A Proof of Theorem 1

Let us define h(0, w}) := H(0;0*, wT). First, it is straightforward to show that

1(0,0.5) = 0,
and
e 1(6,0.5) is concave for § > 0 and h(6*,0.5) = 6*.
e h(0,0.5) is convex for § < 0 and h(—6*,0.5) = —0*.

Hence, we have

>0, 0¢€(—00,—0%)| J0,0%)
h,05)— 60 = =0, 0=-6%0,0 (12)
<0, 0€(=0%,0)| ", )
Therefore, if we can show that the curve of h(6,w7) is strictly above the curve h(6,0.5) for all
wi > 0.5and § < 6%, i.e.,
hO,wi) > h(6,05), V' >05,0<0 (13)
then by (12), we have
h(0,wi)—6 > h(0,05)—0 > 0, Ywy > 0.5,0 < —6*. (14)
Further, since h is continuous, we know there exists 4 > 0 and 65, such that
h(fs,wy) < 0s, Yw] €10.5,0.5+ 4]

Hence, with (14) and continuity of function (6, w}) — 0, we know for each wi € (0.5,0.5 + 4],
there exists 6, € (—0*,0) (the smallest fixed point) such that

h(Ow,w?) = 6, and h(0,w}) > 0, VO (—o00,0,).

Therefore, if we initialize 69 < —@*, the EM estimate will converge to 6,,. Hence, our final step is
to show (14) which is proved in the following lemma:

Lemma 4 (Proved in Appendix E.1). For all w} # 0.5, we have

h0,w?) > h(0,0.5), VO <0°, (15)
and for all w} € [0, 1], we have
h(0, w} 2
0 < % < e <1, o> (16)

In fact, by Lemma 4, (12) and the fact h(6*, w) = 6*, it is straightforward to show the following
corollary

Corollary 1. For all wi € [0, 1], h(6,w7) has only one fixed point (a stable fixed point) in (0, c0),
which is 0 = 0*.

B Proof of Theorem 2

From the discussion in Section 2.2, we just need to prove Theorem 2 for w} > 0.5. We use the
following the strategy to prove Theorem 2.

1. Prove Lemma 1 (see Section 2.3) and therefore WLOG, we can safely assume (8, 6*) > 0
and w'? > 0.5 for all t > 0.

2. Prove Theorem 2 when the mean parameters ; is in one dimension.

Show that we can reduce the multi-dimensional problem into the one dimensional one.

4. Show geometric convergence by proving an attraction basin around (6™, w7).

w

Each one of the steps is proved in the following subsections in order.
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B.1 Proof of Lemma 1

First it is clear that wY) € (0,1). Hence, due to our initialization setting w§0> = wém = 0.5, we just

need to show
e Forall (8,0") > 0,w; € [0.5,1), we have
(Go(0,w1;0™,w7),0") > 0 and G (0,w1;0",wf) > 0.5. (17)
e Forall (8,0") < 0,w; € (0,0.5], we have
(Go(0,w1;0",wT),0%) < 0 and G, (0,w;0",w}) < 0.5. (18)

and then by a simple induction argument, it is straightforward to show Lemma 1 holds. Moreover, let
we = 1 — w; and note that the symmetric property of Gy and G, i.e.,

Go(0,w1; 0", wy) + Go(—0,w2;0™,wi) = 0
Guw(0,w1;0" W) + Gyp(—0,wy; 0", wy) = 1.
Hence, we just need to show (17) holds. Since for any orthogonal matrices V', we have
(Go(0,w1;0",wT),0") = (Go(VO,wy; VO, wi), VE*)
G (0,w1; 0", wY) Guw(VO,w; VO™, wi)

Hence, the claim made in (17) and (18) is invariant to rotation of the coordinates. Hence, WLOG,
we assume that @ = (]|0]],0,0,...,0) and 8" = (0j1,67,0,...,0) with 6 > 0. Let us first show
Guw(0,w; 0", wy) > 0.5. It is straightforward to show that

oll
wievll
w( , W1y ) 1) wleyHGH +’lU2€7yH6H

= gw(HQH’wl; \T’wik)a

(wioly - 67) +wso(y +67)) dy

where ¢(x) denotes the pdf for d’—dimensional standard Gaussian if © € R?. Hence, we just need
to show that

gu(0,wi;0%,wi) > 05, Vwi €[0.5,1),w] € (0.5,1),6 > 0,0" > 0. (19)
Note that
Ogu (0, w1; 0, wi) / .
dw, (w16 + wae— 7). (wid(y — 6%) + wid(y +07)) dy >

Hence, we just need to show g,,(6, 0.5; 0*,w7) > 0.5. Note that
* * ey9 * * * *
9w(0,0.5;6", wy) — 0.5 = /m (wid(y — 0) +wi¢(y +67)) dy — 0.5
ey@ - efyG * * * *
= /W(wqu(yG)ergqﬁ(erﬂ))dy

_ Gl (2w} — 1) (coshy (0% + 6) — cosh,, (6* — )
= [ et )
0,

>

where coshy(z) = 3(e¥* + e7¥"). Hence, (19) holds. Now we just need to show
(Gg(0,w1;0%,w7),0") > 0. It is straightforward to show that all components of G (0, w1; 0", w7)
are 0 except for the first two components denoted as 6, and 6-. For the second component 65, we
have

N [ w0l qppeylol ) ) .
Oy = QJ_/ wleyHe” ¥ w2€,yH9” <w1¢(y - 9“) - w2¢(y + 9“)) dy
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and for the first component 91, we have

6 —y||0
o
I wleyHGH +w23*y”9‘|

(wioty — o) —wso(y +07)) d

w0l — yppe=vloll , ) o ) )
+/ w1V 1 wae—vlol (w1 (y— 0oy — 0)) + w3y + 0))d(y + 9”)) dy

a)
2, * - s(||0]], w07, wi) + 1|0 /
I (10]], w1 I 1)+ 119l (wley|\9||—|—w26_y”9“)

> 9* s(||9||,w1,9ﬁ,w1‘), 21

4'[1)111.)2

—

5 (wioly = 07) +wioly +6))) dy

where equation (a) holds due to partial integration. Hence, by (20) and (21) and 6} > 0, we have
(Go(0,w1;0",w)),07%) > [|6"[* - s([|6]], w13 6], wr).
Hence, we just need to show
s(0,wy;0%,wy) > 0, VO >0,w €0.5,1],0* > 0,w] € (0.5,1). (22)
For w; = 0.5, by (20), we have

* * y@_e v * *
5(0,0.5;0%,wy) = /67!‘9+e m (wio(y —0%) —wig(y +67)) dy

eyl — e—v0

_ (092 0* 0"
= /yerQ+e yeqﬁ(y)e 2 (ey —e Y )dy>0. (23)

For wy € (0.5,1], by (20) and taking derivative with respect to w7}, we have

0 - 9% * yo _ —y0
88( , W15 7w1) _ /U)16 wa€ (¢(y79*)+¢(y+9*)) dy

Ow? wieY? + wqe—Y?
2(wf — w3)
— —0")+ Py +67))d
/y>0 (w1e¥? + wae=¥0) (wie 0 + woev?) (oy )+ ol ) dy
> 0.
Hence, we just need to show
s(0,w1;07,0.5) > 0, VO>0,w; €(0.5,1],6* > 0. (24)
Note that
wye¥? — wye Y0
2s(0,w1;6%,0.5) = —_— —6%) — 0*))d
s(0.00%,05) = [ L oy 0%) — oy + 7)) dy

7 / w1w2(62y9 _ ef2y0)
B y>0 (w1€y9 + wze_yg) (ww‘ye + wgeye
0.

Hence, we have (24) holds. Combine with (23), we have (22) holds which completes the proof of
this lemma.

) (6(y —07) — oy +07)) dy

Y

B.2 Proof of Theorem 2 in one dimension

We filled out the proofs that have left out in Section 2.3, namely Lemma 2, Lemma 3 and C.2c.
B.2.1 Proof of Lemma 2
Based on (0, w, ), we divide the region of S — {(6., w)} into 8 pieces:

o Ry ={(0,w) € S:0¢€ [0, mn{r(ay),be}), w € (aw,ws]} — {(Ox, wy)}.
e Ry ={(0,w) € S:0€[by,min{r(ay),bp}), w € [wy,by)} — {(0s, ws)}.
o Ry ={(0,w) € S:0¢€ (max{r(by,),as},0], w € (ay,ws]} — {(0s,ws)}.
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) €S :0 € (max{r(bw),ag}, 0], w € [Wi,by)} — {(On, wy)}.
)ES:0<r(by),w € (aw,ws}
)ES:0<r(by),w € [wy,by)}
) €8 :02r(aw),w € (aw, wi}.
)ES:0>r(ay),w € [wy,by)}

Note that region Rj5 to Rg may not exists depending on the range of r(w). Next, due to C.2a, we
know the reference curve only crosses region R; and R4. Note that r~1(6) exists on the regions
Ry, Ry, R3 and R,4. Hence, based on the points are above or below the reference curve r, we can
further divide the region R; and R, into 4 pieces:

e o o o o
jsslav i~y iv ey

o Ry ={(0,w) € Ry :r~1(0) <w}.
o Rip={(0,w) € Ry :r~1(0) > w}.
o Ry = {(G,w) ERy:w< 7"_1(9)}.
o Ry = {(G,w) €ERy:w> 7"_1(9)}.

Now let’s define m : S — [0, 00) based on the following 10 regions
{R11, Raz, Ro, R3, Rax, Rag, R5, Re, R7, Rs}

o If (,w) € Ry1, m(6,w) = (wx —w)(r(w) — 64), which is the area of the rectangle D (6, w)
given by (6, wy), (r(w) w).
o If (0,w) € Rz, m(0,w) = (wy — r~1(0))(6 — 6.), which is the area of the rectangle D (6, w)
given by (6., w.), (0 ,r L(9)).
o If (0, w) € Ra, m(0
given by (r(w), 7!
) If(9 w) € R3, m(
given by (r(w),r~ ;
o If (97’LU) € Ry, (9, ) = (
given by (64, w,), (0,7
o If (,w) € Ry2, m(0,w) = (w — wy) (04 — r(w)), which is the area of the rectangle D(6, w)
given by (6., w,), (r
o If (0,w) € Rs, m(0,w) = (by — w)(r(w) — €), which is the area of the rectangle D (6, w)
given by (r(w), by,), (0
o If (0, w) € Rg, m(0
by (6, by), (O, wy).
o If (0, w) € Ry, m(0,w) = (wy — ay)(0 — 64), which is the area of the rectangle D (6, w) given
up)-
m(0,

—r71(6))(0 — r(w)), which is the area of the rectangle D (6, w)

)
g

) = (w
), (6,
) = (r~1(0) — w)(r(w) — ), which is the area of the rectangle D (6, w)
), (0,

~1(0) — w,) (0, — 0), which is the area of the rectangle D (6, w)

,w) = (by — wy ) (05 — 0), which is the area of the rectangle D(6, w) given

by (0x, wy), (0, aw
o If (0, w) € Rs, w) = (W — ay)(0 — r(w)), which is the area of the rectangle D(6, w)
given by (r(w), ). (6, w).

It is straightforward to show that function m is a continuous function by checking the boundary and
continuity of the reference function r. Further, (6, w, ) is indeed the only solution for m (6, w) = 0.
Moreover, our construction of the rectangle D makes sure that

If (é, w) is strictly inside D(6,w), then D(é, W) € D(0,w). (25)
Next, we shall discuss the movement of the iterates from point (/) w®)) to point (§*+1) 1 *+1)),
For a given w & [, byw], consider all the fixed points V in [ag, bg] for go(, w) with respect
to . Then, for any 0 € (ag,bg), it should be inside an interval defined by [g1,g2] Where
q1,92 € V|J{ag, b} and at least one of ¢; or g is either a stable fixed point or one of ag, by.
Further, since gg(0,w) is a non-decreasing function of # and (01 w**+1) ¢ S, we know
08+ = ga(0 w®) € [q1,q2] as well. Hence, comparing to the previous iteration 6,
O+ = (0, wt) should (i) stay at a fixed point, i.e., g1 or gy or (ii) move towards a sta-
ble fixed point g; or ag, bg. Further, if 6%+ moves towards ag or by, then ag or by has to be a

stable fixed point as well. In other words, suppose 6+ move towards as and ag is not a sta-
ble fixed point. Then ay is not a fixed point as well and there exists a constant ¢ > 0 such that
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limg_,q, go(0, w'") < ay — c. Hence by choosing @ close enough to ag, we know gy (0, w) < ag
which contradicts C.1. Now, by C.2b, C.2¢ and discussing which region (0, w) belongs to, we can
prove

Point (%Y w{t+1)) is strictly inside D(A®, w?) and m (0D Wty < m(e®) w®).
(26)

and

If (0, w™) € By JRo | JRs| JRa,  then (09FY 0wy € By | JRo| JRs| JRa 27)

Note that depending on the regions, there are total 10 cases. But for simplicity, we show the proof for
two cases: [?1; and g and leave the rest of the cases to the readers. For the first example, if point
(04 w®) € Ryy, then we know there exists a fixed point 8, € [6,, bg] for gg and w, € [ay,, w,] for
guw such that 9¢+1) = g4 (9wt lies in between 0 and 0, and w1 = g, (0, wt) lies
in between w® and w,. Hence (6{*1) w{+1)) can only stay in R; which proves (27) for the case
(08 w®) € Ry;. Further, we have

lgo (0, w') — 0, < |0 -4, (28)
|gw (0<f>a w<f>) - ws‘ S ‘w<f> - w5‘7 (29)

where equality (28)/(29) holds if and only if 8 = ,/w® = w,. Hence, by C.2, we have

o If ) = @, then w'" < w,. Hence we have 0, € (0,,7(w?)) and w, = w,. and therefore,
(29) is strict inequality. Hence, w't) < w(+1),
o If 0) > 0, then max (6, 0) < r(w'®) and wy > r~1 (1)) > w(", therefore,

B — go(0, ™) < r(w®), and w® < gu (80, W) = WD (30

Therefore point (9¢+1) w(t+1)) lies in the rectangle D(#¢*, w ") no matter what. Further, due to
monotonic property of function r, we have

r(w®) > r(gy (01, w)). (D

Hence, by (30) and (31), no matter what region R1; or R contains the pomt (04D (1)) the
rectangle D(A¢+1) w(+1)) is strictly smaller than the rectangle D(6(), w(®)). Hence we have
(

(26) holds for the case (6", w(*) € Ry;. For the second example that 1f 0,w) € Rg, then by
C.2, we know there exists a fixed point 05 € (r(by), 64] for gg and ws € [w, bw} for g,, such that

O{FD = go(058) ™) lies in between 04 and 6,; and w1 = g, (0 w*) lies in between w®)
and w,. Hence, point (841 w{+1)) can only stay in the region R or Ry4. Further, we have

90 (0, w®) =0, < 10 — 6,
where equality holds if and only if #*) = @,. Therefore, we have

B — g (80, w®) > 40,

and hence, no matter what region Rg or R4 contains the point (#¢+1) w(+1))  the rectangle
D94+ 1)) is strictly smaller than the rectangle D("),w{"). Similarly, we can show (26)
holds for all other cases. Next, we claim that if point (8?), w(®) € R5|J Rs |J R7 | Rs, then within
finite steps to, the estimate (6%} w(*0)) should lie in the region R; | J Rz |J R3 |J R4. Suppose point
(049 w(®) € Rg, go(#,w) /6 is continuous on [0{°) 7(by,)] X [wy, by]. Further, due to (26), we have

go(0,w)/0 > 1, Y(0,w) e [0 r(by)] X [wy, by
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Therefore, there exists a constant p > 1 such that gg(6,w) > pf on [0‘0 r(b,)] X [wy, by].
Hence, within finite steps, we have (9 w()) € Ry |J Ry |J R3|J R4. Similarly we can show
for (62 w(®) € Rs, Ry, Rg as well. Hence, by (27), we just need to focus on (8% () ¢
R1|J Ry Rs|J R4. Now we use contradiction to prove that m (6, w{!)) converges to 0. Suppose
m(9<t>, w<t>) does not converge to 0, then by definition of m, we know there exists some constant
cp > 0 and ¢, > 0, such that

0, —0 | >¢y and |w, —w'?| >c,, VE>0. (32)

Further, since S O D02, w!?) > DM, w{) > ..., we know all points (6" w) are
bounded on a compact set D(6(* w(®)). Now consider function

m(9<t+1> , w<t+1>)

U(9<t>7w<f>) = m(9<t>7w<t>)

we know U is continuous on (0", w®) € Q = {(,w1) € DO, w ) : |0, —0| > cp, |w,—w| >
¢w }- Further, since () is a compact set and U < 1 on @), we know there exists constant p < 1 such that
supg U(8,w) < p. Hence, we have m (6, w(") converges to 0. Therefore, (6("), w(*)) converges
to (6, w, ) since it is the only solution for m = 0 and m is continuous.

B.2.2 Proof of Lemma 3

We study the shape of g,, by its first, second and third derivatives. Note that (with wo = 1 — wy)

a w 97 1

O9ulOwr)  _ g >0 (33)
awl (wleye + w2e—y0)

9 gu 0, w i e Y0 — eyl ]

% = Eyop — (34)
wi (w1e¥? + woe—v0)

0 g (0, w [ (e - ev0)?

% = Eyos- ( _) 2| >0 (35)
wy (w1e¥? + woe—v0)

8291!1(97w1)
ow

Hence, by (35), we know the second derivative 5 is a strictly increasing function of wy if
1

6 # 0. Hence, the second derivative can only change the sign at most once, the shape of g,, can
only be one of the following three cases: (i) concave (the second derivative is always negative),
(ii) concave-convex (the second derivative is negative, then positive) and (iii) convex (the second
derivative is always positive). Note that by Lemma 1, we know ¢,,(6,0.5) > 0.5 if § > 0. Moreover,
it is easy to check that g(€,0) = 0 and g(#, 1) = 1. Hence, we know for 6 > 0, the shape of g,, can
only be either case (i) or case (ii). For case (i), it is clear that we have 1 is the only stable fixed point
and

guw(0,w1) > wy isequivalentto w; € (0,1). (36)

For case (ii), then depends on the value of the derivative at w; = 1 i.e., 3¢y, (6, w1)/Ow1 |w, =1, We
have

e If 0g, (0, w1)/0w1 |w,=1 < 1, wy = 1is the stable fixed point and (36) holds.
e If 9g,, (0, w1)/0w |, =1 < 1, then wy = 11is only a fixed point and there exists a stable fixed
point in (0, 1) such that (10) holds.

B.3 Proof of C.2b

According to (9), function r is a one to one mapping between w € (0.5, 1] and 6 € [(w} —w3)6*, o).
Hence, we can simplify C.2b as
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o Ifw; € (wf,1], then wy > wy > wy,
o If w; = w7, then w; = ws = w,,
o If wy € (0.5, w}), then wy < wy < wi,
where w; is any stable fixed point in [a,,, b,,] or fixed point in (a,,, by,) for § = r(wy). By (10) in
Lemma 3, we can complete the proof for C.2b by showing the following technical lemma proved in
Appendix E.2:
Qw;—l

Lemmas5. Let v = 5w T We have
w1
guw (Y0, w1) < wy and  g,(v0*,wi) > w] Vw; € (wi,1]
(V0" w1) > wi and  g,(70",wi) <wi Vw; € (0.5, w7)

B.3.1 Proof of C.2¢c

Recall our construction of the adjusted reference curve r,4; in Section 2.3, we have
207 —1
regi(w) = r(w) —e-max(0,w —1+6) = m@ —e-max(0,w — 1+ 9),
for some positive €,d > 0. Also, note that gg(6,1) = (2w} — 1)6*. Hence, we just need to show the
following

C.2¢’ Givenw; € (au, by ), any stable fixed point 85 of gg (0, w) in [ag, by] or fixed point 8 in (ag, bg)
satisfies that
- If wy < wy, then 7(w) > 65 > 0,.
- If wy = w,, thenr(w) = 6, = 0,.
- Ifw; > wy, then r(w) < 05 < O,.

Like the proof for C.2b shown in Section 2.3, we first show that there exists stable fixed point for
go(0,wy) with respect to 6, i.e.,

Claim 1 If wy € (0.5, wi], then there exists an unique non-negative fixed point for go(6, wy ) denoted as
Fy(wn). Further, Fy(wy) > 6*.
Claim 2 If wy € (w7, 1], then there exists positive stable fixed point for go(6, w1) and all non-negative
fixed points are in (0, 6*).
First, it is clear that § = 0 is not a fixed point for w; > 0.5 and w} > 0.5, therefore, we just
need to consider § > 0. Then, to prove Claim 1 and Claim 2, we should find out the shape
of go(6,w) for different true values (6*,w7). Notice that, by Lemma 4, we know the shape of
H(0,w1;0%) = Go(0,wy; 0%, w1), ie., for § > 0,w; € [0.5,1]

H(0,w;0%) E 0 isequivalentto 6 § 0*. 37

Hence, our next step to compare G (6, w1; 0%, wi) with H(0,wq;0%) = Gg(0,w1;0*,wy1). Note
that, we have
0Gy(0,w; 0%, ws wye¥? — wye=Y? . .
WO BLnl) e (oly — 07) — oly +07)) dy

ows wieY? + wqe—Yo

wye?? —wee Y0 wie V! — wye?? " N
I ( e )y(¢(y—9>—¢(y+9>)dy
y>0

wie¥? + woe=Y0  wieY 4+ wqev?

w1 — Wy * *
2 / o 1T T e ) (ine 7 T ge®) (P = 07) — 0w+ 8)) dy > 0.
(38)

Hence, if wy € (w7, 1], we know Gy will be strictly below H. Therefore
Go(0,wy; 0%, wy) < 6, V>0

Hence, with Gg(0, w1; 0%, w}) = (w1 — we)(w} — w3)0* > 0 and continuity of the function, we
know Claim 2 holds. Similarly, if wy € (0.5, w}], we know Gy will be strictly above H. Therefore

Go(0,wy; 0%, w) > 6, Y0O<6<0".
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Hence, to prove Claim 1, we just need to show that G (6, w1 ; 0*,w7) is bounded by some constant
C and

0Gy(0,w1; 0%, wy)
1
BT, < b

To prove boundedness, we have the following more general lemma:

VO > 6%,0.5 < wy < wi. (39)

Lemma 6 (Proved in Appendix E.3). Given any (6,w;,0", w}), we have
1Go(8,w1; 0", wi)||* < 1+ 67|

Hence, forall t > 1, |02 < ||6*|| + 1.

To prove (39), we have for 6 > 6%,
0Ge(0,wy; 0", wy) / 4wiwo
o9 (w1e¥? + wye—v0)
OH (0, w; 0" . 4
— (0,w1;0") + (w! — wy) / ( W1wW2

sy° (wio(y — 0%) +wio(y + 67)) dy

2y ($ly — 07) — oy +07)) dy

90 wye?? + woe= YY)
(2 OH (0,wy;0%)
- 00
(4%) (9)2
< ez«

where inequality (ii) holds due to Lemma 4 and inequality (i) holds due to
wie?? +wae Y0 > wie Y 4 wqge??, VO > 0.

This completes the proof for Claim 1 and Claim 2. Finally, it is straightforward to show the rest of
C.2c by Claim 1 and Claim 2 and the following lemma:

Lemma 7 (Proved in Appendix E.4).

1
go(v0*,wy) < A0, Vuwy € (Q’wl) (40)
go(b0*,wy) > 0", Vbe (0,v],w € (wy,1). 41

B.4 Reduction to one dimension

In this section, we show how to reduce multi-dimensional problem into one-dimensional problem by
proving the angle between the two vectors 8 and 0% is decreasing to 0. Define

(0, 6%)

B = arccos T
10 |[]16"]|

then given (6'”), 6*) > 0, we have

o If ﬂ<0> =0, then for ¢t > 1, we have B<t> = 0, i.e., it is an one-dimensional problem.
o If 39 € (0, Z), then for t > 1, we have 3% € (0, B¢~ 1).

We use similar strategy shown in [Xu et al., 2016] to prove this. First let us define ot :=
%, i.e., the angle between the two vectors 6% and Y. Then since <9<0>, 0") >
0, we have 3(» € [0,Z). Further, it is straightforward to verify that if 3 = 0, we have
B = 0,Vt > 0. Hence, with Lemma 1, from now on, we assume 3¢ € (0, Z) and wf) €10.5,1)

for all t > 0. Therefore, we just need to show 3¢ < B{t=1) ¢t > 0. To prove this, we just need to
to prove the following three statements hold for V¢ > 0:

@ B € (0, %).
(i) o € (0, 8M).

arccos
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(i) gD =Bl —alt € (0, 51).
We use induction to show (i)-(iii) by proving the following chain of arguments:

Claim 1 If (i) holds for ¢, then (ii) holds for ¢.
Claim 2 If (i) and (ii) hold for ¢, then (iii) holds for .
Claim 3 If (i), (ii), and (iii) hold for ¢, then (i) holds for t + 1.

Since (i) holds for ¢ = 0 and Claim 1 holds, it suffices to prove Claims 2-3. For simplicity, we drop

(t) in the notation and use ~ to indicate the values for the next iteration ¢t + 1, i.e., 0 = 64tV and
B = B+1)  Since for any orthogonal matrix V', we have
VGy(0,w1;0%,wy), 0" = Go(VO,wi; VO™ wy)
Gy(0,w1;0",wf) = Gu(VO,wi; VO™ wy) 42)
Hence, it is straightforward to check that the Claims are invariant under any rotation of the coordinates.
Hence, WLOG, we assume that 8 = (]|0]],0,0,...,0) and 8* = (GH,G* ;- 0) with 67 >0

and |0* | > 0. Then, it is straightforward to show that all components of 6 are 0 except for the first

two components denoted as 0, and 6,. Hence, we just need to focus on the two-dimensional space
spanned by the first two components. From (20), (21) and (22), we have tan o < tan 3 = |6, |/0)

which implies Claim 2, and 0y /0% > 0 which implies Claim 3. Next, we want to prove the

angle ) is decreasing to 0. Define 0ﬁt> = % and F)(f) = ||0" — 9<t>|| Hence, to show

B decreases to 0, it is equivalent to show that 0ﬁt> converges to ||0*||. WLOG, we assume that

0 = (]6],0,0,...,0) and 0" = (8{”,61",0,...,0) with 0 > 0and [¢{”] > 0. It s

straightforward to show that the only non-zero components of 6% are the first two components.
Hence we just need to analyze a two dimensional problem. Then, since 3{* is decreasing, we have

= ||6*|| - B¢ is increasing. Hence
oi" € [0V, (1671, vt >1. 43)
To prove the increasing sequence Gﬁ converges to ||0”||, we just need to show that for any

0 < |0, we can find Gﬁt“)/@ﬁt) > p, for some constant p; > 1, then with a straightforward

contradiction argument, within finite iterations, we should have Hﬁt ) > 0 for a certain #' , which

implies ¢ ")

converges to [|@™||. To find such p, note that, since 9ﬁt> is a value invariant to coordinate
rotations, by (20),(21) and (22), we have U := 9ﬁt+1>/0ﬁt> is a continuous function of ||0<t> Il w§t>

and 0ﬁt> and

of /0" > 1, VI8 > 0w € (05,1],0(" € 6" 6" ).

Hence, we just need to find some constants 0 < ¢; < ¢ and 0.5 < ¢3 < 1 such that [0 || € [¢1, ¢3]
and w§t> € [e3, 1] for t > 1, then we can find p by the uniform continuity argument. From Lemma
6, we have c; = 1+ ||@*|. Since both |6 and wY) is invariant to the coordinate rotations due

to (42). WLOG, we assume that 8¢) = (]|0{||,0) and 6% = (Huw, 9§_t>). Let us define the first

coordinates of {1 a59 {t+1) , note that, we have
&) yllo™ ] _ , §) —yllo¢ ]
jit+1) wy € wy '€ % ) * (t)
91 - /yw<t) yl|0 | +w<t) —ylle® w1¢(y 6” )+w2¢(y+6|| )) dy
= Go(|0]],wi"; 0", wp)
&) yllo® ] _ () —yllo |
(t+1) o wy € * (t) * (t)
w = w -0 +w +0 )d
1 /wY)eylgm”+w§t)e_y|9<t>| 16y I ) 29(y I ) ) dy
= Gu(0W ], w{;0/", w}) (44)
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Hence, (5§t+1> wy“)) is the next iteration of (||0 |, wY)) of the population-EMs under the true

)

value (Qﬁ ) ,wy). Indeed, we can consider this two dimensional problem as a series of one dimensional

problems that follows this procedure:

Step 1 Start with point (|07 |, w!") € S, where S = (0, 00) x (0.5, 1).

(§§t+1) (t+1)

Step 2 For iteration ¢, let point (|||, w@) move towards the point ,w; ") following the

one dimensional update rule for the true value 6, = 6 ﬁt>.

Step 3 Shift the true value 6, = 0ﬁt> and the point (§§t+1) , w§t+1>)

value 0, = GﬁtH) and new point (||@¢FY |, w§t+1>)_

Step 4 End iteration ¢ and go back to Step 2 for iteration ¢ + 1.

to the right to their new values: true

To analyze this, recall our analysis for the one dimension case in Section 2.3. Due to Lemma 3 holds
for any non-zero true value 6*, by typical uniform continuity argument, we can find §, ¢ > 0 such
that the adjusted reference curve 744 (w1; 6,) defined by

2wy —1

ma*fﬁ’maX(O,QU1+6fl) >0,

Tadj (W13 0) =
satisfies C.1,C.2 with (ag, bg) = (0,00), (@, by) = (0.5,1) for any true value 6, € [Qﬁ”, 167 ]|]

and w, = wi. Hence, on S = (0,00) x (0.5, 1), as 6, increases, the reference curve shifted to the
right. Further, for any point (6, w) in S, recall its corresponding area function m (6, w) and rectangle
D(0,w) in the proof for Lemma 2 in Appendix B.2.1. We use m(6, w; 6,) and D(6, w; 6, ) to denote
their values under the true value 6,. By their definitions, we note that the left side and down side

of the rectangle D(6,w;#,) is non-decreasing as 6, increases. Hence, by (26), we know as 0ﬁt>

increases, w§t> is always lower bounded by the down side of the rectangle D(||0‘"]], w§1>; 9ﬁ1>) due

to the following chain of arguments:

Q] () _
w§t+1> > lower side of D([|6], wiﬂ; 0ﬁt>) > lower side of D(]|0"]], w§t>; Gﬁt 1>)
(i) _ (iv)
> lower side of D(9§t> ) wy*l); 9ﬁt71>) > lower side of D([|@~ ], witil) ; Hﬁtﬂ))
> .- > lower side 0fD(H0<1>H,w§1>;0|<|1>) = cs,
where inequality (i) holds due to (26), inequality (ii) and (iii) hold due to the shift of reference curve
and definition of the rectangle D, and inequality (iv) holds due to (25). Also, we can show

16| > min{ |9, (w} — w3)6f! — €6} = ey
This is because,

o If |0 < 9ﬁt> — b, i.e., point ([0, wy)) is inside the region Ry or R defined by the true
value 0, = 9ﬁt>, then we know @1 || > 6{"*1 > ||6).
o If 0] < 9|<|t> — €4, i.e., point (]|, wf/)) is inside the regions R;-R, (note that regions

R; and Rg doesn’t exists here), we have (¢ w§t+1>) stay at R;-R, and hence ||@¢F1 || >
i > 01 — €.

Hence, this completes the proof of our claim that the angle 3 is decreasing to 0. Finally, we want

to show that ([0, wy)) converges to (||6*||, w?) which implies (6, wiw) converges to (6", w7)

due to ¥ — 0. To prove this final step, we just need to bound wY) away from 1, i.e., there exists
¢q € (0,1) such that

w < ey <1, VE> L (45)

Note that if (45) holds. Consider the following functions
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U = m@0 w0 /m(101, vl 61%)

U = m(l6% 0w 10% ) /m@ Y wi®0f)

Us = m(|6],wi”; [0/ ])/m(||6" [, wi”; [67])).

For any 6y > 0, we have after finite iterations ¢, Hﬁtl) will stay in the §y-neighborhood around [|6*||.

Hence, consider ¢ > t1, note that on the following compact set S”:
= {w € leg,cal, 1891 € [er, cal, 0 € 11671 — 6o, 16711}

— {16 = 6% )% + (w® - w)? < 463}
(46)

we have U; < 1, therefore, we can find constant p; < 1 such that U; < p; on S’. Further, we
know there exists a constant ¢’ such that max(Us, Us) < (1 4 ¢ - 3{?) on this compact set S since

9|<|t> — cos B{1) . ||0%|| and 8 = cos B) - |0 ). Hence for large enough t,, there exists py < 1
such that for any ¢ > £, and point (|0, w§t>) in S’, we have

1 *
m(|0H V|, wi™;]10%])
m(]|09 ], w"; 6%

=U,-Us-Usz < p2 < 1.

Hence, we have either m(||0¢+1 ||, w§t+1>; 6% ||) is strictly decreasing at rate ps or (|]|0"]], wﬁw)
was in the 2dg-neighborhood around (||@|*, w7) and therefore by the analysis in Lemma 2, there
exists constant ¢’ > 0 and ¢/ > 0 such that

m(||9<t+1>||’w§t+1>; 107]) < (1+¢"- B0 - 82,

Either way, by arbitrary choice of 6y, we know m([|@“+ ||, w§t+1>; |6*|]) converges to 0 which

implies ot converges to 8*. Hence, finally, we just need to bound wiw. Note that in the proof of

Lemma 2, we used the following strategy to show that wi” is bounded away from 1:

o If (9<0>,w§0>) € R5|J Rg, within finite iterations ¢, (9<t°>,w§t°>) will reach the region
RiUR2URsJRy.
o When (6() w!) € Ry |J Ry | RsJ Ra. by (25) and (26), we have for all ¢ > o,

(a)
@D w™) € DO W) € DEW, W) C - C DO W), @)

Hence, w(* < max(w{" r=1(9t))).
However, in multi-dimsnional case, since we changed the true values 6, from 9ﬁt> to 9ﬁt+1> after each
iteration, definition of R5 and Rg changes and relation (a) in (47) does not hold anymore, namely,

DO wi™; 60 ) ¢ DI, wi”;0(").

Yet, we can have a quick remedy for this strategy. Note that since 9ﬁt> — ||@*||, our adjusted reference
curve 7qq; (w1 9ﬁt>) also converges to r,q;(w1; ||@||) uniformly for w; € [w], 1]. Hence, we can
find & > 0, ¢' > 0 such that we can perturb every rqq;(w1; 9ﬁt>) for t > t’ such that we have
Tadj (W13 9ﬁt>) satisfies C.1 and C.2 for true value 6, = 0ﬁt> for all t > ¢’ with

Fai(w150.) = Tagi(wi;0]), V€ [1-3,1],0, € (6], 67,

and /
Fagi (w1 0,) = r(wi:6,), Vun <wi,0, € [0 [67]].
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Hence, the region R5 and R are invariant for 6, € [Gﬁt ), |6*|l], and therefore with the same
arguments made in the proof of Lemma 2, within finite iterations ¢”, we have

104 > 0" (w; — w3),

in other words, (H0<t”> Il, wf”)) lies in Ry |J R2 |J R3 | R4 for any true value 0, € [H(t ), 1011*]-

Once the point (H0<t//>||,w§t”>) lies in the region R;|JRa|JRs|J R4, we can bound every
(1041, wi™™) for all £ > ¢ by

D <min (rudj( 5,10 ||) , min (03,r_1(c2;9|<|t>)) ; ||0*||) UD ((:Q,max(wy), 166} i ) (48)

due to the fact that (67", wi™) € D(|0D|, wi?; Gﬁ )) and ||0+Y|| < ¢,. Denote the set

defined in (48) as Q(||0”|,w!”). Then, we can check that for any (6,w;) € Q(||6 ], wi"),
we have Q(6, wy) C Q([|6%]|,w{"). Therefore, we have Q(||§"* ||, w{"*") C Q(|6 ], w ).
Hence, by a chain of arguments starting from ¢”, we have

(61 [ wi™ ) € QIO wi™)).
Hence, we have

wi? < max (7 (1071107101 = ' w{™) < 1, vex v,

B.5 Geometric convergence

Since we have shown that (0“> ,wit) converges to (0*, w}), we just need to show an attraction basin
around (6", w?}), and therefore, combining both, we know after a finite iteration 7', we have geometric

convergence. To show an attraction basin, let us consider the following two terms 64+ — 6*|| and

|w§tJr1> —wil. Note that, at iteration ¢, let us choose the coordinate such that 8 = (||6],0,...,0)
and 6° = (0{",0{,0,...,0), then by (44) and (20), we have
oty — 67| =|ﬁ“ﬂ4WF+W””—ﬁW
= (Go(10) ], wi; 60" wi) — 62 + 165 (1 — (10, wi?; 6" wi))?,
1 * * *
™ —wi| = (G (109wl 6 wh) —wi. (49)

Hence, we just need to show that for all Gﬁ > 0 and wi € (0, 1), the eigenvalues of the Jacobian
matrix of the following mapping:

(0, w1) = (Go(0, w1 0, wi), Guw(O, w1 0], w7)) (50)
are in [0,1) at (6, w1) = (6], w]). Then, note that
GQ( ﬁawTa r|<7wI) = G\T and G ( || wla val) = ’UJT

Hence, by continuity of the Jacobian of the functions, there exists € > 0 and p < 1 such that as long
as 0,0) € [||07]| — ¢, [07|| + €] and wy € [w] — €, w] + €], we have

(Go(0, w1307, w}) — 07)% + (G (0, w3 0], wi) — wi)? < p((9—9ﬁ)2+(w1—wf)2).

Further, by (22), we know function s(6, w1; 6}, w}) is positive on 0, 0 € [[|67[| — €, [|0"|| + €] and
wy € [w] — €, w} + €. Hence, there exists constant p’ such that

(1= s(6,w1:67,w1)* <, V0,67 € [167]] — &, 1167] + el,wi € [w] — e,wi +€].
7W>[WW*@WW+4%M#WHM*QM+¢mm
1040 — 0" ™Y —wiP < p (101 =07 + (wf? —wi)?) + o0 P

max(p, p )(Ho“ 0|12+ (wi? —wi)?).

Hence, plug in (49), we have if [|§"||

IN
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Hence, by triangle inequality, we know once |0 —6*|| < e and |w§t> —w?| < e, we have (0, w§t>)
geometrically converges towards (0™, w} ). Further, the first iteration to reach the attraction basin is
guaranteed by the geometric convergence of the angle ") and geometric convergence of the area
function m(6, w) on S’ defined in (46) for 6y = €/4.

Next, we will show that for all G‘T > 0 and w} € (0, 1), the eigenvalues of the Jacobian matrix of
the mapping defined in (50) at (6, w1) = (6], w}) are in [0, 1). Note that this Jacobian matrix at
(0, w1) = (6]}, w7) is the following:

B 4 ko k) 2 (0%)2 2 (0%)2 7
[ ote Ay [ s+ dy
Il

wfeyeu +w§e’yeu wfeye\\ + wie
J J
Jo= 2w*w*y h ww? 1 ) op?
/ M _swe ay [ d(y)e - dy
weu+we<u we”-l—we‘“
J21 J22

Then the two eigenvalues of .J should be the two solutions of the following equation:
a(A) = N = A(J11 + Ja2) + JinJaz — Ji2Jar = 0.

Note that, by Cauchy inequality, we know det(J) = Jy1J22 — J12J21 > 0 and therefore ¢(0) > 0.
Also note that

q(Ja2) = —J3y — Ji2Ja1 < 0,

and
eyeH e —y0j on?
0 < J22 = / i ¢(y)€7 2 dy
y>0 wiwi( ”n_@-u) +1
. . @} >2
= [ @i e ote
y=>0
/ wiwg(ei e Ve e iR e
- % 0 y)e Y
>0 wiwi (e’ —e V)2 41
O 5 G 1 Gl ) L il
- % o0k yeﬁf *yeﬁf 2 ye Yy
y>0 wiwi (el —e )2 41
< 1 (51)

Hence, we just need to show ¢(1) > 0, then the two solutions of ¢(A) = 0 should stay in [0, 1). Note
that

dwtws (Y01 + eV )2 “’H)Z
mo= e the TV y)eh-ay
y>0 wiwi (el —e Y2 41
4y? ep?
= g% ez d
| et
4(’11]* _ w*)2y2 B ((9|*|‘)2
_/ yor —yor 1 % 2y€* —y0i\o ¢(y)€ 2 dy
y>0 (e’ + e I (wiws (e’ —e 712 + 1)
4(w* — w*)2y2 _(9W)2
v20 (1 + e (wiws (" — e )2 + 1)
where the last inequality holds due to the fact that

492 “’n)2
/>0 Vol 1 e ye\l¢( ye”



Combine (51) and (52), we have

q(1) = (1= Jun)(1 = Jaz) — JiaJon
4(wi — wy)*y? _ep?
> / o RS LT s o(y)e” 2 dy
y>0 (e’ 4+ e 1) (wiws (el — e ¥71)2 4 1)
></ wiws (el + e V1) (e — e7i)? ( )e—(81)2 d
y>0 wiws (eyeﬁ — efye\*\()Q +1 Y Y

. . 2
eyaH _ e—yau)y (‘)ﬁ)2
—4wiwi(w] — w; 2/ ( - z e~z d
st 2 y>0 (w{wg‘(eye —e Y2 4 1¢5(y) Y

> 0,

where the last inequality holds due to Cauchy inequality. Hence, we have ¢(1) > 0 and this completes
our proof for geometric convergence of the EM estimates.

C Proof of Theorem 3

The maximum log-likelihood objective for population-EM; is the following optimization problem:

_ly—ey? _llyte)?
max Ey~s-log | wie 2z +wee 2 . (53)
6eR4 w1 €[0,1]

Due to the symmetric property of the landscape, without loss of generality, we assume wj > 0.5.
Note that the first order stationary points of above optimization problem should satisfy the following
equation.

(y,0) _ —(y,0)
wi€e wao € -
Eny* [wle<y,9> + u}2e*<y79> y‘| o =0 (54)
(v,0) _ o—(y,0)
& (&
]Ewa* lwle<y79> + w23<y,9>] = 0 (55)

We first consider the two trivial cases when w; = 1 and w; = 0. Suppose w; = 1, then from (54),
we have 0 = (w} — w3)0". Hence, plug it in (55), we have the following equation holds

[ (1= i) ity - 6°)) + wioty + [6°) dy = o

which is equivalent to

—4ws (w}—w3)||0*|I* _ w; 4w} (wi—w})|0*|? = 0.

1—wje e

Taking the derivative with respect to ||@* ||, it is straightforward to show that when w} > 0.5, the
LHS is a strictly decreasing function of ||0*|| and achieves its maximum O at ||@*|| = 0. Hence, it
contradicts the RHS of the equation and therefore (54) and (55) can not hold simultaneously for
wy = 1. Hence, there is no first order stationary point for the case w; = 1 and similarly for w; = 0.

Now we restrict wy € (0,1). Then it is straightforward to show that every first order stationary
point of the optimization in (53) should be a fixed point for population-EM5. From the proof of
Theorem 2, we know the two global maxima (0™, w;) and (—8™,w-2) are the only fixed points of
population-EMj5 in the following region:

{(6,wy)wy €[0.5,1),(0,6%) > 0} | J{(8, w1)|wr € (0,0.5],(6,6%) < 0}

Areay Areas

Furthermore, for any fixed point lies in the hyperplane H : (8,0") = 0, it is clear that its corre-
sponding w; should be 0.5. Further, since (6, 0") = 0, from (54), it is clear that  should satisfy the
following equation

evliell _ o—vlel
/mww)dy = |6].
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Since the derivative with respect to ||@]| of the LHS is in (0, 1) for ||0|| > 0, it is clear that ||0H =0
is the only solution for the equation and therefore, (8, w;) = (0, 1) is the only fixed pomt in the

hyperplane #. Furthermore, the Hessian of the log-likelihood in (53) at (0,wy) = (0, 3) is the
following matrix.

07(6")"  2(wy —w;)0”

56
2wt — w)(07)T 0 0

It is clear that it has a positive eigenvalue, a negative eigenvalue and therefore (0, %) is a saddle point.

Finally, we will show there is no fixed point in the rest of the region in R? x [0, 1], i.e.,

{(8.w)|wy € (0,05),(0,6%) > 0} J{(8,w1)|w € (0.5,1),(6,0%) < 0}

Areag Areay

Due to the symmetric property, we will just prove the result for Areas. Note that, by Lemma 3 and
the fact that

9(0,0.5) < 0.5, V0<0. (57)
We know for all w; € (0,0.5),

0 < gu(l0ll, w1; 0y, wi) — wy

evlloll _ o—vllell
wlwz/ [ — ] (wf¢(y—9||)+w§¢(y+9u)) dy

wleyHeH + wae yllell

e(¥:0) _ o—(v.0) ]

wiwg - g [w16<y79> + woe— (.0
where 6 = (6, 0)/]/6]|. Hence, there is no solution for (55) in Areas. This completes the proof of
this theorem.

D Proof of Theorem 4

Let (é<t> ol >) denote the finite sample estimate. To show the convergence of the finite sample
estimate, we want to argue that its behavior is close to the corresponding convergence behavior of the
population estimate. Hence, let us first prove the following uniform concentration bounds that for any
fixed constant ¢ > 0, with probability at least 1 — §, we have

1 <& l wyel¥i®

Ay = sup —
1611€[0,c] w1 €[0,1] | T ; wy €0 + woe(¥:0)

11)16<y’9> + w2€—<y,0)

0 <(|0*II 1/ CHRE) 5>> (58)

1 2”: wyel¥:0) — qpoe—¥ir0) E wyel¥0) — oe=¥:0)
leli€fo, c] wle[o 1||n & | wieWif + wpem (i) Yi VI e 0) 1 e 0) Y

- Eny* [

N d+1n(2/6
0 ((IIB I+ 1y THRED ) 59
To show (58), by Jensen’s inequality, we have
1 & (y,,0) (v;,0)
Eerw < E, exp | A — wle 5 ,1516 5
) leli<lo, c],wle[O 1 n p wie (y,,0 + woe ™ (y;,0) 7,U1e(y’i’ ) —+ WQ€_<y1’ )
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Then, we introduce i.i.d. Rademacher variables &; and obtain that

1 & wyel¥id)
Ee*» < E,cexp | 2A sup — & —w
< y,£€XP 16l1€[0.cl.ur €[0.1] | T ; w1el¥i:9) 4+ woe—(¥:,0) 1

Now apply the following lemma from Koltchinskii [2011]
Lemma 8. Ler H € R™ and let 1; : R — R,i = 1,--- ,n be functions such that ¥;(0) = 0 and

[vi(u) — ¥i(v)] < |lu—v] €R.

For all convex nondecreasing functions U:Ry — Ry,

*SHP\Z% 51, < E\I/ Sup|zh£z

where &; are i.i.d. Rademacher random variables.

We have
EerMvw < E,cexp | 2) su i(y;. 0
lell€[0,c], wle[o |n ;
1 n
< Eyeexp [ 2Ac o ;fzyz
1 <

= E?jexp 2Xc ﬁz_}yz 9

where y; are i.i.d. random variables following this symmetric distribution: 5 N (—0*, 1)+ % N(67, ).

Then apply a typical argument of 1/2-covering net over the d- dlmensmnal unit sphere, it is straight
forward to show that we have

02 + 1
EeM < exp <8A202|”++2d>.
n

Apply Markov inequality and choose A properly, we have (58) holds. To prove (59), we follow the
proof of corollary 2 in B.2 in Balakrishnan et al. [2017]. Let

w wie (y;,0) _ U/2€7<yi’9> wle<'y’9> — 'I.U2€7<y’9>
Ay = Z (4,,0) <yi7 ’LL> 7Ey~f* (4,0) —(4,0) <ya >
llelleo, c] wle [0,1] M i | wi€ (::0) + woe (W wie'Y:% 4 woe™ Y

Then, we have

M
K72 K7
Ee)\Ag — Eye)\ SUD | =1 A < EyeQ)\ max;ea] Ag” < Z]Eyez’\Ae]
Jj=1
M w16<y“ — w267<yme>
< E, cexp | 4X sup — — (w1 —wa) | (y;,u;)
v (y;,0 (y:,0) N
=1 leli€lo, chle[o 1] wie¥i0) +wye= e

where {u; };Vil is the %-covering net over the d dimensional unit sphere and &; are i.i.d. Rademacher
random variables and the last inequality holds for standard symmetrization result for empirical
process. Apply Lemma 8 again, we have

M
EekAe S Z Ey,EeXp 4\ sup — Z 51 yza yz? u]>
e l6ll€[0,q, wle[o 1]
2d 1 - T
< e E,cexp | 4\ - Z &Yy, )

i=1
op
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where || - ||op 18 the £2-operator norm of a matrix (the maximum singular value). Follow the result in
B.2 in Balakrishnan et al. [2017], we have

IN

1 n
Ey.cexp | 4Ac ﬁzg’byzy;r

M n
1
Z E, cexp 8>\cﬁ Z Eily;,uy)?
i=1 j=1 i=1

op

M n
1
= E E, ¢ ¢er€xp 8)\055 §i<§z{ymuj>2
=1

Jj=1
M 1 n

= Ym0 o),
j=1 =1

where &/ are independent copies of Rademacher random variables. Hence, from Balakrishnan et al.
[2017], we have
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Hence, combine all, we have

2.2 9%2
Bt < oo,

Apply Markov inequality and choose X properly, we have (59) holds.

- (0
Next, by choosing ¢ = max(H0< >H, 2(1 + ||6%))), it is straight forward to apply induction with
Lemma 6 to show that for sufficiently large n, with probability at least 1 — 4,

16 < e wveo.

Then, since the update functions are Lipchitz with constant at most O(1 + ||0*
to show the following via induction that for any finite %,

), it is straight forward

() . . d—+n(2/6
167 — 6+ jaff —uiP < 0<<1+||0 ey A >>.

From Appendix B.5, we know there exists an attraction basin around (8™, w?). Suppose this attraction
basin contains the dp-neighborhood around (6*, w3), i.e., we have for some p < 1,

10D =072 + [ —wil? < p (0@ = 0" 2 + (i —wi)?), VIOY =07 + w” — wil* < &
Hence, from the proof in Appendix B, we know there exists a finite iteration 7" such that

53
2 b

and therefore, for large enough n, with probability at least 1 — §, we have the finite sample estimate
lies in the attraction basin after 7" iteration, i.e.,

18

10 — 0> + i — wil? <

T
"ot + " - i < 3.

Once the finite sample estimate lies in the attraction basin, we follow the proof in Balakrishnan et al.
[2017] and it is straight forward to show that for all t > T', we have

A o . X _ ~(T) ¥ AT . X d+1n(2/9)
160" 241 —ui < o7 (167~ 6"+ faf") ~ wif?)+0 (ue [0y ERER)
This completes our analysis for the convergence of the finite sample estimate.
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E Proof of Auxiliary Lemmas

E.1 Proof of Lemma 4

In this proof, we have w; = wj. To prove (15), we just need to show

>0 > 0.5
Oh(0, w) { »w VO < 6" (60)

Oow <0, w <05

To prove this, we divide it into two cases (i) # < 0 and (ii) 6 € (0, 6*). To prove (i), by the definition
of h(6,wy) in (5) (with wy = 1 — wy), we have

Oh(8,w) wyeY? — wye Y . .
T Ow, = /Wy(¢(y—9 ) — oy +67))dy
part 1
wleye* + wge*ye* _(9%)2
+2/ (wleW + U}26_219)2 yolyle™ = dy.
part 2
For part 1, we have
wre¥? —wee Y0 wie VP — woev?
tl = —-0") — 6%))d
pt = [ {we T e L y(0ly — 0°) — 6l + 67)) dy

w2 — w2
2 / L y(6y — 0") — By + 0")) dy

>0 Wi + w3 4+ wiwa(e Y0 + ev?)

Hence, we have

0 w05 -
ar .
P <0, w <05

For part 2, we have

wie¥? +wee V" wie VT 4 wqed?” o(1) e
— e
y>0 | (wiev? +wrev9)2  (wiev9 4 wyev?)? youy y

part 2

o [ [ @) B
wy — w
! 2 ¥>0 (w1e¥? + woe=¥9)2 (wye=¥? + woev?)?

wiwy(e” V(@20 — v 429)) o(y) Sl
e 2 .
(w1e¥? + wae=¥9)2(w1e=Y0 + woev?)? youy 4

Since 0 < 0, we have

ey(@ —20) ey(29—0 ) > max{ ey@ _ e—y@

e +20) _ e—y(9*+26)‘} .

Hence, we have

part 2 S (w1 — wy)?(e¥(?"—20) — ey(20-07)) w0 Q> 0
— 2 50 (wleye+w26*y9)2(w16*99+w2699)2y¢(y)e y = U

w1 — w2
Therefore, we have

‘9 >0, w;>0.5 (62)
PALEY <0, wy <05

Combine (61) and (62), we have (60) holds for case (i). To prove case (ii), we use a different strategy.
First note that h(6*, w) = 0*, hence,
Oh(6,w)

ow ‘0:9* =0 63)
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Therefore, to prove (60) for case (ii), we just need to show

000w, >0, w; <0.5 v € (0,67). (64)

0?h(0,w1) { <0, w; >05
By the definition of (6, w;) in (5) (with wy = 1 — wy), we have

19%h(0, w e¥(07=0) _ y(0-07) _(69)?
1970, w1) = 2w1w2/ )3y2¢(y)e > dy

4 900un (wye¥? + woe—v?
part 3
2 _yb* 2 —y0* w2
B wie wse 2 0! d
-I-/ < (w1e¥? + woe—v0)2 + (wyev? +w26y0)2> y o(y)e Y
part 4
For part 3, we have
part3 = 2w1w2/ (w1 — w) (V= — (=) (emv? — ev?) (A% + B® — AB)y2<l5(y)e‘7(9;)2 dy
y>0 (wie¥? + woe=¥9)3 (wie=¥Y + wyev?)3 ’
where A = w1e¥? + woe Y% and B = wie ¥ + woe¥?. Hence, since 6 € (0,0*), we have
<0, w;>05
t3 . 65
par {>0, wy < 0.5 65)
For part 4, we have
partd = - / (101 — ) RN 4 eZ B 4 Dwun(e” +e ) 5 02
>0 1 2 (w190 1 wae—¥0)2 (wye—¥0 | woet?)2 ‘

Hence, we have

<0, w >05
t4 . 66
par {>0, wy < 0.5 (66)

Combine (65) and (66), we have (64) holds and therefore (60) holds for case (ii). This completes the
proof for (15). To prove (16), note that
OH(6,w:) / dwyws
0 < ——= =
- 09 (wre¥? + wae—v?)

4wy w x *
= | oy =) + sl + 07) dy
y=z

syP(wid(y — 0%) + wagp(y + 07)) dy

part 5

4w1w2 * *
" />0 (waet? + wle—ye)zy2<wz¢(y —0") +wig(y +67))dy.
y=

part 6

Since part 5 and part 6 are symmetric with respect to wy, w2, WLOG, we assume w; > 0.5. Then
for part 5, note that since 6 > 6*, we have we¥?" + wae ¥ < wie¥? + wye Y, and therefore,

4w w « *
part5 < />0 o +1w226,y9*)2y2(w1¢(y— 0) + wad(y + 6%)) dy
Yy=

4w ws _(0)2
- />o wyey? y2¢)(y)e 7 dy
y>

T4 wge—W*

(0*)2 e 2

/ 2y/wiway’d(y)e” 2 dy < 7 (67)
y>0
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where last two inequalities hold due to AM-GM inequality. For part 6, we have if 6 > 0%,

4 % *
part6 = / 5y (w1(y + 0%) + wag(y — 6%)) dy
y>0 (\/Ee—ye + w2699>
w2 w1
(2) 2 2 0* 0*)) d
hS /yzo e(y_ln(wée/wz))e n e—(y—ln(wzle/wz))ey (w1¢(y +0%) + w2¢l)(y - )) Yy
< : (uno(y +0°) + wap(y — %)) d
w w -
T Jyso ely— 2o +e—(y—““”§é“’”)9*y 1o 20 /
2 2
= z : Y (w1d(y + 0%) + wa29(y — 67)) dy, (68)
/yzo (%)%eya* + (%)%e—ye* (o1l ) ( :

where inequality (a) holds due to AM-GM inequality, and inequality (b) holds due to the monotonic
of hyperbolic cosine function. Our next step is to prove for all y6* > 0 and 0 < 6* < 6, we have

(22)8 v 4 (S8 e > 2(wie ™+ wpet?), (69)
w1 w2

which, with (68), immediately implies that

(0%)2 e 2

part 6 S/ Yo(y)e 2 dy = :
y>0

and therefore, combine with (67), we have (16) holds. To prove (69), note that this is equivalent to

prove
% %
wa \ 2 o -0 . wr \ 2 & 1-% _
— 1—2wPw, ) > (— 2w w; * —1)e V! (70)
w1 w2
Note that
o g0 -0 o o 0* 1-6*
ww, * +w; Pw® = (ww2)@(w; T +w, 7)
1_0° 1-0°
2] [
< Wy + w,y
< o
10"
< (wyH+we)'TT = 1.

where the last two inequalities holds due to AM-GM inequality and Holder inequality respectively.
Also, since wy > wsy, we have

Hence, we have

Therefore, to prove (70), it is sufficient to prove

* oy e* * o*  q_e*
() (= 20wy ™) > (P15 (QugTwy 7 1),

w1 w2
which is equivalent to
Wy | o*

(22)% +(

w1 w2

Y% > 20wy +wn) =2,

which holds due to AM-GM inequality. Hence, we have (69) holds.
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E.2 Proof of Lemma 5

We first analyze the condition that can determine the sign of g(f,w;) — w;. Note that (with
we =1— wl)

y0 * _y0* * ,—y0*
9(6,w1) — _t(e)? € (wle +wye )

w1y 1 y0*
= [ —e . —e d
wy / Vor wieY? + wqe—vo 4

L e [ (wier® bwge?) e (wien 4 wpen””) *
= / —Qeff- —e¥? ¢ —e ¥ | dy
>0 U

wieY? + woe—vo wie Y9 + wqey?

Hence, to determine the sign of g(6,w;) — w1 = 0, we just need to show Yy > 0

e¥? (w]‘eye +wie v )

§ e v? (w’{e‘ye + wieY? )
— ey9 +

_ oyt | >
e 0
wieY? + wye— Yo wie Y0 + wqev? <

which is equivalent to
(2wy — 1) coshy, (6%) + (wi — w1 ) coshy (0" +20) + (1 — wq — wi) cosh, (6" —260) =20, (71)
where cosh, () = (e¥*+e ¥7)/2. Let 0., = v0* = zlﬁ%&*. Let us first show that for wy € (0.5, 1]
guw(0y,wl) 2 wi, Yw 2w (72)
By (71), we just need to show
coshy(60*) = cosh, (0" —260,), VYw = wi,

which holds due to the monotonic of hyperbolic cosine function. Hence, we have proved (72). Next,
we want to show

guw(0y,w1) 2 wi, Yuwr Swj. (73)
By (71), we just need to show that Vy > 0,
(2wy — 1) coshy (0*) 4+ (w] — wy) coshy (6" + 260.) + (1 — wy — w]) cosh, (6" —260,,) =20, Yw; S wj.

(74)
Note that, by Taylor expansion of 2cosh,(z) = > >~ (?Qyi);w, we just need to show that given
v = gﬁ:i, we have

1
2wy — 1) + (wi —w)(1+29)* + (1 —wf —w)(2y-1)%** > 0, Vw € (§,wi‘),k3 >0,

(75)
(w1 —wi)(1+27)%* + (Wi +w; —1)(2y - 1) — 2wy, —1) > 0, Yw; € (w},1],k> 1.
(76)
For (75), since w1 < wj, we have v > 1 and
(2w = 1) + (wf —w)(1+29)* + (1 = wi —w1)(2y = 1)**
= (w —wn) (1+29)% = 2y = D) + 2wy — 1) (1= 2y - 1))
2k—1 ) ) 2k—1 )
= (wi—w)-2| > (1+20)'@y-D* " +Qui—1)-2y-2) [ Y (@2y-1)
=0 =0
2k—1 ‘ )
= 2w —wy) [ 30 (429 = 2) 2y - )P
=0

1

> 2(wf —wn) | 30 (0 20) - 2) (29 - 1)

=0

= 4w —wi)(y - 12y - 1" > 0.
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For (76), we have
(w1 —w})(2y + 1D + (w] + 1w = 1)(2y = 1)* = (2w, — 1)
= (w—w]) (@y+ D% = @y = D) + 2w - 1) (27 - 1) 1)

k—1

= (w; —wy) ((27 +1)%2 - (2y - 1)2) 2(27 4 1)%(2y — 1)2k—2i-2
i=0
k—1 _
(2w, — 1) ((27 )2 1) S 2y - 1)
i=0
k—1 _ |
= 8(11}1 — wi‘h Z ((27 4 1)21 _ 1) (2,}/ _ 1)2k—21—2 < 0.
i=0

Hence, this completes the proof for (73).

E.3 Proof of Lemma 6

We just need to bound || G (8, w1; 0, w})||?. Note that by (7) and Jensen’s inequality, we have

©.0) _ o o—(w.0)\”
0" wh 2 < wie wy'e 9
|‘G9(01w170 aw1>|| — Ey ( w1€<y’0> +’U)2€7<y’0> HyH
< Eyllyl? = 1+ )67

E.4 Proof of Lemma 7

To show (40), we first define 0., = 0%, 0, = b0*, and

4 = /ywwy@w + (eiei wy)e Y0y (wigly —07) +wid(y +67)) dy
e~ Y0~
b= /ywwy@w + (1 —wy)e v (wigly = 07) +wid(y +67)) dy.
Note that Vw;
2wy —1)0, = wiA+wB. 77
Hence, we have (40) is equivalent to show that
w1 A — we B wlzjzjji_u}iB, Yw; € (0.5, wy),
which is equivalent to show
A+B > 0, Yw; € (0.5,w]). (78)

Note that

1 _ w2402 wied? + wie V0"
A+ B = —y(eyew +e ye”)e 2 L 7 2 —d
2 wyeY%r 4 woe Y

2, g%)2 * y0* * ,—y0* * ,—y0* * Yo"
_ / 1 y(eyeW n e_yGW)e_y +07)2 [wie’” +wje wie + wse
y>0 V21

= [ e e
y>0 V21

(wi +w; — 1) (eyG*(l—w) — e—ya*(l—v)) + (w} —wy) (€y9*(1+7) — e—yG*(1+’y))

(wleyew —+ wze*yev) (wle*yew + w2ey9v)

wleyaw + w2e_yav wle_yev + wgeyaw

_y24(6)?
2

X

dy.
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Hence, we just need to show that for Vy > 0, w7}, w; € (%7 1),
(wi +wy — 1) (eye*(kw - e*yo*(k”)) + (w] —wy) (eye*(H”) - e*ye*(H”)) > 0, Ywp € (0.5,w])
By Taylor expansion of e”, we just need to prove that for all £ > 0, we have
(wi +wy — (1 =) 4 (wi —w) A+ > 0, Y, € (0.5w])
By definition of -y, we just need to show
(wh 4wy — )22 (wy — w4 (wi — w) 2P (wi +wp — D > 0, VY € (0.5, w?)
Sw+wy—1 > wi—wy, Yw e (0.5 w]),

which obviously holds. To show (41), we should analyze the condition for gy (6, w;) — 6 > 0. Note
that

wye¥? — wye Y0 b N N . .
ge(9b,w1)—9b=/y< - 2_ " *> (w1¢(y—9)+w2¢(y+9))dy

wie¥? + woe V0 wi — w3

(wioly —0") + wso(y + 0%)) dy

/ y w2 (wiwg (1) 2sinhye- (26 +1) + (1 +b) - 2sinhye- (20 — 1))
27re (wleygw + w26_y97) (wle_yaw + wzeyev)

B 1 / w1 (2wi — 1 —b)e¥? — wy (2w — 1+ b)e Yo%
y wleygw + wge_ygv

((2wy — 1)(2wi — 1) — (1 — 2wyws) b) - 2sinhye« (1)
T 0 — -~ 0 dy,
(wley 7+ woe Y W) (wle Y0y + wqeY W)
where sinh,g- () = (e¥*?" — e=¥=9") /2. Hence, we just need to show for all y > 0,
wiws ((1 — b) sinhyg~ (2b + 1) + (1 + b) sinhyg- (20 — 1))
+ ((2wy — 1)(2wy — 1) — (1 = 2wyws) b) sinhye- (1) >0, Vb e (0,7],wy € (wi,1).
By Taylor expansion of sinh, - (), we just need to show for all & > 0, we have
wyws (1= B)(2b+ 1) 4+ (14)(2b — 1)+
+ (2w — 1)(2w = 1) — (1 = 2wyws)b) >0, Vbe (0,7],wr € (w},1). (79

where inequality is strict for £ > 2. It is straight forward to check (79) holds for k = 0 due to b < 7.
For k£ > 1, note that

(1—b)(2b+ 1)*1 4 (1 +b)(2b — 1)*FH!
((2b + 1)L (20— 1)) < b (264 1) - (2 - 1)%)

2k
= 4bZ f2b+ 1) (2b— 1) =20 (204 1)*F(2b — 1)
=0
k—1
= 2b( D 2+ 1) (20— 1) (20 + 1 - 3(2b — 1)) + (20 — 1)
=0
k—1
= 20420 | Y (2b+ 1) N2 - )P (4 - 4b) + (20— 1) — 1
1=0
k—1 k—1
= 2b+2b(4—4b) | Y (2b+1)PF 2 — )P =) (26— 1)
=0 =0
k-1
> 2b+ 2b(4 — 4b) (b+1)(20 — 1)*
=0
> 2b.
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where last two inequalities hold due to b < v < 1 and last inequality is strict when k£ > 2. Hence, to

show (79), we just need to show

2buwqws + (2w — 1)(2wi — 1) — (1 = 2wyw2)b > 0
& b <7,

which holds clearly. Hence, this completes the proof for this lemma.

F Additional numerical results

Sample size | Separation w] = 0.52 wi = 0.7 wi; =0.9
05 =1 0.999 7 0.999 | 0.499 / 0.699 | 0.450 / 0.338
n = 1000 05 =2 0.799 7 0.500 | 0.497 / 0.800 | 0.499 / 0.899
05 = 1.000 / 1.000 | 0.447 7 0.900 | 0.501 /7 0.999
05 =1 0.497 /7 1.000 | 0.493 / 1.000 | 0.501 / 0.000
n = oo 05 =2 0.504 /7 1.000 | 0.514 / 1.000 | 0.506 / 1.000
05 =4 0.495 /7 1.000 | 0.490 / 1.000 | 0.514 / 1.000

Table 2: In this table, we consider mixture of two Gaussian in one dimension with 7 = 0. We present
the probability of success P, and P, for EM to find the MLE for Model 1 and Model 2, respectively,
reported as P, / P,. We only keep the first 3 digits after the decimal for each probability.

| Sample size | Separation [[ wi =0.52 [ wi =0.7 [ wj =0.9 |

05 =1 0.999 0.999 0.800

n = 1000 05 =2 1.000 1.000 1.000
05 =4 1.000 1.000 1.000

05 =1 1.000 1.000 1.000

n = 0o 05 =2 1.000 1.000 1.000
05 =4 1.000 1.000 1.000

[Casel | Case2 [ Case3 | Case4 |
0080 | 0.998 | 1.000 | 1.000 |

Table 3: We present the probabilities of success P3 for EM to find the MLE for Model 1 under the new
procedure described in Section 3.3. The first table is for mixture of two Gaussians in one dimension
discussed in Section 3.2. The second table is for mixture of three or four Gaussians discussed in
Section 3.3. We only keep the first 3 digits after the decimal for each probability.
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