Supplementary material for
“Temporal Difference Based Actor Critic Algorithms -
Convergence and Neural Implementation”

A Proof of Theorem 2.4

The following theorem was proved in [3, 4, 6]. It relates the gradient of the average reward per stage
to the differential value function. We present the proof here, which will be used in the sequel.

Theorem A.1. The gradient of the average reward per stage can be expressed by

Vi)=Y Pleu,y)(z,ulf)h(ylo). (A1)

z,yeX ,ucld

Proof. We begin with Poisson’s equation (2) in vector form
h(0) = r —en(6) + P(0)h(0),

where h(0) = [h(z|0]zcx and e is a column vector of 1’s. Taking the derivative with respect to 6 and

rearranging yields
eVn(0) = =Vh(8) + VP(0)h(0) + P(0)Vh(6).

Multiplying the left hand side of the last equation by the stationary distribution 7(6)" yields

Vi(0) = —m(0)' VR(0) + 7(0)' VP(0)1(8) + () P(0)Vh(6)
= —n(0)'VR(0) + 7(0) VP(0)h(60) + m(6) Vh(0)
= 7(0)'VP(0)h(0).

Expressing the result explicitly we obtain

V(o)=Y P(x)VP(ylz,0)h(yl)

z,yeX

= Y P@V {Z(P(ylx,u)u(um@))} h(y|0)
z,yeX

> P@)Y (P(yle,u)Vu(ulz,0)) h(y|0)

z,yeX u (A2)
Y. Plyle,u)P(@)Vu(ulz,0)h(y|0)

z,yEX ,ueU

> Plyle,w)u(ulz,0)P(x)

z,yEX ,ueU

Y. Plauy)(e, ulf)h(yl).

z,yeX ,ucld
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h(y|6)



Now we can prove Theorem 2.4. We start with the first line in (A.2).

V(o) = Y P(z)VP(ylz,0)h(y|0)

z,yeX

Y P@)VP(yle,0) (h(yl6) — h(z|) +r(x) —n(6) + f(z))

z,yeX

— Y P@)VP(ylz,0) (~h(x]0) +r(z) —n(0) + f(x))

z,yeX

= > P@)VP(ylz,0) (d(x,y) + f(z))

T,yeX

— Y P@)VP(ylz,0) (—h(@]f) + r(z) —n(0) + f(2)).

z,yeX

Next, we show that the second term equals 0. We define F(z,0) = —h(z|0) + r(x) — n(0) + f(x) and

obtain
Z P(z)VP(ylz,0)F ZP (x,9)2VP(y|a:,9)
z,yeX Y
= P(x)F(x,0)V > P(y|z,0)
= ZP(x)F x,0

=0.

Following the same steps as in the proof of Theorem A.1 we have

V@)= Y Pleu,y)i(z,ulf) (dz,y) + f(z).

r,yeEX ueU

B Proof of Theorem 2.5

We introduce the following assumption, which adds constraints to the iterations for # and h, and will be
used in the sequel to prove Theorem 2.5. This assumption may seem restrictive at first but in practice
it is not. The reason is that we usually assume the bounds of the constraints to be large enough so the
iterates practically do not reach those bounds. For example, if 6 represents synaptic weights of a neural
network, above a certain value the synapses saturate. Thus we will choose the bound for 6 to be above
its saturation value.

Assumption B.1. We denote by {0;}5 | the components of 6, and choose positive constants By and
B;,. We define the set H C RE x RI*l to be

H2{(0;,h(z))| - By <0; <Byp, 1<i<K, —DBj<h(z)<B;, VYaelX}.

Let Iy be an operator which projects (0, h(x)) onto H.

For future purposes, we express Algorithm 1 in a different way. Define the augmented parameter vector

Ym DY
O,

Ym 2| hm | Om € RE By, e RFLG, € R
T
The algorithm ignoring the constraints of Assumption B.1, takes the form

Ym+1 = Ym + YmVim (Ym) (unconstrained iteration), (B.1)



where the components of V,,,(y.,) are determined according Algorithm 1. Including the constraints we
can write the iterates of Algorithm 1 as

Ymt+1 = Ui [Ym + YmVin(ym)]  (constrained iteration). (B.2)

We note that we can write the projected equation (B.2) as

where Z,,(ym) is a projection term. Define F,, to be the og-algebra generated by x,, 0 < n < t,,
namely, F,,, = o{xg, 21, ..., 2y, }, representing the history of the algorithm up to the time ¢,,. Set

m

0(Ym) £ E [Vin (yYm) | Fn]

to be the average change of the algorithm during the m-th cycle, where the m-th cycle is defined to
consist of the times between ¢, and t,,+1. We can then rewrite (B.2) as

ym-‘rl - HH[ynL + ’YWU(ym) + 67”]7 Where Em = 77”(‘/’!” (ynL) - U(ym))

We note that the vector v(y,,) is the deterministic part of the iterate while the vector &,, is the stochastic
part.

In order to prove Theorem 2.5, we use techniques from the theory of constrained stochastic approxima-
tion [5], in particular, Theorem 5.2.1 in [5] adapted to our purposes.

Theorem B.1. Consider an iterate scheme as in (B.3), and assume the following:

1. sup,, E[|Vin]?] < oo,
There exists a measurable function v(y) such that E[Vi,|yo, Vi,i < m] = v(ym),

The function v(y) is continuous,

e e

The sequence 7y, satisfies > Ym = o0 and Y. 2, < .

We define {y™(-)} to be a set of continuous time functions, which are shifted functions of the linear
interpolations of the y,,*. Then, there is a set N of probability zero such that for w ¢ N, the set of
functions {y"(w,-)} is equicontinuous. Let y(w,-) denote the limit of some convergent sub sequence.
Then this pair satisfies the projected ODE

y = yv(y)].

Thus, we need to prove that the assumptions of Theorem B.1 are valid. We devote the rest of this

section to this purpose. Sub-vectors of v(y,,) will be denoted by v(0,,), v(hy,), and v(7,,). We examine
the components of v(y,,). Define T,, = t;,41 — i, representing the time between two consecutive

!Define ¢9 = 0 and &, = Z;ZBI%-. Define the continuous time interpolation y°(-) on (—oco,00) by y°(t) = yo for
t <0 and yO(t) = ym for tm_1 < t < . Define the sequence of shifted process by 4™ (t) £ yO(t + im).



hitting times of the recurrent state x*. Therefore, we can write the actor iterate 0, as

v(0y) = E

tm41—1
Z d(xn+1axn)¢(xnaun|9m)’fm]

n=tm

t7n+1 1

n=tm,

g1 —1
+E Z (d(Zns1, Tn) — A(Zrpr, 20))0 (20, unﬁm)‘fm]
n=tm,
g1 —1
= Eo,, [Tn]V1(0m) + (0(0r) — 11m)E [ Z P(an, un|0m)’fm] (B.4)
n=tm
A
(tmp1=1
+E Z (h7n(xn+l) - h(zn—klwm)) P(an, un|9m)’fm]
L n=tm
Ay
M1 —1 )
+E| Y (h@altn) = hnlan)) w(xn,unwm)]fm} :
L n=tm

where for the last equality we used Theorem 2.4 and (3). Next, we express A; and A as functions of
the true differential value, h(z|0), and the estimated differential value, h,,(z). For A; we have

> Y (e = 2} h(@ln) = (@), w6 |
zeEX n=t,,
tomi1—1
= > (n@ltm) = hn(@) B > <1{xn+l=x}w<xn,un|em>\fm]7
reX n=tm
and for Ay we have
Z Z (1 {zn = 2} h(@|0m) — hom ()5 (xn,un|9m)’]-'m1
xEX n=t,
=3 (halb) @) B| S <1{zn—x}w<xn,un|em>\fm].
TEX n=tm

where 1{A} is an indicator function which equals 1 if A is true, and 0 otherwise. Thus, we have

Ay + 43 = 37 DO (0)(h(2]68) - h(a)),

rzeX

where D®) was defined in Theorem 2.5. Summarizing the above we get

v(0m) = Eqg,, [Tn]V1(6m) + C(0)(n(6 )+ Y DO (@) (h(x]0) — h(z)).

zeX



For the critic we have for all x € X

timy1—1

v(lNLm(x)):E Iy, Z (Tpt1,Tn)
n=N(x)

)| Fm

tm4+1—1

=BT | > (@) = i) = hunle) | | Fn

n=N(x)

| ~ B.5
=E|I, Z (T(In) - W(Gm)) - hm(z) ’fm ( )

n=N(x)

tm4+1—1

+E |Ty Z (n(Om) — 7m) ’]:m
n=N(x)

= D (h(l6) = Fon(@)) + DB, (L] (1(0) = ).

and

tmy1—1

nzt: (r(xn) — 77m)~7:m‘| (B.6)

=tm

O (Tm) = Ty E [
=I'yEo,, [Tl (n(0) — Tm)-

The following lemma will establish the boundedness of the first two moments of T,,.

Lemma B.2. The first two moments of the random times {T,,} are bounded by a constant Br, for all
0 e RE and for all m, 1 < m < oo.

Proof. The boundedness from below is trivial since the random times are positive. According to As-
sumption 2.1(i) and Lemma 2.1, each Markov chain in P is a periodic and recurrent. Thus, we can
show that for each § € R¥ there exist a constant Br(6), 0 < By () < 1, where 2

P(T,, = k|0m) < By(6,,), 1<m<oo, 1<k<oo. (B.7)
Therefore,
Eg,,[Tm] = > kP(Tn = k|0m) <> kB}(0m) < Br, (6m) < o0,
k=1 k=1
and
Eo, [T, Zk2 = k|0,,) < Zszk ) < B, (0n) < 0.

Moreover, since the set P is closed, and by Assumption 2.1 the above hold for the closure of P as well,
there exists a constant Br satisfying Br = max{supy Br, (6),supy Br,(6)} < oc. d

The following lemma establishes summation and convergence properties of the the random variable
YmTm. These properties will be used later in order to show that the iterate 7,, is bounded.

Lemma B.3. Given the result of Lemma B.2, and that {~,, }5°_, satisfies the assumptions of Algorithm
1, we have:

2An MC is periodic if the greatest common divisor of the set {n, = min{n|PJ§2) > 0}1 <z < |X|} is larger than 1,
where ngz) is the probability of starting from state x and returning to it in n steps. According to Assumption 2.1(i) and
Lemma 2.1 the chain is recurrent and aperiodic, thus, Pyy(0) < 1, for all € RE | 2,y € X' (otherwise the chain is neither
aperiodic nor recurrent). A discussion of this property is found in [2], Section 2.4.2.



1. The second moments of the random times T, satisfies

(oo}
E > T2 <o,
m=1

2. limy,— oo YT = 0, w.p. 1.

Proof. For the first part of the lemma we have

E [i T,
m=1

lim E
k—oo

k
> T,
m=1
k
lim > 42 E[T7]
k—oo 1

SBTf:%%n

m=1

< o0,

where in the first equality we used the Monotone Convergence Theorem. Thus, the first part of the
lemma is established. We prove the second part by contradiction. Let us assume that limsup,,,_, . VmTm =
et, and liminf,;,— o YmTm = €. Choose €2 = 1/2 - max{|e"|?, |e7|?}. Thus, v2 T2 is greater than €
infinitely often, which yields

DTz > T {rnTh > ¢/2}
m=1

m=1
> ¢ Z {4212 > € /2}
m=1

o0,

yielding a contradiction. O

The next lemma shows that the iterates of 7,, are bounded.

Lemma B.4. The sequence 1, is bounded w.p. 1.

Proof. Using lemma B.3 we can choose M such that v, 15, < ¢ < 1 for all m > M. Using Assumption
2.1(ii) for the boundedness of the rewards, we have

tm41—1
Nm+1 = (1 - ’Yme)ﬁm + Fn’Ym Z T(xn)
n=t,

Fim if 7 > BT,
=1 B.I,  ifijm < BT,

= max{7m, B,I'y},

A

which means that each iterate is bounded above by the previous iterate or by a constant. Using similar
arguments we can prove that 7, is bounded below. O

Next, we prove the first assumption of Theorem B.1.

Lemma B.5. The vector E [|V,,(ym)|?] is bounded w.p. 1.



Proof. We prove the boundedness of the three parts of the vector Vy, (ym). The mean E [|77]?] < oo since
by Lemma B.4 the iterate 7,, is bounded. Next, we look at the mean of the squared iterate h,,(z). For
all x € X,

2

togr—1
E |:|hm+1 ($)|2:| =B h'm + ’Ymrh Z d(xnv Tn+1
:Nm(w)
tm+1—1 2
(i') ~ -
=E | | (1 = ym)hm(@) + ymDn Z (r(zn) = m)
n=N,,(z)
tm+1—1 2
< (=3B R @)] 2B | Y (@a) = i)
n= Nm(a:)
tm41—1
+ 201 = ) [ (@) [Tn 2 (@) = )
n=N(x)
(i) tm1=1 ’
< (1 - 'VM)QE [hz ( )} + ’7mF2E Z (T(xn) - ﬁnb)
n=N,,(x)
tmt1—1 2
+2( =) | B [R2,@)]E | D0 Y r(@a) = iim)
n=N(x)

2
thwwEﬁMﬂ+%wwma+&ﬂ

< (max{ B[h2, ()], \T2Br(B, + B;)? })2

§max{1,E[i~Lfn(:c)} 2 Br(B, + B;)? }

where in () we used (3), and in (44) we used the Cauchy Schwarz inequality. We see that the iterate
E [\fzm+1(x)\2] is bounded by the previous iterate E {|i~zm(x)|2} or by a constant, thus, E {|l~zm(x)|2} is
bounded. We denote this bound by Bj,. Therefore, we can conclude easily that E [V;2(6,,)] is bounded
since E[h2,(x)] is bounded for all z € X'. Formally,

2

mt1—1
[VQ( < Z dxn,xn+1 (xn,ungm)>

n=tm,
< BrB}(2B;, + B; + B,)?,
which concludes the proof. O
The following lemma proves the continuity of several functions and an operator which will be used in
proving the continuity of v(y).

Lemma B.6. Under Assumptions 2.1(ii) and 2.2 we have

1. Y(x,ulf) is continuous with respect to 6.

2. P(ylx,0) is continuous with respect to 6.



3. w(x|0) is continuous with respect to 0.
4. n(0) is continuous with respect to 6.

5. For a stopping time T(x) = min{k > Olzy, = z}, and for a function g(z,u,0) continuous for all
reX,ucl, and € RE, and absolutely bounded with a constant By, we have

T(x)

Eg Z g(zk,uk,e)‘ﬂﬂo (B.9)
k=0

s continuous with respect to 6.

6. h(z|0), T(9), C(0), and D™ () are continuous with respect to 0.
Proof. For brevity, all continuities in this proof are with respect to 6.
1. According to Assumption 2.1(ii) for all € X and u € U, p(ulx, ) is twice differentiable, thus
Vu(ulz, 8) is continuous and so is 9 (u|z, 0).
2. P(y|z,0) is a compound function of an integral and continuous function, thus it is continuous.

3. According to Lemma 2.1, for each § € RX we have a unique solution for the following non-
homogenous linear equation system in {7r(1|9)}‘l)__(‘1

[ X
Zw(il@)Pijw) =7(jl0), j=1,...,]x -1,
B [X|

Zﬂ(i\@) =1,

or in matrix form M (0)w(6) = b. Thus, using Cramer’s rule we have 7 (i|0) = Q(¢,0)/ det[M ()],
where Q(7,0) and det[M (0)] are polynomials function of entries in M (0), thus 7 () is continuous.
We note that det[M(0)] is not zero since by Assumption 2.1(i) the system has a unique solution
for all § € RE.

4. The variable n() is a linear combination of continuous functions, thus continuous.

5. For a fixed N =0,1,... we have

N
Eg [Zg(ﬂ«"}caukﬁ)‘xo] = > Pr(uo = vo, ..., 2k = (ks un = VN |20, 0)
k=0 voeU,....(NEX ,vNEU (BIO)
X (g(‘TO?Vmg) + +g(<N7VN»9))
Both 7(6) and P(0) are continuous, therefore Pr (g = (o, ...,z = (x| ) is continuous. We have

a finite sum of continuous functions thus Ey [Zszo g(zk, u, 0)|xo| is continuous. Also, looking

at (B.10) we see that Ey [Zgzog(xk,uk, 9)|x0} is bounded by By (N + 1). Define Ty (z) £ {z1 #

Yyoooy Tp—1 Y, T = ylxg =} for a fixed k =0,1,.... Asin Lemma B.2, there exists a constant
br(0), 0 < br(#) < 1, such that for a fixed k we have Pr(T}y(z)) < bk.(6). Since P is a closed set,
we can find a constant by, 0 < by < 1, such that T (z) < bk. Define

N

Gn(0) £ Pr(Ti(z)Es
k=0

k
Zg(xz7uz79)(xo] : (B.11)



We claim that the function series {Gx (6)}%_, convergence uniformly? using the Cauchy Criterion
for uniform convergence?, for all € > 0 and N satisfying 2B,b% /(1 — br)? < e. Mathematically,

N+p
IGx+p(0) — Gx(O)ll = || S Pr(Ti(x))Eq lzgm,ul, )|z H

k=N+1

< Z b5 By (k + 1)

k=N+1
2B,bY

< —

(1 —br)?

<e.

Thus, we can express Ey {ngo) 9Tk, ug, 0)|x0} as

T(x) T(x)
Eg Z g(xk,uk,é))‘xo =Ey [Ey Zg(xk,uk,ﬂ)‘xo T(x)
k=0 k=0
N k
= lim > Pr(Ti(x))E lz g(a:l,ul,G)‘xo‘| ,
k=0 1=0

which is continuous since it is a limit of a continuous function series which converges uniformly®.

6. The continuity of h(z|0), T(#), C(#), and D) (6) follows immediately from 5.
U

Based on the assumptions of Algorithm 1 and Lemmas B.5, and B.6 we can conclude that the system
converges to the desired system of ODE.

C Proof of Theorem 2.6

In this section we find conditions under which Algorithm 1 converges to a neighborhood of a local
maximum, and more precisely, conditions that limsup,_, . [|[Vn(0(t))|| < €, for arbitrary positive e. We
begin by establishing a bound on a time dependent ODE of the first order. Then, we prove some
properties of the ODE system (5), and conclude by proving the section’s main result.

The following lemma will be used later for the linear equations (5), i.e., on the ODEs for 7 and h(z).

Lemma C.1. Assume the following time dependent ODE

1
Doty = (1)~ 2(1)), (1)

where df (t)/dt < By. Then, lim;_ |z(t) — f(t)| < Byr2.

3We say that a function series {G n(0)} converges uniformly to G(0) on a set E if Ve > 0, 3M () such that VN > M ()
and V0 € E we have ||Gn(0) — G(0)| < e.

4Cauchy Criteria: A function series {G(0)} converges uniformly in a set E if and only if Ve > 0, IM(¢) such that
VN > M(e), ¥p > 1, and VO € E we have ||Gy1p — G| < e

5If a continuous function series {G'x (0)} converges uniformly to G(6) on a set E then G(6) is continuous on E.



Proof. We write (C.1) in the following way

d B df (t)
T (@) = f()) = ~((t) = f() = 7=~

We define z(t) £ z(t) — f(t) and g(t) & —7df(t)/dt, where |g(t)] < 7By and 2(0) = 29 £ 29 — f(0).
Thus, we have

T%z(t) = —2(t) + g(0),

The solution of this ODE is )
2(t) = zge V7T + e*t/T/ g(s)e*/ds.

0
Thus,
t
201 < ol /7 e [ lg(s)l s
0
< |ZQ| €7t/‘r =+ BfT2 (1 — €7t/7—> R
and taking the limit ¢ — oo completes the proof. O

In the following lemma, we prove several properties of the algorithm, which will be used later.

Lemma C.2.

1. V7 (0) is uniformly bounded.
. Vn(0) is uniformly bounded.
. Vh(x|0) is uniformly bounded.

2

3

4. 0 is uniformly bounded.

5. 1(0) is uniformly bounded.

6. h(x|6) is uniformly bounded, for all z € X.
7. |C(0)] is uniformly bounded.

8. HD(’”)(O)H is uniformly bounded, for all x € X .

Proof. 1. From the proof of Lemma B.6, we can write
7(il0) = Q(i,0)/ det[M(6)].

We note that det[M ()] # 0 for all P(f) € P, thus there exists a constant, mg, which satisfies
|IM(0)] > mg > 0, for all § € RE. In addition, Q(i,6) and det[M ()] are differentiable functions
with respect to 0, Va,y € X, and P(y|z,0) is a differentiable function with respect to 6 with
bounded derivative. Therefore, ||VQ(i,0)| and ||V det[M (0)]|| are bounded functions. Thus, we
can conclude that

Q(i,0)V det[M(0)] — VQ(i, ) det[M(0)]
det[M(0)]? ’

Vr(ilo) = i€ X,

is bounded. We denote this bound by By .

2. We have Vn(0) = > »7(z)Vn(2]0) < |X|B,Byr.

10



3. We recall the Poisson equation (2). We can write the following system of linear equations in
{h(x]0)}zcx, namely,

h(z]0) = r(z) —n(®) + Y P(ylz,0)h(ylf), Vo e X, x#a”,
yeEX (02)

h(z*]6) = 0.

or in matrix form N(0)h(f) = c¢. Adding the equation h(z*|f) = 0 yields a unique solution for
the system (see, for example, Prop. 7.4.1 in [1], Vol. 1). Thus, using Cramer’s rule we have
h(z|0) = R(z,0)/det[N(6)], where R(x,0) and det[N ()] are polynomial functions of entries in
N (), which are uniformly bounded, and have uniformly bounded derivatives. Continuing in the
same steps of the proof of the previous items, we conclude that Vh(x|0) is uniformly bounded for
all z € X.

4. Looking at the equation for 0 in (5), we see that the r.h.s of the equation is composed of bounded
terms. We denote this bound by B,.

5. It immediately follows that
9(6) = [V0(6) - 6] < Bo, By, V0 € R, (©3)
We denote this bound by B;,.
6. It immediately follows that
\h(z|0)| = |Vh(z|0) - 0] < BynBy, VYre X, 6cRE. (C.4)
We denote this bound by B;,.

7. It immediately follows that

T-1
Zw(mmun‘e)

n=0

1C(0)] = ||Eq < BrBy.

We denote this bound by Be¢.

8. It immediately follows that

HD(I)(Q)H - <BrBy, z€X.

By [i 1 {nss = (0, unl0)

n=0

We denote this bound by Bp.
O

The following lemma establishes the main result of this section. It states the conditions under which
the ODE system (5) converges to some neighborhood of a stationary point.

Lemma C.3. If we choose I';, > B??/e,, and 'y, > be/eh, for some positive ), and €,, then

limsup [[Vn(0(2))[| <, (C.5)
t—o0
where € £ Beey + |X|Bpép,.

Proof. Using the boundedness of 7(0) and h(z6) from Lemma C.2, and the assumed lower bounds on
I'y, and I';), we apply Lemma C.1 to the variables 77 and h. We conclude that there exists a time tg
such that for all t > to, [n(6(¢)) — n(t)| < €, and |h(z]0(t)) — h(z,t)| < €, for all z € X. Define the

11



ball B, 2 {0 : ||[Vn()|| < ¢}, and consider a trajectory starting inside the ball B, at time t;. We
claim that the trajectory must remain in the ball for all ¢ > 3. Assume the trajectory enters the set
Seeo 2101 e <|[Vn(0)|| < €+ €2} at t1 > to. Thus, at t = t; we have

7(0)
= V(0 <T 0)+C(0) (n(8) — 1)+ >_ D= (0) ((xl6) — h(e )))

reX (CG)
= Vo) ([IVn(@)|| = Geen — |X|Gpen)

= ||V77(9)H (IVn(O)]| =)

This implies that for £ > ¢y the trajectory does not leave the set S ,. Since this holds for any e; > 0,
the trajectory never leaves B..

Using similar arguments, if at ¢ = ¢ we have ||[Vn(0(t))|| > ¢, there exists a time ¢; which || Vn(0(1))|| = e.
Using the claim starting from time ¢ = t; completes the proof.

O
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