A Supplemental Material: Experimental Results in Section 3]

Data and Data Preprocessing. The original datasets used throughout our paper are described in
detail in [4]]. They present 8 racial groups, with each individual belonging to a single group. To avoid
misinterpretation of the results, we collect racial groups with a population < 10% of the network
size N under the “Other” category. The racial composition of the networks after the preprocessing is
provided in Table For instance, network SPY1 consists of 54% White, 11% Black, 15% Mixed and
20% Others. The empty entry for Hispanic indicates that their population was less than 10%; as a
result, they are categorized under “Other”.

Network Name  White Black Hispanic Mixed Other

SPY1 54 11 - 15 20
SPY2 55 - 11 21 13
SPY3 58 - 10 18 14
MFP1 16 38 22 16 8
MFP2 16 32 22 20 10

Table 3: Racial composition (%) of the social networks considered after preprocessing

Setting of Parameter 1. We now describe in detail the procedure we use to select W in our
experiments. As noted in Section [2} to achieve maximin fairness, W must take the maximum value
for which the problem is feasible (fairness constraints satisfied). Its value thus depends on other
parameters, including 7, J, and K. In our experiments, we conduct a search to identify the best value
of W for each setting. Specifically, we vary W from O to 1, in increments of 0.04; we employ the
largest W for which the problem is feasible. By construction, this choice of W guarantees that all
of the fairness constraints are satisfied. In Table E we provide the values of W associated with the
results in Table[2)for I = N/3 and K = 3 and for each of the values of .J.

Network Name J=1 J=2 J=3 J=4 J=5

SPY1 0.44 0.40 0.36 0.32 0.32
SPY2 0.56 0.52 0.48 0.44 0.36
SPY3 0.44 0.36 0.32 0.28 0.24
MFP1 0.52 0.48 0.44 0.40 0.32
MFP2 0.56 0.52 0.44 0.40 0.32

Table 4: Values of W output by our search procedure and used in the experiments associated with
Table|2]

Head-to-Head Comparison with Table[1} We conduct a head-to-head comparison of our approach
with the results from Table [I which motivated our work. The results are summarized in Table 5
From the table we observe a consistent increase of 8-14% in worst-case coverage of the worse-off
group. For example, in SPY3, the coverage of Hispanics has increased from 33% to 44%. We can
also see that the PoF is moderate, ranging from 1-4.2%. The result for the MFP1 network suggests a
36% increase in the coverage of the “Other” group. We note that, by construction, this group consists
of racial minorities with a population less than 10% of the network size. While this increase has
impacted the coverage of “majority” groups, the worst-case coverage of the worse-off group has
increased by 14% with a negligible PoF of 2.6%.

B Supplemental Material: Proof of Statements in Section 2]

Proof of Lemmall] For the special case when all monitors are available (= = {e}), there is a single
community (C = 1), and no fairness constraints are imposed (W = 0), Problem (RCy,;;) reduces to
the maximum coverage problem, which is known to be NP-hard [26]. ]

C Supplemental Material: Proofs of Statements in Section 3]

In all of our analysis, we assume the graphs are undirected. This can be done without loss of generality
and the results hold for directed graphs.

13



Worst-case coverage of individuals by racial group (%)

Network Name  Network Size (V) PoF (%)
White Black  Hispanic =~ Mixed Other
SPY1 95 65 (70) 45 (36) - 79 (86) 88 (94) 33
SPY2 117 81 (78) - 50 (42) 72(76) 73 (67) 1.0
SPY3 118 90 (88) - 44 (33)  85(95) 87 (69) 4.2
MFP1 165 85(96) 69(77) 42(69) 73(73) 64 (28) 2.6
MFP2 182 56 (44) 80(85) 70(70) 71(77) 72 (72) 34

Table 5: Reduction in racial discrimination in node coverage resulting from applying our proposed
algorithm relative to that of [45] on the five real-world social networks from Table E, when 1/3 of
nodes (individuals) can be selected as monitors, out of which at most 10% may fail. The numbers
correspond to the worst-case percentage of covered nodes across all monitor availability scenarios.
The numbers in the parentheses are solutions to the state-of-the-art algorithm [45]] (same numbers as
in Table|1}

/ / \ /N
S W OH

(a) Original Graph (b) With fairness (c) Without fairness

Figure 3: Companion figure to Lemma |Z The figures illustrate a network sequence {Gn }%_5
parameterized by /V and consisting of two disconnected clusters: a small and a large one, with 4
and N — 4 nodes, respectively. The small cluster remains intact as N grows. The nodes in the large
cluster form a clique. In the figures, each color (white, grey, black) represents a different group and
we investigate the price of imposing fairness across these groups. The subfigures show the original
graph (a) and an optimal solution when I = 2 monitors can be selected in the cases (b) when fairness
constraints are not imposed and (c) when fairness constraints are imposed, respectively. It holds that
OPT™"(Gy,2,0) = 4 and OPT(Gy,2,0) = N — 3 so that the PoF in Gy converges to one as N
tends to infinity.

C.1 Worst-Case PoF

Proof of Lemmal2] Let {Gn}3—5 denote the graph sequence shown in Figure E(a) (wherein all
edges are bidirectional). The network consists of three groups (e.g., racial groups) for which fair
treatment is important. Network G consists of two disjoint clusters: one involving four nodes and a
bigger clique containing the remaining (N — 4) nodes. Suppose that we can choose I = 2 nodes as
monitors and that all of them are available (J = 0). Observe that Problem (RCy,;,) is feasible only if
0<W < (N —3)"% For W = (N — 3)~!, the optimal solution places both nodes in the smaller
cluster, see Figure[3(b). This way, at least one node from each group is covered. The total coverage for
the fair solution is then equal to OPT™" (G, 2,0) = 4. The maximum achievable coverage under no
fairness constraints, however, is obtained by placing one monitor in each cluster, see Figure[3[c). Thus,
the total coverage is equal to OPT(Gx,2,0) = N — 3. As aresult, PoF(Gy,2,0) = 1—4(N —3)~!
and for N > 4 /e + 3, it holds that PoF(Gx,2,0) > 1 — €. The proof is complete. [ |

C.2 Supporting Results for the PoF Derivation

In this section, we provide the preliminary results needed in the derivation of the PoF for both the
deterministic and robust graph covering problems. First, we provide two results (Lemmas 2 and 3)
from the literature which characterize the maximum degree, as well as the expected number of
maximum-degree nodes in sparse Erdés Rény graphs [25,30]. We note that in SBM graphs which are
used in our PoF analysis, each community ¢ € C, when viewed in isolation, is an instance of the ErdGs
Rényi graph, in which each edge exists independently with probability p. These results are useful
to evaluate the coverage of each community ¢ € C under the sparsity Assumption[I. Specifically,
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they enable us to show in Lemmad]that, in sparse Erds Rényi graphs, the coverage can be evaluated
approximately as the sum of the degrees of the monitoring nodes. Thus, the maximum coverage
within each community in an SBM network can obtained by selecting the maximum degree nodes.
Lastly, we prove Lemma[6 which will be useful to show that coverage from monitoring nodes in
other communities in SBM networks is negligible.

In what follows, we use Gy ;, to denote a random instance of Erds Rény graphs on vertex set N/ (=
{1,..., N}), where each edge occurs independently with probability p. Following the notational

conventions in [29]], we will say that a sequence of events {A,,}_, occurs with high probability if
lim,, oo P(A,,) = 1 and, given a graph G, we let A(G), the maximum degree of vertices of G.

Theorem 2 ([29] Theorem 3.4]). Let {Gn , }X—, a sequence of graphs. If p = ©O(N 1), then with
high probability

log N
lim A(G = ——.
Norso (Cn.p) loglog N
Lemma 3.Let {Gy,}¥_; a sequence of graphs with p = O(N7!). Let o(N) :=

log N (loglog N)~L. Then, it holds that

log log log N —o(1)

E[X,(n)(Gnp)] = N twostlosn

where X, (n)(Gn p) is the number of vertices of degree o(N) in Gy .

Proof. We borrow results from [29, Theorem 3.4], where the authors show that

log N log N
E[X G = ——— (logloglog N — o(1 0
[Xo(n)(Gnp)] = exp <loglogN (logloglog N — o(1)) + <log10gN+ 210g10g10gN>),
We further simplify the expression in Lemma [3|by eliminating the O(.) term and we obtain

log log log N —o(1)

E[X,(n)(Gnp)] = N wostlosn
|

LemmaEensures that our budget for selecting monitors I = O(log N), is (asymptotically) smaller
than number of nodes with degree A(Gy ).

Lemma 4. Let {Gy ,} 3_; be a sequence of graphs with p = ©(N~1). Suppose that the number of
monitors is I = O(log N). Then, for all v, there exists a graph Gy, such that the difference between
the expected maximum coverage in Gy, and the expected number of neighbors of the monitoring
nodes is bounded. Precisely, if x(Gy ) is the indicator vector of the highest degree nodes in Gy ,,

we have
Z E [mn(GN7p)|5GN,p (TL)H -E [FGN,p(w(GNJj)’e):I < v
neN

where 0, (n) is the set of neighbors of n in Gy, and v is the error term and it is v = o(1).

Proof. Let Y,, be the event that node 7 is covered. Also, let Z;, the event that node n is covered by
the ith highest degree node (and by potentially other nodes too). Without loss of generality, assume
that the nodes with lower indexes have higher degrees, i.e., |§(1)| > - -+ > |6(]N)|. The probability
that node n is covered can be written as

P(Y,) =P (U_,Z)). (6)

From the Bonferroni inequalities, we have

I
P(U1Z,) > P(Z,) - _P(Z,nZ]) @

i=1 Jj=1
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and
I

P(U_.Z)) < > P(Z). ©)

=1

Define Y .= Zf\il Y, as the (random) total coverage. With a slight abuse of notation, we view Y,

and Z" as Bernoulli random binary variables that are equal to 1 if and only if the associated event
occurs. As a result, we can substitute the probability terms with their expected values. Combining
Equations (6)), (7) and (8), we obtain

I I I

S OIEZ - ElZiZ)] | < EY,] < ) E[Z], VneWN,

i=1 =i i=1

where we used the fact that P(ZfL NZJ) =P(Z)P(Z)) = E(Z.)E(Z)) = E(Z! ZJ) by indepen-
dence of the events Z;, and Z; . Summing over all n yields

I
S (Sez-Yenz) < Yem < ¥ Y ez

neN \i=1 j=i neN neN i=1

Changing the order of the summations, it follows that

213 > ElZ] ZZETZJ < ElY] < EI:ZE[Z;],

i=1 \neN j=i neN i=1 neN

where we have used E[Y] = vazl E[Y,]. By definition of g, , (i), since x;(Gn,) = 1 for

i =1,...,1, it holds that the number of nodes covered by node i, >, .\ E[Z}] = E[|dg, p()|]
Also, we remark that E[Y] = E[Fg,  (2(Gn,),e)]. Thus, the above sequence of inequalities is
equivalent to

I

1
S (Elhon, (1Y Y €222 < Elro,, (2(Gv,).0) < D Ellden, ()]l

i=1 j=ineN
where, by reordering terms, we obtain

I

I I
0 < " Ellden, ()] - ElFey, (@G0 < S5 3" E1Z,2]).
=1

i=1 j=i neN

Note that E [x,,(Gn,p)] = 1,Vn < I since by assumption the nodes are ordered by decreasing order
of their degree, so the nodes indexed from 1 to I are selected in each realization of the graph. Thus,

I
ZE[|5GN,p(i)I] = D El@a(Gny)IE 106y, ()]

neN

3" E [24(Gwp)lden, ()]

neN

which yields

> E[@a(Gnp)ldey, (n)] —E[Foy, (@(Gnyp), e ZZ > EZZ)). 9)
neN i=1 j=i neN
The right-hand side of Equation (9) is the error term and we denote it by v =
ZZ.I: 1 Z]I:Z > nen E[ZL ZI]. This error term determines the difference between the true value of

the coverage and the expected sum of the degrees of the monitoring nodes. Given that p = O(N 1),
we can precisely evaluate the error term. First, we note that since in the Erds-Rényi model edges are
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drawn independently, we can write E[Z’ Z7] = E[Z'] E[Z?]. Using Theoremlgand Lemma E, and
given that the monitors are the highest degree nodes in any realization of the graph, we can write

) . 1 log N
E(Z']| =E[Z)] = —— .
21 =2 =0 (Firiny )

2
_ E log N
V_@(N (loglogN> )

By the assumption on the order of I, it follows that lim x_, ., ¥ = 0, which concludes the proof. W

We thus obtain

We now prove the following lemma which will be used in proof of the subsequent results.

Lemma 5. Let X; fori =1,...,Q be Q i.i.d samples from normal distribution with mean p and
standard deviation . Also, let Z = max;c(y,... gy X;-. It holds that

E[Z] < p+o0v/21ogQ.

Proof. By Jensen’s inequality,
exp(tE[Z]) < E[exp(tZ)] = Elexp(t max | X;)]

=1,

IN

Q
Z Elexp(tX;)]

=1

Q exp(ut + t20?/2),

where the last equality follows from the definition of the Gaussian moment generating function.
Taking the logarithm of both sides of this inequality, we can obtain

lo to?
gQ | to”
t 2

For the tightest upper-bound, we set t = 1/2log ()/o. Thus, we obtain

E[Z] < p+0+v/2logQ.

ElZl <p+

Lemma 6. Consider By 1, to be a random instance of a bipartite graph on the vertex set N' = LUR,
where N = |[RU L| and M := |R|andp = O ((Mlog2 M)™") is the probability that each edge
exists (independently). Suppose that monitoring nodes can only be chosen from the set L and that at
most I monitors can be selected. Then, it holds that

1
E max  Fj xz,e)| =10 —— | .
xe{0,1}1£1; Baep (@€) <log2 M)

2nes ®n=1

Proof. We note that the degree of node 4, dg, ,,, (%), follows a binomial distribution with mean Mp.
Given we are interested in N, M — oco, we can approximate the binomial distribution with a normal
distribution [48]] with mean Mp and standard deviation v/ Mp(1 — p). Using the result of Lemma
we obtain

ﬂ&hMJ=0(Mﬁ+vW@ﬂ—ph@bﬂN—ﬂﬂ)=OM@)

Using the above result combined with the assumption on p, we can bound the expected maximum

degree of B.
1
E[ABN,M,p] =0 <log2l\/[> .
As a result, the maximum expected coverage of the I monitoring nodes is upper-bounded as

1
E EGI{I(I)’al};N: FBN,M,p(w’e) < IE[ABN,Iw,p} = 10 (10g2M>'
Zne[l'(t”':I

and the proof is complete. |
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C.3 PoF in the Deterministic Case

Next, we prove the main result which is the derivation of the PoF for the deterministic graph covering
problem. The idea of the proof is as follows: by Lemmas [3 and 4, we are able to evaluate the
coverage of each community. By Lemma 6, we upper bound the between-community coverage. In
other words, based on Lemma6, we conclude that in every instance of the coverage problem, the
between-community coverage is zero (asymptotically) with high probability. Thus, the allocation of
monitoring nodes is only dependant on the within-community coverage. Using this observation, we
can determine the allocation of the monitors both in the presence and absence of fairness constraints.
Subsequently, we are able to evaluate the coverage in both cases. PoF can be then computed based on
these two quantities, see Equation (2).

Proof of Proposmonl Let Sy be a random instance of the SBM network with size N. Consider
5(Sn) € ZC to be the number of allocated monitoring nodes to each of the C' communities, i.e.,
sc(S N) = D nen, Tn(Sn). Using the result of Lemmas |: and |: we can measure the expected

maximum coverage as

lim E[OPT(Sy,I,0)] = lim E F =E|1 F ,
Jim E[OPT(Sy, [,0)] = lim_ [w(g}%}éx sy (, e)} {Ngnoc LJax Fsy (z, e)]
where the last equality is obtained by exchanging the expectation and limit. Using Lemma 2 and
since the maximum degree is convergent to d(c), we can exchange the limit and maximization term.
Thus, we will have

li F = E lim F:
Ngnoom(g}vas)é?( SN(w e):l m(gzlvas)éXNgnoo SN(:E e):|

max Zsc (Sn)d(e) + o(1)

S(SN)EZC

3

which given that d(c) is only dependent on the size of the communities in Sy is equivalent to

lim E[OPT(Sy,I,0)] = max » s8.(Sy)d(c)+ o(1). (10)
N—o00 S(SN) ceC

Equation (10) suggests that for large enough IV, the maximum coverage is only dependent on the
number of the monitoring nodes allocated to each community. Also, the allocation is the same for all
random instances so we can drop the dependence of s on Sy. In right-hand side of Equation (10,
the first term is the within-community (Lemma[4), and the second term is the between-community
(Lemmal6)) coverage.

In the analysis below, all the evaluations are for large enough N. Therefore, we drop the limy ;oo
for ease of notation. According to Equation the between-community coverage is negligible,
compared to the within-community coverage. This suggests that the maximum achievable coverage
will be obtained by placing all the monitoring nodes in the largest community, with the largest value
of d(c), where the assumption on I, as given in the premise of the proposition, combined with
Lemma [3] guarantee that such a selection is possible. Thus, we obtain

E[OPT(Sy, I,0)] = Id(C) + o(1).
Next, we measure E[OPT™(.)], where in addition to optimization problem in Equation (T0), the
allocation is further restricted to satisfy all the fairness constraints.
Sc

|

in which, o(1) is the term that compensates for the coverage of the nodes in other communities, and
is small due to the regimes of p%, Ve, ¢’ € C and the budget I. At optimality and for the maximum
value of W, we have

selNel7Hd(e) = s [N ()] < 6 Ve, d € C,6 < AN - d(O)Ne|

d(c)+o(l) >W Veel, (11)

This holds because otherwise one can remove on node from the group with higher value of
SelNe C|_1d(c) to a group with less value and thus increase the normalized coverage of the worse-off
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group and this contradicts the fact that W is the maximum possible value. This suggests that in a fair
solution, the normalized coverage is almost equal across different groups, given that limy o, § = 0.
As a result, the monitoring nodes should be such that

% _d(c) +o(1) < W + 6, Ve € C.

W <
el

From this, it follows that

W —o(1) < —-d(c) < W + o(1). (12)

W |
By assumption, there must be an integral s, that satisfies the above relation. Note that if we could
relax the integrality assumption, s, = W |N,|d(c)~!. Due to the integrality constraint, and according
to Equation (12), we set s.|N.| 'd(c) = W + o(1), where the o(1) term is to account for the
discretizing error, which results in s, = W|N_|d(c)~! + O(1), where O(1) < 1 (As we can not

make a higher error in rounding). Also, since ) | .. 5. = I, we can obtain the value of TV as

W =

As a result

cl

— - 2 00) veec.
NC

ZCEC ‘d(c)l <C)

Se =

-1
We now define k := I (ZC ce %) for a compact representation.

So far, we obtained the allocation of the monitoring nodes to satisfy the fairness constraints. This
is enough to evaluate the coverage under the fairness constraints. Now, we can evaluate the PoF as
defined by Equation (2).

E[OPT(Sy,1,0)] = Id(C)
1 1
- TE[OPT(SN.1,0]  1d(C)

E[OPT™"(Sy,1,0)] A 2eec 'f(/;’)'d(C) .
“EoPTeh. L0 rac) W
E[OPT™"(Sy,1,0)] K eec ‘i{c'd( )

> ' Forer. o] - T 1ao) W
= PoF(1,0) = 1-“%26%'5\“—0(1)
= PoF(1,0) = 1-— cce NG| —o(1).

2eec Neld(C)/d(c)

C.4 PoF in the Robust Case

Proof of Proposition 2] The idea of the proof is similar to Proposition I} with the exception that the
fair allocation of the monitoring nodes will be affected by the uncertainty. Consider s to be the
number of allocated monitoring nodes to each of the C' communities, i.e., s, = Zne N, Tn. Using
the result of lemmafd] and [6] we can measure the expected maximum coverage as

E[OPT(Sy, 1,.J)] = (I — J)d(c) + o(1).

That is because, in the worst-case .JJ nodes fail, thus only (I — J) nodes can cover the graph. Next,

we measure E[OPT™(.)], where in addition to optimization problem in Equation (10}, the allocation
is further restricted to satisfy all the fairness constraints. Given that at most .J nodes may fail, we
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need to ensure after fairness constraints are satisfied after the removal of J nodes. We momentarily
revisit the fairness constraint in the deterministic case.

|J\/| d(c)+o(1) >W Vcel,

in which, o(1) is the term that compensates for the coverage of the nodes in other communities, and
is small due to the regimes of p°, and the budget I. Under the uncertainty, we need to ensure that
these constraints are satisfied even after J nodes are removed. In other words

(sc = J)
Wd(c) +o(l)>W Veel.

At optimality and for the maximum value of W, we have
(se = NN Hd(e) = (ser = D)Ne|Hd(¢)| <6 Ve, d €C,6 < 'd(l)lj\filf1 —d(C)|Ne| ™

This holds because otherwise one can remove on node from the group with higher value of

SelNel _1d(c) to a group with less value and thus increase the normalized coverage of the worse-off
group and this contradicts the fact that W is the maximum possible value.

This suggests that in a fair solution, the normalized coverage is almost equal across different groups,
given that 6 — 0,as N, — oo, Ve € C. Following the proof of Proposition L, the discretizing error
can be handled by setting (s, — J)|N.| "d(c) = W + o(1), where the o(1) term is to account for
the discretizing error. As a result

. _ N
© o d(o)

where O(1) < 1 (As we can not make a higher error in rounding). This suggests that a fair allocation

is the one that places J nodes in each community, regardless of the community size. The remaining
monitors are allocated with respect to the relative size of the communities.

+J+0(1),

Summing over all s, and since >, s. = I we obtain

ceC
I —
W= (7?{)‘ +o(1).
ZCEC d(c‘
As a result —C) N,
86:(7W)I|d | (1) VYeec.
ZCEC d(c) ( )

As defined in the premise of the proposition, n = (I — CJ) (ZCEC %)l ) -

So far, we obtained the allocation of the monitoring nodes, to satisfy the fairness constraints.

Now, we evaluate the coverage, i.e., objective value of Problem (RCpy), under the obtained fair
allocation. Since the fairness constraints are satisfied under all the scenarios, the worst-case scenario
is the one that results in the maximum loss in the total coverage. This corresponds to the case that J
nodes from the largest community (N¢) fail. As a result the expected coverage can be obtained by

E[OPT™"(Sy,1,.)] = > (n Oﬁ)' d(c) + Jd(c) + O(l)d(c)) — Jd(C).
ceC

Now, we can evaluate the PoF as defined by Equation (2).

E[OPT(Sw, 1,.)] = (I = 7)d(C)
E[OPT(Sy.L,.J)] ~  (L—J)d(C)
CE[OPT™(Sn, 1,J)]  Yeec NG| + Jd(c)) — Jd(C) 1)
E[OPT(Sy,1,.J)] (I—0)d(C) ¢
_ E[OPT™"(Sy, 1, J)] >cec WW [+ 2 ceevicy Jd(c)

= 1- —o(1)

i
zcec 77|N| cec\{C} d(c)
(I—0)d(C)  (I—J1)d(C)

E[OPT(Sw, I, J)]
= PoF(I,J) = 1-—

—o(1).
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D Supplemental Material: Proofs of Statements in Section 4]

D.1 Equivalent Reformulation as a Max-Min-Max Robust Optimization Problem

Proof of Proposition[3] Let T be feasible in Problem (RCyy). It follows that it is also feasible in
Problem For a fixed &, we show that

ZFQ,C(E’E) = man Zzyn

ceC ceC neN,

st yp < Z £,

ved(n)

3y, > WIN|, Veec

neC

Since Z is feasible in Problem (RCjy,), it holds that

FQ,C(iaé) = Z yn(jvé)

neN,
BN
neN, ves(n)
> WIN

We define y; = | (ZVE 5(n) £,x, > 1) which is feasible in Problem (3). Since the choice of £ was

arbitrary, we showed that given a solution to Problem (RCg,; ), we can always construct a feasible
solution to Problem (3)), thus the objective value of the latter is at least as high.

We now prove the contrary, i.e., given a solution to Problem (3), we will construct a solution to

Problem (RCp,)). Consider & to be an optimal solution to Problem (RCy,)). Suppose there exists
& € = such that

FQ,C(Q’?,‘E) < |NC|W
= > 1Y &z 1| < MW
neN, ves(n)
However, since & is feasible in Problem (RCp), we have that

VEEE Fyn: ya< ) &y
ved(n)

> yn = INW
neN,

By construction, y,, < | (Zyeé(n) é,,m’,, > 1) , Vn € N. Thus

IDIL EDDR -1 EE B PEM
ceC neN. ves(n) ceC neN.
> NW.

According to the above result, we showed that the optimal objective value of Problem ([RCgy) is at
least as high as that of Problem (3. This completes the proof. |
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D.2 Exact MILP Formulation of the K-Adaptability Problem

In order to derive the equivalent MILP in Theorem[I, we start by a variant of the K'-adaptability
Problem (@), in which we move the constraints of the inner maximization problem to the definition
of the uncertainty set in the spirit of [31]]. Next, we prove, via Proposition 4, that by relaxing the
integrality constraint on the uncertain parameters &, the problem remains unchanged, and this is the
key result that enables us to provide an equivalent MILP reformulation for Problem ().

We replace = with a collection of uncertainty sets parameterized by vectors £ € L as in [31].
Specifically, it follows from Proposition 2 in [31]] that Problem (@) is equivalent to

. . k
max 1min lnln max Z yn
el  E€E(m,y.L) lzkefo e (13)
st xeX, yl.. . yKey,
where Z(x, y, £) is defined through
vy, > Y &y, VkeK : x>0
E(x,y,£) := S EEE: ves(Le) ,
k P, —
yr < > &w, YneEN, VEEK £ =0
ved(n)
and, with a slight abuse of notation, we use y := {yl, ooy }. The vector £ € L encodes which

of the K candidate covering schemes are feasible. By introducing £, the constraints of the inner
maximization problem are absorbed in the parameterized uncertainty sets Z(x, y, £), and in the
inner-most maximization problem, any covering scheme can be chosen for which £;, = 0.

Note that, for any fixed x € X, y € VE, and £ € L, the strict inequalities in =Z(x, y,£) can be
converted to (loose) inequalities as in

ys > Z &z, + 1, VkeK:€,>0

E(w,y,£) = ECE: ¥ €8e)
yr < Z&,wy VneN, YVEeK :4,=0

ved(n)

This idea was previously leveraged in [39]. It follows naturally since all decision variables and
uncertain parameters are binary. Next, we show that we can obtain an equivalent problem by relaxing
the integrality constraint on the set = in the definition of Z(x, y,1). Consider the following problem

max min min max E y,kL
LeL S(wyl) keEK:
£€E(x,y,L) £,—0 neEN (14)

st. xe X, yeYX,

where the uncertainty set is obtained by relaxing the integrality constraints on &, i.e.,

yp, > Y &L+, VkeK: £, >0
E(@,y.f)=6€T: veoltn)
vt < Y &m, VneN, VkeK:£,=0
vesd(n)

Proposition 4. Under Assumption[3| Problems and are equivalent.

Proof. Letx € X,y € VE and € € L. 1t suffices to show that

min max E y* and min max E y*
€5(m,y,L) keK: = ex:
¢eE(@ w0 £,=0 nEN £eE(z.y.b) £y=0 nEN
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are equivalent. Observe that the these problems have the same objective function. Thus, the two
problems have the same optimal objective value if and only if they are either both feasible or both
infeasible. As a result, it suffices to show that Z(x, y, £) is empty if and only if Z(x, y, £) is empty.
Naturally, if Z(x,y,£) = 0 then Z(x,y,£) = () since T is the linear programming relaxation
of =. Thus, it suffices to show that the converse also holds, i.e., that if E(x, y,£) # (, then also

E(x,y, L) £ 0.
To this end, suppose that Z(x, y, £) # () and let € € Z(x,y,£). Then, £ is such that

EeT,

yh, > Y Ea,+1VEEK £ >0,
ves(Lr) (15)
> &w, IneN,VEEK 4 =0.
ved(n)

Next, define &, := [£,] Vn € N. We show that £ € E(x, y, £). First, note that £ > £ and by
Assumptlonl_ it follows that 5 € T. Moreover, by construction, 5 € {0,1}". Thus, it follows

that £ € =. Next, we show that the constructed solutlon E also satisfies the remaining constraints in
E(x,y,£). Fix k € K such that £;, > 0. Then, from (15) it holds that

vy, > Y. &+
vES(Lr)
yfk =1 and fl,a:,, =0 Yveil)

yp =1 and £ =0 Wwedly) @, =1
yb =1 and £, =0 Yweds(ty):z, =1
yz» 2 Z évxv+1a

vES(Ly)
where the first and second implication follow since y and « are binary, respectively, and the third
implication holds by definition of &,

Next, fix k € K such that £;, = 0. Then, yields
yi< > &, VneN
ved(n)

= gyk< Z £,x, VneN,

ved(n)

Pyl

which follows by definition of é . We have thus constructed é € Z(x,y, £) and therefore conclude

that Z(x,y,£) # (. Since the choice of x € X, y € VX, and £ € £ was arbitrary, the claim
follows. |

Proposition [ is key to leverage existing literature to reformulate Problem () as an MILP. The
reformulation is based on [31}39]].

Proof of Theorem([I] Note that the objective function of the Problem is identical to
min min max Ak yrl,

where Ax(£) == {A€RX :e"A=1, A\, =0 Vk € K: £, #0}. Wedefine 0L := {£ € L : £ ¥
0},and £, := {€ € L : £ > 0}. We remark that A (€) = () if and only if £ > 0. If Z(z, y,£) = ()
for all £ € £, then the problem is equivalent to

o . A k )
i [, YT ]

LeOL  geE(m,y.L) keK  neN
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By applying the classical min-max theorem, we obtain
min max Inm Ak Y
LEDL XEAK(D)  ¢€E(w,y.L) ;;c nezN "
This problem is also equivalent to

max i min k() y~.
A(€)EAK (L) et ¢€E(z,y,0) g}; n;[ "

If on the other hand Z(z,y,£) # () for some £ € L, the objective of Problem evaluates to
—00.

Using the above results, we can write Problem in epigraph form as

max T
st. e X, yeYE 1ER, ML) € Ak(£), £ €L
T MO yk VE€OL: Sz, y ) # 0

kel neN
E(z,y, ) =0 VLeL,.

(16)

We begin by reformulating the semi-infinite constraint associated with £ € 9L in Problem (16). To
this end, fix £ € 0L and consider the linear program

min 0

st. 0< €, <1VneN

AT¢E > b

yi, > Y &m+1 VEEK : £4,>0
ved (L)
Y &m, VneN,VkeK : £, =0,
ved(n)

whose dual reads

max —e 0(£)+ b a(l) — E (yfk — 1) vi(€) + E E Y05 ()
keK keEK neN

st. 0(8) eRY, a(e) eRE, B*(8) e RY, Vk € K, v(£) e RE

0,.(£) < ATa(l) + Z Z x, vy (£ Z Z x,B58) YneN.

ke ved(Ly) ke ved(n)
£, #0 £,=0

In Problem (16) the constraint associated with each £ € 9L is satisfied if and only if the Ob]CCtIVe
value of the above dual problem is greater than 7 — >°, _ - Ak(£) 3, c s Y. This follows since the
dual is always feasible. Therefore, either the dual is unbounded in which case the primal is infeasible,
i.e., E(x,y,£) = 0, and the constraint is trivial. Else, by strong duality, the primal and dual must
have the same objective value (zero). As a result, the constraints in Problem associated with
each £ € OL can be written as

T<—e 0 +bal) - > (¥ - + 30 3 B0+ Y M) >yt

ke kEK neN keK neN
lk#o Zk_o
0.(6) < ATa(@)+ > D mu(@) - Y > @pBiE) VneN.
kEK ved(Ly) keK ved(n)
£, #0 £,=0

24



Finally, the last constraint in Problem is satisfied if the linear program

min 0
st. 0< €,<1 VneN
A¢E > b

yp, > Y. &+l VEEK £, #0
vES(Lr)

is infeasible. Using strong duality, this occurs if the dual problem

max —e' O(1) + a(f)"b— Z (ys, — 1) vi(£)
P
st. 0(L) eRY, a(®) eRE, v(e) e RY
0.(6) < ATa(@)+ Y > @) VneN

kEK ves(Ly)
2,40

is unbounded. Since the feasible region of the dual problem constitutes a cone, the dual problem is
unbounded if and only if there is a feasible solution with an objective value of 1 or more. ]

E Supplemental Material: Bender’s Decomposition

We do not detail all the steps of the Bender’s decomposition algorithm. We merely provide the
initial relaxed master problem and the subproblems used to generate the cuts. We refer the reader to
e.g., [16]] for more details.

Relaxed Master Problem. Initially, the relaxed master problem only involves the binary variables
of the Problem (5) and is expressible as

max {7’ cTER, xeEe X, yl,...,yKGy}.

Subproblems. As discussed in Section[4} Problem (5) decomposes by £. Depending on the index £
of the subproblem, there are two types of subproblems to consider. If £ € Ly, the subproblem is
given by

min 0
st. 0(L), B*) eRY, a(®) eRE, v(€) e RE, A(£) € Ak ()
T < e 0@ +b o)~ > (v, — ) wn(0)+...

kek:
£, 70
YD YEBEO D> A0 Y (Z0(£))
keK: neN kex neN

£,=0

0.(0) < ATa(0)+ > Y w0 — Y D> @B vneN,
ke ved(ly) ke ved(n)
£, #0 £,=0
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In a similar fashion, we define the subproblem associated with £ € £, given by
min 0
st. 0(8) eRY, a(l) e RY, v(l) e RE
1< —e'0()+b a(t) = > (yp, — 1) vi(0)

= (Z4(£)
£,#0

0.(0) <ATa(@)+ Y > mwi(®) VneN.
)

kEK veEs(Ly
£, 70
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