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1 Proof of convergence of covariance operator trace

We begin with a number of standard definitions and results, taken from [1]. We recall first the defi-
nition of the covariance operator for a distributionP onX from equation (4) in the main document.
This can be written

C := C̃ −M,

whereC̃ := E(φ(x) ⊗ φ(x)) is the uncentered covariance operator,M := µ ⊗ µ, and we have
definedf ⊗ g : H → H such that(f ⊗ g)h = 〈g, h〉

H
f . Next, given any orthonormal basisψi for

H, the trace ofC is

tr(C) :=

∞∑

p=1

〈ψp, Cψp〉 .

In particular,
tr(f ⊗ g) = 〈f, g〉 ,

from which it follows thattr(C) := E ‖φ(x)‖2 − ‖µ‖2.

We next describe the empirical covariance operator based ona sample(x1, . . . , xm), and specify its
trace. We write

Cm := C̃m −Mm,

where

C̃m :=
1

m

m∑

i=1

φ(xi) ⊗ φ(xi)

and

Mm :=
1

m(m− 1)

m∑

i6=j

φ(xi) ⊗ φ(xj).

It follows that

tr(Cm) =
1

m

m∑

i=1

‖φ(xi)‖
2
−

1

m(m− 1)

m∑

i6=j

〈φ(xi), φ(xj)〉 .

Before proceeding to our main result, we recall McDiarmid’stheorem [2].
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Theorem 1 (McDiarmid) Let f : Xm → R be a function such that for all i ∈ {1, . . . ,m}, there
exist ci <∞ for which

sup
x∈Xm,x̃∈X

|f(x1, . . . , xm) − f(x1, . . . xi−1, x̃, xi+1, . . . , xm)| ≤ ci.

Then for all measures P on X and every t > 0,

Pxm (f(x) − Exm(f(x)) > t) < exp

(
−

2t2∑m
i=1

c2i

)
.

We now proceed to our main result.

Theorem 2 Assume ‖φ(x)‖
2
≤ B for all x ∈ X. Then |tr(C) − tr(Cm)| = op(m

−1/2).

Proof First, we decompose

|tr(C) − tr(Cm)| ≤
∣∣∣tr(C̃) − tr(C̃m)

∣∣∣ + |tr(M) − tr(Mm)| .

We consider the first term. Define as̃C′
m the empirical covariance operator obtained by replacing

thei0th samplexi0 with x′i0 . Then
∣∣∣trC̃m − trC̃′

m

∣∣∣ =
1

m

∣∣∣‖φ(xi0 )‖
2
−

∥∥φ(x′i0 )
∥∥2

∣∣∣ ≤
B

m
,

and we obtain convergence in probability with ratem−1/2 by McDiarmid’s theorem. We next con-
sider the second term. Again replacing a particularxi0 with x′i0 and defining the resulting empirical
centering operator asM ′

m, we get1

|trMm − trM ′
m| ≤

2

m(m− 1)

∣∣∣∣∣∣

∑

j 6=i0

〈
φ(xi0 ) − φ(x′i0 ), φ(xj)

〉
∣∣∣∣∣∣

≤
2

m(m− 1)

∑

j 6=i0

∥∥φ(xi0 ) − φ(x′i0 )
∥∥ ‖φ(xj)‖

≤
4B

m
.

We apply McDiarmid’s theorem to obtain convergence in probability with ratem−1/2.
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1Note: the sums
P

j 6=i0
in the expressions below are taken only over the indexj, and not the fixed indexi0.
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Figure 1: NEURO I dataset.Left: Plot of Type II error vs numberm of samples.Right: Eigenspectrum of a
centered Gram matrix obtained by drawingm = 100 points from each ofP andQ, whereP 6= Q.
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