ et @l
w[[=" Jo :
—1 d+1 _dt1
= 2 ar(S1) (o2 +4x?e?) T @)
where J, is the Bessel function of order n, I' is Euler gamma function, and we used formula 6.623(2)
p- 712 in [3] to evaluate the integral. The claim then follows from the above Theorem. O

Egs. (4) shows that (up to a constant rescaling of norms)

d+1

H=W"= (RY,
where W? is the Sobolev space of order s.
Finally, we consider the exponential kernel defined by the ¢;-norm, that is
K(z,y)=elz=vle (2, 2y, .. 2q)|l1 = 21| + 22| + . .. + |24]-

For d = 1, the last proposition shows that H  is completely regular. The same is true for arbitrary
d > 2 as a consequence of the previous results.
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